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PREFACE. 


WiTHiK  the  past  decade  the  progress  which  has  been 
made  in  physical  science  has  completely  changed  its 
aspect.  The  most  striking  feature  of  this  advance,  un- 
questionably, is  the  much  greater  importance  which  the 
phenomena  of  energy  have  assumed  in  all  physical 
discussions,  as  compared  with  the  phenomena  of  matter. 
The  physics  of  to-day  is  distinctively  the  science  of 
energy.  Henceforth  every  physical  change  must  be 
regarded  as  conditioned  upon  the  transference  or  the 
transformation  of  energy.  It  is  from  this  point  of  view, 
therefore,  that  any  new  text-book  of  Physics  must  pre- 
sent  the  subject.  Hence  the  classification  which  has 
been  adopted  in  the  present  work  is  based  on  the  most 
recent  views  of  energy,  considered  as  being  ultimately 
a  phenomenon  of  the  sether.  At  present,  al}  physical 
phenomena  seem  capable  of  satisfactory  discussion  un- 
der the  heads  of  mass-physics,  molecule-physics,  and 
sether-physics.  And  the  fact  is  significant,  that  to  the 
last  subdivision  of  the  subject  it  has  been  found  neces- 
sary to  devote  more  than  half  of  the  entire  work. 

The  introductory  portion  of  the  book  considers  (1) 
physical  relations  in  general,  and  (2)  the  laws  of  motion ; 
the  latter  being  discussed,  first  in  the  abstract,  and  sec- 
ond with  reference  to  the  action  of  force  upon  matter. 
Under  mass-physics  energy  is  first  treated  of  as  a  mass- 
condition,  and  then  work,  as  being  done  whenever  energy 
is  transferred  or  transformed ;  the  subject  of  potential 
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IV  PREFACE, 

being  developed  as  a  consequence  of  mass- attraction. 
The  properties  of  matter  are  next  considered,  including 
the  modern  views  of  its  structure ;  and  then  follows  the 
subject  of  sound  considered  as  a  mass-vibration.  Under 
molecular  physics  the  phenomena  of  heat  alone  are 
treated;  the  term  heat  being  restricted,  in  accordance 
with  modern  usage,  to  molecular  kinetic  energy.  Under 
the  head  of  rother-physics  are  gi'ouped:  (1)  sether- 
vibration  or  radiation,  (2)  aether-stress  or  electrostatics, 
(3)  SBther-vortices  or  magnetism,  and  (4)  aether-flow  or 
electrokinetics ;  following  the  classification  so  well  set 
forth  by  Lodge.  Radiation  is  considered  broadly,  with- 
out any  special  reference  to  those  wave-frequencies 
which  excite  vision  and  are  ordinarily  called  light. 

The  author's  aim  has  been  to  avoid  making  the  book 
simply  an  encyclopedic  collection  of  facts  on  the  one 
hand,  or  too  purely  an  abstract  and  theoretical  discus- 
sion of  physical  theories  on  the  other.  The  ground 
covered  is  that  which  is  usually  traversed  by  students 
in  the  more  extended  courses  in  Physics  in  our  leading 
Universities,  Colleges,  and  Technological  Institutes. 
The  mathematics  required  in  the  derivation  of  the  for- 
mulas is  only  that  with  which  students  taking  such 
courses  may  be  presumed  to  be  already  acquainted. 
Obviously,  however,  these  derivations  can  be  omitted  at 
the  discretion  of  the  instructor.  To  facilitate  the  use  of 
the  book  in  the  class  room  most  of  the  illustrative  and 
explanatory  matter  is  printed  in  a  smaller  type. 

With  regard  to  the  subject-matter  of  the  book,  the 
author  lays  no  claim  to  any  originality.  He  has  made 
free  use  of  all  the  sources  of  information  at  his  com- 
mand and  has  freely  given  credit  for  the  material  thus 
taken.  The  names  of  those  physicists  to  whom  the 
science  is  most  deeply  indebted  are  given  in  connection 
with  the  subjects  on  which  they  have  worked ;  and  in 
order  to  bring  the  student  into  more  intimate  contact 
with  these  great  minds,  the  laws  or  principles  which 
they  formulated  have  frequently  been  given  in  their  own 
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PREFACE,  V 

words.  Especially  has  this  been  done  in  the  case  of 
American  investigators.  To  make  more  easy  a  reference 
to  these  workers  in  science,  their  names  have  been  in- 
cluded in  the  indei[. 

The  metric  system  has  been  used  throughout  the 
book ;  all  the  units  employed  in  it  being  those  of  the 
C.  G.  S.  system  and  their  secondary  derivatives.  The 
centigrade  degree  has  been  adopted  exclusively  as  the  unit 
of  temperature,  and  the  water-gram-degree  as  the  unit  of 
heat.  Illustrations  have  been  freely  introduced  wher- 
ever they  appeared  to  be  desirable  in  order  to  increase 
the  clearness  of  the  descriptions  or  demonstrations.  For 
the  most  part,  these  illustrations  are  diagrammatic. 
Two  reasons  for  this  may  be  given.  In  the  first  place, 
demonstrations,  in  general,  require  only  outline  diagrams. 
And,  in  the  second,  the  actual  construction  of  apparatus 
not  only  varies  widely  with  different  makers,  but  changes 
materially  from  time  to  time  ;  the  most  approved  forms 
in  many  cases  soon  becoming  obsolete.  Hence  those 
descriptions  of  apparatus  which  are  given  in  the  text 
have  been  illustrated  generally  by  figures  showing  only 
the  principle  of  operation  ;  those  forms  of  apparatus 
alone  being  represented  in  detail  which  are  typical  or 
standard,  or  which  mark  epochs  in  the  progress  of  the 
science.  The  details  of  construction  in  any  actual  case 
can  easily  be  obtained  by  the  student  from  the  cata- 
logues of  the  leading  constructors.  Most  of  the  illustra- 
tions herein  given  are  entirely  new  and  were  made 
especially  for  this  work.  A  few  have  been  borrowed 
from  existing  sources.  The  author  would  here  acknow- 
ledge his  indebtedness  to  Ducretet  &  Co.,  to  J.  P. 
Morton  &  Co.,  to  Queen  &  Co.*,  to  P.  Blakiston,  Son 
&  Co.,  and  to  Ginn  &  Co.,  for  courtesies  in  furnish- 
ing electrotypes  from  their  publications.  His  thanks 
are  due  also  to  Dr.  Kowland  for  spectrum  photographs, 
to  Mr.  Schott  for  suggestions  concerning  the  magnetic 
map,  and  to  his  associate  Dr.  Goodspeed  for  assistance 
in  reading  the  proofs. 
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^1  PBEFACB. 

To  his  fellow-teachers  of  Physics  the  author  offers 
this  book  as  the  result  of  an  earnest  endeavor  on  his 
part  to  aid  them  in  their  work,  not  only  by  making  the 
facts  and  principles  of  physical  science  more  clear  to  the 
comprehension  of  the  student,  but  also  by  assisting  the 
instructor  to  present  these  facts  and  principles  so  as  to 
secure  a  still  higher  grade  of  attainment  in  our  more 
advanced  institutions  of  learning. 

PmiiADBLFHiAt  October  1, 1892. 
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CHAPTER  I. 
THE  PEOVINCE  OF  PHYSICS. 

Section  L — Matteb  and  Energy. 

1.  External  Kature. — It  is  through  the  medium  of 
our  senses  alone  that  we  derive  our  knowledge  of  the  phe- 
nomena of  external  nature.  A  careful  study  of  these 
phenomena  reveals  to  us  only  two  things,  or  entities,  as 
having  an  actual  and  objective  existence.  These  two 
things  are  Hatter  and  Energy.  So  far  as  we  can  deter- 
mine, therefore,  these  two  entities,  in  their  various  forms, 
make  up  the  whole  of  the  physical  universe. 

2.  Matter,  Body,  Substance. — Of  the  two  things  just 
mentioned,  matter  and  energy,  matter  alone  has  dimen- 
sions. Provisionally,  therefore,  matter  may  be  defined 
as  that  which  occupies  space.  A  limited  portion  of 
matter  is  called  a  body,  and  a  definite  kind  of  matter  is 
spoken  of  as  a  substance. 

Examples.— The  materials  which  we  call  glass,  iron,  water,  air, 
are  forms  of  matter,  since  they  all  have  dimensions  and  all  occupy 
space.  Each  of  these  materials  is  a  special  kind  of  matter  and 
possesses  properties  which  distinguish  it  from  all  the  others.  Hence 
each  of  these  kinds  of  matter  is  a  distinct  substance.  Similarly, 
a  rain-drop,  a  pebble,  or  a  planet,  each  being  a  limited  portion  of 
matter,  is  spoken  of  as  a  body. 

3.  Mass,  Volume. — Bodies,  even  when  made  of  the 
same  substance,  may  contain  very  different  quantities  of 
matter.  Hence  the  word  mass  is  used  to  indicate  the 
quantity  of  matter  contained  in  a  body.     Moreover,  since 
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bodies  may  have  different  dimensions,  the  space  which  a 
body  occupies  is  called  its  volame. 

Examples.— A  cannon  ball  and  a  grape-shot,  thongh  made  of  the 
same  substance,  iron,  have  very  different  masses  and  very  different 
volumes ;  the  cannon-ball  being  the  more  massive  in  proportion  as 
it  is  larger.  But  the  mass  of  a  volume  of  air  equal  to  that  of  the 
cannon-ball  would  evidently  be  very  much  less. 

4.  Conservation  of  Matter. — Whatever  the  changes 
which  take  place  in  matter,  its  mass  remains  constant. 
So  far  as  science  can  determine,  not  a  single  particle  of 
matter  has  ever  been  brought  into  existence  by  any 
human  agency  ;  and  no  operation  performed  by  man  has 
ever  diminished  by  a  single  atom  the  quantity  of  matter 
in  the  universe.  This  great  fact,  that  matter  is  abso- 
lutely uncreatable  and  indestructible  by  any  agency 
within  our  control,  is  known  as  the  law  of  the  ConBervation 
of  Matter. 

Examples. — Carbon,  which  in  its  pure  ciystallized  form  we  know 
as  diamond,  appears  as  petroleum  when  combined  with  hydrogen, 
as  carbon  dioxide  gas  when  combined  with  oxygen,  and  as  sugar 
when  combined  with  both  hydrogen  and  oxygen.  But  a  given  mass 
of  carbon  may  be  converted  successively  into  these  widely  differing 
substances  and  yet  remain  absolutely  invariable  in  amount. 

5.  Definition  of  Energry.— Energy  is  apparently  in- 
separable from  matter.  No  form  of  energy  is  known  to 
us  that  is  not  in  some  way  connected  with  matter,  and 
there  is  no  point  in  the  universe,  so  far  as  we  can  ascer- 
tain, where  matter  would  cease  to  possess  energy. 
Energy  may  be  provisionally  defined,  therefore,  as  a 
condition  of  matter  in  virtue  of  which  any  definite 
portion  of  it  may  be  made  to  effect  changes  in  other 
definite  portions. 

Examples. — The  water  in  a  flowing  river  possesses  energy,  since 
by  its  action  upon  a  water-wheel  machinery  may  be  put  in  motion. 
It  is  the  energy  contained  in  gunpowder  which  drives  the  cannon- 
ball.  It  is  the  energy  contained  in  the  food  we  eat  that  enables  us 
to  move  and  act  and  think. 

6.  Conservation  of  Energ^y. — The  present  century 
has  witnessed  the  complete  establishment  of  the  propo- 
sition that  the  total  energy  of  the  universe  is  constant- 
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Into  whatsoever  forms  this  energy  may  be  converted,  its 
total  amount  remains  absolutely  unchanged.  Precisely 
as  no  matter  has  ever  been  created  or  destroyed,  so  no 
energy  has  ever  come  into  existence  or  has  disappeared. 
This  fundamental  and  far-reaching  principle  is  known  as 
the  law  of  the  Conservation  of  Energy. 

Examples. — The  energy  of  coal  may  be  transformed  into  heat- 
energy,  this  into  mechanical  energy,  and  this  again  into  electrical 
energy.  But  neither  by  these  transformations,  nor  by  any  others 
known  to  science,  can  the  minutest  fraction  of  energy  be  put  out 
of  existence.  Its  form  may  change,  but  its  total  amount  remains 
invariable. 

7.  Province  of  Physical  Science. — It  is  the  province 
of  physical  science  to  investigate  the  various  transfor- 
mations which  matter  and  energy  may  undergo,  to  de- 
termine the  conditions  upon  which  these  transformations 
depend,  and  to  ascertain  the  laws  according  to  which 
they  are  effected.  Chemistry  is  concerned  mainly  with 
the  alteration  in  properties  which  the  different  kinds  of 
matter  undergo  when  they  act  upon  one  another.  Phy- 
sics, on  the  other  hand,  has  to  do,  chiefly,  with  the  laws 
according  to  which  the  transformations  of  energy  are 
brought  about. 

Examples. — When  wood  bums,  or  iron  rusts,  or  nitro-glycerin 
explodes,  the  material  changes  which  take  place  in  these  substances 
are  properly  the  objects  of  chemical  study.  While  the  accompany- 
ing energy-changes,  such  as  the  production  of  heat,  of  an  electric 
current,  or  of  mechanical  displacement,  are  studied  by  physics. 

No  change  in  matter  can  be  effected  without  produc- 
ing simultaneously  some  form  of  energy  change.  In 
consequence  every  chemical  change  necessarily  involves 
physical  changes.  But  the  converse  of  this  is  not  true. 
Energy-changes  may  take  place,  energy  may  be  trans- 
ferred from  one  body  to  another,  without  the  production 
of  any  corresponding  matter-change. 

Examples. — When  hydrogen  unites  with  oxygen,  the  matter- 
product  is  water,  the  energy-product  is  heat.  When  sunlight  falls 
on  the  leaves  of  a  plant,  its  energy  is  stored  up  in  the  matter- 
products  which  are  formed  by  its  agency.  Indeed,  the  energy- 
changes  which  accompany  chemical  actions  are  always  to  be 
regarded  as  of  quite  as  much  importance  as  the  matter-changes. 
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On  the  other  hand,  the  change  of  energy  winch  t^kes  place  when 
a  stone  falls  to  the  earth,  when  a  tuning-fork  vibrates,  or  when  an 
incandescence  lamp  emits  light,  is  not  accompanied  by  any  corre- 
sponding matter-change,  all  these  phenomena  being  due  simply  to 
energy-transference. 

8.  Definition  of  Physics. — ^Evidently,  therefore,  phy- 
sics regards  matter  solely  as  the  yehicle  of  energy.  And 
hence  from  this  point  of  view,  physics  may  be  defined  as 
that  department  of  science  whose  province  it  is 
to  investigate  all  those  phenomena  of  nature 
which  depend,  either  upon  the  transference  of 
energy  from  one  portion  of  matter  to  another,  or 
upon  its  transformation  into  any  of  the  forms 
which  it  is  capable  of  assuming.  In  a  word,  phy- 
sics may  be  regarded  as  the  science  of  energy,  precisely 
as  chemistry  may  be  regarded  as  the  science  of  matter. 
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CHAPTER  II. 
PHYSICAL  QUANTITIES. 

Section  I. — Physical  Units. 

9.  Physical  Maguitudes. — Every  physical  quantity 
possesses  a  definite  magnitude,  tbe  value  of  which  may 
be  more  or  less  accurately  determined  by  measurement, 
and  which  may  be  more  or  less  exactly  expressed  nu- 
merically. This  value  is  always  stated  in  terms  of  a 
quantity  of  the  same  kind  called  a  unit.  The  process  of 
measurement  consists  in  comparing  the  quantity  to  be 
measured  with  the  unit  and  thus  ascertaining  the 
numerical  relation  between  them. 

Examples. — Thus,  length,  surface,  volume,  mass,  time,  force, 
and  work,  considered  as  physical  quantities,  are  capable  of  measure- 
ment, each  in  units  of  its  own  kind.  The  value  of  a  length  is  always 
expressed  in  units  of  length,  that  of  a  mass  in  units  of  mass,  that  of 
work  in  units  of  work,  etc. 

10.  Definition  of  a  Pliysical  Unit. — Inasmuch  as 
only  magnitudes  of  the  same  kind  can  be  compared  with 
one  another,  the  unit  of  measure  must  be  a  definite  mag- 
nitude of  the  same  kind  as  the  quantity  to  be  measured, 
assumed,  more  or  less  arbitrarily,  for  the  purpose. 
Hence  there  must  be  as  many  kinds  of  units  as  there  are 
kinds  of  magnitudes  to  be  measured.  A  unit  which  has 
become  legalized,  either  by  statute  or  by  common  usage, 
is  called  a  standard  unit 

Examples. — The  yard  and  the  meter  are  standard  units  of  length. 
They  are  both  definite  quantities  of  length  which  have  been  assumed 
as  unit«  tor  the  purposes  of  measurement.  In  a  similar  way,  the 
gallon  has  been  assumed  as  a  unit  of  capacity,  the  second  as  a  unit 
of  time,  the  pound  as  a  unit  of  mass,  etc. 
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11.  Fundamental  and  Derived  Units. — The  earlier 
units  employed  in  measurement  were  selected  arbitrarily, 
and  were  in  general  independent  of  one  another.  An 
examination  of  the  relations  existing  between  physical 
magnitudes,  however,  has  shown  that  by  suitably  select- 
ing  certain  elementary  units,  all  the  other  units  needed 
in  measurement  may  be  readily  derived  from  these,  in 
virtue  of  these  relations.  In  consequence,  the  former 
units  have  been  called  fundamental  units,  and  the  latter 
units,  based  upon  these,  derived  units. 

Examples.— Thus  the  fathom  as  a  unit  of  length,  the  bushel  as  a 
unit  of  capacity,  and  the  stone  as  a  unit  of  mass,  are  purely  arbi- 
trary units  having  no  direct  relation  to  one  another.  When,  how- 
ever, a  square  yard  is  taken  as  the  unit  of  surface,  or  a  cubic  meter 
as  the  unit  of  volume,  there  is  a  direct  relation  between  these  units 
and  the  corresponding  units  of  length  ;  since  geometry  teaches  that 
surface  is  extension  in  two,  and  volume  is  extension  in  three,  per- 
pendicular directions.  Again,  a  speed  is  defined  in  physics  as  a 
length  divided  by  a  time  ;  and  hence  the  unit  of  speed  is  expressed 
in  terms  of  the  unit  of  length  and  the  unit  of  time.  In  these  cases, 
the  units  of  length  and  of  time  are  fundamental  units,  and  the  units 
of  surface,  of  volume,  and  of  speed  are  derived  units. 

T.2.  Expression  of  a  Physical  Magnitude. — Every 
expression  representing  the  value  of  a  physical  magnitude 
consists  of  two  parts,  one  of  which  is  a  numerical  part, 
and  the  other  a  unit  part.  The  former,  which  is  called 
the  numeric,  represents  the  ratio  of  the  magnitude,  taken 
as  a  whole,  to  the  particular  unit  selected  for  its  meas- 
urement. Evidently  the  numerical  part  is  the  greater, 
the  larger  the  magnitude  represented,  and  the  smaller 
the  unit  employed.  Quite  frequently  only  the  numeri- 
cal part  is  expressed,  the  unit  part  being  understood. 

Examples.— Thus  a  length,  regarded  as  a  physical  magnitude, 
may  be  spoken  of  as  ten  meters  or  as  thirty-three  feet;  a  mass  as 
eleven  pounds  or  as  five  kilograms.  If  I  represent  a  definite  length 
and  L  a  unit  of  length,  the  ratio  l/L  is  the  numerical  value  of  the 
length  and  denotes  this  value  in  terms  of  the  unit  employed.  When 
the  mass  of  a  body  is  represented  by  w,  this  can  only  mean  that  the 
body  contains  m  units  of  mass:  and  the  complete  expression  is 
m{M]y  in  which  m  is  the  numerical  part  or  the  numeric,  and  [M]  is 
the  unit  part.    When  a  physical  quantity  is  spoken  of  as  having  the 
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value  a,  t!ie  unit  part  [-4]  must  always  be  understood;  the  complete 
expression  being  alA] ;  i.e.,  a  units  of  [A],  So  in  like  manner,  s 
may  represent  *  units  of  surface  or  of  speed,  v  may  represent  v  units 
of  volume,  /  may  represent  /  units  of  force,  etc. ;  the  symbol,  in 
general,  being  the  first  letter  of  the  name  of  the  quantity. 

13.  Absolute  Systems  of  Units. — By  suitably  select- 
ing the  fundamental  units,  a  complete  system  of  units 
may  be  obtained,  all  the  derived  units  in  which  are  con- 
nected with  these  by  fixed  physical  relations.  Such  a 
system  of  units  is  called  an  absolute  system ;  and  meas- 
urements made  in  the  units  of  such  a  system  are  said  to 
be  made  in  absolute  measure.  The  word  "  absolute,"  as 
distinguished  from  "  relative,"  was  first  introduced  into 
physical  measurements  by  Gauss  in  1832.  Instead  of 
representing  the  value  of  the  earth's  magnetic  intensity 
at  Gottingen  relatively,  in  terms  of  the  intensity  at  Lon- 
don taken  as  unity,  as  had  been  the  custom,  he  proposed 
to  express  this  value  in  absolute  measure  ;  ie.,  in  terms 
of  the  units  of  mass,  length,  and  time  only. 

14.  Differences  in  Absolute  Systems. — Several  ab- 
solute systems  have  been  proposed,  differing  either  in 
the  fundamental  units  adopted,  or  in  the  physical  rela- 
tions by  means  of  which  the  derived  units  are  obtained 
from  these.  Thus,  for  example,  the  fundamental  units 
selected  may  be  those  of  length,  mass,  and  time,  those 
of  length,  time,  and  force,  those  of  length,  mass,  and 
force,  or  those  of  time,  mass,  and  force,  respectively. 
Again,  the  fundamental  units  remaining  the  same,  the 
denomination  of  these  units  may  differ,  the  unit  of  length 
being  the  yard  or  the  meter,  the  unit  of  mass  the  pound 
or  the  kilogram.  Moreover,  for  a  given  derived  unit, 
the  formulas  of  definition  may  vary ;  as  when  in  one 
system  the  unit  of  surface  is  defined  as  the  area  of  a 
square  whose  side  is  of  unit  length,  and  in  another  as 
the  area  of  an  equilateral  triangle  having  sides  whose 
length  is  unity. 

Examples. — When  an  angle  is  given  in  degrees  of  arc,  a  temper- 
ature in  thermometric  degrees,  a  volume  in  gallons,  a  quantity  of 
light  in  candles,  or  a  resistance  in  ohms,  the  measurement  is  rela- 
tive and  the  numeric  is  simply  the  ratio  between  the  quantity  meas- 
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ured  and  the  arbitrary  unit  selected  as  the  term  of  comparison. 
But  when  a  volume  is  measured  in  liters,  a  force  in  poundals,  a 
quantity  of  energj*  in  ergs,  or  a  speed  in  foot-seconds,  the  result  is 
given  in  absolute  measure;  these  units  being  all  derived,  by  simple 
physical  relations,  from  the  fundamental  units  of  mass,  length,  and 
time.  It  should  be  borne  in  mind,  however,  that  in  all  absolute 
systems  the  choice  of  the  fundamental  units  is  purely  arbitrary. 

16.     The   Centimeter-grram-second    System. —  The 

fundamental  units  now  employed  in  all  physical  meas- 
urements are  the  units  of  mass,  length,  and  time.  The 
absolute  system  whose  derived  units  are  based  upon  the 
gram  as  the  unit  of  mass,  the  centimeter  as  the  unit  of 
length,  and  the  second  as  the  unit  of  time,  is  called  the 
centimeter-gram-second  system,  or  by  way  of  abbrevia- 
tion the  C.  G.  S.  system.  Its  units  are  referred  to  as 
C.  G.  S.  units.  This  system  was  proposed  in  1863  by  a 
Committee  of  the  British  Association  and  has  come  into 
general  use  in  pure  physics.  It  will  be  adopted  exclu- 
sively in  the  present  work,  and  all  physical  quantities 
will  be  expressed  in  terms  of  the  fundamental  and  de- 
rived units  of  this  system. 

In  applied  physics  another  absolute  system  is  some- 
times used,  based  upon  the  foot,  the  pound,  and  the 
second  as  the  fundamental  units  of  length,  mass,  and 
time.  This  system  is  called  the  foot-pound-second  sys- 
tem, or  more  briefly  the  F.  P.  S.  system. 

16.  Values  of  the  Fundamental  Units.— The  funda- 
mental  units  of  the  C.  G.  S.  system  are  the  centimeter, 
the  gram,  and  the  second. 

The  centimeter  is  the  one-hundredth  part  of  the 
length  of  the  standard  meter  prepared  by  the  Inter- 
national Metric  Committee  and  deposited  in  the  oflice  of 
the  U.  S.  Coast  and  Geodetic  Survey  in  Washington. 

The  gram  is  the  one-thousandth  part  of  the  mass  of 
the  standard  kilogram  prepared  by  the  International 
Metric  Committee,  and  deposited  in  the  oflSce  of  the 
U.  S.  Coast  and  Geodetic  Survey  in  Washington. 

The  second  is  the  one  eighty-six-thousand-four-hun- 
dredth  part  of  the  mean  solar  day. 
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17.  Dimensions  of  Derived  Units. — Every  physical 
magnitude  may  be  expressed  in  terms  of  the  units  of 
mass,  length,  and  time ;  e.g.,  in  C.  G.  S.  units.  The 
particular  value  of  such  a  quantity  in  terms  of  the  fun- 
damental quantities  of  the  system  is  called  the  dimen- 
•ions  of  that  quantity ;  and  the  value  of  the  unit  of  this 
quantity,  in  terms  of  the  fundamental  units  of  the  system, 
is  called  the  dimensions  of  that  unit. 

Examples. — Since  a  speed  is  the  ratio  of  a  length  to  a  time,  the 
dimensions  of  speed  are  a  length  divided  by  a  time;  and  the  dimen- 
sions of  a  unit  of  speed  are  a  unit  of  length  divided  by  a  unit  of 
time;  i.e.,  a  centimeter  per  second,  in  the  C.  G.  S.  system. 

18.  Dimensional  Equations. — Equations  showing 
the  relations  existing  between  derived  units  and  the 
corresponding  fundamental  units  of  a  system  are  called 
dimensional  equations.  Although  suggested  originally  by 
Fourier,  these  equations  were  first  brought  into  use  by 
Maxwell.  They  have  two  important  functions  in  phys- 
ics :  1st,  to  facilitate  the  conversion  of  physical  quantities 
expressed  in  terms  of  the  units  of  one  absolute  system 
into  those  of  another ;  and  2d,  to  furnish  a  check  upon 
equations  of  definition  ;  since  by  reducing  both  members 
to  fundamental  units,  the  equation  should  become  an 
identity. 

ExABiPLES.— Thus,  from  the  equation  of  quantities,  s{S]  =  l[L] 
-I-  t[T],  we  may  obtain,  by  making  the  numerics  *,  I,  and  /  unity, 
the  dimensional  equation  [S]  =  [X]/[r] ;  which  asserts  that  the  di- 
mensions of  unit  speed  are  unit  length  divided  by  unit  time. 

If  [Z],  [M]y  and  [71  be  C.  G.  S.  units,  and  [X'],  [M%  and  [T'] 
be  F.  P.  S.  units,  the  conversion  from  one  system  into  the  other  may 
be  easily  effected.  A  rod  whose  mass  is  m  grams  may  be  repre- 
sented as  m[M]y  or  if  its  mass  is  m'  pounds,  by  m'[M'].     But  since 

it  is  the  same  rod,  m[M]  =  m'[M'];  whence  m  =  m'\—-^;  or  the 

mass  of  the  rod  in  grams  is  obtained  by  multiplying  its  mass  ex- 
pressed in  pounds  by  the  ratio  of  a  pound  to  a  gram;  i.e.,  by  453*59, 
the  number  of  grams  in  a  pound.  In  the  same  way,  a  given  speed 
may  be  represented  as  s[S],  or  as  s*[S'],  the  units  varying  inversely 

with    the    numerics.      But    *[^]  =  ^  •  Fjil  ^^^  *'[^'l  =  p-F^vj; 
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consequently,  since  s[8]  =8'[Sn,  we  must  have  -.^l=zL    t^'J 

t  [T]     t' '  iri ' 

But  s  =  l/e  and  s'  =  ^'A';  and  hence  *ffl  =  ^'t^l;  or  transposing, 

rx'i  r  Ti 

*  =  «'r^  •  r^^,-  Since  the  unit  of  time  is  the  second  in  both  sys- 
tems, the  last  factor  is  unity.  Whence  the  value  of  the  speed  in 
centimeters  per  second  is  obtained  by  multiplying  the  speed  in  feet 
per  second  by  the  ratio  of  the  foot  to  the  centimeter,  or  80*4797. 

As  an  example  of  the  second  use  of  dimensional  equations,  we 
may  apply  them  to  test  the  assertion  that  force  is  time-rate  of 
energy-change.  The  definition-equation  is  f[F]  =  e[E]  •¥■  t[T]^  and 
the  dimensional  equation  [F]  =-.  [E]  -h  [T].  Now  the  dimensions  of 
energy  are  [ifZyr^J,  and  the  dimensions  of  force  are  [ML/T*]. 
Substituting,  we  have  [ML/T*]  =  [MLyT]-i-[T].  Since  this  is 
not  an  identical  equation,  the  fundamental  assumption  on  which  it 
is  based  is  erroneous. 

Every  physical  equation  should  be  read  in  terms  of 
the  units  representing  the  quantities  involved  in  it,  these 
units  being  either  generic  or  specific.  The  equation 
8  =  l/t,  for  example,  means  that  a  body  has  8  units  of 
speed  when  it  passes  over  I  units  of  length  in  t  units 
of  time,  in  any  absolute  system ;  or  when  it  describes  I 
centimeters  per  second  in  the  C.  G.  S.  system. 

Section  II. — Physical  Measurements. 

19.  Measurement  in  General,  — "  All  exact  knowl- 
edge," says  Maxwell,  "is  founded  on  the  comparison  of 
one  quantity  with  another."  Such  a  comparison  of  the 
quantity  to  be  measured  with  a  unit  quantity  of  the  same 
kind  constitutes  a  physical  measurement;  the  object 
being  to  determine  the  numeric,  or  the  number  of  times 
that  the  unit  is  contained  in  this  quantity. 

20.  Direct  and  Indirect  Measurement. — Both  direct 
and  indirect  methods  are  employed  for  the  measurement 
of  physical  magnitudes.  The  direct  method  consists  in 
applying  a  concrete  unit  of  measure  directly  to  the 
quantity  to  be  measured,  and  expressing  tlie  result  in 
terms  of  this  unit.  In  the  indirect  method,  other  quan- 
tities than  the  one  under  investigation  are  measured,  and 
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the  value  of  the  quantity  sought  is  calculated  from  the 
known  relations  existing  between  these  magnitudes. 

Examples. — The  length  of  a  rod  is  ascertained  directly  by  ap- 
plying to  it  a  rule  or  scale  divided  into  centimeters  ;  and  if  this  length 
be  exactly  six  of  these  divisions)  it  is  said  to  be  six  centimeters  long. 
But  the  surface  of  a  plane  rectangular  figure  is  measured  by  ascer- 
taining the  lengths  of  its  sides  and  multiplying  these  together ;  since 
the  unit  of  surface  is  the  unit  of  length  squared.  Surface,  therefore^ 
is  measured  indirectly. 

Since  in  any  absolute  system  a  magnitude  is  always 
expressed  in  terms  of  its  fundamental  units,  it  is  evident 
that  in  such  a  system  every  physical  measurement  in- 
volves a  comparison  with  these  units  only  ;  although  in 
many  cases  intermediary  or  secondary  units  are  em- 
ployed whose  values  are  known  in  terms  of  the  funda- 
mental units. 

Examples. — The  dimensions  of  work  are  force  per  unit  of  length; 
of  force,  are  mass  per  unit  acceleration  ;  of  acceleration,  are  speed 
per  unit  time ;  and  of  speed,  length  per  unit  time.  Ultimately, 
therefore,  the  dimensions  of  work  area  mass  multiplied  by  the  square 
of  a  length  and  divided  by  the  square  of  a  time.  In  the  C.  G.  8. 
system,  work  in  ergs  may  be  measured  either  in  the  secondary  units 
of  force,  of  acceleration,  or  of  speed,  or  in  the  fundamental  units  of 
length,  mass,  and  time ;  i.e.,  in  centimeters,  grams  and  seconds. 

But  even  this  method  of  measurement  may  be  simpli- 
fied. According  to  Cliflford  *•  every  quantity  is  measured 
by  finding  a  length  proportional  to  the  quantity  and  then 
measuring  this  length."  Since  by  definition  the  unit  of 
mass,  e.g.,  the  gram,  is  the  mass  of  unit  volume,  e.g.,  of 
one  cubic  centimeter,  of  water,  the  mass  of  any  quantity 
of  water  is  known  when  its  volume  has  been  ascertained. 
And  the  mass  of  any  body  whatever  may  be  obtained  in 
grams  by  noting  the  amount  by  which  a  given  spring  is 
stretched  by  it  in  terms  of  the  amount  by  which  it  is 
stretched  by  one  gram.  Again,  the  fundamental  unit  of 
time  may  be  measured  as  a  length.  If  a  line  be  traced 
by  a  body  moving  uniformly,  equal  spaces  on  this  line 
represent  equal  intervals  of  time.  If  the  line  be  traced 
on  the  surface  of  a  cylinder  rotating  uniformly,  the  pen- 
cil at  intervals  moving  parallel  to  the  axis  for  a  short 
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distance,  the  time-value  of  these  intervals  is  determined 
with  the  greatest  accuracy  by  measuring  the  length  of 
the  spaces  representing  them,  provided  the  rate  of  rota- 
tion of  the  cylinder  is  known ;  i.e.,  the  value  of  unit 
time,  one  second,  upon  the  cylinder.  Such  an  instru- 
ment is  called  a  chronograph. 

21.  Measurement  of  Lengl;h, — Because  every  quan- 
tity is  measured  by  finding  a  length  proportional  to  it 
and  then  measuring  this  length,  it  is  of  the  greatest  im- 
portance to  attain  a  high  degree  of  accuracy  in  linear 
measurement.  This  is  accomplished,  in  the  first  place, 
by  decimally  subdividing  the  linear  unit,  so  that  when 
the  object  does  not  cover  an  entire  number  of  units,  the 
fractional  part  may  be  read  on  the  subdivisions.  But  a 
limit  is  soon  reached  to  these  subdivisions,  even  when  a 
lens  is  used  to  magnify  them.  So  that,  in  the  second 
place,  some  additional  device  must  be  made  use  of  to 
eflfect  a  farther  subdivision.  Two  such  devices  are 
employed  in  practice,  known  as  the  vernier  and  the 
micrometer-screw,  respectively.  The  vernier  consists  of 
an  auxiliary  rule,  sliding  along  the  main  scale,  ten  divis- 
ions on  which  may  correspond,  for  example,  to  nine  on 
the  scale  ;  so  that  the  length  of  one  division  on  the  ver- 
nier is  one  tenth  of  a  scale-division  less  than  that  of  one 
division  on  the  scale.  If,  therefore,  the  quantity  to  be 
measured  exceeds  six  divisions  of  the  scale  by  eight 
divisions  on  the  vernier,  its  length  is  6*8  scale-divisions. 
The  micrometer-screw  consists  of  a  screw  of  known  pitch, 
having  a  graduated  disk  attached  to  its  head  ;  so  that 
when  turned  through  one  division  on  the  head,  any  point 
upon  the  screw  advances  through  that  fraction  of  the 
pitch  corresponding  to  the  ratio  of  this  one  division  to 
the  whole  circumference.  If,  therefore,  the  head  is 
divided  into  one  hundred  equal  parts,  and  if  to  pass  over 
a  given  length  twelve  turns  and  forty-five  divisions  of 
the  head  are  required,  the  length  measured  is  12-45  times 
the  value  of  the  pitch  of  the  screw. 

Examples. — The  scales  used  in  actual  raeasurement  of  length 
are  in  general  multiples  or  sub-multiples  of  the  meter.    They  are 
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divided  into  centimeters  and  millimeters,  and  these  latter  into  fifths 
and  sometimes  tenths.  For  use  with  the  microscope,  scales  are  used 
divided  into  hundredths  and  even  thousandths  of  a  millimeter ;  i.e., 
into  microns.  Verniers  are  direct-reading  when  they  read  in  the 
same  direction  as  the  scale,  and  inverse-reading  when  they  read  in 
the  opposite  direction.  In  the  latter  case  the  number  of  vernier 
divisions  is  one  more  than  the  corresponding  number  of  scale  divis- 
ions. If  a  length  of  9  millimeters  on  the  scale  be  divided  on  one 
of  the  verniers  into  ten  parts  and  a  length  of  11  mm.  be  divided 
on  the  other  into  ten  parts,  the  value  of  one  division  on  the  first 
vernier  is  0  9  millimeter  and  on  the  second  1*1  millimeters  ;  the  excess 
in  both  cases,  or  **  least  count "  of  the  vernier  being  01  millimeter. 
If  a  length  measures  6  scale-divisions  and  8  vernier-divisions,  its 
value  is  6  +  0*8  millimeters  with  the  former  vernier  and  7— -2  or 
6*8  millimeters  on  the  latter,  the  second  being  read  backward.  If  a 
micrometer-screw  has  a  step  or  pitch  of  0*1  millimeter  and  its  head 
is  divided  into  one  hundred  equal  parts,  the  value  of  one  division  on 
the  head  is  0*1  x 001  or  0*001  millimeter. 
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CHAPTER  I. 
KINEMATICS. 

Seohon  I. — ^MonoN  m  General. 

22.  Position  and  Motion. — The  simplest  change 
which  A  material  particle  can  undergo  is  a  change  in  its 
position.  The  position  of  such  a  particle  is  aetermined 
by  its  distance  and  direction  from  a  point  of  reference 
called  the  origin.  Any  change  in  this  position,  there- 
fore, must  alter  either  the  distance  of  the  particle  from 
the  fixed  point  or  its  direction  from  the  point,  or  both. 
Change  of  position  is  called  motion.  If  the  distance  of  a 
'  particle  from  the  origin,  and  its  direction  with  reference 
to  it,  continue  unaltered  for  a  given  time,  the  particle  is 
said  to  be  at  rest,  relative  to  the  origin,  during  that  time. 
When  these  values  are  changing  with  the  time,  the  par- 
ticle is  said  to  be  in  motion.  No  motion  of  matter  is 
instantaneous.  For  a  particle  to  pass  from  one  position 
to  another,  it  must  occupy  a  definite  time  in  the  transit, 
and  it  must  pass  through,  on  its  way,  all  the  intermediate 
points  between  its  initial  and  final  positions. 

If  0  (Fig.  1)  represent  the  point  of  reference,  or  origin,  and  A  a 
material  particle,  the  line  OA  drawn  from  the  origin  to  the  particle 
will  represent  by  its  length  and  direc- 
tion the  position  of  the  particle  A 
with  reference  to  the  origin  0.  If  B 
represent  a  second  particle,  the  line 
OB  will  represent  the  position  of  this 
particle  B  with  reference  to  the  same 
point  0.  For,  by  starting  from  this 
point  and  passing  along  the  line  OA 
or  the  line  OB,  we  should  reach  A  or  B,  Fio.  i. 

In  the  same  way  the  line  AB  would  represent  the  position  of  B  with 
respect  to  A,  and  the  line  BA,  the  position  of  A  with  respect  to  B,    If 

19 
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a  particle  at  the  point  A  were  to  change  its  position  so  as  to  bring  it 
to  the  point  B^  its  direction  with  reference  to  0,  as  well  as  its  dis- 
tance from  this  point,  will  both  hare  changed,  and  the  particle  is 
said  (o  have  moved  from  Ato  B,  the  motion  taking  place  along  the 
line  AB,  This  motion  must  have  required  a  definite  time,  and  the 
particle  must  have  occupied  successively  every  intermediate  point 
between  A  and  B, 

23.  Definition  of  Kinematics.  —  That  branch  of 
science  which  studies  motion  in  the  abstract  without 
reference  to  the  character  of  the  body  moved,  or  to  the 
antecedent  or  consequent  conditions  of  its  motion,  is 
called  Kinematics,  from  Kivrjfjia,  motion  (Ampere.)  The 
study  of  pure  motion,  then,  uncomplicated  by  collateral 
phenomena,  constitutes  an  appropriate  introduction  to 
the  consideration  of  mass-physics. 

24.  Classification  of  Motions. — By  material  particle 
is  meant  a  body  so  small  that  the  distances  between 
its  parts  may  be  neglected  in  any  given  case  without 
sensible  error.  The  motion  of  such  a  particle  causes  a 
change  either  in  its  distance  from  the  origin  or  in  its 
direction  from  it,  or  in  both.  If  the  change  is  one  of 
distance  alone,  the  particle  describes  a  straight  line ;  if 
it  is  one  of  direction  alone,  it  describes  a  curved  line. 
This  motion  along  a  line,  which  is  the  only  motion  a 
particle  can  have,  is  called  a  motion  of  translation.  A 
body  of  sensible  magnitude  is  said  to  have  a  motion  of 
translation  when  all  the  particles  contained  in  it  move  in 
parallel  and  equal  lines  ;  so  that  the  motion  of  the  body 
is  completely  defined  by  the  motion  of  any  one  of  its 
particles.  Again,  the  particles  in  a  body  may  move  in 
circles  whose  centers  are  on  a  common  line  or  axis. 
Such  a  motion  is  called  a  motion  of  rotation.  While  in  a 
motion  of  translation  the  direction  of  every  straight  line 
drawn  within  the  body  remains  fixed  and  the  line  moves 
always  parallel  to  itself,  in  a  motion  of  rotation  the 
direction  of  such  a  straight  line  in  the  body  is  continu- 
ally changing.  Both  translatory  and  rotatory  motion 
may  be  continuous  or  intermittent,  uniform  or  variable. 
In  both,  the  direction  of  the  motion  may  be  constant  or 
alternate,  the  body  in  the  latter  case  moving  to  and  fro 
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to  equal  distances  on  each  side  of  its  normal  position 
when  at  rest.  Such  a  motion  is  called  a  motion  of  oscilla- 
tion. 

Examples. — The  motion  of  a  sail-boat  on  water  or  ice  when 
rectilinear  may  be  taken  as  an  example  of  motion  of  translation, 
and  the  motion  of  the  fly-wheel  of  a  stationary  steam-engine  as  an 
example  of  motion  of  rotation.  In  general,  however,  these  two 
motions  coexist;  as  in  the  case  of  a  rifled  projectile,  of  a  screw  enter- 
ing wood,  of  the  driving-wheel  of  a  locomotive,  or  of  a  planet  in  its 
orbit.  The  motion  of  a  pendulum,  and  of  the  balance-wheel  of  a 
watch,  are  motions  of  oscillation. 

Hitherto  the  body  moving  has  been  assumed  to  be 
rigid,  so  that  no  change  in  its  size  or  shape  takes  place 
during  the  motion.  Bodies  which  are  not  rigid  are  said 
to  be  elastic ;  and  the  relative  motion  of  the  parts  of  an 
elastic  body  produces  a  change  either  in  its  size  or  in  its 
shape,  or  in  both.  Such  changes  in  the  size  or  shape 
of  an  elastic  body  are  called  strains. 

2^.  Province  of  Kinematics. — It  is  the  object  of 
Kinematics  to  teach  us  "  how  to  describe  motion  accu- 
rately and  how  to  compound  different  motions  together" 
(Clifford).  For  purposes  of  study,  Kinematics  is  con- 
veniently subdivided  into  three  sections  based  upon 
the  classification  above  given.  These  sections  are  as 
follows : 

1.  Motion  of  particles.     Translatory  motion. 

2.  Motion  of  rigid  bodies.     Botatory  motion. 

3.  Motion  of  elastic  bodies.     Strains. 


Section  II.— Motion  of  Translation. 

26.  Rectilinear  and  Curvilinear  Motion. — In  simple 
translatory  motion  the  position  of  a  particle  with  respect 
to  the  origin  may  vary  (1)  in  magnitude  alone,  as  when 
the  motion  is  along  the  line  connecting  the  particle  with 
the  origin,  the  motion  being  rectilinear ;  (2)  in  direction 
alone,  as  when  the  motion  is  constantly  perpendicular 
to  this  line,  the  motion  being  curvilinear  ;  or  (3)  in  both 
magnitude  and  direction,  as  when  the  motion  takes  place 
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along  an  oblique  line,  the  motion  being  either  rectilinear 
or  curvilinear. 

27.  Velocity,  Speed.  —Whenever  a  particle  moves 
continuously  its  motion  is  measured  not  only  by  the 
distance  through  which  it  moves,  but  also  by  the  time 
occupied  in  traversing  this  distance ;  the  motion  being 
greater  for  a  given  time  the  greater  the  distance,  and 
for  a  given  distance  the  smaller  the  time.  The  rapidity 
with  which  a  particle  moves,  i.e.,  its  rate  of  motion,  or 
rate  of  change  of  position,  is  called  its  velocity.  Velocity, 
therefore,  may  vary  in  both  magnitude  and  direction. 
When  regarded  as  so  varying  it  is  evidently  a  directed 
quantity,  or  a  vector.  If  the  magnitude  only  of  the 
change  in  position  be  considered,  tlie  rate  of  motion  is 
usually  expressed  by  the  term  speed. 

28.  Uniform  and  Variable  Velocity.— The  velocity 
of  a  particle  may  be  uniform  or  variable.  It  is  uniform 
when  the  change  of  position  in  the  second,  third,  or  any 
subsequent  unit  of  time  is  the  same  as  that  described  in 
the  first  unit.  In  uniform  motion,  equal  changes  of 
position  take  place  in  equal  times,  and  unequal  changes 
of  position  take  place  in  times  which  are  proportional  to 
these  changes.  If  the  times  are  not  proportional  to  the 
changes  of  position,  then  the  velocity  of  the  particle  is 
said  to  be  variable. 

Examples.— The  speed  (or  magnitude-velocity)  of  a  particle  mov- 
ing over  10  centimeters  in  each  successive  second,  or  over  20  centi- 
meters in  2  seconds,  50  centimeters  in  5  seconds,  or  100  centimeters 
in  10  seconds,  is  said  to  be  uniform.  But  if  it  move  over  5 
centimeters  in  1  second,  or  12  centimeters  in  2  seconds,  and  over 
21  centimeters  in  8  seconds,  its  speed  is  said  to  be  variable.  The 
direction -velocity  of  a  particle  moving  in  a  circle  so  as  to  descril)e 
an  arc  of  ten  degrees  each  successive  second  is  uniform.  If  the 
locus  of  the  particle's  motion  be  the  .spiral  of  Archimedes,  its  velocity 
will  be  uniform  both  in  magnitude  and  direction. 

29.  Dimensions  of  Speed.  —  Evidently  when  the 
speed  is  uniform  the  entire  space  described  by  the  mov- 
ing particle  is  obtained  by  multiplying  the  distance 
passed  over  in  one  unit  of  time  by  the  number  of  units 
of  time  during  which  the  motion  continues.     So  that  if 
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the  entire  distance  be  I  units  of  length,  the  space  de- 
scribed in  unit  of  time  be  8  units  of  length,  and  the 
time  occupied  be  t  units  of  time,  the  characteristic  equa- 
tion of  uniform  motion  will  be 

l  =  8t.  [1] 

Since  by  transposition  a  =  l/t,  the  speed  of  the  particle, 
or  the  rate  of  its  motion,  is  measured  in  terms  of  the 
space  over  which  it  passes  in  one  unit  of  time.  If  io 
this  equation  I  and  t  both  be  made  unity,  s  will  also  be- 
come unity ;  so  that  the  unit  of  speed  is  at  once  defined 
as  that  rate  of  motion  in  which  a  unit  of  length  is  de- 
scribed in  a  unit  of  time.  Hence  in  the  C.  G.  S.  system 
the  unit  speed  is  a  centimeter  per  second.  It  is  a  de- 
rived unit  and  its  dimensions  are  \_L/T]  or  [LT'^].  It 
has  received  no  special  name. 

Examples. — If  a  particle,  moving  uniformly,  passes  over  100 
centimeters  in  20  seconds,  or  over  180  centimeters  in  86  seconds,  it 
obviously  moves  over  five  centimeters  in  each  second.  Its  rate  of 
change  of  position  along  the  line  of  its  motion,  therefore,  i.e.,  its 
speed,  would  be  five  centimeters  per  second. 

30,  Acceleration. — If  the  Mnear  space  described  by 
a  moving  particle  in  each  successive  unit  of  time  be 
greater  or  less  than  that  described  in  the  first  unit,  its 
speed  is  variable,  and  the  rate  of  motion  of  the  particle 
is  said  to  be  accelerated ;  positively  if  the  variation  be  an 
increase  of  speed,  negatively  if  it  be  a  decrease.  The 
acceleration  itself  is  said  to  be  uniform  when  in  each 
successive  unit  of  time  the  increase  or  decrease  of  the 
speed  has  the  same  value.  The  measure  of  acceleration 
is  simply  the  ratio  of  the  total  change  of  speed  to  the 
time  in  which  it  is  efiected.  So  that  acceleration  may 
be  defined  as  rate  of  change  of  speed,  precisely  as  speed  is 
defined  as  rate  of  change  of  position.  Since  the  total 
change  of  speed  is  obtained  by  multiplying  the  change 
per  unit  of  time  by  the  number  of  units  of  time  required, 
the  fundamental  equation  of  acceleration  will  be 

8- at,  [2] 
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in  which  8  represents  the  total  increase  or  decrease  of 
speed  during  the  time  t^  and  a  the  increase  or  decrease 
of  speed  per  unit  of  time.  Evidently  since  a  =  s/t,  the 
acceleration  of  a  moving  particle  is  unity  when  a  unit  of 
speed  is  gained  or  lost  in  each  unit  of  time.  If  accel- 
eration be  defined  as  the  time-rate  at  which  speed 
is  lost  or  gained,  the  unit  of  acceleration  will  be 
that  acceleration  in  which  a  unit  of  speed  is 
lost  or  gained  per  unit  of  time.  In  the  C.  G.  S. 
system  the  unit  of  speed  is  a  centimeter  per  second  ; 
and  hence  the  unit  of  acceleration  is  an  acceleration  of 
a  centimeter  per  second  per  second.  The  dimensions 
of  the  unit  acceleration  are  [LT'^]. 

Examples.— A  particle  starting  from  rest  and  moving  over  five 
centimeters  the  first  second,  ten  centimeters  the  second  second,  and 
fifteen  centimeters  the  third  second,  obviously  gains  five  centimeters 
each  second;  i.e.,  it  has  a  positive  acceleration  of  five  C.  G.  S.  units. 
If  its  motion  continue  for  25  seconds,  it  is  evident  that  the  total 
positive  acceleration  will  be  5x25  or  125  units,  and  the  particle 
will  have  a  final  speed  of  125  centimeters  per  second.  So  a  particle 
moving  with  a  speed  of  12  units  the  first  second,  10  the  second, 
8  the  third,  and  so  on,  has  a  negative  acceleration  of  2  units ;  so 
that  if  this  condition  of  things  continue  for  6  seconds,  the  particle 
will  come  to  rest. 

31.  Space  described  in  Accelerated  Motion. — The 

space  described  by  a  moving  particle  in  a  given  time  is 
always  the  product  of  the  speed  by  the  time.  In  uni- 
form motion,  however,  the  speed  is  constant;  while  in 
accelerated  motion  it  is  variable.  In  the  latter  case, 
therefore,  it  is  the  mean  or  average  speed  of  the  particle  by 
which  the  time  must  be  multiplied  in  order  to  obtain  the 
distance  traversed.  This  mean  or  average  speed  is  de- 
fined as  the  speed  which  a  uniformly  moving  particle 
must  have  in  order  to  describe  the  same  total  space  in 
the  same  time,  and  therefore  is  the  quotient  of  the  en- 
tire space  by  the  entire  time  taken  to  describe  it.  It 
will  represent  the  actual  speed  at  any  given  instant  the 
more  exactly  in  proportion  as  the  interval  of  time  is 
smaller.  If  the  acceleration  be  uniform,  the  mean  or 
average  speed  is  one  half  the  sum  of  the  initial  and  final 
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speeds ;  or  if  the  particle  start  from  rest,  one  half  of  the 
final  speed.  If  the  speed  of  a  particle  be  «,  at  the  be- 
ginning of  the  time  considered,  and  »,  at  the  end  of  this 
time,  the  total  change  of  speed  during  the  intei*val  is 
clearly  5,  —  »« ;  and  the  rate  of  change  of  speed  or  the 
acceleration  is  («,  —  s^/t.  This  is  positive  or  negative, 
obviously,  according  as  the  final  speed  8^  or  the  initial 
speed  8^  is  the  greater.  The  mean  speed  during  the  in- 
terval is  1(5,  -f-  8^,  In  case  the  particle  start  from  rest, 
s^  is  zero ;  whence  the  acceleration  is  «,  /t  and  tlie  mean 
or  average  speed  is  ^5, .  The  space  traversed,  being  the 
product  of  the  mean  speed  by  the  time,  is  ^s^t.  Hence 
the  second  fundamental  equation  of  uniformly  accel- 
erated motion  may  be  written : 

I  =  W'  [3] 

It  expresses  the  space  described  in  terms  of  the  mean 
speed  and  the  time.  Evidently  this  space  is  the  same 
as  that  described  by  a  particle  moving  uniformly  for  the 
same  time  t  with  the  speed  ^s^. 

32.  Graphic  Method  of  Illustration. — This  subject 
may  be  illustrated  graphically.  Since  a  line  is  meas- 
ured in  units  of  length,  it  is  evident  that  any  physical 
quantity  whatever  may  be  represented  by  a  line,  upon 
the  convention  that  a  unit  length  of  the  line  shall  be 
taken  to  represent  a  unit  of  the  quantity.  Thus  a  line 
five  centimeters  long  may  be  taken  to  represent  five  units 
of  time,  five  units  of  speed,  or  five  units  of  acceleration, 
etc.  Moreover,  since  the  product  of  two  lines  is  geomet- 
rically an  area,  it  is  clear  that  if  we  lay  oflf  on  the  axis 
of  abscissas  a  length  equal  to  the  time,  and  on  the  axis 
of  ordinates  a  length  equal  to  the  speed  in  uniform 
motion,  the  space  described,  being  the  product  of  the 
speed  by  the  time,  will  be  represented 
by  the  area  of  the  rectangle  having 
these  co-ordinates  as  sides;  as  is  il- 
lustrated in  Figure  2.  So  in  uniformly 
accelerated  motion,  if  the  initial  speed  ^l  t 

be   zero  and   the   final   speed  «, ,  the  ^'°'  ^' 

space  described  in  the  time  t  will  be  represented  by  the 


l=«t 
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right-angled  triangle  as  in  Figure  3 ;  i.e.,  by 
the  product  ^s^L  Hence  the  linear 
space  described  by  a  particle  moving 
uniformly  for  the  time  t  with  the 
speed  8  is  twice  that  described  by  a 
particle  which,  starting  from  rest,  ac- 
quires this  speed  at  the  end  of  the  time  t.    Moreover, 

the  area  of  this  triangle  is  the  same  as 

that  of  a  rectangle  of  half  the  height,  "^ 

as  is  shown  by  Figure  4.     Hence  the 

space  described   by  a  given   particle 

moving  for  t  units  of   time  with   an 

acceleration  of  a  units  is  the  same  aso' 


area  of  a  righ 
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that  described   by  a  second  particle  Fia.4. 

moving  uniformly  for  the  same  time  with  a  speed  one 
half  as  great  as  that  finally  attained  by  the  first. 

33.  Other  Equatious  of  Uniformly  Accelerated 
Motion. — We  have  now  obtained  two  equations  applica- 
ble to  uniform  acceleration,  one  of  which,  8  =  at,  gives 
the  total  speed  acquired  in  terms  of  the  acceleration 
and  the  time,  and  the  other,  I  =  ^st,  the  space  described 
in  terms  of  the  final  speed  and  the  time.  If  we  substi- 
tute in  the  second  equation  the  value  of  8  from  the  first, 
we  obtain  the  new  equation  I  =  Jaf,  which  gives  the 
space  described  in  terms  of  the  acceleration  and  the 
time.  And  further,  if  t  be  eliminated  between  the  last 
two  equations,  still  another  equation  is  obtained,  «'  =  2a7, 
which  gives  the  speed  acquired  in  terms  of  the  accelera- 
tion and  of  the  space  described  during  the  motion.  The 
four  equations  of  uniform  acceleration  are,  therefore, 

8  =  at;  [2] 

l  =  i8t;  [3] 

l  =  iat';  [4] 

«•  =  2aZ.  [5] 

If  instead  of  starting  from  rest,  as  supposed,  the  par- 
ticle has  an  initial  speed  8^ ,  its  final  speed  is  simply  the 
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«um  of  this  initial  speed  and  the  acquired  speed.     And 
the  above  equations  become 


«.=«.  +  a< ; 

[6] 

« =  *(«.+«.)<; 

[7] 

l=8jt  +  ^f; 

[8] 

».'  =  ».'  +  'M. 

[9] 

Y 

^^y^i^^Bxi 

»i 

l^Sot 

»o 

0 

t 

Fio.  5. 

X 

Equation  [7]  may  be  graphically  represented  as  follows 

{Fig.  5).     Here  it  will  be  seen  that 

the  total  area  which  represents  the 

space   described   is   the   sum   of   the 

areas  representing  the  space  described 

uniformly   and    the    space    described 

with  accelerated  motion.     Hence  the 

equation  may  be  written 

Z  =  «/  -f  isjt, 

in  which  ^^  =  «,—«„ . 

In  these  cases  the  acceleration  has  been  supposed 
positive.  If  it  be  negative,  it  will  diminish  the  initial 
speed  and  finally  reduce  it  to  zero,  thus  bringing  the 
particle  to  rest  Then  if  it  continue,  an  increasing 
speed  will  be  generated  in  the  opposite  direction.  The 
same  equations  are  applicable  in  this  case,  the  sign  of 
the  acceleration  only  being  changed. 

34.  Curvilinear  Motion. — Hitherto  the  velocity  has 
been  supposed  to  vary  only  in  magnitude.  But  it  may 
vary  also  in  direction.  In  case  it  varies  only  in  direc- 
tion the  distance  of  the  particle  from  the  origin  remains 
unaltered  but  its  direction  continually  changes  ;  so  that 
the  particle  describes  a  circular  path  about  the  origin  as 
a  center.  In  general,  however,  the  velocity  of  a  moving 
particle  changes  continually  both  in  magnitude  and 
direction,  its  path  being  a  curvilinear  one.  The  rate  of 
<;hange  of  direction  of  a  curvilinear  path  per  unit  length 
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of  the  path  is  called  its  cnrvatare;  and  this  curvature 
may  be  constant,  as  in  the  circle,  or  variable,  as  in  the 
parabola.     A  straight  line  has  zero  curvature. 

If  the  path  described  by  a  moving  particle  be  a  cir- 
cle, and  tangents  be  drawn  to  the  circle  at  two  of  its 
points,  the  angle  a  between  these  tangents  measures  the 
change  of  direction  of  the  path.  The  ratio  of  this  angle 
to  the  length  of  the  arc  a  between  the  points,  i.e.,  a/a, 
measures  the  space-rate  of  change  of  direction  or  the 
curvature.  But  since  in  the  circle  the  angle  between 
the  tangents  is  the  angle  between  the  radii  drawn  to  the 
same  points,  the  arc  a  expressed  in  circular  measure  is 
the  product  of  this  angle  into  the  radius,  or  ra.  Whence, 
substituting  this  value  for  the  arc  a  itself  in  the  above 
ratio,  we  have  a/ra  or  1/r  as  the  measure  of  the  curva- 
ture. Hence  the  curvature  of  a  circle  is  numerically 
equal  to  the  reciprocal  of  its  radius.  In  the  case  of  any 
other  curve,  a  circular  arc  may  be  found  which,  for  any 
particular  point  of  it,  coincides  with  the  curve.  The 
curvature  at  this  point  is  the  reciprocal  of  the  radius  of 
this  osculating  circle. 

35.  Direction  -  acceleration.  —  Hodogrrapb. — If,  at 
successive  instants,  lines  be  drawn  from  a  given  point  as 
origin  so  as  to  represent  in  magnitude  and  direction  the 
actual  velocity  of  a  moving  particle  at  these  instants,  the 
extremities  of  these  lines  will  lie  on  a  curve  which  is 
called  the  hodograph  of  the  motion  of  the  particle.  If 
two  points  be  taken  on  this  hodograph,  the  portion  of 
the  curve  lying  between  them  will  represent  the  change 
of  velocity  in  the  interval,  or  the  mean  acceleration. 
The  actual  acceleration  at  any  point  is  the  limiting  value 
of  the  hodographic  velocity,  as  the  distance  between  the 
points  is  continually  diminished.  Moreover,  the  direc- 
tion of  the  tangent  to  the  hodograph  at  any  point  repre- 
sents the  direction  of  the  acceleration  of  the  moving 
particle  at  the  corresponding  point  of  its  path  ;  and  the 
speed  in  the  hodograph  at  this  point  represents  the 
amount  of  the  acceleration  of  the  moving  particle. 
(Thomson  and  Tait.) 
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Examples.— If  the  velocity  of  a  moving  particle  be  uniform,  the 
magnitude  and  direction  of  its  motion  are  both  constant  and  the 
hodograph  is  evidently  a  point.  If  the  magnitude  of  the  velocity 
be  uniformly  accelerated  while  its  direction  remains  constant,  the 
hodograph  of  the  motion  is  a  straight  line  along  which  the  speed  is 
uniform.  If,  on  the  other  hand,  the  magnitude  of  the  velocity  be 
constant  while  its  direction  changes  uniformly,  as  when  the  particle 
describes  a  circle  with  uniform  motion,  the  hodograph  is  also  a  cir- 
cle along  which  the  speed  is  uniform.  Hence  the  acceleration  of 
such  a  moving  particle  is  constant  in  magnitude;  and  since  the  tan- 
gent to  the  hodograph  at  any  point  is  parallel  to  the  corresponding 
radius  of  the  circle  in  which  the  particle  is  actually  moviug,  the 
direction  of  this  constant  acceleration  is  towards  the  center  of  the 
circle. 

To  determine  the  magnitude  of  this  constant  acceleration,  we 
may  proceed  thus  (Fig.  6):    Suppose  the  particle  to  move  in  the 


Fio.  t>. 

circle  ABD,  of  radius  r  with  the  uniform  speed  s.  The  magnitude 
and  direction  of  the  velocity  at  A  are  represented  by  the  tangent  Aa, 
and  at  B  by  the  equal  tangent  Bh,  To  construct  the  hodograph, 
assume  any  fixed  point  0  as  origin,  and  draw  the  lines  OP,  OQ 
equal  in  magnitude  to  these  tangents  and  parallel  to  them  in  direc- 
tion. These  two  lines  will  represent  the  velocity  of  the  moving 
particle  at  these  two  points  A  and  B  in  both  magnitude  and  direc- 
tion; and  the  curve  connecting  the  outer  extremities  of  these  lines 
is  the  hodograph.  Since  the  speed  is  uniform,  all  the  lines  drawn 
from  0  will  be  equal  in  length;  and  hence  the  hodograph  will  be  a 
circle.  Moreover,  the  tangent  at  Pis  parallel  to  AC\  and  the  tan- 
gent at  Q  is  parallel  to  CB,  Hence,  since  the  tangent  to  a  hodo- 
graphic  curve  represents  the  direction  of  the  acceleration,  the 
acceleration  of  a  particle  at  the  point  A  is  along  AC,  and  at  B  along 
BC;  the  acceleration  being  always  directed  toward  the  center  of 
the  circle  in  which  the  particle  moves.  Further,  the  point  P  de- 
scribes the  circle  PQ8  in  the  same  time  that  the  particle  itself  moves 
over  ABD ;  and  hence  their  speeds  are  proportional  to  the  radii  of 
these  circles,  or  m  ACtxy  OP.  Since  AC  is  r  and  OP  is  s,  we  have, 
the  speed  in  the  hodograph  :  the  speed  of  the  particle  : :  the  radius 
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of  the  hodograph  :  the  radius  of  the  path  described  by  the  particle; 
or 

From  which  we  have  V=  ^/r.     But  the  speed  of  the  point  P  in  the 
hodograph  represents  the  acceleration  of  the  particle  :— 

Consequently,  when  a  particle  is  moving  uniformly 
in  a  circle  it  experiences  a  constant  acceleration  toward 
the  center  of  this  circle,  the  magnitude  of  which  is 
directly  proportional  to  the  product  of  the  square  of  its 
speed  by  the  curvature  of  the  circle.  It  will  be  noticed 
that  although  the  motion  of  the  particle  is  constantly 
accelerated,  its  speed  remains  uniform. 

Section  III. — Composition  and  Kesolution  of  Motions, 
Velocities,  and  Accelerations. 

36.  Composition  of  Uniform  Motions. — Since  mo- 
tions are  definite  quantities,  they  may  be  added,  sub- 
tracted,  or  otherwise  combined  with  each  other.  Exper- 
iment shows  that  the  result  of  the  concurrent  action  of 
two  or  more  motions  is  a  single  motion;  and  that  if 
these  original  motions  are  constant  in  speed  and  direc- 
tion, the  result  is  a  motion  in  a  straight  line,  also 
constant  in  speed  and  direction.  This  single  motion  is 
called  the  Resultant  motion,  and  the  motions  producing 
it  are  called  Component  motions.  If  the  component 
motions  take  place  along  the  same  straight  line,  each 
will  produce  its  own  effect,  and  the  resulting  motion 
will  be  either  the  sum  or  the  difference  of  the  two,  ac- 
cording as  they  are  similarly  or  oppositely  directed.  In 
other  words,  the  resultant  motion  will  be  the  algebraic 
sum  of  the  component  motions. 

Examples. — If  a  person  walk  upon  the  deck  of  a  moving  ship, 
his  resultant  motion  will  depend  upon  the  direction  in  which  he 
himself  moves.  If  he  walk  toward  the  bow.  the  component  motions 
are  both  positive  or  both  negative,  according  to  the  convention 
adopted,  and  the  resultant  motion  is  their  arithmetical  sum.  If 
toward  the  stern,  one  component  is  negative  and  the  other  positive 
and  the  resultant  is  the  arithmetical  difference  of  the  two.     If  in 
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the  latter  case  the  two  motions  are  equal  in  magnitude,  the  result 
ant  is  zero,  and  the  position  of  the  person  relative  to  an  outside 
point  remains  unchanged.  In  every  case  the  resultant  of  two 
component  motions  along  the  same  straight  line  is  their  algebraio 
sum. 

If,  however,  the  two  component  motions  are  not  along 
the  same  straight  line,  their  directions  will  form  an 
angle  with  each  other ;  and  then  their  resultant  may  be 
found  by  the  aid  of  a  geometrical  construction.  In  the 
first  place,  let  us  assume  that  these  motions  originate  at 
the  same  point.  Then  if  from  this  point  two  lines  be 
drawn  in  the  component  directions  whose  lengths  repre- 
sent the  magnitudes  of  these  components  respectively, 
and  if  upon  these  lines,  as  sides,  a  parallelogram  be  con- 
structed, it  is  found  that  the  diagonal  of  the  parallelo- 
gram will  represent  the  resultant  motion  also  in  direction 
and  magnitude.  Thus  by  construction  and  measurement 
the  magnitude  and  direction  of  such  a  resultant  may  be 
ascertained. 

To  determine  the  resultant  magnitude  and  direction 
by  calculation,  we  may  suppose  as  a  first  case  that  the 
two  directions  form  a  right  angle  with  each  other.  The 
parallelogram  constructed  as  above  will  then  be  a  rect- 
angle (Fig.  7).  Since  its  opposite  sides  are  equal,  BC  =z 
OA ;  and  a  particle  starting  from  0  may  reach  C,  either 
by  moving  along  OB  and  then  BC,  or  by 
moving  first  along  OA  and  then  AG. 
But  since  the  same  result  would  also 
be  attained  by  moving  along  0(7,  this 
diagonal    represents    a    single    motion  ^^  ^ 

which  is    the   equivalent   of    the  other 
two.      By  geometry,  OBC  is  a  right-angled   triangle, 
and  the  square  of  the  hypothenuse  is  equal  to  the  sum 
of  the  squares  of  the  sides  ;  i.e., 

OC  =  OB'  +  BG\ 

In  magnitude,  then,  the  resultant  motion  is  equal  to  the 
square  root  of  the  sum  of  the  squares  of  the  component 
motions.     In  direction,  trigonometry  teaches  us  that  the 
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ratio  of  -8(7  to  OB  is  the  tangent  of  the  angle  BOC. 
This  gives  the  angle  made  by  the  resultant  with  one  of 
the  components.  That  made  with  the  other  is  its  com- 
plement and  hence  is  obtained  simply  by  subtracting 
the  former  angle  from  90°. 

As  a  second  case  suppose  that  the  two  directions 
are  not  rectangular ;  then  the  diagonal  of  the  parallelo- 
gram representing  the  resultant  may  be  calculated  by 
means  of  the  known  trigonometrical  relation  between 
the  sides  of  an  oblique  triangle.  Calling  the  three  sides 
P,  Qy  R,  respectively,  (Fig.  8,) 

^  =  P*  +  g'  -  2PQ  cos  a. 

But  in  this  case  the  angle  a  is  the  obtuse  angle  which 

^  the  direction   of  P  makes  with   the 

f     jt^^.-"-^      direction  of  Q)  i.e.,  the  angle  OBC. 

/^^^^___aj        Whereas  since  the  motions  originate 

o  p  ^        at  0,  the  acute  angle  AOB  or  /?  is 

^'°®*  the   angle   between   their  directions. 

But  this  angle  is  the  supplement  of  OBC;  hence  while 

its  cosine  has  the  same  value  it  has  an  opposite  sign ; 

and  the  formula  becomes 

i?>  =  P'  +  (?«  +  2PQ  cos  A  [10] 

From  which  the  value  of  B  can  be  readily  calculated. 
Moreover,  in  the  triangle  OBC,  Q:  R  ::  sin  COB :  sin  a ; 
whence  sin  COB  =  Q  sin  a/R. 
This  gives  the  angle  made  by  the 
resultant  R  with  the  force  P. 

The  resultant  of  several  simul- 
taneous motions  may  be  obtained 
by  finding  first  the  resultant  of 
two  of  the  motions,  say  P  and  Q 
(Fig.  9),  in  the  way  above  described.  Then,  by  com- 
bining this  resultant  R  with  the  third  motion  5,  we 
may  obtain  a  second  resultant  R'\    This  resultant,  com- 
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bined  with  the  fourth  component  Ty  gives  a  third  result- 
ant Ry  and  so  on.  The  last  resultant  obtained  is  the 
resultant  of  all  the  motions. 

37.  Triangle  and  Polygon  of  Motions. — In  the  cases 
above  given  the  components  and  the  resultant  are  rep- 
resented by  the  three  sides  of  a  triangle,  which  may  be 
called  the  triangle  of  motions.  Either  side  may  repre- 
sent the  resultant,  the  other  two  representing  the  com- 
ponents. Hence  if  from  a  given  point  a  line  be  drawn 
representing  in  magnitude  and  direction  one  of  the 
motions,  and  if  from  the  end  of  this  line  a  second  one 
be  drawn  representing  similarly  the  second  component 
motion ;  then  a  third  line  drawn  from  the  fixed  point  to 
the  end  of  the  second  line  will  represent  the  resultant 
motion  also  in  magnitude  and  direction.  In  the  same 
way,  the  resultant  of  several  component  motions  may  be 
iound  by  the  polygon  of  motions.     From  a  (Fig.  10) 


Pxo.  10. 

draw  a6,  representing  the  first  component  motion  R  in 
magnitude  and  direction.  From  h  draw  6c,  represent- 
ing the  second  component  P ;  and  so  on.  Connect  the 
point  e,  where  the  last  component  line  terminates,  with 
the  initial  point  a.  The  line  oe  will  represent  in  mag- 
nitude and  direction  the  resultant  of  all  the  motions  Ry 
P,  Sy  and  jP.  It  will  be  observed  that  the  direction  of 
the  resultant  motion  oe  which  closes  the  figure  is  oppo 
site  to  that  of  the  component  motions  round  the  poly- 
gon.    Hence  the  resultant  of  motions  which  are  repre- 
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sented  by  all  the  sides  of  a  polygon  but  one,  taken  in 
order,  is  represented  by  that  one  taken  in  the  opposite 
direction. 

38.  Coiiiposition  of  Velocities  and  Accelerations. — 

Velocities  and  accelerations,  being  directed  quantities 
like  motions,  may  be  similarly  compounded.  The  prin- 
ciples which  have  been  discussed  with  reference  to  mo- 
tion are  equally  true  of  velocity  and  acceleration.  We 
may  have,  therefore,  the  parallelogram  of  velocities  and 
of  accelerations,  and  also  the  triangle  and  the  polygon 
of  velocities  and  of  accelerations ;  all  constructed  in  the 
same  way  as  in  the  case  of  motions. 

39.  Resolution  of  Uniform  Motions. — Not  only  may 
several  given  component  motions  be  compounded  into  a 
single  resultant,  but  a  given  single  motion  may  be  re- 
solved into  two  or  more  components.  If  a  line  of  definite 
length  and  direction  be  taken  to  represent  a  given  mo- 
tion, it  may  be  made  the  diagonal  of  a  parallelogram, 
the  sides  of  which  will  constitute  the  components.  But 
inasmuch  as  an  indefinite  number  of  parallelograms 
may  be  constructed  upon  a  given  line  as  a  diagonal,  the 
problem  is  indeterminate  unless  the  direction  and  mag- 
nitude of  one  of  the  components  is  also  given.  In  the 
most  frequent  cases,  the  resolution  takes  place  so  that 
one  component  is  parallel  to,  and  the  other  is  perpen- 
dicular to,  a  given  direction.  The  component  in  the 
given  direction  is  called  the  resolute  in  that  direction. 

40.  Resolution  along  Co-ordinate  Axes. — Another 

method  which  is  frequently 
employed  to  obtain  the  re- 
sultant of  two  or  more  com- 
ponent motions,  velocities,  or 
accelerations  consists  in  re- 
solving each  of  the  compo- 
nents along  rectangular  co- 
ordinate axes,  according  to 
the  methods  of  analytical 
geometry.  In  case  the  mo- 
tions are  all  in  one  plane  they 
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may  be  resolved  along  the  axes  OX  and  OY  (Fig.  11). 
Calling  a  the  angle  which  the  motion  A^  represented  by 
the  line  OA,  makes  with  the  axis  of  X,  the  two  com- 
ponents thus  resolved  are  A  cos  a  along  Jl,  and  A  sin  a 
along  y,  respectively.  The  components  of  B  are  B  sin  p 
along  y,  and  —  B  cos  P  along  JT';  of  C,  —  G  sin  y  along 
y ',  and  (7  cos  y  along  X\  and  of  i>,  —  i>  sin  d  along  Y\ 
and  —  Z>  cos  6  along  X'.  Adding  together  the  com- 
ponents along  each  of  these  axes,  regard  being  had  to 
their  signs,  we  have  for  the  algebraic  sum  of  the  com* 
ponents  along  X 

A  cos  a  — jB  cos  ft  -{-C  cos  y  —  D  cos  S  ; 

and  for  the  sum  of  those  along  Y 

^  sin  flf  -j-  jB  sin  y^  —  (7  sin  ;^  —  2)  sin  6. 

Calling  Xand  y  these  total  values,  we  have  now  but  two 
components,  and  these  at  right  angles  to  each  other, 
from  which  to  find  a  resultant  Hence  X*  -^  Y*  =:  R*^ 
which  gives  the  magnitude,  and  Y/X  =  tan  ^,  which 
gives  the  direction,  of  this  resultant ;  i.e.,  the  angle  & 
which  it  makes  with  the  axis  of  abscissas. 

If  the  motions  to  be  compounded  do  not  lie  all  in 
one  plane,  then  each  of  them  may  be  resolved  along 
three  mutually  perpendicular  axes,  X,  Y,  and  Z,  and  the 
values  of  the  sum  of  the  components  along  each  of  these 
three  axes  may  be  obtained  in  the  same  way ;  the  com- 
ponent of  each  motion  along  each  axis  being  the  prod- 
uct of  the  line  representing  it  into  the  cosine  of  the 
angle  which  the  line  makes  with  that  axis.  Then  the 
final  resultant  R  =  V  X' -\- Y' -{- Z' ;  which  gives  the 
magnitude  of  this  resultant  The  expressions  X/R^ 
Y/Ry  and  Z/R  represent  respectively  the  cosines  of  the 
angles  formed  by  this  resultant  with  the  axes  of  X,  y, 
and  Z. 

It  is  obvious,  therefore,  that  the  principle  of  the 
parallelogram  of  motions,  of  velocities,  and  of  accelera- 
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tioDS  may  be  extended  ao  as  to  include  lines  representing 
these  quantities  drawn  in  any  direction  whatever.  And 
hence,  since  the  diagonal  in  this  case  would  be  that  of  a 
solids  that  we  may  speak  of  the  parallelopipedon  of 
motions,  of  velocities,  and  of  ac- 
celerationa  Thus  in  Fig.  12,  R 
is  the  resultant  of  P,  S^  and  Qj 
and  R  =  P'  -\-  S'-{-  Q\  More- 
over,  the  principle  of  the  polygon 
of  motions  applies  equally  well 
^«-  ^  when   the   motions,  etc.,   are    not 

restricted  to  one  plane.  If  such  a  skew-polygon  be 
constructed,  in  a  way  analogous  to  the  plane  polygon 
above  mentioned,  the  missing  side  will  always  repre- 
sent the  resultant.  If  the  polygon  be  closed,  there  is 
no  resultant;  i.e.,  either  side  is  a  resultant  to  all  the 
others. 

41.  Composition  of  Uniform  with  Variable  Motion. 
— Thus  far  it  has  been  assumed  that  the  motions,  etc.,  to 
be  compounded  are  uniform.  But  plainly  uniform  mo- 
tion may  also  be  compounded  with  variable  motion. 
The  most  important  case  is  where  a  uniform  motion  is 
compounded  with  a  uniformly  accelerated  motion.  The 
path  of  the  particle  in  this  case  is  curvilinear,  being  in 
fact  a  parabola,  the  path  of  a  projectile. 

Thus,  if  a  particle  be  made  to  move  uniformly  in  a  horizontal 
direction,  and  at  the  same  time  vertically  with  a  motion  uniformly 
accelerated,  each  motion  will  produce  its  separate  effect.  If  the 
particle  move  horizontally  with  a  speed  *,  the  space  thus  described 
in  t  seconds  will  be  st  units  of  length.  The  vertical  space  described 
in  t  seconds,  the  acceleration  being  a,  will  of  course  be  Ja^*  units  of 
length.  Calling  the  first  space  /  and  the  second  l\  and  eliminating 
t  between  the  two  equations,  we  have  / '  =  (a/2*')/'.  If  /  be  made 
the  abscissa  and  /'  the  ordinate  of  a  curve,  then,  since  a  and  s  are 
constant  and  the  ordinate  varies  as  the  square  of  the  abscissa,  the 
locus  of  this  equation  is  a  parabola.  This  result  may  be  represented 
graphically  as  follows  (Fig.  13) :  From  the  origin  O  lay  off  on  a 
horizontal  line  a  number  of  equidistant  points,  1,  2,  8,  4,  6,  etc.,  to 
represent  the  equal  distances  passed  over  in  equal  times  in  the  uni- 
form motion.     On  a  vertical  line  drawn  from  0  lay  off  distances  1, 
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4.  9, 16,  etc.,  on  the  same  or  on  a  different  scale,  proportional  to  the 
squares  of  the  times  and,  therefore,  5  A  s  S  i 
•characteristic  of  accelerated  motion.  At 
the  end  of  the  first  unit  of  time  the  par- 
ticle will  be  at  the  intersection  1,  1 ;  at 
the  end  of  the  second,  4,  2 ;  of  the 
third,  9,  3;  of  the  fourth,  16,  4;  of 
the  fifth,  25,  6 ;  and  so  on.  Drawing 
a  smooth  curve  through  these  points, 
it  is  readily  seen  to  be  a  parabola. 

The  same  result  follows  whatever 
the  direction  of  the  one  motion  with 
reference  to  the  other.  A  particle  mov- 
ing uniformly  from  Aio  B  (Fig.  14)  and 
having  simultaneously  a  uniformly  ac- 
celerated motion  from  il  to  2>  will  be 
found  at  C\  the  path  described  from 
^  to  C  being  a  parabolic  one  as  before. 
In    the    above    equation    l^/V —  ^s'la,  Fio.  13. 

In  the  parabola,  CD'/AD  =  AFA,     But  CZ)  =  ?  and  AD  =  /' ;  and 
hence  ^FA  =  2«Va.    If,  therefore,  a  parabola  be  drawn  through 

A  whose  axis  is  vertical  and  whose 
vertex  is  upward,  and  in  which  %s*/a 
is  equal  to  four  times  the  distance 
from  the  focus  F  to  the  point  A,  the 
point  moving  from  A  Xo  C  will  de- 
scribe this  parabola. 

It  should  be  borne  in  mind  that 
a  curved  path  is  in  general  a  resultant 
path  ;  and  that  the  components  are 
a  uniform  motion  in  some  given 
direction,  and  an  accelerated  mo- 
tion making  some  given  angle  with 
this  direction. 

42.  Degrees  of  Freedom. — When  a  particle  is  free 
to  move  in  any  direction  in  space,  it  is  said  to  liave  three 
degrees  of  freedom ;  since,  as  above  shown,  every  possi- 
ble direction  of  motion  may  be  resolved  along  three 
mutually  perpendicular  co-ordinate  axes.  If  the  condi- 
tions of  its  motion  be  restricted,  however,  it  may  have 
less  freedom.  Thus  if  the  particle  be  required  to  move 
in  a  plane  surface,  it  can  evidently  have  no  motion  per- 
pendicular to  that  surface,  and  its  degrees  of  freedom 
are  limited  to  two.     If,  further,  the  condition  is  that  the 
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particle  shall  move  iu  two  plane  surfaces  simultaneously^ 
it  can  fulfil  the  condition  only  by  moving  along  the  in- 
tersecting line  of  those  surfaces ;  in  which  case  it  has 
only  one  degree  of  freedom.  Or  lastly,  if  the  condition 
is  that  it  shall  be  in  three  surfaces  simultaneously,  it 
can  obviously  do  this  only  by  being  at  the  point  in 
which  they  intersect.  In  this  case  its  position  is  fixed 
and  it  has  no  degree  of  freedom  whatever. 


Section  IV.— Motion  of  Rotation. 

43.  Angular  Velocity. — A  material  particle  can  have 
a  motion  of  translation  only.  A  material  body,  how- 
ever, made  up  of  particles  rigidly  connected,  may  move 
(1)  so  that  a  line  joining  any  two  of  its  particles  remains 
always  parallel  to  itself ;  in  which  case  its  motion  is  one 
of  translation.  Or  it  may  move  (2)  so  that  such  a  line 
drawn  wdthin  it  changes  its  direction  continually ;  in 
which  case  the  motion  is  said  to  be  one  of  rotation.  IVfo- 
tion  of  pure  rotation  takes  place  about  some  fixed  diroc- 
tion,  either  within  or  without  the  body  itself,  whicli  is 
called  the  axis  of  rotation.  All  the  particles  in  the  body 
describe  circles  about  this  axis,  those  which  are  nearest 
to  it  moving  through  the  smallest  circumferences.  Inas- 
much as  all  these  circles  are  described  in  the  same  time, 
it  is  evident  th<*t  the  linear  dift^-nce  traversed  by  a  given 
particle  is  the  greater,  the  greater  its  distance  from  the 
axis.  Every  such  particle,  therefore,  has  a  distinct 
speed  of  its  own,  depending  upon  this  distance.  AVe 
may  speak  of  the  rotational  velocity  of  the  entire  bcdy, 
however,  meaning  by  this  the  number  of  complete  rota- 
tions which  it  makes  in  a  second.  In  general,  the 
velocity  of  rotation  is  measured  in  terms  of  the  linear 
velocity  of  those  points  which  are  at  unit  distance  from 
the  axis ;  this  velocity  being  called  angular  velocity.  This 
angular  velocity  in  motion  of  rotation  is  the  correlate  of 
linear  velocity  in  motion  of  translation.  It  is  usually 
denoted  by  g?  ;  so  that  if  the  linear  velocity  of  a  particle 
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at  unit  distance  from  the  axis  is  go,  that  of  a  particle  at 
the  distauce  r  is  rco.  Angular  velocity,  then,  represents 
the  angle  through  which  the  rotating  body  turns  per 
second,  and  is  of  course  the  same  for  every  portion  of 
the  body.  Since,  in  circular  measure,  an  angle  is  meas- 
ured by  the  ratio  of  the  arc  to  the  radius,  it  is  evident 
that  the  linear  velocity,  which  corresponds  to  the  arc,  is 
measured  by  the  product  of  radius  and  angle  as  above 
stated. 

Thus,  calling  the  circumference  of  a  circle  2itr^  where  r  is  the 
radius  and  represents  the  distance  of  the  moving  particle  from  the 
axis,  anti  supposing  the  body  to  make  one  rotation  in  7*  seconds,  it 
is  obvious  that  the  linear  velocity  of  the  particle,  or  the  distance 
descril^d  jht  second,  is  2Tr/r;  and  further,  that  if  the  particle  be 
at  unit  distance  from  the  axis,  r  =  1  and  the  linear  velocity  will  be 
2jr/T\  which,  since  it  is  the  linear  velocity  of  a  particle  at  unit 
distance  from  the  axis,  is  the  angular  velocity,  or  oo. 

If,  in  the  equation  go  =  arc/radius,  the  value  of  the 
arc  and  of  the  radius  be  both  made  unity,  the  angle  will 
also  be  unity.  In  other  words,  the  unit  of  angular 
velocity  is  described  by  a  particle,  which  in  a  circle  of 
unit  radius  moves  over  a  path  of  unit  length  in  unit 
time.  A  rotating  body  has  unit  angular  velocity  when 
it  traverses  unit  angle  in  unit  time.  This  unit  angle  is 
an  angle  whose  arc  is  equal  in  length  to  the  radius ;  it  is 
called  a  radian,  and  its  value  in  angular  measure  is 
obtained  by  dividing  the  semi-circumference  180°  by  7t^ 
or  3-1416.  The  quotient  is  57°-29r)78,  or  57°  17'44"-8, 
nearly;  which  is  therefore  the  value  of  unit  angle  in 
degrees. 

Motion  of  rotation  is  said  to  be  negative  when  its 
direction  is  the  same  as  that  of  the  hands  of  a  watch  ; 
and  to  be  positive  when  in  the  opposite  direction. 

Angular  velocity,  like  linear  velocity,  may  be  uniform 
or  variable.  In  the  latter  case  the  rate  of  change  of 
angular  velocity  is  called  angular  acceleration. 

Thus  as  in  translatory  motion  a  =  8/1,  so  in  rotatory  motion 
a  =  (a/t ;  or  m  other  words,  angular  acceleration  is  the  quotient  of 
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change  of  angular  velocity  divided  by  time  ;  i.e.,  it  represents  the 
rate  of  change  of  the  angular  velocity.  Since  a?  =  s/r,  a  =  s/rP 
=  a/r.  Hence  linear  acceleration  is  represented  by  the  product 
of  the  angular  acceleration  multiplied  by  radius. 

44.  Composition  and   Resolution   of  Rotations. — 

Rotations,  angular  velocities,  and  angular  accelerations 
may  all  be  compounded  and  resolved  in  precisely  the 
same  way  that  translatory  motions,  velocities,  and  accel- 
erations may  be.  If  two  or  three  simultaneous  rotations 
about  axes  passing  through  a  fixed  point  be  impressed 
upon  a  body,  the  resultant  motion  is  a  rotation  about  a 
single  axis  whose  direction  and  magnitude  may  be 
found  by  a  construction  similar  to  the  parallelogram  or 
parallelopipedon  of  motions ;  the  sides  being  drawn 
parallel  to  the  directions  of  the  axes,  and  being  in  length 
equal  in  magnitude  to  the  angular  velocities.  The 
diagonal  will  then  represent  in  direction  the  resultant 
axis  of  rotation,  and  in  magnitude  its  angular  velocity. 
So  a  motion  of  rotation  may  be  compounded  with  one 
of  translation,  as  in  the  case  of  a  screw  entering  its 

nui 

45.  Degrees  of  Freedom  of  Rotation. — A  rigid  body 
free  to  rotate  in  any  direction  has  three  degrees  of  free- 
dom, since  it  may  rotate  about  three  axes  perpendicular 
to  one  another.  Combining  these  with  the  three  degrees 
of  freedom  of  translation,  we  see  that  in  all  a  rigid  body 
has  six  degrees  of  freedom.  If  a  point  within  it  be  fixed, 
however,  the  body  has  no  motion  of  translation ;  but  it 
may  rotate  about  any  axis  passing  through  the  point, 
and  then  retains  three  degrees  of  freedom.  If  a  line 
(i.e.,  two  points)  be  fixed  within  it,  there  can  be  no  trans- 
lation, nor  any  rotation  except  about  this  line.  Hence 
the  body  has  now  only  one  degree  of  freedom.  If  a 
surface  (i.e.,  three  points)  be  so  fixed,  the  body  can 
have  neither  rotatory  nor  translatory  motion  ;  it  has 
BO  degree  of  freedom.  Again,  if  a  point  in  the  body 
be  limited  so  as  to  move  only  along  a  given  line,  it 
may  rotate  about  any  axis,  and  so  has  four  degrees  of 
freedom.     If  a  line  in  the  body  is  restricted  to  coincide 
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with  a  line  in  space,  the  only  rotation  possible  is 
about  this  line,  and  the  body  has  only  two  degrees  of 
freedom.  The  restriction  of  a  point  to  a  given  surface 
gives  two  degrees  of  freedom  of  translation  and  three 
of  rotation  ;  that  of  a  line  to  a  given  surface  gives  four 
degrees  of  freedom,  two  of  rotation  and  two  of  transla- 
tion. When  three  points  in  a  body  are  restricted  to  a 
surface,  there  is  only  one  rotation  possible,  with  two 
translations  along  the  surface;  and  hence  there  are 
three  degrees  of  freedom. 

46.  Moments  of  Motion. — The  moment  of  a  directed 
quantity  is  defined  as  the  magnitude  of  the  quantity 
itself  multiplied  by  a  length  taken  perpendicular  to  its 
direction.  Since  motions,  velocities,  and  accelerations 
are  all  directed  quantities,  we  may  speak  of  the  moment 
of  a  motion,  of  a  velocity,  or  of  an  acceleration.  In  the 
case  of  motion  of  rotation,  all  lines  drawn  from  the 
moving  particle  perpendicular  to  its  direction  of  motion 
at  successive  instants  are  evidently  radii  of  the  circle 
which  it  describes.  So  that  if  «  be  the  uniform  speed 
with  which  it  moves  along  the  circumference,  and  r  be 
the  radius  of  the  circle,  the  product  ra  will  represent  the 
moment  of  the  speed  considered  with  reference  to  the 
point  about  which  the  rotation  takes  place.  Moreover^ 
moments  may  be  compounded  and  resolved ;  and  the 
moment  of  the  resultant  motion  about  any  given  point  in 
the  plane  of  the  components  is  in  magnitude  the  alge- 
braic sum  of  the  moments  of  the  components,  these 
moments  being  taken  with  their  proper  signs. 


Section  V. — Strains. 

47.  Definition  of  Strain. — The  bodies  hitherto  con- 
sidered have  been  supposed  rigid.  Hence  no  change 
has  taken  place  in  the  relative  positions  of  their  parts, 
and  the  bodies  themselves  have  undergone  no  change  in 
volume  or  figure.  Bodies  which  are  not  rigid  are  called 
elastic;  and  elastic  bodies  may  sufier  changes  in  their 
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size  or  shape.     Any  definite  alteration  in  the  form  or 
dimensions  of  an  elastic  body  is  called  a  strain  (24). 

Examples. — *'Thus  a  rod  which  becomes  longer  or  shorter  is 
strained.  Water  wlien  compressed  is  strained.  A  stone,  beam,  or 
mass  of  metal  in  a  building  or  in  a  piece  of  framework,  if  condensed 
or  dilated  in  any  direction,  or  bent,  twisted,  or  distorted  in  any  way, 
is  said  to  experience  a  strain.  A  ship  is  said  to  *  strain'  if,  in 
launching  or  when  working  in  a  heavy  sea,  the  different  parts  of  it 
experience  relative  motions."  (Thomson  and  Tait.) 

48,  Homogeneous  Strain. — The  simplest  strain  is  a 
linear  one,  as  when  an  elastic  cord  is  stretched.  This 
strain  is  called  homogeneous  when  every  portion  of  the 
cord  has  its  length  changed  in  the  same  ratio,  so  that 
the  ratio  of  the  initial  to  the  final  length  of  each  part  of 
it  is  the  same  as  this  ratio  for  the  whole.  The  ratio  of 
the  final  to  the  initial  length  is  called  the  ratio  of  the 
strain;  it  represents  evidently  the  quantity  b}'^  which  the 
initial  length  must  be  multiplied  to  obtain  the  final 
length.  The  elongation  is  the  ratio  of  the  change  in 
length  to  the  initial  length.  A  negative  elongation  is 
called  a  compression. 

*  Thus  if  a  length  ab  be  changed  to  a  length  a'b'  either  by  exten- 
sion or  contraction,  the  ratio  of  the  strain  thus  produced  is  a'b'/aby 
and  the  elongation  is  (a'b'  —  ab)/ab.  If  e  be  a  point  between  a  and 
b,  the  distance  ac  becomes  a'c'  after  the  strain  ;  and  the  strain  is 
homogeneous  when  ac  :  a'c'  :  :  ab  :  a'b'.  If  the  elongation  be  6,  the 
initial  length  Z,  and  the  final  length  T,  then  the  change  of  length  is 
I'  —  l^  and  the  ratio  of  this  change  of  length  to  the  initial  length  is 
(l'  _  /)// ;  and  this  is  the  elong.-ition  or  e.  Whence  I'  —  I  =  el  and 
I'  z=l{\  +  6)  ;  so  that  1  +  e  represents  the  ratio  of  the  strain. 

When  all  lines  in  a  body  parallel  to  a  certain  direc- 
tion are  changed  in  the  same  ratio,  and  no  lines  perpen- 
dicular to  these  are  changed  eitlier  in  length  or  direc- 
tion, the  body  suffers  a  strain  of  simple  elongation.  If, 
however,  a  second  set  of  lines  at  right  angles  to  these 
also  suffer  such  a  change,  then  there  is  elongation  in 
two  perpendicular  directions ;  and  if  these  lines  are  all 
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in  the  same  plane,  the  strain  is  a  snrfiEU^e  strain.  A  square 
elastic  sheet,  if  the  elongation  be  e  in  a  direction  ])aral« 
lei  to  one  edge,  and  e'  parallel  to  another,  will  be  con- 
verted by  the  strain  into  a  rectangular  sheet,  the  sides 
of  which  Are  proportional  to  the  strain-ratips.  Evi- 
ilently  two  equal  and  parallel  lines  drawn  on  the  square 
will  remain  equal  and  parallel  after  the  change  in  form ; 
and  the  strain  will  be  homogeneous.  If  the  elastic  sheet 
be  circular,  the  strain  will  change  the  circle  into  an  el- 
lipse ;  the  two  perpendicular  directions  which  remain 
perpendicular  after  the  strain  becoming  the  axes  of  tbe 
•ellipse.  If  these  lines  remain  parallel  to  their  original 
directions,  the  elongations  take  place  along  them  and 
the  strain  is  called  a  pure  strain.  If  not,  the  strain  is 
compounded  of  a  pure  strain  and  a  rotation. 

49.  Shear, — The  principal  axes  of  a  strain  are  the 
principal  axes  of  the  ellipse  into  which  the  strain  con- 
verts a  circle.  If  the  increase  of 
length  along  one  such  principal 
axis  is  equal  to  the  decrease  of 
length  along  the  other  principal 
axis,  the  strain  under  these  con- 
ditions is  called  a  shear.  Evidently 
in  a  shear  the  area  of  the  plane 
itself,  or  of  any  figure  in  it,  re- 
mains unaltered.  Thus  if  (Fig.  15)  fio  15. 
the  length  Oa  be  increased  by  aA^  and  Ob  equally 
decreased,  the  rhomb  abciV  will  become  the  rhomb 
ABA'B\  of  the  same  area,  the  strain  being  pure.  The 
same  result  may  be  attained  in  another  way.  Sup- 
pose that  by  means  of  a  motion  of  translation  and  one 
of  rotation,  and  not  therefore  involving  strain,  the  line 
ab  is  made  to  coincide  with  AB,  Then  it  is  evident 
that  the  figure  aba'V  may  be  converted  into  the  figure 
ABA'B\  simply  by  sliding  a'b'  in  its  own  direction 
until  it  coincides  with  A'B'  (Fig.  16).  So  in  general 
any  plane  figure  may  be  converted  into  a  strained  figure, 
i.e.,  the  shearing  strain  may  be  produced,  simply  by  fix- 
ing one  of  its  sides,  and  moving  all  lines  parallel  to  thi  \ 
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fixed  side  in  their  own  directions,  through  spaces  which 
are  proportional  to  their  distances  from  this  fixed  line. 
^'  ^,    3»  j^       The  amount  of  this  sliding  mo- 

tion  which  takes  place  between 
lines  which  are  unit  distance 
"To  b6  apart  is  called  the  amount  of 

^'o-  ^®-  the  shear,  and  the  ratio  OA  :  Oa^ 

the  ratio  of  the  shear.  If  one  principal  axis  is  elongated 
in  the  ratio  1 :  a  and  the  other  contracted  in  the  ratio 
a  :  1,  the  ratio  of  the  shear  is  a ;  and  the  amount  of  the 
shear  is  equal  to  the  excess  of  the  ratio  of  the  shear 
above  its  reciprocal ;  i.e.,  to  a  —  a-\ 

50.  Strain-ellipsoid. — When  a  solid  body  undergoes 
a  strain,  a  change  may  take  place  in  its  dimensions  in 
one  or  more  of  three  perpendicular  directions.  If  the 
strain  is  such  that  all  parallel  lines  within  it  are  altered 
in  length  in  the  same  ratio,  the  strain  is  called  a  uniform 
or  homogeneous  strain.  Thus  for  example,  a  sphere  when 
subjected  to  strain  is  converted  into  an  ellipsoid  ;  a  solid 
every  plane  section  of  which  is  an  ellipse.  This  ellipsoid 
is  called  the  strain-ellipsoid.  In  any  homogeneous  strain 
of  a  solid  body,  there  are  three  directions  at  right  angles 
to  one  another,  which  remain  perpendicular  after  the 
strain.  These  directions  are  those  of  the  three  princi- 
pal axes  of  the  strain- ellipsoid.  Along  one  of  these  di- 
rections the  elongation  is  greater,  and  along  another 
less,  than  along  any  other  directions  in  the  body.  Along 
the  remaining  one,  the  elongation  is  intermediate.  The 
principal  axes  of  a  strain  are  the  principal  axes  of  the 
ellipsoid  into  which  it  converts  a  sphere.  The  principal 
elongations  of  a  strain  are  the  elongations  in  the  direc- 
tions of  its  principal  axes.  "Any  strain  whatever  may 
be  viewed  as  compounded  of  a  uniform  dilatation  in  al! 
directions,  superimposed  on  a  simple  elongation  in  the 
direction  of  one  principal  axis,  superimposed  on  a  sim- 
ple shear  in  the  plane  of  the  other  two  principal  axes.'*^ 
(Thomson  and  Tait) 
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Section  VI.  —  Motion  of  Oscillation. 

51.  Definition. — The  motions  of  translation  and  of 
rotation  which  have  now  been  considered  were  as- 
sumed to  be  continuous  in  direction.  There  are  other 
translatory  and  rotatory  motions  which  are  of  great 
importance  in  physical  science,  in  which  the  motion  ia 
alternate  in  direction.  These  motions  are  called  oscil- 
latory or  vibratory  motions.  They  may  be  observed  in 
the  motions  of  a  swinging  pendulum  or  of  a  sounding 
tuning-fork. 

52.  Projection  of  Circular  Motion. — ^If  a  particle 
be  made  to  revolve  uniformly  in  a  circle,  and  the  eye 
be  placed  in  the  plane  of  this  circle,  the  particle  will 
appear  to  oscillate  along  a  diameter  of  the  circle.  Since 
the  motion  repeats  itself  at  regular  intervals  of  time,  it 
is  said  to  be  periodic.  Periodic  motion  of  oscillation, 
then,  is  simply  the  projection  of  uniform  circular  motion 
upon  a  diameter.  The  law  according  to  which  it  takes 
place  may  be  easily  deduced  from  the  following  consid- 
erations. 

Let  ABC  (Fig.  17)  be  the  circle  in  which  the  particle  is 
moving — and  which  is  called  the  circle  of  reference  or  the 
auxiliary  circle — and  let  AB  be  the  c  g 

diameter  on  which  the  uniform  circu- 
lar  motion  is  projected.  Let  the 
direction  of  motion  of  the  particle  be 
indicated  by  the  arrow.  When  the 
particle  is  at  J?,  it  is  moving  in  the 
line  of  sight  and  there  is  no  resolute 
along  the  diameter ;  hence  it  appears  Fio.  17. 

to  be  at  rest.  When  it  reaches  a,  it  will  appear  pro- 
jected on  the  diameter  at  t.  As  it  passes  over  the 
equal  arcs  aft,  6c,  od,  rfe,  and  eC,  it  will  appear  to 
describe  the  continually  increasing  intervals  tSy  sr,  rq, 
gp,  and  pO  \  its  apparent  speed  constantly  increasing 
and  reaching  a  maximum  at  0.  Here  its  apparent 
motion  is  the  same  as  its  actual  motion  in  the  auxil- 
iary circle.     After  passing  the   point    0,  its   .apparent 
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motion   decreases    again    and    becomes    zero    when    it 
reaches  A. 

Draw  now  the  radius  Oh  of  length  r.  Then,  since 
the  triangle  Osh  is  right-angled  at  «,  the  line  0«,  which 
represents  the  displacement  of  the  oscillating  particle 
from  its  mean  position,  has  the  value  r  cos  a  ;  in  which 
a  is  the  angle  bos.  Moreover,  since  the  motion  in  the 
circle  is  uniform,  equal  arcs  are  described  in  equal 
times.  So  that  if  co  be  the  arc  described  in  unit  time, 
and  t  be  the  time  of  describing  the  arc  Bby  a  =  cot.  Call- 
ing d  the  displacement  Os,  a  the  amplitude  OB  (which 
is  equal  to  Ob  or  r),  and  substituting  for  a  its  value,  the 
equation  representing  the  displacement  becomes 

d  =  a  cos  Got,  [11] 

Evidently  when  ayt  or  a  is  zero  or  is  2;r,  cos  a  —  1 
and  d  =  a;  the  displacement  then  reaching  its  positive 
maximum  and  the  particle  being  at  B.  When  a  =  ;r/2 
or  3;r/2,  cos  a  =  0  and  rf  =  0  ;  there  being  no  displace- 
ment, the  particle  is  at  the  center  0,  When  a  =  tt^ 
cos  a  =  —  1,  d  =  —a,  and  the  particle  is  at  A,  its  nega- 
tive maximum.  Since,  as  the  angle  is  increased  still 
further,  the  values  of  d  repeat  themselves  indefinitely 
in  the  same  order,  d  is  said  to  be  a  periodic  function 
of  a. 

Again,  suppose  the  particle  to  be  at  d  (Fig.  18)  in  the 
auxiliary  circle.     Draw  the  tangent  din  to  represent  its 
speed  8,  and  resolve  it  into  the  component  dn  parallel 
to  ABy  and    into   nm   perpendicular 
to  it.     The   resolute    d7h   represents 
the  component  of  the  speed  paral- 
lel to  the  diameter.     Calling  this  s\ 
we  have   «'  = «   cos   mdn.     But   the 
angle    mdn   is    equal   to    Ods,   since 
their   sides  are  perpendicular  ;   and 
cos    Ods  =  sin  dOs   or   a.     Whence 
Fio.  18.  replacing,  we  have  s^  =  s  sin  a,  and 

the  speed  at  any  point  on  the  diameter  is  proportional 
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to  the  sine  of  the  corresponding  arc  of  the  auxiliary 
circle.  Hence  in  Fig.  17,  the  speeds  at  the  points  0, 
P>  y>  ^>  *i  ^  are  represented  by  the  lines  OC,  jpc,  yrf,  re, 
«6,  and  ^a ;  these  being  the  sines  of  the  corresponding 
angles  to  unit  radius.  Since  the  maximum  speed  is 
0(7,  which  is  equal  to  OB  or  a,  and  since  this  is  the 
speed  in  the  auxiliary  circle,  «  a  a,  and  the  speed- 
equation  becomes 

8'  =z  aoo  sin  oot,  [12] 

The  function  in  this  equation  also  is  a  periodic  one.  As 
cot  or  a  becomes  successively  0,  7r/2,  ;r,  and  3;r/2,  the 
value  of  8'  becomes  0,  «,  0,  and  —  a ;  corresponding  to 
the  positions  Z?,  0,  A^  O,  respectively ;  the  values  repeat- 
ing themselves  for  every  2;r  of  rotation. 

It  will  be  observed  that  the  displacement-equation 
and  the  speed-equation  are  complementary;  the  one  rep- 
resenting the  same  condition  of  things  as  the  other,  but 
one  quarter  of  a  rotation  later.  Hence  when  the  dis- 
placement is  a  maximum  the  speed  is  zero ;  and  when 
the  speed  is  a  maximum  the  displacement  is  zero.  If 
two  particles  oscillate  across  perpendicular  diameters  of 
a  circle  so  that  when  one  reaches  the  end  of  its  path  the 
other  is  at  its  middle  point,  the  displacement-equation  of 
the  one  particle  corresponds  to  the  speed  equation  of  the 
other. 

53.  Simple  Harmonic  Motion. — The  motion  of  oscil- 
lation now  described,  since  it  is  a  motion  characteristic 
of  vibrating  tuning-forks,  stretched  strings,  and  other 
bodies  emitting  musical  sounds,  is  called  simple  har- 
monic motion.  The  extent  of  the  excursion  of  the  vi- 
brating body  on  either  side  of  its  middle  point,  or  point 
of  rest,  is  called  its  amplitude.  It  corresponds  to  the 
radius  of  the  auxiliary  circle.  The  interval  of  time 
between  two  successive  passages  of  the  vibrating  body 
through  a  given  point  of  its  path  in  the  same  direction 
is  called  its  period.     The  fraction  of  the  period  which 
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has  elapsed  since  the  body  last  passed  through  the  ei^ 
treme  point  of  its  path  in  the  positive  direction  is  called 
the  phase.  When  the  body  is  at  the  extremity  of  its  path 
on  the  positive  side,  it  is  said  to  be  in  the  position  of 
maximum  positive  elongation;  and  when  at  the  opposite 
end,  in  the  position  of  maximum  negative  elongation. 
Time  may  be  reckoned  from  the  point  of  maximum  posi- 
tive elongation  or  from  some  other  point.  When  reck- 
oned from  some  other  point,  the  interval  of  time,  esti- 
mated from  this  point  of  reckoning  until  the  vibrating 
body  next  comes  to  its  position  of  maximum  positive 
elongation,  is  called  the  epoch. 

Since  angular  velocity  is  the  angular  space  described  in  unit 

time,  00  =  27t/T ;  and  the  angle  BOd  or  a, 

which  as  above  is  equal  to  cot,  is  also  equal 

to  27tt/T;    the  time  in   both    cases    being 

reckoned  from  B,  the   point  of   maximum 

positive  elongation.     If,  however,  the  time 

/y  be  reckoned  from  .Y  or  Y  (Fig.  19),  calling 

XOd  or  YOd,  a,  and  BOX  or  BOY,  e,  we 

have  BOd  =  a  +  6  in  the  former  case,  and 

^®'  *••  a  —  6   in  the  latter.      The    angle   e  or  its 

equivalent  in  time,  e/oo  or  €T/27r,  is  called  the  epoch,  and  BOd  the- 

phase, 

54,  Acceleration  Proportional  to  Displacement. — 

In  order  that  a  body  may  vibrate  with  simple  harmonic 
motion  it  is  necessary  that  the  acceleration  toward  the 
middle  point  of  its  path  should  be  directly  proportional 
to  the  displacement  from  this  mean  position.  In  Fig. 
17,  for  example,  when  the  vibrating  body  is  at  8  its  dis- 
placement from  the  mean  position  is  Os ;  hence  its  accel- 
eration should  be  sO.  It  has  already  been  proved  (35) 
that  when  a  body  is  moving  uniformly  in  a  circle  of  radius 
r  with  a  speed  «,  it  has  an  acceleration  toward  the  center 
of  that  circle  equal  in  magnitude  to  s^/r.  The  resolute  of 
this  acceleration  along  the  diameter,  the  body  being  sup- 
posed at  6,  will  be  —  cos  a{8^/r\  the  acceleration  being 
from  right  to  left.  But  cos  a  =  Os/Ob  =  Os/r ;  and 
therefore  the  acceleration  a  =  —  08{8*/r^).     Since  s  and 
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r  are  constant,  this  acceleration  is  proportional  to  —  0« 
or  to  5O ;  or  in  other  words,  the  acceleration  is  propor- 
tional to  the  displacement 

^^.  Isochrouisni. — Since  angular  velocity  is  a/r  (43), 
the  value  «Vr*  in  the  above  equation  is  evidently  the 
square  of  the  angular  velocity  in  the  auxiliary  circle,  or 
«' ;  and  the  equation  becomes  a  =  —  do?*;  since  Os  =  d, 
the  displacement.  Whence  00  =  —  (a/dy  ;  or  the  angu- 
lar velocity  in  the  auxiliary  circle  is  equal  to  the  ratio 
of  the  square  root  of  the  acceleration  to  the  square 
root  of  the  displacement  Evidently  if  this  ratio  be 
constant,  the  angular  velocity  will  be  constant.  And 
since  co  =  2;r/T,  if  (w  is  constant,  T  will  be  so  also. 
Consequently,  inasmuch  as  T  represents  the  time  of  one 
complete  •oscillation, — i.e.,  the  period, — the  period  will 
be  constant  Clearly,  if  the  acceleration  and  displace- 
ment vary  together,  their  ratio  will  be  constant  and  inde- 
pendent of  their  absolute  values.  Hence  the  period  of 
simple  harmonic  motion  is  independent  of  the  amplitude 
of  vibration.  In  other  words,  if  the  acceleration  of  a  vi- 
brating particle  toward  its  mean  position  bears  a  fixed 
proportion  to  its  displacement  from  that  position,  the 
particle  will  execute  a  simple  harmonic  motion  whose 
period  is  independent  of  the  amplitude  of  the  vibration. 
This  property  of  oscillating  in  equal  times  whatever  the 
amplitude  of  the  swing  is  called  isoohronism,  and  a  par- 
ticle thus  oscillating  is  said  to  vibrate  isoohrononsly. 

56.  Composition  of  Simple  Harmonic  Motions.— 
Harmonic  Curve. — Motions  of  vibration  may  be  com- 
pounded and  resolved,  like  motions  of  translation  and 
rotation.  When  a  simple  harmonic  motion  along  a  given 
line  is  compounded  with  a  uniform  motion  of  translation 
in  a  direction  perpendicular  to  this  line,  the  resultant  is 
a  locus  called  the  harmonio  curve.  Such  a  curve  is  seen 
in  Figure  20.     It  may  be  traced  as  follows : 

On  a  horizontal  line  AB  lay  oflf  a  series  of  equal 
distances  to  represent  the  uniform  translatory  motion. 
Draw  the  circle  AC DE  to  represent  the  circle  of  refer- 
ence of  the  simple  harmonic  motion,  this  motion  itself 
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taking  place  along  the  diameter  CE.  On  this  circle  lay 
off  equal  arcs  JSa,  aft,  he,  etc.,  to  represent  the  uniform 
motion  in  the  auxiliary  circle.  The  projections  of  these 
arcs  upon  the  diameter  EC  will  represent  their  simple 
harmonic  resolutes ;  i.e.,  the  spaces  passed  over  in  equal 
times  along  the  diameter.  Let  the  vibrating  particle 
start  from  G  to  move  downward,  and  from  0  to  move  to 
the  right ;  and  represent  its  position  by  0',  the  intersec- 
tion of  OO'  and  00'.  At  the  end  of  the  first  time-interval 
it  would  be  vertically  at  t  and  horizontally  at  1 ;  and 
therefore  will  be  actually  at  1',  the  intersection  of  tV  and 
1, 1'.  At  the  end  of  the  second  interval  its  vertical  motion 
will  have  brought  it  to  8,  and  its  horizontal  motion  to  2 ; 


Fio.  20. 

so  that  it  will  be  found  at  2'.  So  at  the  end  of  the  third 
interval  it  will  be  at  3 ;  having  reached  the  middle  point 
of  its  swing.  Here  the  acceleration  changes  sign,  and 
the  space  described  begins  to  diminish  ;  and  at  the  end 
of  the  fourth,  fifth,  and  sixth  intervals  the  particle  will 
be  at  4',  5',  and  6',  respectively.  Having  now  reached 
the  end  of  its  swing,  it  stops  and  retraces  its  course, 
passing  through  the  points  named  in  the  inverse  order 
and  occupying  the  positions  7',  8',  9,  10',  11',  and  12'. 
It  has  now  completed  one  vibration,  and  has  returned  to 
its  initial  position,  the  time  occupied  being  the  same  as 
that  required  to  describe  the  auxiliary  circle  uniformly. 
In  twelve  time-intervals  the  particle  has  moved  over 
twelve  equal  horizontal  spaces,  and  simultaneously  over 
twelve  simple  harmonic  spaces.     If  now  a  regular  curve 
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be  drawn  through  the  resultant  points  of  these  two 
motions,  this  curve  will  be  the  harmonio  ourve. 

57.  £qiiatiou  of  the  Uarmouic  Curve. — Aninspec- 
tion  of  this  curve  shows  that  it  is  a  periodic  or  repeating 
curve.  In  order  to  obtain  its  equation,  it  is  necessary 
only  to  combine  the  equation  of  uniform  rectilinear 
motion  l=^8t  with  the  equation  of  simple  harmonic 
motion  d  =  a  cos  (ot ;  which  gives  for  the  equation  of  the 
harmonic  curve 

d  =  a  cos  (i?Z/5.  [13 J 

This  equation  shows  that  d,  the  ordinate  to  the  curve, 
which  represents  the  displacement,  varies  directly  as  the 
amplitude  of  the  vibration,  and  as  the  cosine  of  an  angle 
which  itself  varies  directly  as  the  abscissa  and  inversely 
as  the  speed  of  the  rectilinear  motion,  and  which  repre- 
sents the  phase.  Since  oj  =  ^tt/T,  the  equation  becomes 
d  =  a.coH2nl/sT.  But  sT  is  evidently  the  rectilinear 
distance  travelled  during  a  complete  period  ;  and  this  is 
called  the  wave-length.  Representing  it  by  A,  the  com- 
plete equation  of  the  harmonic  curve  is 

d  =  a .  cos  27rl/\.  [14] 

Evidently  when  I  is  zero,  27rl/\  is  also  zero ;  and  since 
cos  0  =  1,  d  =  a,  or  the  displacement  is  a  maximum  and 
is  equal  to  the  amplitude.  When  I  =  JA,  cos  27rl/X  =  0 
and  d  =  0 ;  the  moving  particle  being  at  the  center  of 
its  swing.  When  Z  =  JA,  cos  2nl/X  =  —  1,  and  d  ='-a; 
or  the  particle  is  at  the  point  of  maximum  negative  elon- 
gation. If  I  be  increased  another  quarter  wave-length, 
or  to  f  A,  the  cosine  and  the  displacement  again  become 
zero,  and  the  particle  is  again  at  the  center,  but  moving 
in  the  opposite  direction.  So  that  finally  when  Z  =  A, 
cos  27rl/X  r=  cos  27r  =  1,  and  d  =  a,  as  at  first ;  the 
particle  having  completed  an  entire  vibration.  It 
appears,  therefore,  that  whenever  I  is  increased  by  A, 
2nl/X  is  increased  by  2;r;  and  the  value  of  d  is 
unaltered. 
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If,  in  like  maimer,  the  speed-equation  of  simple  bar* 
monic  motion  be  combined  with  the  equation  of  uniform 
rectilinear  motion,  the  resulting  equation  will  be 


«  =  a 


sin  27rl/X. 


[15] 


The  resulting  harmonic  curve  is  shown  in  Figure  21.  If 
the  particle  oscillate  along  the  diameter  AD^  its  speed  at 
^y  <Ji  Pi  Of  etc.,  will  be  proportional  to  the  ordinates  drawn 
from  these  points  to  the  circle  of  reference ;  i.e.,  to  the 
simple  harmonic  resolutes  perpendicular  to  the  line  of 
oscillation.  Laying  off  as  before  equal  spaces  on  the 
line  AB  to  represent  the  uniform  translatory  motion,  and 
erecting  ordinates  at  each  of  these  points  to  represent 


Fig.  21. 


these  resolutes,  the  line  joining  the  ends  of  the  ordinates 
will  be  the  harmonic  curve.  If  both  motions  originate 
at  A,  the  speeds  at  this  point  are  both  zero,  and  both 
the  abscissa  and  ordinate  are  zero ;  hence  the  curve 
passes  through  the  origin.  At  the  end  of  the  first  time- 
interval,  the  particle  is  at  q  and  its  speed  is  aq.  Drawing 
an  ordinate  at  1  equal  to  aq,  the  end  1'  of  this  ordinate  is 
also  a  point  on  the  curve ;  and  so  are  the  points  2'  and 
3',  the  ends  of  ordinates  corresponding  to  bp  and  CO, 
Here  the  speed  is  a  maximum,  and  it  decreases  accord- 
ing to  the  same  law.  Evidently  during  the  time  required 
for  the  particle  to  oscillate  from  ^  to  i?  and  back  again, 
its  rectilinear  motion  has  carried  it  from  0  to  12 ;  and 
hence  the  distance  0  to  12,  since  it  represents  the  recti- 
linear space  traversed  during  one  complete  vibration,  is 
the  wave-length. 
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An  inspection  of  the  figure  shows  that  the  speed- 
curve  differs  from  the  displacement-curve  by  one  quartet 
of  the  period.  So  that  if  the  one  be  slipped  along  the 
translation  axis  by  one  quarter  of  a  wave-length,  it  will 
coincide  with  the  other.  The  same  result  follows  from 
a  comparison  of  the  equations  to  these  curves.  In  the 
speed-equation,  whenever  I  is  equal  to  0  or  to  an  even 
number  of  quarter  wave-lengths,  the  harmonic  speed  of 
the  particle  is  zero ;  and  whenever  I  is  equal  to  an  un- 
even number  of  quarter  wave-lengths,  the  harmonic 
speed  of  the  particle  is  a  maximum  and  is  numerically 
equal  to  the  amplitude.  From  its  form  the  harmonic 
curve  is  ordinarily  known  as  the  curve  of  sines,  or  the 
sinusoidal  curve.  The  slope  of  the  curve  is  obviously  a 
function  both  of  the  amplitude  and  of  the  wave-length. 

Experiment. — The  vibrations  of  a  pendulum  are  approximately 
simple  harmonic  when  the  amplitude  is  small.  Construct  a  pendu- 
lum with  a  hollow  bob,  so  that  when  it  oscillates,  the  sand  with 
which  this  bob  is  filled  shall  be  delivered  in  a  fine  stream ;  and  notice 
that  the  sand-tface  is  thickest  at  the  ends  of  the  swing,  where  the 
motion  is  slowest.  Place  a  sheet  of  paper  beneath  the  moving  pen- 
<lulum  and  draw  it  uniformly  along  in  a  direction  perpendicular  to 
that  of  the  oscillation.  The  falling  sand  will  trace  out  the  harmonic 
curve  approximately.  If  a  little  dry  aniline  color  be  mixed  with  the 
«and,  and  alcohol  be  sprayed  upon  it  after  it  has  been  distributed 
upon  the  paper,  the  path  described  will  be  left  as  a  permanent  stain. 

58.  Composition  of  Simple  Harmonic  Motions.— I. 
Of  the  same  Period. — The  problem  of  compounding 
two  simple  harmonic  motions  with  each  other  may  be 
readily  solved  either  by  construction  or  by  calculation. 
Two  cases  are  to  be  considered :  1st,  that  in  which  the 
two  motions  take  place  along  the  same  line ;  and  2d,  that 
in  which  the  motions  are  perpendicular  to  each  other. 
In  the  former  case  the  resultant  will  also  be  a  simple 
harmonic  motion,  whose  amplitude  is  the  algebraic  sum 
of  the  component  amplitudes.  If  the  motions  com- 
pounded are  equal  and  are  in  the  same  phase,  the 
resultant  will  be  a  simple  harmonic  motion  of  double 
Amplitude.  If  they  are  equal  but  in  opposite  phases, 
the  resultant  amplitude  will  be  zero. 
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In  the  latter  case,  when  the  motions  compounded  arfr 
perpendicular  to  each  other,  there  will  also  be  two  diflfer- 
ent  results,  according  to  the  relative  phases  of  the  com- 
ponents. If  these  components  are  equal  in  amplitude 
and  are  either  alike  or  opposite  in  phase,  their  resultant 
will  be  a  simple  harmonic  motion  along  a  line  bisecting 
the  angle  between  them.  If  both  components  are  in  the 
same  phase,  this  resultant  diagonal  will  lie  in  the  first 
and  third  quadrants ;  if  they  are  in  opposite  phases,  the 
resultant  will  lie  in  the  second  and  fourth  quadrants 
and  be  perpendicular  to  the  former.  If,  however,  the 
difference  of  phase  between  the  components  be  one 
quarter  of  the  period,  then  evidently  one  of  the  particles 
will  be  at  the  middle  of  its  swing  and  moving  fastest, 
when  the  other  is  at  the  end  of  its  swing  and  moving 
slowest ;  the  consequence  of  which  is  that  the  resulting 
path  will  be  a  circle,  the  circle  of  reference  in  fact,  de- 
scribed with  a  uniform  motion.  If  the  phase-difference 
be  three  quarters  of  a  period,  i.e.,  one  quarter  of  a 
period  in  the  opposite  direction,  the  resultant  will  still 
be  a  circle,  but  the  moving  particle  will  describe  it  in  the 
opposite  sense. 

Illustration.— To  illustrate  this  by  construction,  let  ^i?an(l  CD 
(Fig.  22)  be  the  two  rectangular  simple  luirnionic  motions  to  be  com- 
pounded. Since  the  amplitudes  are 
equal,  tlie  speeds  at  corresponding 
points  will  be  equal.  Suppose  Iho 
motions  to  be  both  in  the  same 
pluuse,  let  them  both  be  positive, 
and  both  start  at  0,  At  a  subse- 
B  quent  instant,  when  by  the  horizon- 
tal motion  alone  the  moving  particle 
would  beat  1,  by  the  vertical  motion 
alone  it  would  bo  at  c.  Hence  its 
actual  position  will  be  x  at  the  end 
of  the  diajjonal  of  the  parallelogram 
whose  sides  are  01  and  Oc.  At 
the  end  of  the  second  interval 
the  particle  will  be  at  y;  and  so  on,  reaching  P  at  the  end 
of  the  fourth  interval  and  continuing  to  oscillate  aloni?  the  line  PFy 
whose  direction  is  inclined  45°  to  the  direction  of  the  component 
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motions.  If,  however,  the  two  motious  he  in  opposite  phases,  then^ 
although  these  motions  may  simultaneously  originate  in  Oas  before, 
one  of  them  will  have  a  negative  direction.  Suppose  it  to  he  the 
vertical  one.  Then  when  by  the  horizontal  motion  the  particle 
would  be  carried  to  1,  by  the  vertical  motion  it  would  be  carried  to 
d ;  and  thus,  under  the  influence  of  both  these  motions,  the  particle 
will  ascillate  along  the  diagonal  §(?',  perpendicular  to  PP\  Since 
the  projection  of  a  simple  harmonic  motion  is  also  a  simple  har- 
monic motion,  the  particle  in  each  of  the  above  cases  will  describe 
simple  harmonic  motion  along  a  diagonal. 

Suppose  now  there  be  a  difference  of  phase  between  the  two  mo- 
tions of  one  quarter  of  a  period,  and  let  the  origin  of  the  motions 
be  at  ^.  A  particle  at  this  point  will  have  its  maximum  speed 
vertically  and  will  have  zero  speed  horizontally,  since  it  is  at  the 
extremity  of  its  swing.  During  the  first  time-interval,  if  both  mo- 
tions be  positive,  the  particle  would  move  by  the  vertical  motion 
alone  through  the  distance  Am^  and  by  the  horizontal  motion  alone 
through  the  distance  J.6.  Both  these  motions  together  will  bring  it 
to  x'\  In  the  same  way,  at  the  end  of  the  second  interval  it  will 
be  at  y"\  until  at  the  end  of  the  fourth  interval  it  will  be  at  C,  hav- 
ing described  the  circular  arc  Ax''y"C.  Hence  the  particle  will 
move  uniformly  in  the  circle  ACBD  in  the  same  direction  as  that  in 
which  the  hands  of  a  watch  move;  i.e.,  in  the  negative  direction. 
If,  however,  the  horizontal  motion  be  negative,  and  if  the  particle 
begin  its  motion  at  -B,  the  difference  of  phase  will  now  be  three 
quarters  of  a  period,  and  the  path  of  the  particle  will  again  be  the 
circle  of  reference  ;  but  now  this  path  will  be  described  in  the  posi- 
tive direction. 

Evidently,  therefore,  uniform  motion  in  a  circle  may 
be  considered  as  compounded  of  two  simple  harmonic 
motions  taking  place  along  two  perpendicular  diameters 
of  this  circle.  Moreover,  it  will  be  observed  that  when 
the  diflference  of  phase  between  these  two  component 
motions  is  zero,  the  resultant  is  a  straight  line ;  that 
when  this  diflference  is  one  quarter  of  the  period,  the  re- 
sultant is  a  circle ;  that  when  it  is  one  half  of  the  period, 
the  two  motions  are  in  opposite  phases  and  the  result- 
ant is  again  a  straight  line ;  that  when  it  is  three  quar- 
ters of  the  period,  the  resultant  is  again  a  circle ;  and 
that  when  the  diflference  is  four  quarters,  the  components 
are  again  in  the  same  phase.  Hence  the  circle  and  the 
straight  line  are  the  limiting  values  of  the  resultant 
Anv   intermediate   diflference   of    phase   between   these 
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limits  will  give  an  intermediate  resultant;  i.e.,  an  ellipse; 
as  may  easily  be  shown  by  constructing  such  a  result- 
ant with  an  eighth  period  difference  of  phase.  Obvi- 
ously if  the  amplitudes  of  the  component  motions  be  not 
equal,  the  resultant,  if  it  be  a  straight  line,  will  not  be 
inclined  at  45^  to  the  components ;  and  with  a  difference 
of  phase  of  one  quarter  period  the  resultant  will  be  an 
ellipse  whose  axes  are  parallel  to  the  direction  of  the 
component  motions. 

59.  Composition  of  Simple  Harmonic  Motions.— 
II.  Of  Different  Periods. — If  the  simple  harmonic  vi- 
brations are  perpendicular  and  are  not  of  the  same 
period,  the  resultant  is  a  special  curve,  the  form  of  which 
is  a  function  of  the  two  component  periods.  The  sim- 
plest period  ratio  next  to  that  of  1  :  1  is  that  of  1  :  2. 
Two  harmonic  motions  whose  periods  are  as  1  :  2  com- 
pound into  a  resultant  which,  when  the  difference  of 
phase  is  equal  to  |  the  shorter  period,  is  a  parabola ; 
and  when  the  difference  of  phase  is  zero  or  is  i  the 
shorter  period,  is  the  figure-of-eight  curve  known  as  the 
lemniscate.  The  following  figures  (Figs.  23  and  24) 
show  the  changes  in  the  resultant  curve  produced  by 
•changes  of  phase  alone : 


% 


y^ 


Fio.  28. 


In  case  the  periods  are  as  2  : 3,  the  curves  are  as  fol- 
lows: 


Mt 


Fia.  94. 
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If  the  period  of  either  of  the  two  motions  be  only 
approximately  exact,  i.e.,  if  the  ratio  between  them  be 
not  represented  by  simple  whole  numbers,  then  one  of 
the  motions  gains  more  or  less  rapidly  on  the  other,  the 
difference  of  phase  continually  changes,  and  the  result- 
ant curve  passes  in  succession  through  all  the  forms 
which  are  characteristic  of  the  period-ratio.  The  time 
required  to  pass  through  its  cycle  of  changes  will  be 
the  greater,  the  larger  the  numbers  representing  the 
ratio.  When  this  is  1 :  2,  the  phase  is  constant.  When 
it  is  10  :  21,  the  phase  slowly  changes,  completing  the 
cycle  only  after  20  complete  vibrations  of  the  slower 
motion.  When  it  is  1000  :  2001,  it  will  take  2000  vibra- 
tions of  the  slower  to  complete  the  cycle. 

60.  Analytical  Detenu iual ion  of  the  Resultant. — 
The  magnitude  and  direction  of  the  resultant  in  these 
cases  may  also  be  obtained  analytically.  The  equation 
of  simple  harmonic  motion  is  y  =  r  sin  oot  for  one  of  the 
components  and  x  =  r  cos  c^t  for  the  other.  If  the  two 
motions  originate  at  the  middle  point,  the  speed  of  each 
particle,  supposing  the  period  and  amplitude  to  be  the 
same  for  both,  will  be  the  same  at  this  point;  i.e.,  will 
be  a  maximum  and  equal  to  r,  the  radius  of  the  auxiliary 
circle.  Since  the  resultant  of  two.  equal  rectilinear  mo- 
tions r  at  right  angles  is  X^'lr"  in  magnitude,  and  since 
the  angle  made  by  the  resultant  with  either  of  them  is 
the  angle  whose  tangent  is  the  ratio  of  the  other  motion 
to  that  one,  the  resultant  in  this  case  is  obviously  the 
diagonal  of  the  parallelogram  constructed  on  these  mo- 
tions as  sides,  and  equally  inclined  to  the  two;  for 
r/r  =  tan  a  =  1  and  a  =  45°.  In  general,  since  R^  = 
oj'  -|-  y*>  i-®->  ^^®  resultant  of  two  rectangular  motions  is 
the  square  root  of  the  sum  of  their  squares,  we  have, 
by  squaring  the  above  equations  of  harmonic  motion, 

a;*  =  r*  cos'  a        and        y'  =  r*  sin*  a ; 
whence 

a?'  -j-  y'  =  r*(cos*  a  -j-  sin*  a)  =  r*. 
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But  this  18  the  equation  of  a  circle  of  radius  r  with  the 
origin  at  the  center.  If  the  epoch  of  one  harmonic  mo- 
tion be  zero,  while  that  of  the  other  is  e,  then  the  two 
equations  above  become 

X  =  r  cos  a        and        y  =  r  cos  {a  —  e). 

C/ombining  these,  we  have 

y  =  x  cos  e  -[-  (^*  —  a?')*  ^^  ^> 
which  readily  reduces  to 

y*  —  2xy  cos  e  +  x*  =  r^  sin*e.  [16] 

If  in  this  equation  the  epoch-angle  e  be  0^,  we  have 
X  =  y  or  the  equation  of  a  straight  line  making  an  angle 
'of  45°  with  the  axis  of  abscissas  along  which  the  har- 
anonic  motion  x  takes  place.  If  e  =  90°,  then  the  equa- 
tion becomes  y*  -|-  a?'  =  r',  the  equation  of  a  circle.  For 
intermediate  values,  the  expression  becomes  the  equation 
of  an  ellipse,  referred  to  the  diagonals  (Fig.  22)  as  axes. 
If  the  two  component  motions  have  different  am- 
plitudes, their  equations  are 

X  =  r  cos  a         and         y  =  ^'  cos  (a  —  e). 

Combining  these  two  equations,  and  putting  the  epoch 
e  =  Jtt,  the  resultant  equation  reduces  to 

x*       V* 

;r  +  !r.  =  l.  [17] 

r        r 

Avhich  is  the  equation  of  an  ellipse  referred  to  its  center 
and  axes.  If  the  period  of  the  two  oscillations  be  differ- 
ent and  be  commensurable,  so  that  a'  =  na  or  {cot)'  = 
w(a?Oi  then  the  resultant  equations  represent  the  curves 
above  described,  which  are  characteristic  of  the  period- 
ratio.     For  example,  if  a'  =  2a,  the  equations  become 

X  =  r  cos  2a        and         y  =  ^  cos  (a  —  e) ; 
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•which,  if  €  =  0,  becomes  y  =  r  cos  a.    The  resultaut  of 
these  two  equations  is 


2   . 

x  =  -y'-r. 


[18] 


which  is  the  equation  of  a  parabola,  the  abscissa  varjiDg 
as  the  square  of  the  ordinate.  If  e  be  made  equal  to  ;r, 
then  the  equation  is  that  of  the  curve  known  as  the  lem- 
niscate. 

61.  Composition  of  Harmonic  Curves. — The  best 
mode  of  compounding  harmonic  vibrations  along  the 
same  line  is  to  combine  with  each  of  these  vibrations  a 
uniform  motion  of  translation  perpendicular  to  it,  thus 
forming  a  harmonic  curve ;  and  then  to  compound  these 
curves.  Since  the  resultant  of  two  or  more  motions 
along  the  same  line  is  always  the  algebraic  sum  of  these 
motions,  it  is  evident  that  the  ordinates  of  the  compound 
curve  will  be  simply  the  algebraic  sum  of  the  ordinates 
of  the  simple  curve.  Thus,  for  example,  if  the  two  com- 
ponent curves  have  the  same  amplitude,  their  ordinates 
will  be  equal ;  and  if  the  epoch  be  zero,  the  compound 
<5urve  will  be  a  curve  of  twice  the  amplitude.  If  the 
^poch  be  TT,  then  the  component  ordinates  will  have  op- 
posite signs,  and  being  equal  their  resultant  will  be 
zero ;  i.e.,  the  two  motions  will  mutually  destroy  each 
other. 


Fio.  85. 


Thus  if  A  represent  a  harmonic  curve  of  amplitude  one  and  this 
i)e  combined  with,  the  full  curve  of  C,  a  precisely  similar  harmonic 
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curve,  the  resultant  curve  will  be  represented  by  B,  of  twice  the 
amplitude  ;  the  ordinates  of  the  latter  curve,  at  all  corresponding 
points,  being  the  sum  of  the  component  ordinates.  But  if  A  be 
combined  with  the  dotted  curve  of  C*,  i.e..  if  we  combine  the  two 
curves  shown  in  C,  the  resultant  will  be  a  straight  line ;  since  the 
equal  ordinates  of  the  two  curves,  being  of  opposite  signs,  will  de- 
stroy each  other  mutually. 

If  the  harmonic  curves  have  not  the  same  period,  the 
method  of  compounding  them  is  still  the  same ;  the  or- 
dinates of  the  resultant  being  always  the  algebraic  sum 
of  the  ordinates  of  the  component  curves.  The  follow- 
ing figures  show  the  compound  curves  obtained  by  com- 
bining two  harmonic  curves  of  diflferent  periods.  In  the 
first  the  periods  are  as  one  to  two,  and  in  the  second  as 
two  to  three. 


Fio.  26. 

62.  Phenomena  of  Wave-motion. — A  wave  in  its 
simplest  form  consists  of  a  series  of  particles  all  vibrat- 
ing according  to  the  simple  harmonic  law  and  having 
between  them  a  uniform  difl*erence  of  phase.  Thus,  for 
example,  if  a  row  of  particles,  forming  a  straight  line 
when  at  rest,  be  made  to  vibrate  with  simple  harmonic 
motion  along  the  vertical  lines  a,  6,  c,  d,  etc.,  in  the 
figure  (Fig.  28),  and  if  the  particle  at  a  be  at  a  given 

abode        f       9       h        i        j        h       I        m 
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Fio.  S8. 

instant  at  its  middle  point,  while  the  particles  at  6,  c,  d, 
etc.,  are  successively  in  advance  of  this  position  by  ^, 
tV>  tV»  ®*^*»  ^^  ^^  entire  period,  then  it  is  evident  that  the 
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complete  row  of  particleB  thus  vibrating  will  have  the 
form  of  a  simple  harmonic  wave.  Moreover,  as  the 
difference  of  phase  between  them  is  constant,  the  wave- 
form is  preserved  constant  also.  If  the  particle  at  a  be 
moving  upward,  then  at  the  next  succeeding  time-interval 
all  the  particles  will  have  changed  their  positions,  the 
highest  part  of  the  wave  will  have  moved  on  to  c  and 
the  lowest  to  i,  the  wave  as  a  whole  having  moved  from 
right  to  left.  Evidently  during  a  complete  period,  the 
wave  would  move  from  m  to  a ;  and  this  distance,  since 
it  represents  the  distance  travelled  during  'a  complete 
oscillation  of  one  of  the  particles,  is  a  wave-length. 
Hence  the  length  of  a  wave  may  be  defined  as  the 
distance  from  a  given  particle  on  the  wave  to 
the  next  particle  which  is  in  the  same  relative 
position  and  is  moving  in  the  same  direction. 
The  form  of  this  wave  resembles  that  of  the  simple  har- 
monic curve  already  mentioned.  But  it  should  be  borne 
in  mind  that  the  harmonic  curve  represents  the  succes- 
sive positions  of  a  single  particle,  while  the  wave-form 
represents  the  simultaneous  positions  of  a  row  of  par- 
ticles. In  the  former  case  the  abscissas  represent  times ; 
in  the  latter  they  represent  distances. 

63.  Speed  of  Propagation. — With  reference  to  the 
speed  with  which  the  wave  is  propagated,  this  depends 
in  general  upon  the  medium  which  it  traverses.  If, 
however,  the  time  of  vibration  of  the  particles  in  one 
case  be  half  as  great  as  in  another,  the  difference  of 
phase  remaining  the  same,  then  evidently  while  the 
wave-form  will  remain  the  same,  since  it  depends  only 
upon  the  relative  positions  of  the  particles,  and  these 
are  unchanged,  the  wave  itself  will  move  twice  as  rapidly. 
So,  on  the  other  hand,  if  the  phase-difference  be  inde- 
pendent of  the  rapidity  of  vibration  of  the  particles,  the 
rate  at  which  the  wave  is  propagated  will  be  constant, 
the  time  in  which  the  particles  vibrate  affecting  only  the 
wave-length.  Obviously  the  shorter  the  wave  the  greater 
the  number  which  pass  a  given  point  in  a  given  time, 
other  things  being  equal. 
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04.  Classification  of  Waves. — Waves  are  commonly 
divided  into  three  classes  according  to  the  relation 
existing  between  the  direction  of  propagation  of  the 
wave  itself  and  the  direction  of  vibration  of  its  particles. 
These  are  :  (1)  Transversal  waves,  in  which  the  particles 
oscillate  along  lines  perpendicular  to  the  line  of  propa- 
gation, as  in  the  figure  above  given.  (2)  Longitudinal 
waves,  in  which  the  oscillation  of  the  particles  takes 
place  along  the  line  of  propagation.  And  (3)  Circular 
waves,  in  which  the  particles  move  in  circles  whose 
planes  are  in  the  direction  of  propagation,  and  of  which  the 
first  two  may  be  regarded  as  limiting  cases.  The  motion 
in  light-waves  may  be  taken  as  an  example  of  transversal 
vibrations,  in  waves  of  sound  of  longitudinal  vibrations, 
and  in  water-waves  as  an  example  of  circular  vibrations, 
in  the  moving  particles.  In  the  first  and  third  of  these 
classes,  the  wave  consists  of  a  portion  raised  above  the  nor- 
mal level  and  called  the  crest,  and  of  a  portion  depressed 
below  it  called  the  trough.  In  the  second  class  the  par- 
ticles approach  and  recede  from  each  other,  forming  a 
condensed  portion  over  one  half  the  wave  and  a  rarefied 
portion  over  the  other. 

65.  Wave-front.  —  Suppose  a  number  of  parallel 
rows  of  particles  to  be  all  occupied  in  transmitting  the 
same  wave.  It  is  evident  that  a  plane  may  be  drawn 
through  the  particles  in  the  difierent  rows  which  are  in 
the  same  phase  ;  and  that  this  plane  will  be  normal  to 
the  direction  of  propagation.  Such  a  plane  is  spoken  of 
as  the  wave-front.  It  is  the  surface  in  which  a  single 
wave-form,  or  portion  of  a  wave-form,  is  conceived  of  as 
lying.  Thus  if  waves  radiate  from  a  point  in  an  iso- 
tropic medium  (i.e.,  one  in  which  the  speed  of  propaga- 
tion is  the  same  in  all  directions),  the  successive  wave- 
fronts  will  be  enveloping  spheres ;  of  progressively 
increasing  radii  and  therefore  decreasing  curvature  as 
time  goes  on.  Evidently  these  wave-fronts  are  closer 
together  in  proportion  as  the  waves  themselves  are 
shorter ;  i.e.,  as  the  wave-frequency  is  greater.  When 
such  spherical  waves  impinge  upon  the  plane  surface  of 
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a  second  and  denser  medium,  one  portion  suffers  reflec- 
tion, the  reflected  waves  appearing  to  come  from  a 
center  as  much  behind  the  surface  as  the  actual  center  is 
in  front  of  it.  At  the  same  time,  another  portion  enters 
the  medium,  producing  a  second  set  of  spherical  waves, 
whose  speed  of  propagation,  and  therefore  whose  wave- 
length, is  diminished.  If,  however,  the  wave  impinges 
upon  the  surface  of  a  less  dense  medium,  not  only  is 
there  a  wave  of  greater  amplitude  and  of  increased 
length  propagated  into  this  rarer  medium,  but  the  wave 
which  is  reflected  back  into  the  denser  medium,  while 
unchanged  in  length,  is  exactly  reversed  in  phase.  So 
that  the  crest  of  a  wave  wlien  reflected  becomes  a  trough ; 
and  a  compression  becomes  a  rarefaction.  In  other 
words,  there  is  a  loss  of  half  a  wave-length  w^henever 
reflection  takes  places  at  the  surface  of  a  rarer  medium. 
66.  Interference  of  Waves. — According  to  Fourier, 
any  periodic  curve  whatever  can  be  produced  by  com- 
pounding simple  harmonic  curves  having  the  same  axis, 
whose  wave  lengths  are  aliquot  parts  of  its  own.  And 
conversely,  all  such  compound  curves  may  be  resolved 
into  these  simple  harmonic  curves.  Since  all  waves 
have  the  forms  of  these  sine-curves  approximately,  they 
may  be  compounded,  i.e.,  be  made  to  interfere,  in  the 
same  way  and  with  the  same  results.  As  an  illustration, 
suppose  two  waves  of  the  same  length  and  amplitude 
but  in  opposite  phases  be  made  to  interfere.  Since 
they  are  equal  in  magnitude  and  are  opposite  in  sign 
they  will  mutually  destroy  each  other.  Thus,  for 
example,  if  two  such  waves  be  made  to  move  continu- 
ously over  a  stretched  wire  in  opposite  directions,  they 
will  meet  at  certain  points  of  the  wire  in  the  same  phase 
and  at  other  points  in  opposite  phases ;  producing  nodes 
or  points  of  rest  at  the  latter,  and  antinodes  or  points  of 
maximum  motion  at  the  former.  Intermediately  a  har- 
monic gradation  will  result,  so  that  the  wire  will  vibrate 
in  segments,  producing  what  are  known  as  stationary 
waves.  The  distance  from  a  node  to  the  next  antinode 
will  evidently  be  one  quarter  of  the  wave  length. 
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Suppose  two  waves,  one  aligbtly  longer  than  the 
other,  to  be  started  together  over  the  same  course.  The 
longer  one  will  gain  upon  the  other  until  at  a  certain 
distance  it  will  be  half  a  wave-length  in  advance  of  it 
and  the  two  will  be  opposite  in  phase.  At  twice  this 
distance  the  longer  will  have  gained  an  entire  wave 
upon  the  shorter  and  the  two  will  again  be  in  accord.  If, 
for  example,  one  vibrating  body  makes  100  vibrations 
per  second  and  the  other  101,  then  in  half  a  second,  after 
the  first  has  made  50  vibrations  the  second  will  have 
made  50^  and  the  two  will  oppose  each  other.  At  the 
end  of  a  whole  second  the  former  will  have  made  one 
complete  vibration  more  than  the  latter  and  they  will 
again  be  in  accord.  The  resultant  curve  varies,  therefore, 
in  amplitude  between  zero  and  the  sum  of  the  compo- 
nent amplitudes.  In  the  case  of  sound,  the  effect  is  an 
alternate  increase  and  decrease  in  its  intensity,  giving 
rise  to  the  phenomenon  known  in  music  as  beating. 

When  a  wave-front  meets  a  screen,  near  its  edge  and 
perpendicular  to  its  plane,  it  causes  a  series  of  secondary 
waves  having  this  edge  as  their  common  center.  These 
secondary  waves,  since  they  move  in  all  directions,  pass 
into  the  space  behind  the  screen  or  are  inflected ;  thus 
disturbing  the  exactness  of  outline  of  the  geometrical 
shadow.  If  the  wave-length  be  not  small  compared 
with  the  size  of  the  obstacle,  the  inflection  is  very 
considerable  and  there  is  practically  no  shadow.  Thus 
in  the  case  of  sound-waves,  which  are  in  general  of  con- 
siderable length  in  comparison  with  ordinary  objects, 
shadows  are  rare  and  ill  defined ;  while  in  the  case  of 
light,  the  waves  of  which  are  very  short,  shadows  are 
sharp  and  well  defined.  This  bending  of  waves  around 
an  obstacle  is  called  diffiraction. 
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DYNAMICS. 

Section  I. — Classification. 

67.  Definition  of  Dynamics. — In  the  last  chapter 
motion  was  discussed  solely  from  the  geometrical  stand- 
point, without  reference  to  the  amount  of  matter  moved 
or  to  the  antecedent  or  consequent  phenomena  of  the  mo- 
tion. It  is  customary,  however,  probably  in  consequence 
of  the  experience  of  our  own  muscular  sense,  to  assume 
the  existence  of  an  entity  called  force  as  the  cause  of 
motion.  That  department  of  physics  which  considers 
the  action  of  force  in  producing  motion  or  pressure 
is  called  D3rnainic8  (from  SvvapttSy  force). 

68.  Subdivisions  of  Dynamics. — Observation  teaches 
us  that  force  may  act  upon  matter  in  one  of  two  ways : 
Ist,  so  as  to  produce  motion  in  it ;  or,  if  the  motion 
is  already  existing,  so  as  to  change  the  direction  of  this 
motion ;  or,  2d,  so  as  to  prevent  motion,  i.e.,  to  compel 
rest.  Hence  Dynamics  is  conveniently  divided  into  two 
branches :  Kinetics,  or  that  branch  of  Dynamics  which 
investigates  the  action  of  force  in  producing  the  motion 
of  matter  or  in  modifying  its  direction ;  and  Statics,  or 
that  branch  of  Dynamics  which  investigates  the  action  of 
force  in  preventing  motion.  Kinetics  tlierefore  considers 
matter  only  when  in  motion  under  the  action  of  force, 
while  Statics  treats  of  it  only  when  in  a  state  of  equi- 
librium under  this  action. 

65 
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Section  IL — Kinetics. 

69.  Quantity  of  Motion.— Momentum. — In  discuss- 
ing motion  kinematically  only  the  speed  and  direction 
of  the  motion  were  considered,  without  reference  to  the 
mass  of  the  moving  body.  In  Kinetics,  however,  the 
amount  of  motion  produced  by  the  action  of  a  force  upon 
a  body  depends  upon  the  mass  of  that  body,  as  well  as 
upon  its  speed,  being  directly  proportional  to  both  these 
quantities.  If  m  be  the  mass  of  the  moving  body  and  8 
its  speed,  the  product  7ii8  will  represent  the  amount  of 
motion  in  it.  This  product  is  a  quantity  of  great  im- 
portance in  Physics  and  is  called  momentum.  Since 
8=zl/t  we  have  ni8=ml/t.  So  that  momentum  is  the  rate 
of  mass-displacement  in  the  same  sense  that  speed  is  the 
rate  of  linear  displacement.  Evidently  if  the  mass  and 
the  speed  both  be  unity,  the  momentum  will  also  be 
unity.  And  the  unit  of  momentum  may  be  defined  as 
the  momentum  of  a  unit  mass  moving  with  unit  speed. 
Since  momentum  is  a  directed  quantity,  momenta  may 
be  compounded  and  resolved  like  motions  and  velocities. 
The  dimensions  of  unit  momentum  are  [MLT'']. 

70.  Mass,  Volume,  Density. — Mass  has  already  been 
defined  as  the  quantity  of  matter  in  a  body  expressed  in 
units  of  mass  ;  and  volume  as  the  space  which  a  body  oc- 
cupies expressed  in  units  of  volume.  Density  is  some- 
times defined  as  the  ratio  of  mass  to  volume.  But  if  the 
whole  amount  of  matter  in  a  body,  stated  in  units  of 
mass,  be  divided  by  its  volume  given  in  units  of  volume, 
the  quotient  will  obviously  be  the  number  of  units  of 
mass  contained  in  one  unit  of  volume.  Hence  the 
density  of  a  substance  is  better  defined  as  the  mass  con- 
tained in  unit  volume  of  that  substance. 

Examples. — In  the  C.  G.  S.  system,  the  unit  mass  is  a  gram,  and 
the  unit  volume  is  a  cubic  centimeter.  But  by  legal  definition,  a 
gram  is  the  mass  of  a  cubic  centimeter  of  water.  Hence  the  density 
of  water  is  unity.  If  the  density  of  iron  is  given  jis  7  8,  this  is. 
simply  equivalent  to  the  statement  that  the  mass  of  one  cubic  centi- 
meter of  iron  is  78  grams.     Moreover,  just  as  density  is  the  quo- 
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tient  of  mass  by  volume,  or  <5  =  m/v^  so  volume  is  the  quotient 
of  mass  by  density,  or  t>  =  m/<5,  and  mass  is  the  product  of  volume 
by  density,  or  m  =  vd.  The  mass  of  a  cubic  decimeter  of  iron,  for 
example,  is  1000  x  7*8  or  7800  grama.  If  the  substance  be  homoge- 
neous, the  density  obtained  as  above  is  its  actual  density.  If  not, 
the  density  is  the  mean  or  average  density. 

71.  Moment  of  Moment  urn. — The  moment  of  a 
directed  quantity  has  already  been  defined  (46)  as  the 
product  of  the  quantity  into  a  length  perpendicular  to 
its  direction ;  and  the  moment  of  a  particle  moving  with 
a  speed  «  in  a  circle  of  radius  r  has  been  given  as  rs.  In 
motion  of  rotation,  it  is  evident  that,  in  addition  to  mass 
and  speed,  distance  from  the  axis  of  rotation  is  an 
important  factor  in  the  expression  for  the  amount  of 
motion.  And  since  the  moment  of  a  physical  quantity 
is  the  numerical  measure  of  its  importance,  the  moment 
of  the  momentum,  or  msr^  measures  the  importance  of 
this  momentum  in  maintaining  rotation.  Each  of  the 
particles  composing  a  rotating  body,  it  is  evident,  has 
its  own  moment  of  momentum  msr.  The  sum  of  these 
products,  extended  to  all  the  particles  in  the  body,  is 
2{m8r),  This  represents  the  moment  of  momentum  of 
the  entire  mass. 

Examples. — That  the  effectiveness  of  a  particle  for  maintaining 
rotation  is  directly  proportional,  not  only  to  its  mass  and  to  its 
speed,  but  also  to  its  distance  from  the  axis  of  rotation,  is  well  illus- 
trated in  the  fly-wheel  of  a  steam-engine.  This  is  a  largo  and  heavy 
wheel  fastened  to  the  shaft  and  driven  with  it,  which  is  employed  as 
an  equalizer  of  the  motion.  It  is  massive  in  size  and  material,  and 
it  is  driven  at  a  high  speed;  and  hence  its  momentum  is  great.  But 
in  addition  its  mass  is  concentrated  in  its  rim  ;  so  that,  being  as  far 
as  possible  from  the  axis,  it  shall  have  as  large  a  moment  of 
momentum  as  possible,  and  shall  produce  the  maximum  turning 
effect. 

Evidently,  if  in  the  expression  msr  the  mass  be  unity, 
the  value  sr  will  represent  the  moment  of  the  speed ; 
and  if  «  be  unity,  the  expression  mr  will  represent  the 
moment  of  the  mass ;  i.e.,  the  moment  of  momentum  of 
a  mass  m  moving  with  unit  speed.  So,  similarly,  the 
product  car  represents  moment  of  angular  velocity,  and 
ar  moment  of  angular  acceleration. 
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72.  Moment  of  Inertia. — If,  in  the  expression  for 
moment  of  momentum  rtisr,  we  replace  s  by  its  value  a?r 
(43),  the  moment  of  angular  velocity,  we  have  mr*co ;  an 
expression  for  the  moment  of  momentum  in  terms  of  the 
angular  velocity.  If  we  call  the  product  of  a  directed 
quantity  by  the  square  of  a  distance  at  right  angles  to 
itself  the  second  moment  of  that  quantity,  then  the 
above  moment  of  momentum  mr'a>  is  simply  the  second 
moment  of  mass  multiplied  by  the  angular  velocity. 
This  second  moment  of  mass  mr*  is  called  the  moment  of 
inertia.  It  is  generally  represented  by  /.  Evidently  if 
m  be  the  mass  of  a  single  particle,  and  r  its  distance 
from  the  axis,  the  sum  of  these  second  moments  2{mr^) 
or  M2{r')  will  be  the  second  moment  of  the  entire  mass 
M;  and  the  moment  of  momentum  of  the  entire  mass 
will  be  2{mr')(jj  or  Ma)'^{r').  If  this  entire  mass  were 
collected  at  a  distance  k  from  the  axis,  the  moment  of 
inertia  remaining  the  same,  then  the  expression  iS'(r') 
would  equal  fc*,  the  moment  of  inertia  would  be  il/i*,  and 
the  moment  of  momentum  Mk^oo,  The  value  k  is  called 
the  radius  of  gyration. 

Example.— In  the  case  of  the  fly-wheel  above  mentioned,  since 
its  motion  is  rotatory  and  the  angular  velocity  is  the  same  for  all  its 
particles,  the  moment  of  its  momentum,  i.e.,  the  numerical  measure 
of  the  importance  of  this  momentum  in  maintaining  the  motion,  is 
simply  the  product  of  its  angular  velocity  by  the  sum  of  the  second 
moments  of  mass  of  all  the  particles  which  it  contains. 

73.  Definition  of  Force.  —  Force  may  be  defined 
provisionally  as  that  which  produces  motion  or  press- 
ure. So  far  as  we  at  present  know,  "the  change  of 
motion  of  any  body  depends  partly  on  the  position  of 
distant  bodies  and  partly  on  the  strain  of  contiguous 
bodies'*  (Clifford).  So  that,  as  we  shall  see  subsequently, 
what  we  are  accustomed  to  call  force  is  simply  the 
space-rate  at  which  energy  is  transferred  from  one  body 
to  another.  Hence  force  is  defined  by  Tait  as  "  tJie 
measure  of  the  tendency  of  energy  to  transform  itself." 

74.  The  Unit  of  Force. — Force  is  measured  by  the 
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amount  of  motion  which  it  produces  in  unit  of  time. 
But  amount  of  motion  is  momentum  ;  and  hence 

/=W5A  [19] 

or  force  is  the  rate  at  which  momentum  changes  with 
time.  Since,  however,  acceleration  is  the  rate  at  which 
speed  changes  with  time,  or  a  =  s/t^  the  expression  for 
force  may  be  written 

/=7mi,  [20] 

the  form  in  which  it  is  usually  given.  This  is  the  funda- 
mental equation  of  dynamics,  and  states  that  the  meas- 
ure of  a  force  is  the  product  of  the  mass  moved  into  the 
acceleration  produced  in  ii  If  the  mass  be  unity,  the 
force  is  proportional  to  the  acceleration  it  generates  in 
unit  mass ;  and  if  the  acceleration  be  unity,  to  the  mass 
to  which  it  communicates  unit  acceleration.  Since,  when 
m  and  a  are  both  unity,  /  is  also  unity,  the  unit  of 
force  is  defined  as  that  force  which  generates  continually 
unit  acceleration  in  unit  mass.  The  dimensions  of  unit 
force,  therefore,  are  [^MLT~\ 

Examples. — In  the  C.  G.  S.  system  a  gram  is  the  unit  mass,  and 
a  centimeter  per  second  per  second  is  the  unit  acceleration.  Hence 
the  C.  G.  S.  unit  of  force  is  that  force  which,  acting  upon  a  gram- 
mass  for  one  second,  will  generate  in  it  a  speed  of  one  centimeter 
per  second.    This  unit  of  force  is  called  a  dyne.     ' 

75.  Impulse  of  a  Force.— The  impulse  of  a  force  is 
the  product  of  the  force  multiplied  by  the  time  during 
which  it  acts ;  and  hence  is  represented  hy  ft.  Evidently 
to  produce  a  finite  acceleration  in  a  given  mass  requires 
that  the  force  should  act  for  a  finite  interval.  Moreover, 
the  action  of  a  comparatively  small  force  for  a  long 
interval  may  obviously  produce  the  same  effect  as  the 
action  of  a  proportionately  greater  force  through  a 
smaller  interval.  Again,  since /i5  =  ms,  it  follows  that  an 
infinite  variety  of  forces  may  generate  a  constant  mo- 
mentum, provided  that  the  times  during  which  they  act 
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are  inversely  proportional  to  the  magnitudes  of  the 
forces.     The  unit  impulse  may  be  called  a  d3rne-8econd. 

76.  Newton's  Laws  of  Motion. — We  may  now  enun- 
ciate the  three  laws  in  which  Newton  expressed  the 
effect  of  forces  in  altering  the  motions  of  bodies.  "  The 
two  centuries  which  have  nearly  elapsed  since  he  first 
gave  them  have  not  shown  a  necessity  for  any  addition 
or  modification.'*     (Thomson.) 

First  Lata  of  Motion. — '* Every  body  continues 
in  its  state  of  rest  or  of  uniform  motion  in  a 
straight  line,  except  in  so  far  as  it  may  be 
compelled  by  force  to  change  that  state."' 

The  truth  of  this  law  is  made  evident  by  the  well- 
known  fact  that  whenever  any  alteration  takes  place  in 
the  state  of  motion  of  a  body,  this  alteration  can  be 
traced  to  some  action  between  the  body  itself  and  some 
otlier  body ;  i.e.,  to  the  action  of  an  external  force.  The 
fundamental  principle  which  underlies  this  law  is  the 
principle  of  the  inertia  of  matter.  It  states  that  matter 
of  itself  has  no  power  to  change  its  condition  either  of 
rest  or  of  motion ;  and  hence  that  when  at  rest  it  must 
continue  at  rest,  or  when  in  motion  it  must  continue  in 
motion,  unless  some  external  force  intervenes  to  change 
its  condition.  Both  motion  and  rest  are  equally  normal 
conditions  of  matter.  But  both  are  relative.  Bodies  at 
rest  with  reference  to  certain  points  are  in  motion  with 
reference  to  others.  While  to  alter  the  condition  of  a 
body,  therefore,  requires  the  action  of  force,  none  is  re- 
quired to  maintain  its  condition  constant. 

Examples. — Common  experience  does  not  seem  to  accord  with 
this  law.  The  normal  condition  of  matter  seems  to  be  that  of  rest; 
and  while  force  seems  to  be  needed  to  put  a  body  in  motion,  none 
seems  to  be  required  to  destroy  this  motion.  A  ball  rolled  on  the 
ground  or  thrown  into  the  air  is  brought  speedily  to  rest;  and  a 
railway  train  or  a  steamboat  requires  the  continuous  action  of  the 
steam  to  maintain  its  motion.  But  this  is  simply  because,  under  the 
conditions  in  which  we  live,  the  resistances  to  motion  are  numerous; 
and  friction,  the  air-resistance,  etc.,  soon  destroy  it.  In  proportion 
as  these  are  removed,  however,  the  motion  persists.  A  ball  rolled 
on  a  smooth  floor  or  on  ice  moves  over  a  greater  distance  before  it 
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stops;  a  smooth  and  well-lubricated  bearing  allows  the  wheel  a 
longer  run.  So  that  we  cannot  doubt  that  the  law  is  true,  and  that 
if  we  could  remove  all  impediments  to  motion,  it  would  continue 
uniform. 

Second  Lata  of  Motion. — "Change  of  motion  is 
proportional  to  force  applied  and  takes  place 
in  the  direction  of  the  straight  line  in  which 
the  force  acts."  Or,  as  stated  by  Maxwell  in  more 
modem  phraseology :  "The  change  of  momentum  of  a 
body  is  numerically  equal  to  the  impulse  which  pro- 
duces it  and  is  in  the  same  direction." 

The  scope  of  this  law  appears  clearly  from  the  fol- 
lowing paraphrase  of  Newton's  own  comments  upon  it : 
"If  any  force  generates  motion,  a  double  force  will 
generate  double  motion;  and  so  on  whether  simulta- 
neously or  successively,  instantaneously  or  gradually 
applied.  And  this  motion,  if  the  body  was  moving  be- 
forehand, is  either  added  to  the  previous  motion  if  di- 
rectly conspiring  with  it;  or  is  subtracted  if  directly 
opposed ;  or  is  geometrically  compounded  with  it,  ac- 
cording to  the  kinematical  principles  already  explained, 
if  the  line  of  previous  motion  and  the  direction  of  the 
force  are  inclined  to  each  other  at  an  angle."  (Thom- 
son and  Tait.) 

Third  Lata  of  Motion. — "To  every  action  there 
is  always  an  equal  and  contrary  reaction;  or, 
the  mutual  actions  of  any  two  bodies  are  al- 
always  equal    and  oppositely  directed." 

This  law  may  be  called  the  law  of  stress.  It  teaches 
us  that  all  force  is  of  the  nature  of  a  stress ;  i.e.,  that 
"  force  is  always  due  to  the  mutual  action  of  two  bodies  or 
systems  of  bodies ;  that  every  force  in  fact  is  one  of  a 
pair  of  equal  opposite  ones — one  component,  that  is,  of 
a  stress — either  like  the  stress  exerted  by  a  piece  of 
stretched  elastic,  which  pulls  the  two  things  to  which  it 
is  attached  with  equal  force  in  opposite  directions,  and 
which  is  called  a  tension;  or  like  the  stress  of  com- 
pressed railway  buffers  or  of  a  piece  of  squeezed  india- 
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rubber,  which  exerts  an  equal  push  each  way  and  is 
called  a  pressure/'    (Lodge.) 

In  the  light  of  Newton's  own  comments  upon  it,  the 
third  law  may  be  read  as  follows :  "  If  the  activity  of  an 
agent  be  measured  by  its  amount  and  its  velocity  con- 
jointly ;  and  if  similarly  the  counter-activity  of  the  re- 
sistance be  measured  by  the  velocities  of  its  several 
parts  and  their  several  amounts  conjointly,  w^hether  these 
arise  from  friction,  cohesion,  weight,  or  acceleration; — 
activity  and  counter-activity,  in  all  combinations  of 
machines,  will  be  equal  and  opposite."  (Thomson  and 
Tait.) 

Examples. — Illustrations  of  this  law  are  abundant.  If  a  stone 
36  pressed  with  the  finger,  the  finger  is  pressed  in  the  opposite  di- 
rection and  with  the  same  force  by  the  stone.  A  horse  drawing  a 
janal-boat  or  a  tramcar  uniformly,  or  a  locomotive  thus  drawing  9 
rrain,  is  pulled  backward  by  a  force  precisely  equal  to  that  which 
it  exerts  forward.  When  a  bullet  is  fired  from  a  gun,  the  amount 
of  motion,  or  momentum,  of  the  bullet  forward,  is  exactly  equal  to 
the  momentum  of  the  gun  backward.  The  same  holds  true  when 
there  is  no  visible  connection  between  the  acting  bodies.  The  force 
exerted  by  the  sun  upon  the  earth  is  precisely  the  same  as  that  ex- 
erted by  the  earth  upon  the  sun.  The  force  with  which  a  magnet 
attracts  a  piece  of  iron  is  exactly  equal  to  that  with  which  the  piece 
of  iron  attracts  the  magnet ;  as  Newton  himself  showed  by  floating 
upon  water,  on  the  same  light  board,  a  magnet  and  a  piece  of  iron, 
and  observing  that  there  was  no  resultant  force  in  either  direction. 

According  to  the  second  law,  when  no  force  acts 
upon  a  body,  no  change  is  produced  in  its  motion. 
Hence  the  body  if  in  motion  will  continue  in  motion,  and 
if  at  rest  will  continue  at  rest ;  which  is  the  first  law. 
Again,  by  the  third  law,  the  forces  acting  between  two 
different  parts  of  the  same  body  are  equal  and  opposite. 
If  this  were  not  so,  there  would  be  an  excess  of  one 
or  the  other;  and  this  resulting  force  would  produce 
motion  of  the  body.  The  possibilitj'  of  this,  however, 
the  first  law  denies  ;  since  a  body  cannot  move  except 
under  the  action  of  an  external  force.  Inasmuch,  there- 
fore, as  the  third  law  is  readily  deducible  from  the  first, 
and  the  first  in  like  manner  from  the  second,  it  is  evi- 
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deut  that  the  second  law  might  with  propriety  be  called 
the  law  of  motion. 

77.  Measurement  of  Mass. — The  second  law  gives 
us  the  means  of  measuring  both  masses  and  forces.  It 
asserts  in  fact  the  truth  of  the  formula  ft  =  ms^  which 
we  have  already  used  in  defining  force.  Suppose  that 
two  equal  impulses  (or  forces,  if  the  time  be  unity)  act 
upon  unequal  masses.  By  the  second  law  the  momen- 
tum, which  is  always  equal  to  the  impulse  which  pro- 
duces it,  will  be  the  same  in  both  cases.  Hence  we  shall 
have  r/w  =  in's'',  or  m  :  m'  ::  «'  :  «.  That  is,  the  masses 
are  inversely  proportional  to  the  speeds  generated  by 
equal  impulses.  Again,  suppose  the  masses  and  the 
times  equal ;  then  dividing  the  equation  for  the  first 
force /if  z=  ms  hj  that  for  the  second  f't=^  rns^  we  have 
/:/'::«:«';  or  the  forces  are  directly  proportional  to 
the  speeds  which  they  generate  in  equal  times  in  equal 
masses.  Again,  if  we  suppose  the  speeds  and  the  times 
constant,  we  have  in  the  first  case  ft  =  nis  and  in  the 
second/'^  =  m's ;  whence/  \f'\\m\  rnf.  Hence  we  see 
that  to  communicate  equal  speeds  to  different  masses, 
the  forces  acting  must  vary  directly  as  the  masses. 
And  conversely,  if  under  the  action  of  forces  unequal 
masses  acquire  equal  speeds,  these  forces  must  be  ex- 
actly proportional  to  the  masses. 

Examples. — It  is  a  matter  of  every -day  experience  that  the  mus- 
cular force  required  to  move  a  body  is  greater  the  larger  the  quan- 
tity of  matter  in  the  body.  When  made  of  the  same  substance  the 
masses  of  bodies  are  proportional  to  their  volumes,  and  hence  the 
force  is  the  greater  the  larger  the  body.  The  amount  of  liquid  in  a 
cask  is  roughly  ascertained  ordinarily  by  giving  the  cask  a  kick. 
The  same  force  which  would  move  it  through  a  considerable  distance 
if  empty  would  scarcely  stir  it  if  full.  Since  the  mass  of  a  body  is 
determined  by  its  density  as  well  as  by  its  volume,  a  small  body  of 
denser  material  may  have  a  greater  mass  than  a  large  body  made  of 
a  less  dense  substance.  The  masses  of  several  bodies  of  exactly  the 
same  sisse  may  be  ascertained  easily  by  measuring  the  forces  required 
to  give  them  the  same  amount  of  motion  in  the  same  time.  Thus, 
snppose  four  spheres  of  cork,  wood,  iron,  and  gold,  respectively,  sus- 
pended from  four  strings,  after  the  fashion  of  pendulums.  Give 
each  of  them  a  sudden  knock  of  about  the  same  strength.     Clearly 
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the  cork  sphere  will  be  driven  farthest,  the  others  going  over 
distances  inversely  proportional  to  their  masses.  Or  the  knock 
may  be  so  adjusted  as  to  drive  each  sphere  to  the  same  distance  from 
its  position  of  rest.  In  which  case  the  masses  would  be  proportional 
to  the  forces.    This  is  the  dynamical  method  of  measuring  mass. 

78.  Elements  of  a  Force. — In  order  that  a  force 
may  be  completely  determined  it  is  necessary  that  the 
following  three  elements  of  the  force  be  known  :  1st,  its 
place  of  application ;  2d,  its  direction  ;  and  3d,  its  mag- 
nitude. 

Ist,  Its  Place  of  Applicatton. — Since  a  material  par- 
ticle occupies  space,  the  place  of  application  of  any  force 
which  acts  upon  it  must  be  either  its  surface  or  ite  solid 
content.  It  is  often  found  convenient  to  assume  a  cer- 
tain point  on  or  in  the  body  considered,  such  that  a  cer- 
tain force  acting  at  that  point  would  produce  sensibly 
the  same  effect  as  that  actually  produced. 

2d,  Its  Direction. — The  second  element  of  a  force  is 
its  direction.  The  direction  of  a  force  is  the  line  along 
which  it  acts.  If  the  force  be  applied  at  a  point,  a  line 
drawn  through  that  point  in  the  direction  in  which  the 
force  tends  to  move  the  body  is  the  direction  of  the 
force. 

3d.  Its  Magnitude. — The  third  element  of  a  force  is 
its  magnitude.  The  magnitude  of  a  force  is  the  number 
of  units  of  force  contained  in  it.  In  the  C.  G.  S.  system 
the  magnitude  of  a  force  is  measured  in  dynes. 

79.  Composition  and  Resolution  of  Forces. — Since 
a  force  is  a  directed  quantity  or  a  vector,  it  may  be  com- 
pletely represented  by  a  line ;  the  extremity  of  the  line 
being  the  point  of  application  of  the  force,  the  direction 
of  the  line  the  direction  of  the  force,  and  the  length  of 
the  line  the  magnitude  of  the  force.  Hence  forces  may 
be  compounded  and  resolved  in  the  same  way  and  upon 
the  same  principles  as  the  vector  quantities  already  con. 
sidered ;  namely,  motions,  velocities,  and  accelerations. 

This  conclusion  is  readily  deduced  from  the  second 
law  of  motion.  "Since  forces  are  measured  by  the 
changes  of  motion  they  produce,  and  their  direction  as- 
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signed  by  the  direction  in  which  these  changes  are  pro- 
duced ;  and  since  the  changes  of  motion  of  one  and  the 
same  body  are  in  the  directions  of,  and  proportional  to, 
the  changes  of  velocity, — a  single  force  measured  by  the 
resultant  change  of  velocity,  and  in  its  direction,  will  be 
the  equivalent  of  any  number  of  simultaneously  acting 
forces.'*    (Thomson  and  Tait.) 

The  resultant  of  two  forces  acting  upon  a  point  may 
therefore  be  found  from  the  parallelogram  or  triangle  of 
forces ;  and  that  of  several  forces  so  acting,  by  the  poly- 
gon of  forces,  in  precisely  the  same  manner,  either  by 
construction  or  calculation,  as  the  resultant  of  two  or 
more  velocities  under  the  same  conditions  was  obtained 
in  the  chapter  on  Kinematics  (36). 

Examples.— Thus,  to  obtain  the  resultant  of  several  forces  in  one 
plane  by  construction  :  **Draw  a  set  of  lines,  one  after  the  other, 
without  taking  the  pen  off,  parallel  to  and  in  the  same  sense  as  the 
successive  forces  acting  on  the  body,  and  proportional  to  them  in 
magnitude ;  then  the  line  required  to  complete  the  polygon  taken  in 
the  reverse  sense,  i.e.,  drawn /rom  the  starting-point,  will  be  the  re- 
sultant in  magnitude  and  direction."    (Lodge.) 

Analytically  the  resultant  of  two  forces  may  be  found  from  the 
equation  JR'  =  P^  +  Q'^-\-2PQ  cos  a,   where  R 
represents  the  resultant  and  P  and  Q  the  com- 
ponent forces,  a  being  the  angle  between  their 
directions.    From  this  equation  the  magnitude 
R  is  directly  obtained.     In  the  triangle  (Fig. 
29),  whose  sides  are  P,  Q,  and  -R,  the  angle  or, 
supposed  given,  is  equal  to  fi-^-y  \  and  <5  =  180** 
—  (/^+>')  =  180°  — tr.     Hence,  since  the  sides 
of  a  triangle  are  proportional  to  the  sines  of  the  opposite  angles, 
we  have  sin  fi  x^xn  6  :\Q  i  R,    This  gives  the  angle  P  which  the 
resultant  R  makes  with  the  force  P. 

Or  the  forces  may  be  resolved  along  co-ordinate  axes,  and  the 
resultant  of  two  or  more  forces  found  from  these  components  in  the 
manner  described  for  the  compounding  of  motions  and  velocities 
(40). 

It  should  be  noted  that  the  formula  i?«  =  P*  -f  (?'  -f  2PQ  cos  a 
is  absolutely  general.  For  example,  if  the  two  forces  P  and  Q  are 
equal,  the  formula  becomes  R*  =  2P*  +  2P'  cos  a  or2P'(l  -f  cos  nr) 
=  iP*  cos'  ia  ;  whence  R=  ^P  cos  ia.  If  ex  z=z  0,  the  forces  act 
along  the  same  line,  cos  ia  -=1,  and  they  are  both  positive.  Hence 
R  =  2P,  or  the  resultant  is  the  arithmetical  sum  of  the  components. 
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If  a  =  180%  cos  ia  =  0,  and  i2  =  0  ;  or  the  resultant  is  the  differ- 
ence of  the  components.  If  the  forces  are  not  equal,  then  in  the 
first  case  R  =  P  +  Q,  and  in  the  second  R  =  P—  Q.  If,  in  the  gen- 
eral formula,  a  =  90°,  cos  o:  =  0,  and  the  components  being  at  right 
angles,  12'  =  P'  +  (?'.  If  now  the  component  forces  be  equal,  the 
resultant  is  P  V^  in  magnitude  and  is  inclined  45°  to  each  com- 
ponent. (Consequently  whenever  the  forces  are  equal  the  resultant 
bisects  the  angle  between  them. 

80.  Action  of  Force  in  producing:  Rotation.—Mo- 
ment  of  a  Force. — When  a  force  acts  on  a  particle,  it 
produces  motion  of  translation  only.  When  a  force 
acts  upon  a  rigid  bodj^  however,  it  may  produce  both 
translation  and  rotation,  according  to  the  number  of  de- 
grees of  freedom  of  the  body  (45).  If  two  points  be 
fixed  within  it,  the  body  has  only  one  degree  of  free- 
dom, and  can  only  rotate  about  a  line  drawn  through 
these  points  as  an  axis.  The  effect  of  a  force  in  pro- 
ducing rotation  depends  not  alone  upon  the  impulse  of 
the  force,  i.e.,  the  product  of  its  magnitude  by  the  time 
during  which  it  acts,  but  also  upon  the  distance  of  its 
point  of  application  from  the  axis  of  rotation.  Hence, 
calling  this  distance  r,  the  effect  of  the  force  is  measured 
by /i5r ;  which  may  be  called  the  moment  of  the  impulse 
(46).  If  the  angular  velocity  produced  be  g?,  the  an- 
gular momentum  or  the  moment  of  momentum  gen- 
erated will  be  2{mr*)(jO  or  2{mr8)  (72).  But  this 
moment  of  momentum  must  be  equal  to  the  moment  of 
the  generating  impulse.     Hence  we  have 

frt  =  2{mr^)a) ; 

or,  calling  2{mr%  the  moment  of  inertia,  /, 

frt  =  I  CO.  [21] 

Since  co,  the  angular  velocity,  is  equal  to  at,  the  product 
of  the  angular  acceleration  and  the  time,  we  may  write, 

4        1  IX'  /^       moment   of    force 

Angular     acceleration  =  a  =  <y-  = ^—, r-, 

I        moment  of  inertia 
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analogous  to  the  equation  for  translatory  acceleratioUi 

,      ,.  /         force 

acceleration  =  a  =  —  = 


m       inertia. 

81*  Composition  and  Resolution  of  Parallel  Forces. 

— ^When  several  forces  act  on  a  rigid  body,  they  may 
hare  a  common  point  of  application,  or  each  of  them 
may  have  a  separate  point  of  application.  Since,  how- 
ever, forces  in  one  plane  whose  directions  are  not  parallel 
must  intersect  if  produced,  and  since  each  of  the  forces 
may  be  transferred  along  its  line  of  action  to  the  point  o\ 
intersection,  non-parallel  forces  acting  upon  diflferenl 
points  of  a  body  may  be  compounded  from  the  point  ot 
intersection  according  to  the  methods  already  described 
(79).  There  remains  then  only  the  case  of  parallel 
forces.  The  resultant  of  a  number  of  parallel  forces 
acting  on  different  points  of  a  rigid  body  is  in  magni- 
tude equal  to  the  algebraic  sum  of  the  forces,  and  has 
the  direction  of  the  greater.  As  to  its  point  of  applica- 
tion, this  may  be  found  when  the  two  forces  are  like 
or  have  the  same  sense,  i.e.,  act  in  the  same  direction, 
by  the  following  construction  : 


M  n 

\.^  iD  ^ 


Compound  the  two  parallel  forces  P  and  Q  (Fig.  80)  acting  at  A 
and  B  with  the  iwo  equal  and  opposite 
forces  AM  and  BM  acting  on  the  same 
points.  The  resultant  of  Pand  AM  will 
be  ^C;  that  of  Q  and  -Bif  will  be  BD. 
Let  E  be  their  point  of  intersection. 
Now  at  E  resolve  BD  and  AC  into  com- 
ponents parallel  to  P  and  Q  and  to  AM 
and  BM,     Then  at  E  we  shall  have  (o)  Fio.  80. 

two  equal  and  opposite  components  parallel  to  AB  which  may  be 
removed,  since  their  resultant  is  zero  ;  and  (6)  two  components  paral- 
lel to  P  and  Q  and  each  equal  to  one  of  these  forces  in  magnitude. 
The  resultant  of  these  latter  components  is  evidently  their  sum,  and 
this  resultant  is  applied  at  the  point  E.  But  since  a  force  may  be 
transferred  to  any  point  on  its  line  of  action,  the  place  of  application 
of  the  resultant  of  P  and  Q  is  the  point  F^  where  a  line  drawn 
through  E^  parallel  to  the  directions  of  P  and  $,  cuts  the  line  AB. 
FR  is  therefore  the  resultant. 
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A  similar  constructioii  may  be  employed  when  the  forces  are 

B^^  unlike;    i.e.,   are  of  contrary 

!  "^v^^^"*^-  sense,  as  P  and  Q  in  the  fig- 

1        \^^        """*^*r^:z- -^Q  nre  (Fig.  31).    Compounding 

t\. -i^^ Mj — lIZi-Jp  Q  with  BMwe  have  BD ;  and 


''x         1  from  P  and  AM  we  have  AC. 

^X  !  Producing  these  resultant  di- 

r     "^c  rections,  they  intersect  at  E; 

^o-  J"*  from  which  drawing  Eli  paral- 

lel to  APy  we  have  FR  as  the  resultant. 

It  will  be  observed  (1)  that  the  point  of  application  of 
the  resultant  lies  between  the  points  of  application  of 
the  components  when  the  forces  have  the  same  sense  ; 
(2)  that  it  is  outside  these  points  on  the  line  joining 
them  when  these  forces  are  of  contrary  sense  ;  and  (3) 
that  in  both  cases  it  is  nearer  to  the  greater  force.  In  gen- 
eral the  point  of  application  of  the  resultant  divides  the 
line  joining  the  forces,  or  this  line  produced,  into  seg- 
ments which  are  inversely  proportional  to  the  magni- 
tude of  the  forces.  In  all  cases  P  :  Q  ::  BF :  AF. 
Hence  the  resultant  is  completely  determined. 

82.  Equal    and   Unlike  Parallel   Forces.— Couples. 

— One  case  of  great  importance  remains  to  be  provided 
for.     If  the  two  unlike  forces  are  equal,  then,  in  the  con- 
struction given  above,  the  diagonals  AC  and  BD  of  the 
parallelograms  will  be  parallel  and  therefore  can  inter- 
sect only  at  infinity.     Hence  such   a  pair   of  parallel 
forces  can  have  no  resultant.     Taken  together  they  con- 
stitute a  couple,  and  their  only  effect  is  to  produce  rota- 
tion.    The   efficiency  of  a  given   couple   in   producing 
rotation  is  proportional  to  the  magnitude  of  either  of  the 
forces  multiplied  by  the  perpendicular  distance  between 
the   forces ;   this  distance  being  called  the  arm  of  the 
couple,  and  the  product  the  moment  of  the  couple.     Ob- 
viously the  moment  of  a  couple  about  any  point  is  inde- 
pendent of  the   position  of  that  point.     The  axis  of  a 
couple  is  a  line  perpendicular  to  the  plane  of  the  couple 
whose  magnitude  and  direction  represent  respectively 
the  magnitude  of  the  moment  and  the  direction  of  rota- 
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tion.  If  the  plane  of  the  couple  be  horizontal,  and  the 
direction  of  rotation  is  counter-clockwise  or  positive, 
the  axis  of  the  couple  rises  above  the  plane ;  falling  be- 
low it  if  the  rotation  is  negative.  Since  a  couple  is  com- 
pletely represented  by  its  axis,  couples  may  be  com- 
pounded and  resolved  with  reference  to  their  axes  in  the 
same  manner  as  forces  and  velocities  may  be  with  refer- 
ence to  the  lines  which  directly  represent  them. 

Section  III. — Statics. 

83.  Equilibrium. — As  already  stated  (68)  Statics  is 
that  branch  of  Dynamics  which  investigates  the  action  of 
force  in  maintaining  bodies  in  equilibrium.  If  but  one 
force  act  upon  a  rigid  body,  the  body  must  move  and 
this  in  the  direction  in  which  the  force  acts.  But 
if  several  forces  so  act,  these  forces  may  be  so  distrib- 
uted as  not  to  affect  the  condition  of  the  body  in  any 
way  whatever.  Since  both  motion  and  rest  are  equally 
normal  conditions  of  matter,  matter  is  said  to  be  in 
equilibrium  when  no  change  is  going  on  in  its  condition. 
Matter  in  motion  is  in  equilibrium  when  its  acceleration 
is  zero.  Matter  at  rest  is  in  equilibrium  when  the  re- 
sultant of  all  the  forces  acting  upon  it  is  zero.  The 
conditions  of  equilibrium  then  are  simply  the  conditions 
under  which  acceleration  is  impossible ;  or  those,  in 
other  words,  under  which  rest  is  possible. 

Examples. — Thus  a  book  lying  upon  a  table  is  in  a  state  of  static 
equilibrium,  since  the  forces  acting  upon  it  are  balanced  and  their 
resultant  is  zero.  A  bucket  descending  into  a  well  with  constant 
speed  is  in  a  state  of  kinetic  equilibrium,  because  since  its  speed  is 
constant,  its  acceleration  is  zero. 

84.  Oouditions  of  Equilibrium  of  a  Particle. — The 
condition  of  equilibrium  for  two  forces  which  act  upon 
a  particle  is  only  that  their  resultant  shall  be  zero. 
For  this  to  be  true,  it  is  necessary :  1st,  that  the  two 
forces  be  equal ;  2d,  that  they  act  along  the  same  straight 
line ;  and  3d,  that  their  directions  be  opposite.  But  this 
proposition  may  be  readily  extended  to  any  number  of 
forces,  since  in  order  for  them  to  have  a  zero  resultant. 
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it  is  necessary  only  that  the  resultant  of  certain  of  the 
forces  be  equal  and  opposite  to  that  of  all  the  rest.  If 
the  forces  be  three  in  number,  for  example,  one  of  them 
must  evidently  be  equal  and  opposite  to  the  resultant  of 
the  other  two.  Hence  two  of  the  forces  must  meet  in  a 
point,  through  which  their  resultant  passes.  The  third 
must  evidently  lie  in  the  same  plane  with  the  others, 
must  act  on  the  same  point,  and  must  be  equal  in  mag- 
nitude and  opposite  in  direction  to  this  resultant.  But 
this  is  equivalent  to  saying  that  for  three  forces  to  be  in 
equilibrium,  it  is  necessary  only  that  the  three  forces 
represent  in  magnitude  and  direction  the  sides  of  a 
closed  triangle,  taken  in  order.  On  the  same  principle 
any  number  of  forces  acting  on  a  particle  will  keep  it  in 
equilibrium  if  these  forces  can  be  represented  by  the 
sides  of  a  closed  polygon,  parallel  to  the  several  forces 
and  taken  in  order.  We  have  already  seen  (79)  that  in 
an  unclosed  polygon,  whose  sides  are  parallel  (or  per- 
pendicular) to  and  proportional  to  a  number  of  forces, 
the  open  side  drawn  from  the  initial  point  represents  the 
resultant  of  all  the  forces.  Consequently  if  the  open  side 
be  drawn  to  the  initial  point,  it  represents  a  force  equal 
and  opposite  to  the  resultant  Since  no  line  is  required 
to  complete  a  closed  polygon,  the  system  of  forces  it 
represents  has  no  resultant. 

Examples.— Thus  the  two  equal  forces  08  and  OR  (Fig.  32) 

acting  on  the  particle  0  in 
opposite  directions,  will  main- 
tain it  in  equilibrium.  And 
the  three  forces  OP,  OQy  and 
08  will  also  have  a  zero  result- 
ant if  08  be  opposite  and  equal 
to  OR,  the  resultant  of  OF 
and  OQ,  The  above  conditions 
of  equilibrium  are  here  fulfilled 
since  the  forces  may  be  represented  in  magnitude  and  direction 
by  OP,  PR,  and  RO,  the  three  sides  of  the  triangle  OPR,  taken  in 
order. 

Another  criterion  of  equilibrium  may  also  be  men- 
tioned.    If  several  forces  act  upon  a  particle  and  these 
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forces  be  resolved  along  any  three  straight  lines  not  in 
one  plane,  the  particle  will  be  in  equilibrium  if  the  sum 
of  the  component  portions  along  these  lines  is  equal  to 
zero. 

85.  Conditions  of  Eqailibriam  of  a  Rlgrid  Body. — 
Under  the  conditions  named  above  no  motion  of  transla- 
tion is  possible ;  but  if  the  forces  act  upon  a  rigid  body 
there  may  still  be  motion  of  rotation.  In  order,  there- 
fore, that  there  should  be  no  rotatory  motion  additional 
conditions  are  required.  The  most  general  condition 
for  no  rotation  is  that  the  moments  of  all  the  forces 
about  every  possible  point  or  axis  of  rotation  shall  have 
zero  for  their  algebraic  sum.  If,  however,  we  limit  the 
motion  of  the  body  to  one  plane,  and  if,  at  the  same 
time,  this  be  the  plane  in  which  the  forces  act,  it  is  ob- 
viously quite  sufficient  in  order  to  maintain  the  body  in 
equilibrium  (1)  that  there  be  no  resultant  force  along 
any  two  intersecting  straight  lines  drawn  in  this  plane, 
and  (2)  that  the  algebraic  sum  of  the  moments  round 
any  point  in  the  plane  be  equal  to  zero. 

Section  IV. — Friction. 

86.  Reaction  of  Surfaces  in  Contact. — Whenever 
the  plane  surfaces  of  two  bodies  are  in  contact,  these 
surfaces  being  inclined  to  the  horizontal,  a  stress  exists 
between  them,  and  the  upper  surface  presses  on  the 
lower  with  a  force  which  is  proportional  to  the  weight 
of  the  upper  body.  At  the  same  time  the  lower  surface 
reacts  against  this  pressure ;  so  that  when  in  equilibrium 
the  downward  action  due  to  the  weight  of  the  body  is 
exactly  equal  to  the  upward  reaction  of  the  lower  sur- 
face, the  direction  of  these  two  opposite  forces  making 
an  angle  with  this  surface.  Eesolve  now  the  reaction  of 
the  lower  surface  into  two  components,  one  perpendicu- 
lar to  this  surface  and  the  other  parallel  to  it.  The 
former  component  is  called  the  pressure  and  the  latter 
the  friction  between  the  surfaces.  If  the  last-named 
component  be  absent,  the  surface  is  said  to  be  smooth  ; 
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a  smooth  surface  being  defined  as  a  surface  capable  of 
exerting  pressure  upon  another  surface  only  in  a  normal 
direction.  Ordinarily,  however,  both  components  are 
present  and  the  surface  is  said  to  be  rough;  a  rough 
surface  being  one  capable  of  exerting  pressure  in  other 
directions  besides  the  normal  one.  Evidently,  a  smooth 
surface  offers  no  resistance  to  motion  along  it.  But 
such  a  surface  is  unattainable  in  practice ;  and  hence 
every  actual  surface,  even  when  most  highly  polished, 
must  be  considered  a  rough  surface,  since  it  exerts 
pressure  in  other  directions  than  the  normal  one. 

87.  Statical  Friction. — A  body  at  rest  upon  a  plane 
surface  is  so,  obviously,  because  the  reaction  of  the 
23lane  upon  it  is  equal  in  magnitude  and  opposite  in  di- 
rection to  the  resultant  of  all  the  other  forces  acting  on 
it.  If  the  plane  be  inclined,  the  component  of  its  weight 
acting  down  the  plane  is  balanced  by  the  component  of 
the  reaction  of  the  plane  itself,  parallel  to  the  plane,  and 
acting  up  the  plane ;  i.e.,  by  the  friction.  So  that  in 
general,  whenever  force  is  applied  to  a  body  to  slide  it 
along  a  surface,  a  resistance  is  developed  acting  in  the 
contrary  direction  and  tending  to  prevent  the  motion. 
This  resistance  is  called  friction.  So  long  as  the  body 
does  not  move,  the  friction  developed  is  exactly  equal  to 
the  acting  force.  But  as  the  latter  increases  in  value, 
it  finally  overcomes  the  friction,  which,  having  reached 
a  maximum,  can  increase  no  more.  The  resistance  to 
be  overcome  in  starting  a  body  from  rest  is  called 
statical  friction. 

88.  Coefficient  of  Friction. — Before  motion  actually 
takes  place,  the  statical  friction  actually  developed  is 
only  that  Required  to  balance  the  acting  force  and  to 
prevent  the  motion.  At  first,  as  the  force  increases,  the 
friction  increases  with  it ;  but  as  there  is  a  limit  to  the 
friction  which  can  be  thus  called  out,  this  limiting  value 
is  finally  reached  and  the  body  slides  along  the  surface. 

Examples.— Place  a  wooden  block  on  a  planed  board.  When  the 
board  is  horizontal  (Fig.  33)  observe  that  the  reaction  R,  which  is 
wholly  vertical,  is  therefore  perpendicular  to  the  surface.    If  now 
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the  board  be  inclined,  the  reaction  is  no  longer  perpendicular  to  the 
surface,  and  a  component  F  of  the  reaction  is  developed  (Fig.  84) 


4b 


FlO.  83. 


Fia.  86. 


parallel  to  the  surface  and  acting  to  prevent  sliding.    This  is  the 
friction-component.    As  the  angle  of  the  plane  increases,  the  fric- 
tion-component J?' increases  and 
'.he  pressure-component  P  de- 
creases (Fig.  35).     Hence -Fs 
W  sin  a  and  P  =  W  cos  a,  and 
F/P  =  tan  a.    Now  experiment 
shows  that  for  every  two  sub- 
stances in    contact,    one   will 
begin  to  slide  upon  the  other 
whenever   the   angle    a,    and 
therefore  the  ratio  F/P,  attains 
a  certain  value  ;  the  weight-component  down  the  plane  overbalancing 
finally  the  friction-component  of  the  reaction. 

This  limiting  value  of  the  ratio  of  the  friction-com- 
ponent along  the  plane  to  the  pressure- component 
perpendicular  to  it  is  called  the  coefficient  of  friction  and 
is  generally  represented  by  /^.  It  evidently  depends 
upon  the  nature  of  the  substances  whose  surfaces  are  in 
contact,  and  it  is  found  to  be  independent  of  the  size 
and  shape  of  these  surfaces. 

89.  Angle  of  Repose. — Whenever  a  body  is  placed 
on  a  plane  surface  and  the  surface  is  gradually  inclined, 
an  angle  of  inclination  is  finally  reached,  as  we  have 
seen,  when  the  body  begins  to  slide  ;  this  angle  depend- 
ing on  the  coefficient  of  friction  yw.  Since  ^  =  -F/P,  we 
have  evidently  F  =  ywP ;  so  that  the  limiting  value  of  F^ 
or  the  friction,  is  the  product  of  the  coefficient  and  the 
pressure.  Since  ^  is  constant,  while  F  increases  and  P 
decreases  with  the   angle  of  inclination,  this  limiting 
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value  is  readily  reached.  Inasmuch,  however,  as  ;i  = 
F/P  =  tan  a,  the  limiting  value  ot  F  =  P  tan  a,  and  the 
angle  at  which  sliding  is  just  about  to  take  place  is  the 
angle  whose  tangent  is  F/P.  But  the  angle  of  inclina- 
tion of  the  plane  is  equal  to  the  angle  which  the  reaction 
of  the  plane  makes  with  its  normal.  Hence  when  the 
tangent  of  this  latter  angle  is  equal  to  the  coeflScient  of 
friction,  sliding  is  just  about  to  begin.  In  consequence 
this  angle  is  called  the  limiting  angle  of  friction,  or  the 
angle  of  repose. 

COEFFICIENTS  OF  FRICTION  (Morin). 

Coef.  (Statical). 

Steel  on  Glass  (polished) Oil 

Marble  on  Marble  (polished) 0*16 

Wrought-iron  on  Brass 0*17 

Steel  on  Cast-iron 0-20 

Marble  on  Birch   O'ii 

Oak  on  Oak  (fibres  parallel) 048 

Wrought-iron  on  Oak  (fibres  parallel)  0*62 

Birch  on  Birch 0-64  32°  38' 

00.  Angle  of  Resistance. — Let  a  body  of  weight  W 
be   placed   on  a  horizontal  surface  (Fig.  36),  and  let 

traction  be  applied  to  it  by 
means  of  a  cord  passing  over 
a  pulley  and  supporting  a 
weight  F,  In  this  case  we 
have  two  forces  at  right 
angles  acting  on  the  body : 
its  weight  producing  the 
pressure  P,  and  the  traction 
Fio.  36.  °^*"       ^'9  *^d  ^y  ^^^  parallelogram 

of  forces  F/P  =  tan  a  =  /x. 
Hence  the  line  of  action  of  the  resultant,  and  of  course 
the  direction  of  the  actual  reaction  also,  will  be  the 
diagonal  of  a  parallelogram  of  which  F  and  P  are  the 
sides.     Calling  T  this  reaction,  we  have  from  the  figure 


Angle. 
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P  =z  T  cos  a  and  F=  T  mi  or.  Evidently,  therefore, 
the  body  will  not  slide  unless  the  tangent  of  the  angle  a 
between  the  resultant  and  the  perpendicular  to  the 
surface  be  greater  than  the  ratio  F/P  or  /^.  When 
tan  a  =  F/P  or  /^,  the  angle  a  has  its  maximum  or 
limiting  value ;  and  it  is  then  called  the  limiting  angle  of 
resistance. 

In  a  similar  way,  if  a  rod  AB  be  made  to  exert  force 
upon  the  top  of  the  block  G  represented  in  the  figure 
(Fig.   37),  and   this   rod  be   gradually  inclined   to   the 
vertical,   a   component    of    the 
force  will  be  developed,  acting 
to  move  C  along  the  plane  D ; 
this   component   being   antago- 
nized by  the  friction  between  the 
surfaces  up  to  a  certain  point.  ^i 

When    this    point    is    reached,   — I  n    '     I  < 

the    component    of     the    force  pio.  87. 

acting  along  the  plane  to  move 

the  block  is  exactly  equal  to  the  friction  ;  and  the  angle 
made  by  the  rod  with  the  vertical,  which  is  also  that 
made  by  the  direction  of  the  reaction  with  the  vertical, 
is  the  angle  whose  tangent  is  the  ratio  of  the  horizontal 
component  of  the  force,  or  its  equal  the  friction  F,  to 
the  vertical  component,  or  its  equal  the  pressure  P ;  i.e., 
is  a  when  tan  a  =  F/P  or  yw.  In  this  case  also,  a  is  the 
limiting  angle  of  resistance.  If  the  force  T  exerted  by 
the  rod  be  resolved  along  the  surface  and  perpendicular 
to  it,  T  sin  a  will  represent  the  sliding  component,  and 
T  cos  a  the  pressure-component.  If  the  ratio  of  these 
components  be  less  than  ^  or  be  equal  to  it,  i.e.,  if  the 
sliding-component  be  equal  to  or  less  than  /^  times  the 
pressure-component,  there  will  be  no  sliding. 

If,  under  the  conditions  shown  in  the  figure,  force  be 
exerted  in  the  direction  of  the  arrow  tending  to  slide  D 
upon  the  surface  FE,  it  is  evident  that  the  block  (7,  and 
with  it  the  end  of  the  rod  5,  will  be  pushed  in  the  same 
direction ;  and  further,  that  if  the  rod  be  fixed  at  A^  a 
great  pressure  will  be  produced  on  C  tending  to  prevent 
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&nj  motion.    Such  a  device  as  this  is  called  a  friction- 

grip. 

91.  Kinetical  Friction. — Experiment  shows  that  the 

force  required  to  maintain  a  body  in  motion  is  less  than 
that  required  to  start  it  originally ;  and  hence  that  the 
coefficient  of  kinetical  friction,  /c,  or  the  ratio  of  the  resist- 
ance  to  the  pressure  experienced  by  a  bodj'  actually  in 
motion,  is  less  than  the  coefficient  of  statical  or  starting 
friction,  /i.  Moreover,  surfaces  in  motion  relatively,  may 
slide  upon  or  roll  over  each  other;  whence  kinetical 
friction  may  be  of  two  sorts,  sliding  friction  and  rolling 
friction,  the  latter  being  much  the  smaller.  The  value 
of  /c  in  general  has  been  found  to  be  for  metal  upon 
metal  about  0*18,  for  wood  upon  wood  about  0*36,  and 
for  wood  upon  metal  about  0*42.  By  the  use  of  lubri- 
cating materials  the  friction  is  greatly  reduced;  these 
coefficients  being  diminished  by  the  use  of  tallow  to  the 
values  009,  0*07,  and  0*08,  respectively. 

92.  Laws  of  Friction. — The  laws  of  friction  have 
been  obtained  solely  by  experiment.  As  usually  given, 
they  are  three  in  number,  as  follows : 

Isi  The  friction  is  directly  proportional  to  the  normal 
pressure  between  the  surfaces  in  contact,  and  is  equal  to 
this  pressure  multiplied  by  the  friction-coefficient 

2d.  The  friction  depends  only  on  the  nature  of  the 
surfaces  in  contact,  and  is  independent  of  the  size  or 
shape  of  these  surfaces.  Evidently  if  P  be  the  total 
pressure,  and  a  the  area  of  the  surfaces  in  contact,  P/a 
will  be  the  pressure  per  unit  of  area.  But  to  this,  by 
the  first  law,  the  friction  per  unit  of  area  is  proportionaL 
Hence  the  friction  over  the  entire  area,  a  units,  which  is 
a  times  the  friction  over  unit  area,  is  aP/a^  or  P;  and 
the  friction  is  independent  of  a. 

3d.  Kinetical  friction  is  in  general  less  than  statical 
friction.  But  when  the  motion  is  once  established,  the 
friction  is  found  to  be  independent  of  the  speed. 

Examples. — Since  friction  always  appears  as  a  resistance  to 
motion,  it  is  in  some  cases  of  the  greatest  utility.     Without  friction 
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an  arch  would  not  stand,  a  nail  or  a  screw  would  be  useless,  and  a 
railway  train  could  not  leave  the  station.  The  transmission  of 
power  by  belting  would  be  impossible  were  it  not  for  the  friction  of 
the  belt  upon  the  pulley.  On  the  other  hand,  when  motion  is  to  be 
maintained  between  two  surfaces,  friction  becomes  a  serious  disad- 
vantage. To  diminish  it  the  surfaces  are  made  as  smooth  as  possi- 
ble and  then  lubricated  ;  and  wherever  possible,  sliding  is  converted 
into  rolling  friction. 
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CHAPTER  III. 
WOEK  AND  ENEEGY. 

Section  I. — Work  and  its  Measurement. 

93.  Defiuitiou  of  Work. — Whenever  a  body  is 
made  to  move  through  a  certain  distance  against  re- 
sistance, work  is  said  to  be  done ;  and  the  amount  of 
work  so  done  is  proportional  jointly  to  the  resistance 
overcome  and  to  the  distance  through  which  it  is  over- 
come. If  we  call  force  that  which  produces  the  motion, 
then,  since  resistance  is  measured  by  the  force  required 
to  overcome  it,  the  work  done  is  represented  by  the  prod- 
uct of  the  force  into  the  distance  through  which  it  acts. 
The  dimensions  of  work  are  therefore  MUT'^, 

Examples. — To  lift  a  mass  of  iron  from  the  floor  to  a  table  re- 
quires that  a  resistance  due  to  the  weight  of  the  iron  be  overcome 
through  a  distance  equal  to  the  height  of  the  table.  So,  on  the  same 
principle,  work  is  done  in  raising  coal  from  a  mine,  in  lifting  stone 
to  the  top  of  a  building,  and  in  pumping  water  into  a  reservoir.  As 
illustrations  of  other  resistances  than  weight  to  be  overcome,  the 
work  done  in  drawing  a  loaded  train,  in  compressing  a  spring,  in 
condensing  air  into  a  hollow  cylinder,  in  separating  a  piece  of  iron 
from  a  magnet,  may  be  mentioned. 

94.  Measurement  of  Work. — Work,  like  every 
other  physical  quantity,  is  measured  in  terms  of  a  defi- 
nite amount  of  its  own  kind,  arbitrarily  chosen.  In  the 
C.  G.  S.  system  this  quantity  is  called  an  erg  (from 
epyoVy  work).  Since  work  is  proportional  to  the  prod- 
uct of  the  force  acting  and  the  distance  through  which 
it  acts,  we  may  write  as  the  equation  of  work  tv  =/L 
Evidently  if  /  and  I  be  both  unity,  iv  will  also  be  unity  ; 
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in  other  words,  a  unit  of  work  is  done  by  a  unit  force 
acting  through  a  unit  distance.  Inasmuch  as  in  the 
C.  G.  S.  system  the  unit  of  force  is  a  dyne  and  the  unit 
of  distance  is  a  centimeter,  their  product,  a  dyne-centi- 
meter, is  the  amount  of  work  called  an  erg.  Since  this 
unit  is  so  small  as  to  require  the  use  of  excessively  large 
numbers  in  expressing  ordinary  quantities  of  work,  mul- 
tiples of  it  by  1000,  by  1  000  000,  by  10  000  000,  and  by 
10  000  000  000  are  in  use.  These  larger  units  are  called 
respectively  a  kilerg,  a  megerg,  a  joule,  and  an  erg-ten. 

Since  the  weight  of  a  gram-mass,  as  will  be  subsequently  shown, 
represents  about  980  C.  G.  S.  units  of  force,  the  work  done  in  rais- 
ing the  weight  of  a  gram  through  one  centimeter,  which  is  called  a 
gram-centimeter,  is  equal  to  980  ergs.  To  raise  a  kilogram  through 
one  centimeter,  a  kilogram-centimeter  of  work  must  be  done,  equal  to 
980,000  ergs  ;  or  nearly  a  megerg.  To  raise  a  kilogram  through  one 
meter  requires  one  kilogram-meter  of  work,  equivalent  to  98  000  000 
ergs  or  to  9*8  joules. 

95.  Graphic  Representation  of  Work. — Since  work 
is  a  product  of  two  factors,  it  may  evidently  be  repre- 
sented by  an  area  whenever  the  two 
factors  are  suitably  represented  by 
lines.  Thus  when  a  uniform  force/ 
acts  through  a  distance  Z,  the  work 
done,  which  is/Z,  maybe  represented 
by  the  area  of  the  rectangle  (Fig. 
38),  the  product  of  the  ordinate  repre- 
senting/, and  of  the  abscissa  representing  I.  If  the  force 
be  uniformly  variable,  i.e.,  if  it  increase  uniformly  from 
zero  to  the  value  /,  then  the  work 
done,  being  the  product  of  the  mean 
or  average  value  of  the  force  into 
the  distance,  will  be  i/i;  since 
i(0  +/),  or  half  the  sum  of  the 
initial  and  final  values,  equals  ^/. 
But  the  area  of  the  triangle  (Fig.  39), 
which  is  half  the  product  of  the  base  by  the  height, 
is  also  i/Z. 

In  case  the  force  does  not  vary  uniformly,  the  work 
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done,  which  is  always  represented  by  the  product  of  the 
mean  force  into  the  distance,  is  still  the  area  of  the 
figure  enclosed  between  the  curve-line  representing  the 
variation  of  the  force,  the  axis  of  abscissas,  and  the 
two  ordinates ;  the  distance  between  these  ordinates  rep- 
resenting  the  space  through  which  the  force  acts.  Thus 
suppose  air  be  compressed  in  a 
cylinder.  Let  Oa  (Fig.  40)  be  the 
volume  and  Aa  the  pressure  at  the 
beginning  of  the  operation.  During 
the  compression  let  the  volume  di- 
minish to  Ob  and  the  pressure 
increase  to  Bb.  The  force  will  not 
vary  uniformly,  and  hence  A  and  B 
will  be  connected  by  a  curve-line  A  CB  drawn  from  A 
to  B.  The  area  aABby  however,  will  still  represent  the 
work  done  upon  the  air  during  the  compression.     If 
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now  the  air  be  made  to  expand  again  to  its  original  vol- 
ume in  such  a  way  as  to  do  more  work  than  was  origi- 
nally expended  upon  it,  then  the  new  curve  BDA  drawn 
from  J?  to  ^,  representing  the  variation  of  pressure  and 
volume,  will  be  above  the  compression-curve  (Fig.  41). 
If  less  work  is  done  in  the  expansion  than  in  the  com- 
pression, then  the  new  curve  BEA,  which  is  drawn 
also  from  ^  to  -4,  is  below  the  compression-curve,  as 
shown  in  Figure  42.  The  work  done  in  expansion  in 
both  these  cases  is  represented  by  the  areas  aABb  in  the 
two  diagrams.  Combining  now  both  operations  in  one, 
so  as  to  represent  a  complete  cycle  and  to  return  the  air 
to  its  initial  volume  and  pressure,  we  have  two  condi- 
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tions  according  as  the  curve  of  compression  is  united 
with  the  one  or  the  other  expansion-curve.  In  the  for- 
mer case  (Fig.  43)  the  work  done  by  the  gas  is  greater 
than  that  done  upon  it ;  and  this  by  the  area  ACBD ; 
hence  the  machine  acts  as  a  motor.  In  the  latter  the  re- 
verse is  the  case  (Fig.  44)  and  the  machine  acts  as  a  com- 
pressor ;  the  difference  being  represented  by  the  area 
AC  BE.  It  will  be  observed  that  in  the  former  case  the 
operations  of  the  cycle,  as  shown  by  the  arrows,  are  in 
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the  direction  in  which  the  hands  of  a  watch  move,  or 
negative ;  while  they  are  in  the  opposite  or  positive  di- 
rection in  the  latter. 

Such  diagrams  as  those  now  discussed  are  called 
diagrams  of  work.  Knowing  the  enclosed  area  and  the 
change  of  volume,  oft,  simple  division  gives  their  quotient 
or  the  mean  pressure  acting.  This  diagram  was  first 
suggested  by  James  Watt  to  measure  the  work  of  the 
steam-engine ;  but  Clapeyron  and  Rankine  have  greatly 
extended  its  usefulness  by  making  its  application  gen- 
eral. 

96.  Rate  of  Work.— Activity. — The  rate  at  which 
work  is  done  by  any  agent  is  called  the  activity  of  that 
agent;  and  hence  the  activity  is  obtained  by  dividing 
the  work  done  by  the  time  required  to  perform  it.  The 
unit  of  activity  is  therefore  reached  when  a  unit  of  work 
is  done  in  a  unit  of  time ;  or  in  the  C.  G.  S.  system,  when 
the  rate  of  working  is  an  erg  per  second.  The  word 
power  is  sometimes  used  to  indicate  rate  of  work. 

Examples.-— If  a  kilogram-meter  of  work  be  done  by  a  machine 
in  a  minute,  the  rate  at  which  the  machine  is  working,  i.e.,  its 
activity,  is  9  8  x  10^  divided  by  60  ;  or  somewhat  more  than  1  6  x  10' 
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erg-seconds.  The  activity  called  a  horse-power  is  7  45  xlO'  erg- 
seconds.  For  commercial  purposes,  a  larger  unit  of  activity  is  em- 
ployed called  a  watt.  The  watt  is  defined  as  10'  erg-seconds ;  or,  as 
10'  ergs  is  a  joule,  as  a  joule-second.  Hence  a  horse-power  is  745 
watts,  and  a  kilowatt  is  1  '34  horse-powers. 

Since  activity  as  above  defined  is  fl/f,  and  since 
l/t  =  s,  it  is  evident  that  activity  may  also  be  repre- 
sented as/«,  or  as  the  product  of  force  by  speed. 

97«  Work  done  in  overcouiiug^  Frictiou. — Since 
friction  is  a  resistance,  force  is  required  to  overcome  it 
And  the  product  of  this  force  into  tlie  distance  through 
which  it  overcomes  the  friction  measures  the  work  done. 
If  on  applying  a  dynamometer  to  a  tramcar,  for  example, 
it  is  found  that  25  megadynes  are  required  to  keep  it  in 
motion,  then  the  work  done  in  moving  the  car  over  a 
kilometer  will  be  2'5  X  10"  ergs  or  250  erg-tens.  If 
this  distance  is  traversed  in  seven  minutes,  the  activity 
or  rate  of  work  will  be  about  0*6  erg-ten  per  second. 

Section  II. — Energy  and  its  Transformations. 

98.  Definition  of  Energy. — ^In  all  the  cases  above 
mentioned,  the  raised  or  separated  masses,  in  virtue  of 
their  position,  i.e.,  of  their  condition  with  reference  to 
other  masses,  have  acquired  an  advantage  which  can  be 
utilized  to  reproduce,  at  least  in  part,  the  work  which 
has  been  expended  upon  them.  Bodies  upon  which 
work  has  thus  been  done  and  which  in  consequence  are 
themselves  in  a  condition  to  do  work,  are  said  to  possess 
energy.  Hence  energy  may  be  defined  as  a  condition 
of  matter  in  virtue  of  which  the  matter  may  be 
made  to  perform  work  (5).  Energy,  like  work,  is 
measured  in  ergs. 

Examples. — When  water  is  raised  to  a  definite  height  above  the 
sea,  either  by  natural  or  by  artificial  means,  every  one  knows  that  it 
may  be  made  to  do  work  by  allowing  it  to  act  upon  a  suitable  water- 
wheel.  This  water  consequently  possesses  energy.  We  commonly 
speak  of  storing  water  in  reservoirs.  But  energy  is  also  stored  at 
the  same  time,  the  amount  of  which  is  exactly  equal  to  the  work 
done  in  raising  the  water.     When  a  watch  is  wound  up,  work  is  done 
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in  coiling  the  spring ;  and  the  enepgy  thus  stored  up  in  this  spring 
is  gradually  expended  for  the  purpose  of  keeping  the  watch-train  in 
motion. 

99.  Potential  Energy. — ^The  energy  which  a  body 
possesses  in  virtue  of  its  position  has  been  called  by 
Rankine  Potential  Energy.  The  work  which  is  done 
upon  a  body  in  order  to  store  up  potential  energy  in  it 
or  in  the  system  of  which  it  forms  a  part,  is  work  which 
is  expended  in  separating  attracting  masses  or  material 
particles ;  as  will  be  more  fully  discussed  in  the  next 
chapter.  And  it  is  the  force  of  attraction  between  these 
separated  masses  which  brings  them  again  together  and 
reconverts  the  potential  energy  therein  stored  up  into 
work. 

Examples. — When  the  weight  of  a  kilogram  is  raised  throiij^h  a 
meter,  a  kilogram-meter  of  work  is  done  against  the  eartirs  attrac- 
tion, and  a  kilogram-meter  of  potential  energy  is  stored  up.  When 
an  elastic  cord  is  stretched,  the  force  applied  acts  to  overcome  the 
molecular  attraction  of  the  material ;  and  this  force  multiplied  by 
the  distance  through  which  it  acts  represents  the  potential  energy 
stored  up  in  the  extended  cord.  When  carbon  and  oxygen  are 
separated,  it  is  chemical  attraction  which  is  overcome,  and  the 
potential  energy  of  the  carbon  is  a  measure  of  the  work  done  in 
effecting  the  separation. 

100.  Kinetic  Energ^y. — When,  however,  force  is  ap- 
plied to  a  mass  of  matter,  under  circumstances  where 
no  external  resistance  is  to  be  overcome,  the  entire  force 
is  expended  in  generating  acceleration  in  the  body. 
Conversely,  when,  at  the  end  of  a  given  time,  the  body 
has  acquired  a  definite  amount  of  motion,  it  is  found  that 
the  force  necessary  to  bring  it  to  rest  in  the  same  time 
is  exactly  equal  to  that  which  was  required  to  generate 
the  motion  originally..  Hence  it  is  evident  that  energy 
may  be  stored  in  a  body  by  communicating  motion  to  it 
as  truly  as  by  moving  it  into  a  position  of  advantage 
against  attraction  ;  and  therefore  that  motion  is  one  of  the 
conditions  of  matter  above  mentioned  in  virtue  of  which 
this  matter  may  do  work.  The  energy  which  a  body 
possesses  in  virtue  of  its  motion  has  been  very  appropri- 
ately called  by  Thomson  Kinetic  Energy. 
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Examples.— Thus,  moving  water  may  be  employed  to  do  work 
just  as  really  as  raised  water.  Windmills  perform  work  in  conse- 
quence of  the  kinetic  energy  which  is  contained  in  the  air  in  motion. 
The  work  which  a  projectile  can  do  in  penetrating  the  target  is  a 
function  of  its  speed  ;  as  is  also  the  work  which  is  done  by  a  hammer 
in  driving  a  nail. 

101.  Mea>sureinent  of  Kinetic  £uergry« — Since  in  all 
cases  the  energy  of  a  body  or  system  of  bodies  is 
measured  by  the  amount  of  work  it  can  do,  it  is  evident 
that  the  kinetic  energy  in  a  moving  body  may  be  deter- 
mined in  any  case  simply  by  ascertaining  the  height  to 
which  the  body  would  itself  be  raised  against  the  earth *s 
attraction,  by  the  expenditure  of  its  own  energy. 

Thus  let  a  body  of  weight  w  be  moving  vertically  upward  with  a 
speed  s.  From  the  kinematical  principles  already  discussed  (33)  we 
see  that  I  =  5'/2a.  Or  in  other  words,  that  if  a  body  be  moving 
with  a  speed  «,  the  height  to  which  it  will  rise,  and  therefore  the 
work  which  it  will  do  in  raising  itself,  is  proportional  to  the  square 
of  8,  If  now  the  above  equation  be  converted  into  a  dynamical  one 
by  introducing  into  it  the  weight  of  the  body,  we  shall  have 

wl  =  ws^/2a,  [22] 

But  wl  represents  the  work  done  against  the  earth's  attraction  in 
raising  the  weight  w  to  the  height  I ;  and  therefore  also  represents 
the  potential  energy  stored  in  the  body  when  at  this  height.  To 
attain  this  height,  however,  the  body  has  been  projected  upward 
with  a  speed  s ;  and  in  its  course  it  has  continuously  lost  kinetic 
energy  and  acquired  potential  energy.  At  its  highest  point  it  is  at 
rest,  and  all  its  kinetic  energy  has  become  potential,  represented  in 
the  equation  by  wl^  the  first  member.  But  by  the  equation,  the 
potential  energy  wl  is  equal  to  ws^/2a.  This  therefore  must  rep- 
resent the  kinetic  energy  of  the  body  originally  when  moving  with 
the  speed  s.  If  m  be  substituted  for  its  value  w/a,  in  this  expres- 
sion, it  becomes  i^TW*.  Whence  it  follows  that  the  kinetic  energy  of 
a  mass  m  moving  with  a  speed  s  is  proportional  to  half  the  product 
of  the  mass  by  the  square  of  the  speed.  If  the  mass  be  expressed  in 
grams  and  the  speed  in  centimeters  per  second,  the  kinetic  energy 
will  be  obtained  in  ergs. 

102.  Relation  between  Kinetic  and  Potential 
Energy. — The  relation  existing  between  the  kinetic  and 
the  potential  forms  of  energy  may  be  illustrated  in 
various  ways.     If,  for  example,  the  kinematical  equation 
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««  =  2aZ  be  combined  with  the  kinetical  equation  /  = 
ma^  we  obtain 

Jtiw"  =  mal    and    \m8^  ^fl ;  [23] 

this  last  equation  expressing  the  fact  that  the  kinetic 
energy  of  a  mass  m  moving  with  a  speed  8  is  equal  to 
the  potential  energy  of  the  same  mass  under  the  action 
of  a  force/  which  would  give  it  this  speed  in  passing 
over  a  distance  I.  Hence  the  work  which  a  body  of  mass 
m  moving  with  a  speed  8  will  do  is  J^/w*.  And  the  work 
which  the  same  body  will  do  in  falling  from  a  height  I 
is  mcd.  If,  however,  the  body  fall  from  the  height  I  to 
the  height  l\  how  much  work  will  it  do?  If  it  fell  to  the 
ground,  its  speed  on  striking  would  be  in  the  first  case 
«'  =  2aZ,  and  in  the  second  8'  *  =  2(d\  Subtracting  and 
dividing  by  two,  i(«'  -»'•)  =  a{l  -  V).  But  Z  -  Z'  is  the 
distance  through  which  the  body  falls.  Calling  it  Z",  and 
multiplying  both  sides  by  m,  we  obtain  ims*  —  ^ww'" 
=  mal^\  From  which  it  appears  that  the  amount  of 
work  done  by  the  body  in  its  fall  is  equal  to  the  increase 
of  its  kinetic  energy  during  the  interval. 

103.  Transference  of  Energy. — Let  a  body  in  mo- 
tion strike  another  body  at  rest.  A  part  of  the  motion 
possessed  by  the  first  body  is  transferred  to  the  second ; 
that  of  the  first  body  being  proportionally  diminished. 
But  the  motions  of  the  two  bodies  represent  their  kinetic 
energies.  So  that  in  this  experiment,  kinetic  energy  has 
been  simply  transferred  from  one  body  to  another.  In 
common  language,  the  first  body  has  exerted  force  upon 
the  second.  Moreover,  other  things  being  equal,  the 
amount  of  force  exerted  is  obviously  the  greater,  the 
greater  the  space  over  which  the  bodies  move  while  in 
contact.  Hence  force  may  be  considered  only  as  the  rate 
at  which  energy  is  transferred  with  space. 

But  not  only  may  kinetic  energy  be  transferred  from 
one  body  to  another.  Potential  energy  is  equally  capable 
of  a  similar  transference.  When  water-power  is  employed 
to  raise  coal  from  the   pit  or  ore  from  the   mine,  for 
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example,  the  potential  energy  of  the  water  is  transferred 
to  the  coal  or  the  ore.  The  water  falls  through  a  certain 
height  and  loses  potential  energy  proportional  to  the 
product  of  the  weight  of  water  and  the  height  of  fall. 
The  coal  or  ore  gains  energy  equal  to  the  product  of  its 
weight  and  the  height  of  rise.  Since  no  transfer  of 
energy  is  perfect,  the  energy  lost  by  the  water  is  always 
greater  than  that  gained  by  the  substance  raised. 

104.  Transformations  of  £uergr>% — Again,  the  two 
forms  of  energy  above  mentioned  are  themselves  capable 
of  transformation,  the  one  into  the  other.  Whenever 
the  fall  of  water  from  a  reservoir  moves  a  water-wheel 
and  with  it  the  machinery  of  a  cotton-mill,  for  example, 
the  potential  energy  of  the  water  disappears  in  conse- 
quence of  its  fall,  and  the  kinetic  energy  of  the  water- 
wheel  and  the  shuttle  appears  in  its  place ;  and  we  say 
that  the  former  is  transformed  into  the  latter.  So  when- 
ever compressed  air  is  employed  to  drive  an  engine,  or 
a  coiled  spring  to  drive  a  train  of  wheel-work,  energy  of 
position  is  transformed  into  energy  of  motion.  A  ball 
suspended  by  a  string  and  allowed  freely  to  oscillate 
after  the  manner  of  a  pendulum,  is  an  excellent  example 
of  the  continuous  transformation  of  energy,  and  in  both 
directions.  When  at  the  highest  point  of  its  swing,  it  is 
for  an  instant  at  rest,  and  all  its  energy  is  energy  of  posi- 
tion, or  potential  energy.  But  now  it  begins  to  fall,  and  as 
it  does  so  it  acquires  the  energy  of  motion  ;  so  that  when 
it  reaches  its  lowest  point  all  its  potential  energy  is 
lost  and  its  kinetic  energy  is  a  maximum.  As  it  rises  on 
the  other  side,  its  motion  diminishes  and  its  elevation 
increases  until  it  reaches  the  end  of  its  swing  in  the 
opposite  direction,  when  all  its  energy  is  again  the 
energy  of  position.  The  total  kinetic  energy  which  it 
can  acquire  can  never  exceed  its  potential  energy ;  and 
this,  as  we  have  already  seen,  is  always  proportional  to 
the  product  of  its  mass  into  the  vertical  height  through 
which  it  has  been  raised.  Owing  to  the  resistance  of 
the  air,  some  loss  is  experienced  in  each  transformation ; 
and  so  the  oscillations  finally  cease. 
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We  have  already  intimated  that  energy  of  position  depends  upon 
the  presence  of  other  bodies  in  the  vicinity  of  the  body  in  question, 
in  virtue  of  an  attraction  taking  place  between  them  which  is  pro- 
portional to  the  masses  of  matter  concerned.  It  may  be  said, 
perhaps  more  probably,  to  depend  upon  a  condition  of  strain  in  the 
medium  between  the  attracted  masses,  the  two  aspects  of  which  are 
called  stresses  in  the  two  di  rectioiis,  or,  more  commonly,  force.  Force, 
therefore,  as  viewed  from  this  standpoint,  is  simply  one  aspect  of  a 
stress.  This  condition  of  things  may  be  well  illustrated  by  an  elastic 
band  stretched  between  two  lead-pencils.  There  is  a  stress  exerted 
between  the  pencils  which  is  due  to  the  strain  in  the  rubber  band. 
When  one  of  these  pencils  only  is  considered,  then  we  speak  of  the 
force  acting  upon  it  alone.  But  from  the  third  law  of  motion, 
action  and  reaction,  though  oppositely  directed,  are  equal.  Hence 
the  complete  phenomenon  can  be  studied  only  by  taking  both  aspects 
of  the  stress  into  the  account. 

In  general,  therefore,  whenever  two  attracting  bodies  are  sepa- 
rated, work  is  done  upon  them,  and  energy  is  stored  up,  either  in 
them  or  in  the  medium  between  them,  to  an  extent  precisely  equal 
to  the  work  done.  Since  this  principle  is  independent  of  the  size  of 
the  bodies  separated,  molecules  or  atoms  may  have  potential  energy, 
as  well  as  visible  masses.  One  gram  of  carbon  possesses  3-36  x  10" 
ergs  of  energy  stored  within  it ;  one  gram  of  hydrogen,  l-43x  10" 
ergs;  one  gram  of  zinc,5-46  x  10*"  ergs ;  one  gram  of  alcohol,  2  9  x  10" 
ergs.  The  attraction  in  these  cases  is  atomic  ;  the  stored  energy 
representing  in  all  cases  the  work  done  in  separating  the  atoms  of 
these  substances  from  the  oxygen  with  which  they  were  in  combina- 
tion. Conversely,  when  the  atoms  of  these  substances  unite  again 
with  oxygen  this  potential  energy  is  for  the  most  part  converted 
into  kinetic  energy.  Coal,  wood,  gas,  petroleum,  and  the  like,  are 
therefore  to  be  looked  upon  simply  as  substances  in  which  energy  is 
stored  ;  and  this  in  a  readily  transportable  form.  It  is  this  fact 
which  gives  them  their  commercial  value.  A  kilogram  of  coal  con- 
tains sufficient  potential  energy  stored  within  it  to  raise  a  weight  of 
3000  kilograms  to  the  height  of  1000  meters.  The  energy  of  a 
kilogram  of  zinc  would  raise  a  similar  weight  to  the  height  of  400 
meters. 

Moreover  the  same  principles  apply  equally  to  the  articles  which 
we  consume  as  food.  One  gram  of  beef  contains  664  kilogram- 
meters  of  potential  energy,  one  gram  of  bread  945,  one  gram  of 
sugar  1418,  and  one  gram  of  butter  3077  kilogram-meters.  It  is  by 
the  constant  change  of  this  potential  energy  of  food  into  other 
forms  of  energy  that  the  various  phenomena  of  the  animal  organism 
are  constantly  maintained. 

105.  Energry  of  Rotation. — In  the  above  discussion 
relating  to  kinetic  energy,  the  motion  has  been  supposed 
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to  be  one  of  translation  only.  But  the  same  principles 
apply  to  motion  of  rotation.  The  kinetic  energy  of  a 
material  particle  of  mass  m  moving  with  a  speed  «  in  a 
curvilinear  path  is  ims*,  as  we  have  already  proved  (101). 
If  the  path  be  a  circular  one,  then,  as  stated  in  the 
chapter  on  Kinematics  (43),  the  linear  speed  along  the 
arc  will  vary  precisely  as  the  arc  itself  varies ;  i.e.,  will 
vary  directly  as  the  radius  of  the  circle  and  as  the 
angular  velocity ;  hence  s  a  rco.  Consequently  the 
energy  of  a  rotating  particle  is  repres*ented  by  imr*oo* ; 
an  expression  obtained  simply  by  replacing  s  in  the 
ordinary  kinetic-energy  equation  by  its  value  in  terms  of 
the  angular  velocity  and  the  radius.  For  the  entire 
body  we  shall  have  i2mr^co* ;  and  since  2mr*  =  Mk^=If 
as  stated  (72)  in  Kinetics,  the  kinetic  energy  of  a  rotating 
body  is  represented  by  ^Mk^Go",  or  by  ^/g?'  ;  that  is  to 
say,  by  the  product  of  half  its  moment  of  inertia  and  the 
square  of  its  angular  velocity. 

106.  Varieties  of  Energy.  —  From  what  has  now 
been  said,  it  will  be  evident  (1)  that  all  bodies  which 
are  in  motion  possess  kinetic  energy,  and  (2)  that  all 
bodies  which  are  in  a  position  of  advantage  with  refer- 
ence to  the  attraction  of  other  bodies  possess  potential 
energy.  But  a  somewhat  more  special  classification  of 
the  different  varieties  of  energy  may  be  made.  These 
are  as  follows : 

L  Potential  Energy. 

1.  Strain,  whether  extension,  compression,  or 

distortion. 

2.  Gravitative  separation.  * 

3.  Chemical  separation. 

4.  Electrical  separation. 

5.  Magnetic  separation. 
Q.  Kinetic  Energy. 

1.  Translatory  or  Kotatory  motion. 

2.  Vibration,  including  sound. 

3.  Radiation,  including  light. 

4.  Heat,  both  latent  and  sensible. 

6.  Electricity  in  the  form  of  current. 
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It  therefore  appears  that  all  the  phenomena  with 
which  physics  can  concern  itself  are  phenomena  which 
depend  upon  or  are  connected  with  the  transference  or 
the  transformation  of  energy.  Every  change  in  matter 
of  whatever  nature  which  goes  on  upon  the  earth  in- 
volves a  simultaneous  energy-change.  Hence  physics 
is  properly  defined  as  that  branch  of  science  which  con- 
siders matter  simply  as  the  vehicle  of  energy  and  which 
concerns  itself  with  the  phenomena  which  attend  the 
transference  of  energy  from  one  body  to  another. 

107.  Conservation  of  Energy. — The  close  of  the 
last  century  was  made  memorable  in  science  by  the  dis- 
covery of  the  illustrious  Lavoisier  that  matter  is  inde- 
structible by  human  agency ;  and  that  consequently  the 
amount  of  matter  in  the  universe  is  constimt  (4).  So 
the  first  half  of  the  nineteenth  century  has  been  made 
equally  memorable  in  science  by  Joule,  whose  investi- 
gations have  established  the  same  great  law  for  energy. 
It  is  the  present  belief  of  science  that  energy  is  inde- 
structible and  unalterable  in  amount ;  that  the  quantity 
of  energy  in  the  universe  has  never  been  increased  or 
diminished  by  any  action  of  which  we  have  any  knowl- 
edge; and  that  while  it  is  capable  of  transformation 
from  one  variety  into  another,  the  sum  total  remains  ab- 
solutely constant  This  is  the  law  of  the  Conservation 
of  Energy  (6). 

Examples.— As  an  illust ration ,  consider  the  energy  which  comes 
to  us  in  sunlight.  Impinging  upon  our  earth,  it  raises  water  to  the 
sky  to  fall  as  rain  ;  which  rain,  collected  in  reservoirs,  becomes  the 
stored  energy  of  a  water-supply.  This  sunlight  falls  upon  the  leaf 
and,  under  the  marvellous  chemistry  there  acting,  effects  chemical 
separations  within  its  cells  and  so  stores  up  energy  there,  to  be  set 
free,  perchance  directly  as  fuel  or  the  food  of  man,  or  to  remain 
locked  up  as  coal  in  the  interior  of  the  earth,  to  be  given  out  centu- 
ries later  to  drive  the  engines  and  to  heat  the  houses  of  subsequent 
generations  of  men.  But  having  loitered  here  a  while,  this  energy 
is  carefully  collected  and  sent  on  its  way  into  space;  not  a  jot  or 
tittle  eventually  remaining  in  a  world  to  which  it  has  given  for  the 
moment  sach  unwonted  activity. 
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ATTRACTION  AND  POTENTIAL. 

Section  L — Universal  Attraction. 

108.  liaw  of  Gravitation. — It  has  been  observed 
that  under  certain  conditions  bodies  exhibit  a  tendency 
to  approach  one  another ;  and  that  if  free  to  move,  a  mo- 
tion takes  place  between  them  and  they  come  together. 
Such  a  tendency  is  called  an  attraction ;  and  the  force 
with  which  the  bodies  tend  toward  each  other  is  called 
the  force  of  attraction.  A  distinct  and  formal  recognition 
of  the  fact  that  an  attraction  is  exerted  between  all 
material  bodies  in  virtue  of  their  masses  was  first  given 
by  Newton  in  the  Principia.  From  various  parts  of  this 
great  work  Tait  has  collected  the  law  according  to  which 
this  attraction  takes  place  ;  a  law  which  has  been  called 
the  law  of  gravitation.     It  is  as  follows  : 

**  Every  particle  of  matter  in  the  universe 
attracts  every  other  particle  with  a  force 
whose  direction  is  that  of  the  line  joining  the 
two,  and  whose  magnitude  is  directly  as  the 
product  of  their  masses  and  inversely  as  the 
square   of   their   distance   from   each   other.'* 

Common  observation  teaches  us  that  all  the  phenom- 
ena  about  us  which  flow  from  such  mutual  relations  of 
masses,  are  precisely  such  phenomena  as  would  result 
from  an  attraction  resident  in  the  masses  themselves. 
But  a  study  of  other  forms  of  attraction  has  resulted 
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in  concentrating  the  attention  more  closely  upon  the 
medium  intervening  between  the  two  attracting  bodies 
than  upon  the  bodies  themselves.  All  force,  as  we  have 
learned,  is  of  the  nature  of  a  stress.  If,  therefore,  the 
medium  between  any  two  bodies  is  in  a  state  of  stress, 
one  aspect  of  the  stress  is  toward  the  one  body,  the 
other  aspect  is  toward  the  other.  Hence  the  two  bodies 
tend  to  approach  each  other.  "  Such  a  stress,"  says 
Maxwell,  "  would  no  doubt  account  for  the  observed  ef- 
fects of  gravitation."  "  But,"  he  adds,  "  to  account  in 
this  way  for  the  actual  effects  of  gravity  at  the  surface 
of  the  earth  would  require  a  pressure  of  37,000  tons 
weight  on  the  square  inch  in  a  vertical  direction,  com- 
bined with  a  tension  of  the  same  numerical  value  in  all 
horizontal  directions.  The  state  of  stress,  therefore, 
which  we  must  suppose  to  exist  in  the  invisible  medium 
is  3000  times  greater  than  that  which  the  strongest  steel 
could  support."  Hence,  from  all  the  facts  in  our  posses- 
sion,  Tait  concludes  that  all  that  we  are  entitled  to  say 
is :  "  That  the  part  of  the  energy  of  a  system  of  two  par- 
ticles of  matter,  of  masses  m  and  m\  which  depends 
upon  their  distance  r  from  one  another,  is  measured 
by  —  mm! /r  ;  and  this  is  not  altered  by  the  presence  of 
other  particles." 

Wherever  the  seat  of  the  energy,  however,  whether 
in  the  attracting  masses  themselves  or  in  the  sur- 
rounding medium,  the  general  attraction  which  is  ex- 
erted between  masses  of  matter  has  received  the  name 
gravitation;  while  that  exerted  between  the  earth  and 
bodies  upon  its  surface  is  called  gravity. 

109.  Experiment  of  Cavendish. — Direct  experi- 
mental proof  of  the  attraction  exerted  between  masses 
of  matter  has  been  obtained  by  several  observers.  In 
1798  Cavendish  used  a  pair  of  small  masses  placed  at 
the  ends  of  a  long  and  light  rod  suspended  by  a  fine 
wire,  and  attracted  by  a  pair  of  larger  masses ;  the 
deflection  increasing  until  the  moment  of  torsion  in  the 
suspending  wire  is  equal  to  that  due  to  the  attraction. 
In  Fig.  45  mm'  are  the  small  masses,  0  the  point  of  sus- 
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pensioD,  and  MM^  the  large  masses.  After  the  deflection 
had  been  noted  in  the  position  shown,  the  large  masses 
were  placed  on  the  other  side  of  the  small  ones,  in  the 
position  shown  by  the  dotted  circles,  the  new  deflection 
noted,  and  the  mean  taken.  In  the  actual  apparatus  the 
rod  was  nearly  2  meters  long,  and  the  masses  were 
balls  of  lead;  the  smaller  ones  about  5  centimeters* 


O    ■ 
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and  the  larger  ones  about  30  centimeters  in  diameter. 
In  1878  Cornu  reduced  this  apparatus  to  one  quarter  of 
the  above  size  ;  using  an  aluminum  tube  half  a  meter 
long  as  the  beam,  and  masses  of  250  grams  only  at  its 
ends.  He  also  used  for  the  larger  masses  four  fixed 
spherical  vessels  of  iron,  so  connected  that  the  two  op- 
posing pairs  could  be  alternately  filled  with  mercury. 
In  1889  Boys  still  farther  reduced  the  dimensions  of  the 
apparatus;  the  little  masses  being  cylinders  of  pure  lead 
3  mm.  in  diameter  and  11-3  mm.  long,  placed  at  different 
levels,  and  attached  to  a  glass  tube  so  that  their  axes  are 
6'5  mm.  from  the  axis  of  rotation.  The  suspending  fila- 
ment is  a  fine  quartz  fiber.  The  large  masses  are  two 
cylinders  of  lead  50*8  mm.  in  diameter  and  of  the  same 
length,  fastened  to  the  inside  of  a  large  brass  tube 
capable  of  rotation  about  the  axis  of  suspension.  The 
time  of  a  complete  oscillation  of  the  torsion  pendulum 
is  160  seconds,  and  the  deflections  are  read  by  means  of 
a  mirror  and  scale.  Under  these  conditions,  the  appa- 
ratus proved  to  be  capable  of  indicating  an  attraction  of 
tttoVt^tt  ^^  ^  dyne ;  so  that  by  its  means  the  attraction 
between  a  pair  of  No.  5  shot,  or  even  a  pair  of  dust-shot, 
could  be  measured. 

Evidently  having  obtained  the  deflection  produced  by 
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the  attraction  of  known  masses,  we  have  only  to  multi- 
ply this  deflection  by  the  modulus  of  torsion  (149)  of  the 
suspending  fiber,  in  order  to  obtain  the  absolute  attrac- 
tion of  these  masses  at  the  given  distance  ;  and  from 
this  the  absolute  attraction  of  unit  mass  at  unit  dis- 
tance. This  may  be  called  the  static  unit  of  force ; 
Le.,  the  force  with  which  unit  masses  attract  each  other 
at  unit  distance.  This  is  the  ultimate  object  of  the  re- 
searches of  Boys.  The  Cavendish  experiment,  however, 
had  for  its  object  a  relative  determination :  the  ratio 
between  the  attraction  exerted  by  the  leaden  balls  and 
that  exerted  by  the  earth.  By  the  law  of  gravitation, 
mass-attraction  /  is  proportional  to  mm! /r^ ;  or  to  m/r^ 
when  m'  is  unity.  In  the  case  of  a  sphere  /  <x  ^nrp  ; 
in  which  r  is  the  radius  and  p  the  density.  For  the 
leaden  sphere  and  the  earth  f  \f  : :  rp  :  r'p' ;  whence 
p'=f'rp/fr\  Calling  the  density  of  lead  11-3,  Cavendish 
obtained  5-48  and  Cornu  5*50  as  the  value  of  the  earth's 
mean  density. 

lib.  The  Earth's  Attraction  Measured  in  Kinetic 
Units. — Like  any  other  force,  the  attraction  of  gravity, 
being  proportional  to  the  amount  of  motion  it  produces 
in  a  unit  of  time,  may  also  be  measured  in  kinetic  units. 
If  a  body  be  allowed  to  fall  freely  within  so  small  a  dis- 
tance of  the  earth's  surface  that  the  attraction  may  be 
regarded  as  constant,  we  find  that  the  acceleration  pro- 
duced is  about  980  C.  G.  S.  units  in  the  latitude  of  Phila- 
delphia. Since  a  dyne  is  that  force  which  will  generate 
one  C.  G.  S.  unit  of  acceleration  in  a  C.  G.  S.  unit  mass, 
gravity,  which  will  generate  980  units  of  acceleration  in 
this  unit  mass,  must  be  equivalent  to  980  dynes.  This 
acceleration  of  gravity  is  usually  represented  by  g. 

111.  Relation  of  the  Static  Unit  of  Force  to  the 
Kinetic  Unit. — The  attraction  exerted  by  the  earth  on 
a  gram  mass  is  m/r^  static  units.  But  the  mass  of  the 
earth  is  614  x  10"  grams  and  its  radius  is  6*37  X  10* 
centimeters  ;  and  hence  /  =  1*513  X  10'*  static  C.  G.  S. 
units.  Now  the  value  of  the  force  of  gravity  in  ki- 
netic  units,  i.e.,  in  dynes,  is  980.     Hence   980  dynes  = 
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1-513x10"   static  units;  and    one  dyne  is  equal   to 
1-544  X  10'  static  units. 

112.  Weight. — The  attraction  exerted  by  the  earth 
upon  a  given  mass  is  called  the  weight  of  that  mass. 
Weight  is  therefore  a  force  and  is  measured  in  units  of 
force ;  i.e.,  in  the  C.  G.  S.  system  in  dynes.  As  above 
stated,  the  force  exerted  by  gravity  upon  a  gram-mass  is 
980  dynes.  But  since  the  force  exerted  by  gravity  upon 
a  gram-mass  is  the  weight  of  that  gram-mass,  the  weight 
of  a  gram-mass  is  980  dynes.  Conversely  a  dyne  is  -^^ 
of  the  weight  of  a  gram-mass  ;  or  about  1*02  milligrams. 
In  order  to  obtain  the  weight  of  a  body  in  absolute  units 
of  force,  therefore,  we  must  multiply  its  mass  in  grams 
by  the  acceleration  of  gravity  ;  i.e.,  mg  =  to.  Con- 
versely, m  =  w/g  ;  or  the  mass  of  a  body  is  the  ratio 
of  its  weight,  expressed  in  units  of  force,  to  the  accelera- 
tion of  gravity.  Indeed  all  the  kinematic  and  kinetic 
equations  heretofore  discussed  may  be  made  use  of 
when  gravity  is  the  accelerating  force,  simply  by  re- 
placing a  or/,  where  necessary,  by  g, 

113.  Variation  of  Gravity  on  the  Earth's  Surface.— 
It  will  be  shown  farther  on  that  a  spherical  mass  of 
uniform  density  acts  upon  a  particle  outside  the  mass  as 
if  the  entire  mass  of  the  attracting  sphere  were  col- 
lected at  its  center.  If  the  earth  were  a  perfectly  homo- 
geneous sphere  and  at  rest,  then  every  part  of  its  sur- 
face, being  equally  distant  from  its  center,  would  have 
the  same  value  for  g.  But  the  earth  is  a  spheroid,  and 
the  diameter  through  the  poles  is  about  43  kilometers 
less  than  the  minimum  equatorial  diameter.  Conse- 
quently in  the  equatorial  regions,  which  are  farthest  from 
the  center,  g  has  a  less  value  than  in  the  polar  regions. 
Moreover,  in  consequence  of  the  earth's  rotation,  a 
stress  is  developed  along  the  line  joining  a  particle  on 
the  earth's  surface  with  its  center.  The  maximum 
acceleration  away  from  the  earth's  center  is  at  the  equa- 
tor, and  is  equal  to  about  -^  of  the  weight.  And  this 
is  the  amount  by  which  the  weight  of  a  body  at  the 
equator  is  diminished  by  the  earth's  rotation.     Since 
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the  acceleration  toward  the  center  varies  as  the  square 
of  the  speed  of  rotation,  we  see  that  if  the  rotation  of 
the  earth  were  17  times  more  rapid,  the  acceleration 
would  be  17'  or  289  times  as  great ;  in  which  case 
bodies  on  the  equator  would  have  no  weight  at  all.  The 
actual  speed  at  the  equator  being  456  510  cm.  per  second, 
the  acceleration  or  «yr  =  3*3908  cm.  per  second.  More- 
over, the  value  of  g  varies  not  only  with  the  latitude  of 
the  place  of  observation ;  it  varies  also  with  its  height 
above  the  earth's  surface.  At  the  sea-level,  the  value  of 
g  at  the  equator  is  978*1028  dynes,  and  at  the  pole 
983*1084  dynes.  The  value  of  g  at  any  place  whose  lati- 
tude is  known  is  easily  obtained  approximately  by  the 
formula 

g  =  980-6056—  25028  cos  2\  -  -000003*,       [24] 

where  980-6056  is  the  value  at  latitude  45^  A  is  the  lati- 
tude, and  h  the  height  above  the  sea-level  in  centimeters. 
Owing  to  irregularities  both  in  the  form  and  the  density 
of  the  earth,  the  above  formula  is  an  empirical  one  ;  i.e., 
its  constants  are  deduced  from  experiment  and  not  from 
theory.  By  its  means  the  value  of  g  has  been  calcu- 
lated for  the  following  places  : 

Length  Value 

Place.  Latitude.     Sec.  pendulum.        of  ^. 

cm.  Dynes. 

Hammerfest 70°  40'  N.     99 -562  982-58 

Berlin 52°  30'  99-422  981-24 

Greenwich 51°  29'  99-413  981-17 

Paris 48°  50'  99390  98093 

New  York 40?  43'  99318  98019 

Washington 38°  54'  99307  980-06 

Ascension 7°  56'  99-112  978-17 

St.  Thomas 0°  25'  99124  978-06 

114.  Methods  of  Measuring  tlie  Acceleration  of 
Gravity.— I.  The  Direct  Method. — The  most  simple 
method  of  measuring  the  acceleration  produced  by  grav- 
ity would  obviously  be  the  direct  one.  Thus  we  might 
allow  a  body  to  fall  from  a  known  height  and  measure 
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the  speed  acquired  by  it  duriDg  the  time  of  its  fall. 
Siuce  we  may  regard  the  acceleration  as  constant  for 
this  distance,  we  have  a  =8/t ;  so  that  by  dividing  the 
speed  acquired  by  the  time  of  fall,  the  acceleration  would 
be  obtained.  But  it  is  a  difficult  experimental  problem  to 
measure  accurately  a  speed  as  high  as  that  produced  by 
gravity.  So  we  may  make  use  of  the  fact  proved  in  kine- 
matics (33)  that  the  final  acceleration  acquired  by  a  body 
moving  under  the  action  of  a  constant  force  is  twice  the 
space  passed  over  divided  by  the  square  of  the  time.  Now 
inasmuch  as  it  is  quite  easy  to  measure  with  consid- 
erable accuracy  the  distance  through  which  a  body  falls, 
a  fair  value  of  g  may  be  thus  obtained.  Since,  however, 
the  time  enters  into  this  expression  as  the  square,  any 
error  in  measuring  it  is  greatly  multiplied.  Hence  it  is 
customary  to  note  and  record  it  electrically  on  a  chrono- 
graph. 

Example.— Thus  if  a  leaden  ball  be  allowed  to  fall  through  a  dis- 
tance of  20  meters,  and  the  time  of  fall  be  observed  as  2  seconds, 
the  value  of  g  would  be  %l/t^  or  (2  x  2000)/4  =  1000  centimeters  ;  a 
value  about  20  centimeters  too  great.  If  the  observed  time  be  2*02 
seconds,  the  value  of  g  would  be  978  centimeters  per  second. 

115.  The  Atwood  Machine. — From  the  kinetical 
equation  a  z^f/m,  it  is  evident  that  by  varying  the  ratio 
of  the  weight  to  the  mass  to  be  moved,  any  acceleration 
desired  may  be  obtained.  In  the  machine  devised  by 
Atwood,  a  cord  passing  over  a  practically  frictionless 
pulley  carries  at  its  ends  two  equal  masses  which  also 
act  as  scale-pans.  If  these  masses  be  represented  by 
2My  and  a  mass  m  be  added  on  one  side,  the  whole  mass 
to  be  moved  will  be  2M-\-m,  while  the  moving  force  is 
only  the  excess  of  weight  or  mg.  Hence  the  acceleration 
will  be  mg/{2M-\-  m).  Thus  if  M  be  ten  grams  and  in  one 
gram,  the  acceleration  will  be  one  twenty-first  of  that  of 
free  fall ;  i.e.,  will  be  only  about  47  centimeters  per  sec- 
ond per  second.  As  in  this  apparatus  the  acceleration 
of  gravity  is  reduced  without  altering  its  law  of  action, 
it  serves  a  very  useful  purpose  for  demonstrating  the 
principles  of  accelerated  motions  in  general. 
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116.— II.  The  Indirect  Method.— The  Pendulum.— 

A  much  more  accurate  and  hence  a  much  better  method 
of  measuring  the  value  of  the  acceleration  of  gravity  is 
the  indirect  method  which  is  based  upon  the  law  of 
the  pendulum.  A  simple  pendulum,  strictly  speaking,  is 
only  a  theoretical  one.  It  consists  of  a  heavy  particle 
suspended  from  a  point  by  a  light  inextensible  cord. 
When  at  rest  the  pendulum  hangs  vertically.  If  drawn 
to  one  side  and  allowed  to  fall,  it  oscillates  about  its 
position  of  equilibrium.  A  single  motion  in  one  di- 
rection, either  to  or  fro,  is  called  a  simple  oscillation ; 
a  motion  to  and  fro,  a  double  or  complete  oscillation. 
Suppose  now  such  a  pendulum  (Fig.  46)  be  displaced 
through  an  angle  0.  If  I  be  its 
length,  the  arc  of  displacement  will 
be  l<p.  Its  weight  mg  acting  vertical- 
ly at  the  point  M  may  be  resolved 
into  two  rectangular  components,  one 
mg  sin  0,  which  acts  along  MH,  the 
tangent  to  the  curve,  and  which  is 
proportional  to  the  acceleration  ;  the 
other  mg  cos  0,  which  acts  simply  to 
increase  the  tension  on  the  string.  '  j,,^  ^^ 
If  the  pendulum  swing  through  a 
very  small  arc,  the  angle  0  will  be  very  small  and 
the  sine  may  be  regarded  as  practically  coincident 
with  the  arc ;  so  that  mg  sin  0  becomes  mg(t>.  Moreover, 
since  my0  =  ma,  gr0  represents  the  acceleration.  Now 
it  has  been  already  shown  (54)  that  in  simple  harmonic 
motion,  the  ratio  of  the  acceleration  to  the  displacement 
is  equal  to  the  square  of  the  angular  velocity.  But  the 
angular  velocity  is  equal  to  ^n/T.     Hence  we  have 

Acceleration       4;r'         ,  ^       4t*,^ 

— ;     whence     g^=  —  l^. 


Displacement       T'  ^^       rp 

From  which    g  =  —-    and     T=^7r./i.  [25] 

Since  T  in  this  case  is  the  time  of  a  complete  or  double 
oscillation,  the  time  ^  of  a  single  oscillation  will  be  one 
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half  this ;  or  ^  =  ?r  i^T/g.  This  equation,  which  repre- 
sents the  law  of  the  simple  pendulum,  shows  that  the 
time  of  vibration  of  such  a  pendulum  is  proportional  di- 
rectly to  the  square  root  of  its  length,  and  inversely  to  the 
square  root  of  the  acceleration  of  gravity.  It  will  be  noted 
that  no  term  representing  the  amplitude  of  the  oscillation 
appears  in  the  above  expression.  But  this  is  because  of 
the  assumption  above  made  that  the  sine  and  the  arc 
may  be  considered  coincident.  Isochronism  in  simple 
harmonic  motion,  as  already  stated  (55),  requires  that 
the  acceleration  be  proportional  to  the  displacement. 
In  the  case  of  the  pendulum  the  acceleration  is  g  sin  <p, 
while  the  displacement  is  l<f>;  one  being  proportional 
to  the  sine  of  an  arc,  the  other  to  the  arc  itself.  Hence, 
strictly  speaking,  the  oscillations  of  a  pendulum  are  not 
isochronous,  and  the  complete  equation  shows  the  time 
to  be  a  function  of  the  angle  : 

117.  The  Compound  Pendulum. — Every  experi- 
mental pendulum  is  made  up  of  a  number  of  material 
^^  particles,  each  at  a  different  distance  from  the 
point  of  suspension,  and  each  tending  to  oscillate, 
therefore,  in  a  different  time.  The  time  of  oscilla- 
tion of  an  actual  pendulum  is  the  resultant  of  the 
action  of  all  the  simple  pendulums  which  go  to 
make  it  up.  For  this  reason  all  actual  pendulums 
are  called  compound  pendulums.  To  illustrate 
■G  this  action,  suppose  the  line  AB  (Fig.  47)  to  repre- 
sent the  axis  of  a  compound  pendulum,  in  which 
,Q  its  entire  mass  is  collected.  A  material  particle 
at  a  forms  a  simple  pendulum  of  length  Aa;  one  at 
s,  a  simple  pendulum  of  length  As.  Since  the  par- 
ticles at  a  and  b  oscillate  more  rapidly  than  those 
at  8  and  t,  it  is  evident  that  the  former  particles 
.B  tend  to  accelerate  the  latter,  and  the  latter  tend 
Fio.47.|.^  retard  the  former.  Obviously  this  accelerating 
action  diminishes  as  we  go  downward,  and  the  retarding 
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action  as  we  go  upward.  So  that  at  some  point,  say 
at  0,  these  opposite  actions  balance.  The  length  AO 
is  the  true  length  of  the  compound  pendulum. 

To  obtain  the  value  of  this  length  by  calculation  we  may  proceed 
as  follows  :  Suppose  the  masses  at  a  and  6  to  be  m  and  m\  and  those 
at  8  and  ^  to  be  m"  and  m"*.  Represent  the  distance  of  the  particle 
m  from  the  point  of  suspension  (i.e.,  the  distance  Ad)  by  r,  that  of 
fn'  by  r',  that  of  m"  by  r",  and  that  of  m'"  by  r"'.  If  the  angular 
Telocity  of  the  pendulum,  i.e.,  the  velocity  at  unit  distance  from  A^ 
be  a>,  the  velocity  at  distance  r  will  be  r<»,  and  the  momentum  of 
the  mass  m  will  be  mron.  For  an  equal  mass  at  0,  calling  I  the  dis- 
tance ^0,  the  momentum  will  be  mla).  The  difference  m(l^r)oa  is 
that  part  of  the  momentum  which  produces  an  accelerative  effect. 
The  moment  of  this  momentum  with  respect  to  the  center  of  sus- 
pension A  will  be  m{l  —  r)ra).  For  the  second  accelerating  particle 
at  6,  the  moment  of  the  momentum  will  be  m\l  —  i*')i''oi).  The 
moments  of  the  momenta  of  the  retarding  particles  m"  and  m"\  since 
r"  and  r"'  are  now  greater  than  /,  will  be  m"(r"—  l)r"Ga  and 
fn"'{r"'  —  l)r"'oi).  But  these  accelerating  and  retarding  actions  are 
balanced  at  0,  Equating,  therefore,  the  sum  of  the  moments  of  the 
particles  above  0  to  those  below  0,  we  have 

fii(i-r)r<»+m'(i- r')r' (w+etc.  rrm'V-O/'w+m'V"-  ly'oo+eic. 

mr"  +  7nV«  +  m"r'"'  -\-  m"'!-"'^  +'etc. 
•*•     ""     mr  +  m'/  +  w"?-"  +  m'"i*"'  +  etc.   ' 

or,  as  it  is  ordinarily  written, 

in  which  2  signifies  the  sum  of  these  quantities. 

But  :S{mr'*),  as  we  have  already  seen  (72),  is  the  moment  of  in- 
ertia of  the  entire  pendulum  about  A,  As  2m  =  if,  and  as  we  may 
represent  2;'  by  k^  (k  being  the  radius  of  gyration  or  the  di.stance 
from  A  at  which  the  entire  mass  must  be  concentrated  in  order  to 
have  the  same  moment  of  inertia  as  the  actual  pendulum),  we  may 
represent  2{mr^)  by  Mk*  or  by  J.  So  also  2 (mi-),  the  static  moment 
of  the  pendulum,  is  equal  to  MR ;  in  which  M  is,  as  before,  the  entire 
mass,  and  R  the  distance  AG  from  the  center  of  suspension  to  the 

Mk^      k* 

center  of  mass.    Hence  I  = =  — .    Or  the  length  of  a  compound 

JlR       R 

pendulum  is  the  quotient  of  the  square  of  the  radius  of 

gyration    divided    by  the  distance  between    the  cen- 

fcer   of   suspension    and   the    center   of  mass.     Substi- 
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tuting  this  valae  of  I  in  tlie  above  equation  for  the  time  of  oscillation 
of  the  simple  pendulum,  we  have 

as  equivalent  expressions  for  the  time  of  oscillation  of  a  compound 
pendulum. 

118.  Center  of  Oscillation. — The  point  indicated  by 
0  is  therefore  a  point  of  importance  in  discussing  the 
theory  of  the  pendulum.  It  is  called  the  center  of 
oscillation,  and  is  defined  as  that  point  on  the  axis  at 
which  if  the  entire  mass  of  the  pendulum  were  col- 
lected it  would  oscillate  in  the  same  time.  It  has  the 
following  properties :  1st,  it  is  interchangeable  with 
the  center  of  suspension ;  so  that  if,  in  the  irregular 
mass  shown  in  the  figure  (Fig.  48),  A  be  the  center  of 
suspension  and  C  the  center  of  oscillation,  the  pen- 
dulum will  oscillate  in  the  same  time  about 
A  as  if  inverted  and  oscillated  about  61  2d, 
its  distance  from  A  is  the  length  of  the  equiv- 
alent simple  pendulum,  and  a  simple  pendu- 
lum of  length  AC  will  oscillate  in  the  same 
time.  3d,  if  struck  at  a  point  opposite  C,  the 
mass  will  oscillate  about  A  without  producing 

^®"  ^'  any  pressure  upon  the  axis  through  A,  Hence 
the  point  C  is  sometimes  called  the  center  of  percussion. 
4th,  if  the  body  be  supported  otherwise  than  from  Ay  as, 
for  example,  by  floating  in  water,  and  the  point  C  be 
struck,  the  point  A  will  remain  at  rest,  that  part  of  the 
body  below  A  moving  in  the  direction  of  the  blow  and 
the  part  above  it  in  the  opposite  direction.  And  5th,  its 
distance  from  A  is  equal  to  k*/AB  if  suspended  at  A^ 
and  to  k^/BO  if  suspended  at  C;  k  being,  as  before,  the 
radius  of  gyration  and  B  being  the  center  of  mass. 

119.  Energy  of  the  Pendulum. — The  formula  of 
the  compound  pendulum  ma}'  also  be  deduced  from  the 
energy-relations  of  its  oscillations.  We  have  seen  (104) 
that  when  at  its  highest  point  all  the  energy  of  a  pen- 
dulum is  potential,  and  when  at  its  lowest  point  all  its 
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energy  is  kinetic.  By  obtaining  expressions  for  these 
two  values  in  terms  of  acceleration  and  time,  and  equat- 
ing them,  we  may  obtain  the  formula  desired.  The 
kinetic  energy  of  a  particle  m  moving  with  a  speed  8  is 
\m8*.  But  when  the  particle  moves  about  a  center, 
9  =  ro? ;  whence  the  kinetic  energy  of  such  a  particle  is 
^r'o?',  and  the  energy  of  the  whole  body  is  ^2{mr^)GD* 
or  i/ci?'.    But  00  =  27t(p/T,*  and  hence  the  kinetic  energy 

in  terms  of  time  is  il-rpi-'    The  potential  energy  is 

always  equal  to  the  mean  value  of  the  force  multiplied 
by  the  distance  through  which  it  acts.  When  the  pen- 
dulum is  at  its  highest  point,  the  acceleration,  as  above, 
is  gr0 ;  at  its  lowest  point  it  is  zero.  iMg<p  is  therefore 
the  mean  force.  Since  it  acts  through  the  distance 
-B0,  where  li  represents  the  length  of  the  pendulum, 
iMg(p  X  -ff0,  or  ^MBgtf)*,  is  the  potential  energy  of  this 
pendulum.     Equating  these  values, 

^Mk'^^  =  iMBg<P' ;  [29] 

whence 

g^^T',    r  =  2y -^^.   and    t  =  n^^^, 

as  before. 

120.  Determination  of  the  Acceleration  of  Gravity 
by  the  Pendulum. — From  the  equations  now  given  it  is 
evident  that  by  means  of  a  pendulum,  if  we  know  its 
length,  the  value  of  g  may  be  obtained,  since  g  =  nH/t*. 
Two  experimental  methods  of  obtaining  I  have  been  em- 
ployed. The  one — first  employed  in  1790  by  the  French 
physicist  Borda — consisted  in  making  as  close  an  ap- 
proach as  possible  to  the  simple  pendulum.     For  this 

*  In  a  circle  of  radius  a,  the  speed  «  of  a  particle  moving  uniformly 
18  2na/T,  But  in  the  arc  described  by  the  pendulum  a  =  r0,  where  r  is 
the  length  of  the  pendulum.  Hence  8  =  2nr<p/T;  and  s/r,  which  equals 
angular  velocity  or  oo,  =s  27r<p/T,  as  above. 
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purpose  he  used  a  sphere  of  platinum  supported  at  the 
end  of  a  fine  wire.  The  length  of  this  pendulum  was 
approximately  the  distance  from  the  axis  of  suspension 
to  the  center  of  the  sphere.  The  other  method  was  em- 
ployed in  1818  by  Captain  Kater  of  the  British  Navy.  In 
this  pendulum,  which  was  a  compound  one,  he  availed 
himself  of  the  principle  of  reversibility,  already  men- 
tioned, which  had  been  discovered  by  Huyghens  in  1773. 
Kater's  reversible  pendulum  consisted  of  a  thin  metallic 
rod  of  rectangular  cross-section,  having  two  steel  knife- 
edges  perpendicular  to  its  plane ;  one  of  these  being  at 
a  distance  from  the  center  of  mass  diflferent  from  the 
radius  of  gyration,  and  the  other  at  the  distance  ap- 
proximately assigned  to  the  axis  of  oscillation.  A  heavy 
slide,  movable  micrometrically  along  the  rod,  enabled  the 
center  of  gravity  of  the  rod  to  be  slightly  varied.  By 
oscillating  the  pendulum  first  on  one  knife-edge  and 
then  on  the  other,  and  adjusting  the  slide  until  the  time 
of  vibration  was  the  same  for  both,  the  distance  between 
the  two  knife-edges  when  this  point  is  reached  was  taken 
as  the  length  of  the  equivalent  simple  pendulum. 

In  order  to  determine  the  time  accurately,  a  method 
due  to  Mairan  is  generally  employed,  called  the  method 
of  coincidences.  The  pendulum  whose  period  of  oscil- 
lation is  to  be  determined  is  placed  in  front  of  another 
pendulum  connected  with  a  clock,  whose  rate  is  care- 
fully observed.  Attached  to  the  clock-pendulum  is  a 
white  surface  having  a  vertical  black  line  across  its  face, 
exactly  behind  the  position  of  equilibrium  of  the  experi- 
mental pendulum.  This  pendulum  is  set  swinging,  and 
the  time  of  its  coincidence  with  the  black  line  on  the 
clock-pendulum,  when  both  are  moving  in  the  same  di- 
rection, is  carefully  noted.  At  the  next  oscillation  one 
of  the  pendulums  has  gained  on  the  other  and  the  coin- 
cidence ceases  until  one  has  gained  a  complete  oscilla- 
tion, when  it  is  again  re-established.  If  again  the  time 
be  noted,  the  data  are  at  hand  for  calculating  the  time  of 
one  oscillation  of  the  experimental  pendulum.  If  n  be 
the  number  of  seconds  as  given  by  the  clock  between 
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two  successive  coincidences,  then  in  this  time  the  ex- 
perimental pendulum  will  make  w  +  2  or  n  —  2  swings, 
according  as  it  oscillates  faster  or  slower  than  the  clock- 
pendulum.  Consequently  its  oscillations  are  made  in 
n/{n  +  2)  or  n/{n  —  2)  seconds.  Hence  the  method  is 
not  only  extremely  accurate,  but  it  obviates  the  tedious- 
ness  of  constantly  observing  and  counting  the  oscillations. 
For  example,  in  determining  the  length  of  a  pendu- 
lum  beating  seconds  at  Dunkerque  in  1809,  Biot  and 
Mathieu  observed  that  7015"5  pendulum  oscillations 
were  made  in  the  same  time  as  7017*5  clock  oscillations. 
Assuming  the  clock  to  give  seconds,  the  pendulum  made 
one  oscillation  in  1*00()26251  seconds.  If  an  error  of 
five  entire  seconds  be  made,  then  the  time  of  one  oscilla- 
tion would  be  1-00026253  seconds ;  a  diflference  of  only 
two  hundred-millionths  of  a  second. 

121.  Leug^th  of  the  Seconds-pendulum. — ^In  con- 
sequence of  the  variation  in  the  values  of  g  at  different 
points  on  the  surface  of  the  earth,  the  length  of  a  pen- 
dulum beating  seconds  also  varies.  From  the  equation 
t  =i  7t  Vl/g  we  have  I  =  gt^/n^y  and  if  i  be  one  second, 
I  =  gr/;r'.  Hence  the  length  of  the  seconds-pendulum 
varies  directly  as  gr,  and  is  therefore  greater  toward  the 
poles  and  less  toward  the  equator.  In  the  table  on  page 
105  the  length  of  the  pendulum  beating  seconds  is  given 
for  the  places  mentioned. 

122.  Time  of  Oscillation  of  a  Pendulum  indepen- 
dent of  its  Mass. — By  the  law  of  gravitation  the  attrac- 
tion between  two  bodies  is  proportional  to  the  product 
of  their  masses.  Hence  as  the  mass  of  a  body  increases, 
so  does  the  force  acting  upon  it,  i.e.,  its  weight;  and 
therefore  the  acceleration,  which  is  the  ratio  of  force  to 
mass,  remains  constant.  It  therefore  follows,  leaving 
the  resistance  of  the  air  out  of  the  account,  that  all 
bodies,  whatever  their  mass,  fall  through  the  same  dis- 
tance under  the  action  of  gravity  in  the  same  time. 
Moreover,  it  will  be  observed  that  mass  does  not  enter 
into  the  equation  of  the  pendulum,  i-=^n  Vlc^/Rg ;  and 
this  for  the  same  reason.    Hence  the  time  of  oscillation  of 
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a  pendulum  is  independent  of  the  mass  assumed  to  be  con- 
centrated at  its  center  of  oscillation.  Newton  made  use 
of  this  fact  in  order  to  compare  the  masses  of  different , 
kinds  of  matter.  He  constructed  a  number  of  pendu- 
lums having  light  hoUow  cylinders  for  their  bobs,  which 
in  different  experiments  could  be  filled  with  different 
kinds  of  matter.  One  of  these  cylinders  he  filled  with 
wood,  and  as  nearly  as  possible  in  the  center  of  oscilla- 
tion of  another  he  placed  an  equal  weight  of  gold.  Sus- 
pending both  cylinders  by  wires  eleven  feet  long,  thus 
forming  two  pendulums  equal  so  far  as  length,  weight, 
and  figure  were  concerned,  he  found  that  the  two  oscil- 
lated in  precisely  the  same  time.  He  then  used  other 
substances,  such  as  silver,  lead,  glass,  sand,  salt,  wood, 
water,  corn,  and  with  precisely  the  same  results.  Hence 
he  concludes  that  this  "  appears  a  method  both  of  com- 
paring bodies  one  among  another  as  to  the  quantity  of 
matter  in  each,  and  of  comparing  the  weights  of  the  same 
body  in  different  places,  to  know  the  variation  of  its 
gravity.  And  by  experiments  made  with  the  greatest 
accuracy  I  have  always  found  the  quantity  of  matter  in 
bodies  to  be  proportional  to  their  weight." 

123.  Use  of  the  Pendulum  as  a  Measurer  of  Time. 
— "  Absolute,  true,  and  mathematical  time,"  says  Max- 
well, "is  conceived  by  Newton  as  flowing  at  a  constant 
rate  unaffected  by  the  speed  or  slowness  of  the  motions 
of  material  things."  To  divide  up  thi^  uniform  flow  of 
time  into  equal  parts,  and  so  to  indicate  these  parts  that 
they  can  be  made  use  of  in  observing  the  rate  of  change 
of  natural  phenomena,  is  the  purpose  of  time-keepers. 
In  early  times  the  flow  of  water  was  supposed  sufficientlj 
uniform  for  the  practical  purposes  of  life  ;  and  clepsy- 
drae or  water-clocks  were  constructed  which  operated 
upon  this  principle.  The  use  of  the  pendulum  to  regu. 
late  to  uniform  motion  a  train  of  clock-work  depends 
upon  an  observation  due,  it  is  said,  to  Galileo.  At  the 
age  of  eighteen  he  chanced  to  observe  a  lamp  suspended 
from  a  long  cord  in  the  cathedral  at  Pisa,  as  it  slowly 
oscillated  to  and  fro.  He  noted  the  variation  in  the  time  of 
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oscillation  with  the  length,  and  concluded  that  when  the 
amplitude  of  oscillation  was  small  these  oscillations  were 
performed  in  sensibly  equal  times.  It  is  to  Huyghens, 
however,  in  1656,  that  we  owe  the  first  actual  application 
of  the  pendulum  to  control  the  escapement  of  a  clock. 
At  each  oscillation  a  single  tooth  on  the  escapement- 
wheel  is  liberated  ;  and  as  these  oscillations  are  per- 
formed in  equal  times,  the  successive  teeth  are  liberated 
uniformly,  and  the  motion  of  the  hands  is  also  uniform. 
As  has  been  stated,  absolute  uniformity  in  the  rate  of 
change  of  any  material  phenomenon  is  yet  unknown  to 
science.  Thus  the  adopted  standard  of  time  is  the  mean 
solar  day — the  mean  interval  between  successive  passages 
of  -the  sun  across  a  given  meridian  ;  or,  still  better,  the 
sidereal  day — the  time  of  the  earth's  rotation  as  measured 
by  successive  star-transits.  "But,"  says  Thomson,  "the 
ultimate  standard  of  accurate  chronometry  must  (if  the 
human  race  live  on  the  earth  for  a  few  million  years)  be 
founded  on  the  physical  properties  of  some  body  of  more 
constant  character  than  the  earth."  Because,  according 
to  Adams,  the  earth,  regarded  as  a  time-keeper,  would  in 
a  century  get  22  seconds  behind  a  perfect  clock  rated  at 
the  beginning  of  the  century.  Among  the  various  more 
constant  standards  of  time  which  have  been  proposed 
are :  1st,  the  period  of  vibration  of  a  piece  of  quartz 
crystal  of  specified  shape  and  size,  and  at  a  stated  tem- 
perature. 2d,  the  period  of  vibration  of  a  natural  standard 
piece  of  matter,  such  as  an  atom  of  hydrogen  or  of  so- 
dium, which  is  absolutely  independent  of  its  position  in 
the  universe.  3d,  the  time  of  revolution  of  an  infinitesi- 
mal satellite  close  to  the  surface  of  a  globe  of  water  at 
standard  density,  since  it  is  independent  of  the  size  of  the 
globe.  And  4th,  the  time  of  the  gravest  simple  harmonic 
infinitesimal  vibration  of  a  globe  of  water  at  standard 
density. 

124.  Attraction  in  Special  Cases. — We  have  seen 
(108)  that,  according  to  the  law  of  universal  attraction, 
if  the  masses  of  two  material  particles  be  represented  by 
m  and  m',  and  if  the  distance  separating  them  be  r,  they 
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will  tend  to  approach  each  other  with  a  force  expressed 
by  mm' /r^.  And  further,  that  if  m  and  m'  be  made  unity, 
and  if  at  the  same  time  the  distance  be  made  unity,  then 
obviously  the  attracting  force  will  also  be  unity.  Evi- 
dently the  unit  of  force  here  employed  is  a  static  unit, 
and  represents  the  force  with  which  two  unit  masses  at- 
tract each  other  at  unit  distance.  In  the  C.  G.  S.  system 
this  unit  of  force  will  represent  the  attraction  between 
two  gram-masses  placed  one  centimeter  apart.  This 
static  unit  of  force,  as  already  stated  (111),  corresponds 
to  about  one  fifteenth  of  a  microdyne. 

The  case  of  the  attraction  mutually  exerted  between 
a  collection  of  particles  forming  a  mass  of  matter  is 
much  more  complex,  since  it  depends  also  upon  the  mu- 
tual distribution  of  these  particles.  The  problem  is  best 
attacked  by  assuming  the  existence  of  an  independent 
attraction  between  each  pair  of  particles,  and  then  adding 
these  attractions  together  to  obtain  that  of  the  entire 
mass.  In  illustration  of  this  method  we  may  give  the 
two  following  theorems,  which  are  of  great  theoretical 
importance : 

1st.  A  spherical  shell  of  uniform  attracting  matter  exerts 
no  attraction  upon  a  particle  toithin  it. 

Let  the  point  P  within  the  shell  (Fig.  49)  be  the  ver- 
tex of  a  double  cone  of  very  small  an- 
V  ^  gle.  The  bases  of  these  cones,  cut  from 
yb  the  spherical  shell,  will  be  the  attracting 
masses.  If  m  and  m'  represent  these 
masses,  and  d,  d'  their  distances  from  P, 
respectively,  the  attraction  in  one  direc- 
tion will  be  m/d^  and  in  the  other  m'/d'^. 
But  the  masses  of  these  segments,  since  the  density  is 
uniform,  will  be  proportional  to  their  volumes  ;  or,  since 
the  thickness  is  the  same,  to  their  areas.  And  the  areas 
are  proportional  to  the  squares  of  their  diameters,  or 
as  ab^  :  AB\  Hence  the  attractions  are  ab^/Pof  and 
AByPA^f  since  the  bases  are  equally  inclined  to  the 
axis  of  the  double  cone.  Now  geometry  teaches  us  that 
the  products  of  the  two  segments  of  intersecting  chords 
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are  equal  to  each  other ;  i.e.,  Pa  X  PA  =  Pb  X  PB  ;  or 
Pa  :  Pb::PB  :  PA.  Hence  the  triangles  aPb  and  APB 
are  similar;  and  Pa  :  aby.PA  :  AB.  Squaring,  we  have 
Pa'  :  ab'y.PA*  :  AB" ;  or  abyPa'  =  AByPA\  Conse- 
quently m/<P  =  tn! /d'^y  and  the  attractions  are  equal  and 
opposite.  Hence  there  is  no  resultant  attraction  at  the 
point  P,  and  a  particle  placed  there  is  in  equilibrium. 
Since  the  entire  shell  may  be  divided  into  pairs  of  seg- 
ments in  this  way,  each  of  which  pairs  mutually  balance, 
the  proposition  is  proved.  Moreover,  the  theorem  is 
equally  true  whatever  the  thickness  of  the  shell.  It  is 
also  true  when  the  shell  is  made  up  of  concentric  layers 
of  different  densities,  provided  that  the  density  of  each 
layer  is  uniform. 

2<?.  A  spJierical  shell  of  uniform  attracting  matter  at- 
tracts an  external  particle  as  if  its  entire  mass  tvere  collected 
at  the  center  of  the  sphere. 

Let  the  external  particle  be  at  P  (Fig.  50),  and  draw 
the  line  PO  to  the  center 
of  the  sphere  0,  cutting  the 
surface  at  B.  On  this  line 
lay  off  a  distance  OC,  such 
that  OP:  OB  ::  OB:  OG. 
Suppose  the  entire  surface 
of  the  sphere  divided  into 
pairs  of  opposite  segments 

with  reference  to  the  point  C,  one  of  these  pairs  being 
at  Ay  A\  at  the  extremities  of  a  chord.  Now  the 
volumes  of  the  segments  at  A,  A'  are  proportional  to 
their  areas,  since  the  thickness  of  the  shell  is  uniform. 
The  area  of  an  oblique  section  of  a  small  cone  is  the 
quotient  of  the  perpendicular  section  divided  by  the 
cosine  of  the  obliquity ;  and  the  area  of  the  perpen- 
dicular section  is  the  product  of  the  square  of  the 
distance  from  the  vertex  by  the  solid  angle  of  the 
cone.     Calling  this  solid  angle  0,  the  area  of  the  oblique 

segment  A  is  ^^^-qJ-q.  and  of  A  ,  -^gj^^  «  the 
surface-density  of  the  matter  be  cr,  the  masses  of  A  and 
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A  will  be TTTTy  ^^^ TTyTTii  ^^^  tue  attractions 

C08  OA  C         cos  OA  U 

•11  y.         g-0  OA'        ,        <T^  CA" 

"^'^  ^^  cos  OAC '  PA'  *°^  ^^TOTC  •  PA^'  '^^P^^*- 
ively.  Since  the  triangles  POA^  AOC  have  the  angle 
at  0  common  and  the  sides  about  this  angle  propor- 
tional (i.e.,  PO  :  OAw  OA  :  0(7  by  construction),  these 
triangles  are  similar,  the   angles   OP  A  and   OAC  are 

.        .CA       OA       T 
equal,  and -j^=  ^  =  ^^.       In  the   same  way,   by 

taking  the   triangles  POA\  A' 00,  the  angles    OP  A' 

CA' 
and   OA^GmsLj  be  shown  to  be  equal.     Hence  -jrp  = 

-jYp  =  77p  9  ^^^   ^^^  attractions  above    given  become 

cSro3c;'op'*°'^H3io2^c"op^-  ^"*  *^®  *"*°si» 

^  0-4'  is  isosceles,  and  hence  these  two  values  are  equal. 
Moreover,  for  the  same  reason,  the  angles  OP  A,  OPA\ 
proved  above  to  be  equal  to  OACy  OA'C,  respectively^ 
are  equal  to  each  other.     Hence  the  resultant  attraction 

is  the  same  for  the  two  elements  A^  A\  being  2(70yrp^  for 

both ;  and  its  direction  therefore  bisects  the  angle 
APA\  The  total  attraction  at  P  will  evidently  be  the 
sum  of  the  actions  along  PO  of  all  the  pairs  of  elements. 
And  since  the  sum  of  all  the  solid  angles  about  a  point 

is  4;r,  the  total  attraction  will  be  yrpT  .  But  the  nu- 
merator represents  the  mass  of  the  shell ;  being  the 
product  of  the  surface-density  by  the  area  of  the 
spherical  surface.  Hence  the  attraction  at  P  is  the 
same  as  that  of  a  mass  equal  to  that  of  the  shell,  con- 
centrated at  0 ;  which  was  to  be  proved. 

In  like  manner  it  may  be  proved  that  a  solid  sphere 
will  act  upon  an  external  particle  as  if  all  the  mass  of 
the  sphere  were  collected  at  its  center.  This  mass  will 
be  ^7rr*p,  in  which  p  is  the  volume-density.     Hence  the 
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attraction  on  a  unit  mass  at  the  distance  a  will  be    ^  a   « 

If  the  particle  be  just  on  the  surface,  a  =  r^  and  the  at- 
traction is  ^Ttfyr  for  the  solid  sphere  and  Ana  for  the 
spherical  shell.  On  a  solid  sphere,  therefore,  the  attrac- 
tion varies  directly  as  the  radius;  and  hence  gravity 
diminishes  uniformly  as  we  descend  toward  the  earth's 
center.  The  center  of  figure,  alike  of  the  solid  sphere 
and  of  the  spherical  shell,  is  therefore  a  true  center  of 
mass  or  center  of  gravity,  in  so  far  as  concerns  external 
bodies ;  the  direction  of  the  attraction  passing  through 
this  point. 

The  attraction  exerted  by  the  arc  of  a  circle  of  radius 
r  upon  a  unit  particle  at  its  center  is  equal  to  r<T/r*  multi- 
plied by  twice  the  sine  of  half  the  subtended  angle ;  or 
to  2(7  sin  i^/r.  This  is  the  same  as  the  attraction  of  a 
mass  equal  to  that  of  a  chord  of  the  arc,  and  having  the 
same  density,  concentrated  at  the  mid-point  of  the  arc. 
If  the  arc  be  a  semi-circle,  the  attraction  is  2(r/r.  A 
right  line  exerts  upon  a  unit  particle  opposite  its  center 
the  same  attraction  as  a  circular  arc  drawn  with  the 
particle  as  its  center  and  subtending  the  same  angle. 
The  value  of  this  has  just  been  given.  If  the  line  be  in- 
definite in  extent  and  the  particle  be  at  a  distance  r,  the 
attraction  is  2cr/r  as  above.  Since  the  attraction  of  a 
hemispherical  shell  upon  a  unit  particle  at  its  center  is 
27r<T  and  is  independent  of  the  radius,  the  attraction  of 
an  indefinite  plane  upon  a  particle  at  a  finite  distance 
from  it  must  also  be  2;rcr  and  be  independent  of  the 
distance  of  the  particle.  This  attraction  changes  sign  as 
the  particle  passes  through  the  plane,  becoming  —  2;r(r 
on  the  other  side.  Hence  the  total  change  from  one 
side  to  the  other  is  4;r(r.  If  we  make  the  distance  zero, 
the  unit  particle  is  now  a  particle  in  the  plane ;  and 
since  the  surface-density  is  (t,  the  total  attraction  is  2;rcr" 
per  square  centimeter.  Its  direction  is  perpendicular  to 
the  surface. 
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Section  II. — Potential. 

125.  Attraction  and  Potential  Energy. — ^Potential 
energy  has  already  been  defined  as  energy  of  posi- 
tion. We  have  seen  (99)  that  whenever  two  attracting 
bodies  are  separated,  work  is  done  upon  them  and 
energy  to  a  corresponding  extent,  is  stored  up  in  them. 
Hence  energy  of  position  is  simply  energy  stored  up  in 
a  system  of  mutually  attracting  bodies.  As  these  bodies 
are  separated  farther  and  farther,  more  and  more  work 
is  done  upon  them  and  more  and  more  potential  energy 
is  stored  up  in  the  system ;  until,  finally,  the  distance 
between  them  approaches  infinity,  and  the  potential 
energy  reaches  its  maximum.  On  the  other  hand,  as 
the  attracting  bodies  approach  each  other,  their  potential 
energy  diminishes  and  becomes  zero  when  they  are  in 
contact. 

It  is  not  difficult  to  calculate  the  amount  of  work 
which  is  done  in  separating  two  attracting  bodies  to  a 
given  distance.  Calling  the  initial  distance  of  the  bodies 
r,  and  the  final  distance  R,  the  distance  traversed  is 
{R  —  r).  Now  the  work  done  is  equal  to  the  product  of 
the  mean  force  through  this  distance.  The  initial  attrac- 
tion being  rwrn'/r',  and  the  final  attraction  mm'/R*,  the 
mean  attraction  (geometrical  mean)  is  mm'/Rr^  and  the 

mm'ili  —  r) 
product  of  this   by  {R  —  r)  is  p ;    which  is 

simply  mm'[ -yJ,  the  work  done.     Thus,  for  example, 

if  the  final  distance  be  twice  the  initial,  R  becomes  2r, 
and  the  work  done  is  mm' /^r.  If  the  final  distance  be 
infinite,  since  l/oo  =  0,  the  work  done  is  mm' fr^  or 
double  the  former  value.  Hence  it  follows  that  if  a  cer- 
tain amount  of  work  be  done  upon  a  system  of  two 
attracting  bodies  in  order  to  separate  them  to  twice  their 
initial  distance  from  each  other,  exactly  twice  this 
amount  of  work,  and  no  more,  will  be  necessary  in 
order  to  separate  them  to  an  infinite  distance. 
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126.  Attraction  and  Repulsion. — Hitherto  we  have 
supposed  that  the  conditions  between  two  bodies  are 
such  as  to  produce  a  tendency  in  them  to  approach  each 
other;  and  we  have  assumed  that  the  stress  in  the 
intervening  medium  consequently  is  a  tension.  But 
obviously,  under  suitable  conditions,  bodies  may  tend  to 
separate  from  each  other,  the  medium  between  them  in 
this  case  being  in  a  state  of  compression,  and  exerting 
an  outward  pressure  upon  the  bodies.  In  the  former 
case  there  is  attraction,  and  the  bodies  are  said  to  attract 
each  other.  In  the  latter  there  is  repulsion,  and  the 
bodies  repel  each  other.  In  both  cases,  however,  work 
may  be  done  upon  the  system  comprising  the  two  bodies ; 
this  work  being  done  whenever  the  force  so  acts  as  to 
overcome  the  resistance  which  the  system  oflfers  to  a 
change  in  its  configuration.  In  a  system  of  attracting 
particles,  work  is  done  upon  the  system  when  force  is 
employed  to  separate  them.  In  a  system  of  repelling 
particles,  work  is  done  upon  the  system  when  the  par- 
ticles are  forced  closer  together.  So,  conversely,  the 
system  itself  does  work,  in  the  former  case  when  the  par- 
ticles approach  each  other,  in  the  latter  case  when  they 
recede  from  each  other.  But  since,  when  work  is  done 
upon  a  system,  energy  is  stored  up  within  it,  the  poten- 
tial energy  in  the  case  of  the  attracting  system  reaches 
its  maximum  at  the  maximum  limit  of  the  distance  ;  and 
in  the  case  of  the  repelling  system,  its  maximum  limit 
is  reached  when  the  bodies  composing  it  are  in  contact. 

When  the  effect  of  a  force  is  to  separate  the  bodies 
of  a  system  and  thus  to  increase  the  distance  between 
them  the  force  is  called  positive.  In  the  contrary  case  it 
is  said  to  be  negative.  In  accordance  with  this  usage, 
the  force  of  repulsion,  as  above  defined,  is  positive  and 
the  force  of  attraction  is  negative. 

In  proportion  as  two  bodies  which  repel  each  other 
are  allowed  to  separate,  the  potential  energy  contained 
in  the  system  becomes  exhausted.  At  the  distance  r,  for 
example,  the  unexhausted  energy  is  mm'/r.  At  an  in- 
finite distance  r  becomes  oo  and  the  potential  energy  of 


Digitized  by  VjOOQ IC 


122  PUY8IC8, 

the  system  is  zero ;  i.e.,  it  is  entirely  exhausted.  Ob- 
viously, as  long  as  the  system  possesses  potential  energy, 
so  long  will  its  particles  continue  to  repel  each  other 
and  so  long  will  the  system  be  capable  of  doing  work. 
The  potential  energy  of  any  system,  therefore,  always 
tends  to  diminish,  to  become  exhausted. 

127.  Potential  at  a  Point.—It  will  now  be  evident 
that  if  a  material  particle  be  placed  at  any  point  in  space, 
its  potential  energy,  if  unexhausted,  will  tend  to  diminish. 
And,  consequently,  that  the  particle  will  tend  to  move 
from  this  point  to  another  where  its  potential  energy 
will  be  less  than  before.  At  a  point  where  it  possesses 
no  remaining  potential  energy,  the  particle  would  evi- 
dently experience  no  impelling  force  whatever  in  any 
direction.  Hence  it  follows  that  the  potential  energy  of 
a  unit  mass  placed  at  a  given  point,  measured  either  by 
the  work  which  has  been  done  upon  it  to  bring  it  from 
an  infinite  distance  to  that  point,  or  by  the  work  which 
it  can  itself  do  in  returning  to  its  initial  position,  is  an 
attribute  of  the  given  poini  It  is  called  the  Potential  at 
the  point.  This  potential  may  be  either  high  or  low. 
When  the  action  between  the  parts  of  a  system  is  one  of 
repulsion,  the  particles  tend  to  move  from  places  of 
higher  to  places  of  lower  potential ;  and  if  they  do  so 
move,  they  will  do  work.  The  potential  at  a  point  is 
said  to  be  zero  when  a  unit  particle  placed  there  has  no 
potential  energy.  This  is  the  case  when  the  point  is  at 
an  infinite  distance  from  all  acting  masses. 

It  will  be  observed  that  the  direction  of  the  force 
acting  on  a  particle  at  any  point  where  the  potential  is 
not  zero  is  directly  opposite  to  the  direction  along  which 
the  potential  increases  most  rapidly.  The  value  of  the 
force  at  any  such  point  is  simply  the  rate  at  which  the 
potential  diminishes  with  the  distance.  Moreover,  the 
whole  work  done  by  the  particle  in  traversing  a  given 
distance  is  measured  by  the  total  fall  of  potential  through 
this  distance. 

The  student  should  be  careful  to  note  the  distinction 
between  the  potential  at  a  point  in  space  and  the  poten- 
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tial  energy  of  a  mass  placed  at  that  point  The  former 
is  only  a  condition  due  to  the  existence  of  neighboring 
bodies,  defined  simply  by  the  fact  that  if  a  unit  particle 
were  placed  there,  it  would  require  the  expenditure  upon 
it  of  a  definite  number  of  units  of  work  to  carry  it  from 
this  point  to  an  infinite  distance  ;  the  work  being  per- 
formed either  by  or  against  the  forces  of  the  system. 
But  this  condition,  numerically  expressible  and  generally 
represented  by  V  units  of  work  or  ergs,  is  clearly  entirely 
independent  of  the  fact  whether  there  is  or  is  not  an  act- 
ual unit  particle  at  the  point.  The  potential  at  a  point 
situated  at  a  distance  r  from  a  mass  m  is  given  by  the 
equation  V  =  m/r. 

128.  Gravitation-potentiaL—Since,  as  above  stated, 
an  attracting  force  is  negative,  the  work  done  by  such  a 
force  will  be  negative  and  the  potential  at  a  point  due  to 
an  attracting  mass  will  also  be  negative.  Since  the  work 
done  by  the  attractive  forces  is  done  in  approximat- 
ing the  bodies  of  the  system,  the  work  which  is  done  by 
these  forces  in  separating  these  bodies  is  clearly  nega- 
tive. In  order,  however,  to  avoid  defining  the  potential 
due  to  gravitation  as  a  negative  quantity  it  has  been 
found  convenient  to  change  its  sign.  The  gravitation- 
potential  at  any  point  due  to  any  mass  is  defined,  there- 
fore, simply  as  the  amount  of  work  required  to  remove  a 
unit  mass  from  that  point  to  an  infinite  distance. 

Examples. — Suppose  a  gram-mass  to  be  placed  upon  the  surface 
of  the  earth.  Since  the  earth's  radius  is  6*37  x  10*  centimeters,  it 
would  req.iire  the  expenditure  of  6-37x10*  centimeter-grams  of 
work,  done  against  gravitative  attraction,  to  remove  this  gram-mass 
to  an  infinite  distance  from  the  earth.  Hence  the  gravitation -poten- 
tial at  the  earth's  surface,  being  the  amount  of  work  required  to 
move  a  unit  mass  from  this  surface  to  an  infinite  distance,  is 
—  6-37 X 10" gram-centimeters  or  —  637 x  10* x 980  ergs,  a  negative 
quantity.  But  it  has  been  agreed  to  call  the  potential  at  the  earth's 
surface  zero.  Hence  a  mass  on  this  surface  possesses  no  potential 
energy.  Since  to  remove  a  gram-mass  from  the  earth's  surface  to 
an  infinite  distance  would  require  the  expenditure  of  6*37  x  10*  x  980 
ergs  of  work,  which  work  would  increase  the  potential  energy  of  the 
system  by  that  amount,  it  is  clear  that  the  gravitation-potential  at  a 
point  at  an  infinite  distance  from  the  earth  is  637  x  10"  x  980  ergs. 
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129.  Difference  of  Potential.— From  the  definition 
of  potential  above  given,  it  follows  that  if  V  be  the  po- 
tential at  a  point  A^  and  F,  the  potential  at  a  point  B^ 
the  work  done  in  carrying  a  unit  mass  from  ^  to  ^  is 
F—  F,.  Hence  the  work  done  in  carrying  a  unit  mass 
from  one  point  to  another  is  measured  by  the  diflference 
of  potential  between  these  points.  Moreover,  this  result 
is  entirely  independent  of  the  path  along  which  the  trans- 
fer is  eflfected. 

It  is  frequently  convenient  to  assume  arbitrarily  a 
zero  value  for  the  potential  at  a  given  point  in  the  vicin- 
ity of  acting  masses.  When  this  is  done,  points  at  a 
higher  potential  relative  to  this  zero  point  are  said  to 
have  a  positive  potential,  and  those  at  a  lower  potential 
are  said  to  have  a  negative  potential.  Obviously,  a  par- 
ticle passing  from  a  region  of  higher  to  one  of  lower  po- 
tential, in  this  sense,  i.e.,  from  a  region  where  the  po- 
tential is  positive  to  one  where  it  is  negative,  must  pasa 
through  a  point  at  zero  potential.  In  other  words,  its 
positive  potential  energy  gradually  diminishes,  becomes 
exhausted,  and  then  the  particle  acquires  a  negative  po- 
tential energy. 

The  conception  of  potential  may  perhaps  be  assisted 
by  the  analogy  of  height  above  a  given  surface,  say  the 
level  of  the  sea.  To  raise  a  given  mass  to  a  given  height 
above  the  sea-level  requires  a  definite  expenditure  of 
work  which  is  stored  up  as  potential  energy  in  the  sys- 
tem. It  is  in  virtue  of  this  energy  that  gravitation  can 
do  an  equal  amount  of  work  in  bringing  it  down  again. 
The  potential  energy  stored  up  is  proportional  to  its 
height.  At  the  sea- level  it  is  zero ;  and  below  this  level 
it  is  negative.  Hence  the  gravitation-potential  changes 
sign  as  it  passes  through  the  zero-point. 

It  would  certainly  be  possible,  though  not  convenient, 
to  estimate  distance  above  or  below  the  sea-level  in 
terms  of  gravitation-potential.  To  say  that  a  given  point 
has  a  gravitation-potential  of  100,000  gram-centimeters 
might  easily  be  understood  to  mean  that  a  gram-mass 
there  placed  would  have  this  amount  of  potential  energy. 
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In  which  case  the  height  would  be  100,000  centimeters 
or  one  kilometer. 

130.  Equipotential  Surfaces. — ^Equipotential  sur- 
faces are  surfaces  at  every  point  of  which  the  potential 
has  the  same  value.  The  potential  due  to  unit  mass  is 
the  same  at  the  same  distance  in  all  directions  about 
this  mass.  Hence  the  surface  of  an  enveloping  sphere 
having  the  unifc  mass  at  its  center  is  an  equipotential 
surface.  Since  such  spheres  may  be  constructed  indefi- 
nitely about  the  given  mass,  an  indefinite  number  of  con- 
centric equipotential  surfaces  may  be  imagined,  on  each 
of  which  the  potential  has  a  value  numerically  repre- 
sented by  the  reciprocal  of  its  radius.  Evidently  these 
equipotential  surfaces  may  be  so  placed  that  one  unit 
of  work  shall  be  done  in  transferring  a  unit  mass  from 
one  such  surface  to  the  next.  Moving  a  mass  along  an 
equipotential  surface  or  parallel  to  such  a  surface  does 
not  involve  any  expenditure  of  work  ;  since  it  is  only 
when  the  potential  changes  that  work  is  done.  If,  how- 
ever, a  unit  mass  be  moved  from  one  of  the  equipotential 
surfaces  above  supposed  to  the  next,  a  unit  of  work  will 
be  done.  And  if  m  units  of  mass  be  so  moved,  m  units 
of  work  will  be  done.  If  the  m  units  of  mass  be  moved 
across  three  of  the  spaces  separating  the  equipotential 
surfaces,  the  work  done  will  be  3m  units.  If  it  be 
moved  from  an  equipotential  surface  of  potential  Fto 
another  of  potential  V^ ,  the  work  done  would  be  simply 
wi(r,  —  V)  units. 

The  amount  of  work  done  in  all  these  cases  is,  as 
has  been  already  mentioned,  entirely  independent  of  the 
path  by  which  the  transfer  is  eflfected.  It  is  also  inde- 
pendent of  the  particular  points  on  the  given  equipoten- 
tial surfaces  from  which  or  to  which  the  unit  mass  is 
moved.  If  this  were  not  so,  then  it  would  be  possible 
to  carry  the  mass  in  one  direction  by  a  path  requiring 
less  work  than  the  mass  would  do  in  returning  by  the 
other ;  in  which  case  there  would  be  an  absolute  creation 
of  work  out  of  nothing.    But  this,  by  the  law  of  the  Con- 
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serration  of  Energy,  is  impossible.  Hence  the  work 
done  is  independent  of  the  path  of  transfer. 

131.  Iiines  and  Tubes  of  Force. — Since  the  equipo- 
tential  spherical  surfaces  are  normal  to  their  radii,  along 
which  the  force  of  attraction  or  repulsion  acts,  it  is  evi- 
dent, 1st,  that  no  component  of  this  force  can  act  along 
these  surfaces,  and,  2d,  that  a  free  mass  placed  on 
such  a  surface  will  tend  to  move  only  in  a  direction  at 
right  angles  to  this  surface.  Such  lines,  drawn  always 
perpendicular  to  equipotential  surfaces,  are  called  lines 
offeree.  The  tangent  to  such  a  line  at  any  point  is  the 
direction  of  the  acting  force  at  that  point  If  the  form 
of  the  equipotential  surface  be  a  simple  one,  as  in  the 
case  of  the  sphere,  the  lines  of  force  are  simply  the  radii 
of  the  sphere.  But  if  this  surface  be  complex,  the  lines 
of  force,  always  perpendicular  to  it,  will  be  correspond- 
ingly complex.  Just  as  the  space  in  the  vicinity  of 
acting  matter  may  be  mapped  out  in  one  direction  by 
equipotential  surfaces,  so  it  may  be  divided  in  a  direc- 
tion perpendicular  to  this  by  lines  of  force,  representing 
the  direction  in  which  a  free  mass  would  tend  to  move ; 
i.e.,  the  direction  in  which  the  potential  diminishes 
most  rapidly. 

Thus,  for  example,  the  contour  lines  in  a  plane-table  survey  rep- 
resent differences  of  level.  Where  these  lines  are  closest,  the  slope 
in  a  direction  perpendicular  to  them  is  the  greatest.  In  other 
words,  the  fall  of  the  surface  is  most  rapid  at  these  points,  and  a 
body  free  to  move  would  move  along  these  perpendicular  lines  from 
points  of  higher  to  points  of  lower  level.  The  analogy  of  these 
contour  lines  and  lines  of  fall  to  equipotential  surfaces  and  lines 
of  force  is  quit«  complete. 

If  a  small  portion  of  an  equipotential  surface  be 
taken  and  lines  of  force  be  drawn  through  each  point 
of  its  outline,  these  lines,  each  of  them  perpendicular, 
of  course,  to  the  surface,  will  form  an  enclosing  tube. 
Such  a  tube  is  called  a  tube  of  force.  If  this  tube  of  force 
extend  through  two  consecutive  equipotential  surfaces, 
the  areas  thus  cut  out  of  these  surfaces  measure  the  vari- 
ation of  the  acting  force  from  one  of  them  to  the  other. 
In  other  words,  the  force  per  unit  of  area  at  the  first 


Digitized  by  VjOOQ IC 


ATTRACTION  AND  POTENTIAL,  127 

surface  is  to  the  force  per  unit  of  area  at  the  second  as 
the  area  at  the  second  surface  is  to  the  area  at  the  first. 
Hence  the  product  of  either  one  of  the  areas  by  the  force 
per  unit  of  area  is  constant.  That  this  must  be  so  ap- 
pears  from  the  fact  that  the  given  amount  of  force  en- 
closed by  the  tube  is  distributed  over  different  areas  in 
the  two  cases  ;  and  hence  the  force  per  unit  of  area 
must  be  inversely  as  the  areas  themselves.  Unit  tubes 
of  force  contain  but  a  single  line  of  force.  And  the  rel- 
ative value  of  the  acting  forces  at  any  two  points  may  be 
obtained  by  noting  the  relative  number  of  lines  of  force 
which  traverse  unit  area  of  the  equipotential  surfaces 
passing  through  the  points. 

132.  Field  of  Force. — The  region  throughout  which 
the  action  of  an  attracting  or  repelling  force  extends  is 
called  a  field  of  force.  Such  a  field  is  traversed  by  lines 
of  force  passing  from  points  of  higher  to  points  of  lower 
potential,  and  by  equipotential  surfaces  cut  perpen- 
dicularly by  these  lines  of  force.  The  number  of  lines 
of  force  in  the  field  is  so  drawn  that  one  such  line  passes 
through  each  unit  of  area  of  an  equipotential  surface  at 
a  point  where  the  force  has  unit  value.  The  equipoten- 
tial surfaces  are  so  placed  that  a  unit  of  work  will  be 
done  in  moving  unit  mass  from  one  of  these  surfaces  to 
the  next.  By  this  means  (1)  the  potential  at  any  point 
in  the  field  of  force  may  be  fixed  by  ascertaining  on 
what  equipotential  surface  the  point  is  found ;  (2)  the 
mean  force  along  a  line  of  force  of  unit  length  cutting 
any  number  of  equipotential  surfaces  is  equal  to  the 
number  of  surfaces  thus  cut.  If  w  be  the  number  of 
surfaces  simultaneously  cut,  then  F=7i.  But  F= -FZ, 
the  work  done  between  these  surfaces;  and  since  Z  =  1, 
71  =  i^  as  stated  ;  and  (3)  the  force  at  any  part  of  the 
field  may  be  determined  by  the  closeness  of  the  lines  of 
force ;  i.e.,  by  the  number  which  cross  unit  area  of  a 
given  equipotential  surface.  If  a  field  of  force  be  uni- 
form, its  lines  are  parallel  and  its  surfaces  plane. 

133.  Gauss's  Theorem. — If  there  be  any  con- 
tinuous    distribution    of    matter,   partly   within 
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and  partly  without  a  closed  surface,  the  num- 
ber of  lines  or  unit  tubes  of  force  traversing 
the  surface  is  numerically  equal  to  4?rjf,  where 
JbT  is  the  amount  of  matter  within  the  surface. 

Suppose,  in  the  first  place,  a  particle  of  mass  m  at 
the  center  of  a  spherical  surface.  The  force  which  is 
exerted  per  unit  of  area  is  m/r*;  and  since  the  entire 
area  is  4  ;rr',  the  total  force  exerted  is  w/r'  X  i^rr*,  or 
^nm ;  which  is  evidently  the  number  of  lines  of  f orce, 
i.e.,  the  flow  of  force,  traversing  the  surface. 

In  the  next  place,  let  the  particle  m  be  at  any  point 
within  a  closed  surface  of  any  form.  Take  any  small 
area  of  the  surface,  subtending  at  the  particle  the  angle 
a),  the  normal  to  which  is  inclined  at  an  angle  6  to  a  line 
drawn  from  the  particle  to  the  center  of  the  area.     The 

area  is  equal  to ,  where  r  is  the  mean  distance  of 

cos  e 

the    particle.     The   normal  force  per   unit  of  area  is 

m  cos  €     rwM  J     i  wi  cos  e , ,   r'co  , 

— .     The  product —  X or  mco  represents 

r"  ^  r'  cos  € 

the  number  of  lines  of  force,  ie.,  the  flow  of  force,  pass- 
ing through  the  small  area  of  the  surface.  If  the  par- 
ticle is  completely  surrounded  by  the  surface,  the  solid 
angle  subtended  by  the  whole  surface  is  4;r ;  and  the 
flow  of  force  due  to  this  particle  is  4;rm.  Or,  if  the  total 
mass  within  the  surface  is  M,  the  flow  of  force  is  4i7tM. 
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PKOPEBTIES  OF  MATTER 

Section  I. — General  Properties. 

134.  Definition  of  Matter. — Matter  has  already  been 
defined  (2)  as  that  which  can  occupy  space.  It  has  also 
been  variously  defined  as  that  which  possesses  inertia, 
that  which  requires  the  expenditure  of  work  to  put  it  in 
motion,  that  which,  in  virtue  of  its  motion,  possesses 
energy,  and  that  which  is  the  receptacle  or  vehicle  of 
energy.  As  the  result  of  modern  investigation,  it  is  be- 
lieved that  matter  is  absolutely  unalterable  in  quantity 
by  any  agency  at  the  command  of  man.  This  great 
principle,  which  has  been  called  the  law  of  the  Conser- 
vation of  Matter  (4),  lies  at  the  basis  of  chemistry  and 
demands  absolute  equality  in  mass  on  the  two  sides  ol 
all  chemical  equations. 

136.  Structure  of  Matter. — Hypotheses  almost  with- 
out number  have  been  made  as  to  the  nature  of  matter. 
**But,*'  says  Tait,  "an  exact  or  adequate  conception 
of  matter  itself,  could  we  obtain  it,  would  almost  cer- 
tainly be  something  extremely  unlike  any  conception  of 
it  which  our  senses  and  our  reason  will  ever  enable 
us  to  form."  Consequently  in  his  opinion,  "  the  discov- 
ery of  the  ultimate  nature  of  matter  is  probably  beyond 
the  range  of  human  intelligence." 

On  the  question  of  the  ultimate  structure  of  matter, 
however,  modern  physical  investigation  has  thrown  some 
light.  Two  opposite  theories  of  the  constitution  of  mat- 
ter had  already  been  advanced  by  the  ancients.     The 

129 
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one,  that  of  Lucretius,  supposed  matter  made  up  of  indi- 
visible, hard  atoms,  infinite  in  number,  of  different  shapes 
and  in  rapid  motion.  The  other,  that  of  Anaxagoras, 
maintained  the  homogeneity  and  continuity  of  matter, 
and  asserted  that  matter  is  infinitely  divisible.  Neither 
of  these  theories,  at  least  in  its  entirety,  is  accepted  by 
modern  science.  Indeed,  "the  theory  that  bodies  ap- 
parently homogeneous  and  continuous  are  so  in  reality," 
says  Maxwell,  "  is,  in  its  extreme  form,  a  theory  incapa- 
ble of  development.  To  explain  the  properties  of  any 
substance  by  this  theory  is  impossible."  The  more 
common  view  at  present,  apparently,  regards  matter  as 
continuous  and  compressible,  but  intensely  heterogene- 
ous (Tait).  And  Thomson  has  shown  that  on  this  as- 
sumption it  is  possible  to  account  by  gravitation  alone 
for  most  of  the  phenomena  now  attributed  to  molecular 
action. 

Another  hypothesis  of  the  constitution  of  matter  has 
recently  attracted  attention ;  namely,  the  hypothesis  of 
vortex  atoms.  It  is  based  on  a  remarkable  investigation 
by  von  Helmholtz  upon  vortex  motion;  in  which  he 
proved  that  the  rotating  portions  of  a  perfect,  incompres- 
sible fluid  maintain  their  identity  forever,  being  neces- 
sarily  arranged  in  continuous  endless  filaments,  forming 
closed  curves.  Such  vortex  filaments  are  true  atoms  since 
they  cannoi  be  divided ;  but  they  are  not  hard  like  the 
atoms  of  Lucretius.  Thomson  was  led  by  these  results 
to  offer  the  theory  that  matter,  as  it  appears  to  us,  is 
merely  the  rotating  portions  of  the  medium  which  fills 
all  space. 

Experiment. — The  nearest  approach  to  a  vortex  filament  which 
can  be  obtained  experimentally  is  a  smoke-ring.  If  a  circular  hole 
be  made  in  one  side  of  a  paper  box,  for  example,  and  the  box  be 
filled  in  any  way  with  smoke,  then  on  tapping  sharply  the  side  op- 
posite the  opening,  a  visible  vortex  ring  is  projected  from  it.  By 
using  two  boxes,  the  mutual  collision  of  two  such  rings  may  be 
shown.  They  rebound  after  impinging  on  each  other,  and  vibrate 
to  and  fro  as  if  they  were  rings  of  india  rubber. 

136.  Subdivisions  of  Matter. — Matter,  like  every 
other  physical   quantity,  can  be  measured;  and  since 
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quantity  of  matter  is  called  mass,  matter  is  measured  in 
units  of  mass.  It  is  sometimes  convenient  to  use  the 
word  mass  in  a  more  restricted  sense,  as  referring  to  a 
definite  portion  of  matter ;  as  when  we  speak  of  a  mass 
of  iron  or  of  granite.  Any  portion  of  matter  appreciable 
to  the  senses  may  be  called,  in  this  sense,  a  mass  of 
matter.  And  therefore  it  is  correct  to  speak  of  the  mass 
of  a  mass  of  lead. 

All  masses  are  capable  of  subdivision,  although  not 
indefinitely.  A  limit  is  ultimately  reached  in  the  pro- 
cess beyond  which  the  identity  of  the  substance  is  lost. 
The  limiting  particle  thus  reached  is  called  a  molecule. 
So  that  a  molecule  may  be  defined  as  the  smallest  quan- 
tity of  a  substance  which  can  exhibit  the  properties  by 
which  that  substance  is  identified. 

Illustration. — Thus,  for  example,  if  a  mass  of  salt  be  ground 
in  a  mortar,  the  smallest  particle  into  which  it  can  be  divided  by 
this  mechanical  process  is  still  visible  under  the  microscope  and 
remains  a  mass.  But  if  the  salt  be  now  dissolved  in  water,  its  par- 
ticles, as  such,  are  no  longer  visible,  though  the  solution  retains  the 
taste  and  other  properties  of  the  salt.  Hence  the  particles  into 
which  the  salt  is  now  divided  are  called  molecules. 

The  science  of  chemistry  considers  it  necessary,  in 
order  to  explain  the  phenomena  which  it  investigates, 
to  assume  a  still  further  subdivision  of  matter.  The 
molecule,  which  is  the  physical  unit,  is  assumed  by  the 
chemist  to  be  also  capable  of  division,  this  division  re- 
sulting in  a  complete  change  of  properties  in  the  sub- 
stance operated  on  and  two  or  more  difi*erent  kinds  of 
matter  being  produced  thereby.  These  still  smaller 
particles  which  are  reached  by  the  subdivision  of  mole- 
cules are  called  atoms.  And  an  atom  is  defined  as  the 
smallest  quantity  of  simple  matter  which  can  enter  into 
the  composition  of  the  molecule. 

Illustration. — Thus,  for  example,  the  molecule  of  salt  above 
mentioned  when  subjected  to  chemical  processes  yields  two  distinct 
kinds  of  matter,  sodium  and  chlorine,  both  entirely  different  in 
properties  from  the  salt  itself.  Hence  the  salt  molecule  is  said  t^ 
be  made  up  of  sodium  atoms  and  of  chlorific  atoms. 
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137.  Homogreneous  and  Heterogeneous  Matter. — 

Masses  are  assumed  to  be  made  up  of  molecules,  just  as 
molecules  are  made  up  of  atoms.  If  the  molecules  com- 
posing any  mass  are  all  of  the  same  kind,  the  mass  is 
said  to  be  homogeneous ;  if  they  are  of  different  kinds, 
the  mass  is  called  heterogeneous. 

138.  Simple  and  Compound  Matter. — The  chemist 
makes  a  similar  classification  of  matter,  based  on  its 
atomic  constitution.  Matter  whose  molecules  are  made 
up  of  like  atoms  is  called  simple  matter ;  while  if  it  be 
made  up  of  atoms  of  different  kinds  it  is  called  compound 
matter.  By  combining  the  two  classifications  we  see 
that  matter  may  be  divided  into  homogeneous  simple, 
homogeneous  compound,  heterogeneous  simple,  and  het- 
erogeneous compound. 

Illustration.— For  example,  according  to  this  classification, 
iron,  sulphur,  oxygen,  would  be  simple  homogeneous  forms  of 
matter;  salt,  water,  quartz,  would  be  compound  homogeneous; 
brass  and  air,  simple  heterogeneous ;  and  glass,  gunpowder,  and 
granite,  compound  heterogeneous  substances. 

139.  Elementary  Matter. — Since  masses  are  made 
up  of  molecules,  the  number  of  heterogeneous  substances 
would  seem  to  be  unlimited.  The  number  of  homo- 
geneous substances,  however,  since  each  has  a  molecule 
peculiar  to  itself,  is  limited  by  the  number  of  such  mole- 
cules. Moreover,  if  we  restrict  ourselves  to  simple 
molecules,  then  the  number  of  such  molecules  is  limited 
by  the  number  of  distinct  kinds  of  atoms  in  existence. 
Thus  far  the  chemist  has  succeeded  in  establishing  the 
existence  of  only  about  seventy  different  kinds  of  homo- 
geneous simple  fnatter.  These  substances  he  calls 
elements.  Only  elements  can  have  atoms,  and  each  ele- 
ment has  its  own  peculiar  atom.  Hence  there  are  as 
many  kinds  of  atoms  as  there  are  elements ;  i.e.,  about 
seventy. 

In  the  present  philosophy  of  chemistry  it  is  supposed 
that  in  general  an  atom  cannot  have  a  free  and  separate 
existence,  but  that  in  order  so  to  exist  it  must  combine 
with  another  atom  either  like  or  unlike  itself,  and  thus 
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form  a  molecule.  So  that  whether  the  matter  be  simple 
or  compound,  it  is  equally  true  that  the  molecule  is  the 
smallest  quantity  of  it  which  can  exist  in  a  free  or  uu- 
<5ombined  state  in  nature.  The  identity  of  elementary 
matter  would  seem  therefore  to  reside  in  the  atom,  while 
the  identity  of  compound  matter  would  appear  to  reside 
in  the  molecule. 

14C.  Simplicity  of  Constitution  of  Matter  in  the 
-Gaseous  State. — Matter  is  known  to  us  in  three  states, 
the   solid,  the  liquid,  and  the  gaseous  states,  as  will 
appear  more  fully  hereafter.     The   last  of  these,  the 
gaseous  state,  has  been  proved  on  investigation  to  have 
a  constitution  of  extreme  simplicity.     In  the  first  place 
the  particles  themselves — or  molecules,  as  we  may  call 
them — of  all  the  various  species  of  matter,  when  reduced 
to  the  state  of  vapor,  are  apparently  perfectly  similar  in 
shape  and  equal  in  size ;  and  in  the  second,  it  would 
appear  from  the  phenomena  of  the  change  of  volume  in 
^ases  by  change  of  temperature  or  pressure  that  the  con- 
stitution of  the  mass  is  also  precisely  the  same  for  all 
substances  when  they  are  in  the  vaporous  state.     Hence 
the  law  of  Avogadro :  All   substances   when   in   the 
state   of   vapor   contain   in   the   same  volume  an 
equal  number  of  molecules.     From  this  it  follows 
immediately,  of  course,  that  the  molecular  mass  of  any 
substance  is  directly  proportional  to  its  density  in  the  gas- 
eous state.    Now  Hof  mann  has  shown  that  when  one  vol- 
ume of  chlorine  gas  unites  with  one  volume  of  hydrogen 
gas  to  form  two  volumes  of  hydrogen  chloride  gas,  if  we 
suppose  n  molecules  in  the  one  volume  of  each  gas,  there 
must  be  2n  molecules  in  the  two  volumes  of  the  product 
And  since  each  molecule  of  hydrogen  chloride  contains 
at  least  two  atoms,  one  of  hydrogen,  the  other  of  chlo- 
rine, the  2n  molecules  will  contain  in  atoms ;  2n  of  which 
will  be  hydrogen  and  2n  chlorine.     But  the  2w  atoms 
came  in  each  case  from  the  n  molecules  originally  taken. 
Each  molecule  of  hydrogen  therefore  must  have  con- 
tained at  least  two  atoms  of  hydrogen,  and  each  molecule 
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of  chlorine  two  atoms  of  chlorine.     In  the  gaseous  state 
the  molecule  is  in  general  a  diatomic  one. 

Upon  this  reasoning  chemistry  bases  the  determina- 
tion both  of  molecular  and  of  atomic  mass.  Density  is 
defined  as  the  amount  of  matter  in  the  unit  of  volume. 
The  ratio  of  the  masses  of  two  cubic  centimeters  of  dif- 
ferent gases  is  in  the  C.  G.  S.  system  the  ratio  of  their 
densities.  But  since  in  equal  volumes  the  number  of 
molecules  is  the  same  for  all  substances  in  the  gaseous 
state,  this  ratio  of  the  masses  of  equal  volumes  is  also 
the  ratio  of  the  molecular  masses.  Knowing  the  ratio  of 
the  molecular  masses,  the  atomic  masses  must  also  have 
the  same  ratio,  if  the  molecules  are  similarly  consti- 
tuted. 

Illustration. — For  example,  the  mass  of  a  cubic  centimeter  of 
hydrogen,  i.e.,  its  density,  is  -0000896  gram ;  that  of  a  cubic  centi- 
meter of  oxygen  is  0  00 143  gram.  The  ratio  of  these  densities,  i.e., 
the  relative  masses  of  these  two  gases  contained  in  unit  of  volume, 
is  16.  Hence,  since  there  is  the  same  number  of  molecules  in  a  cubic 
centimeter  of  each  gas,  the  molecular  mass  of  oxygen  must  be  16 
times  that  of  hydrogen.  And  further,  since  each  of  tliese  gase.s 
contains  the  same  number  of  atoms  in  its  molecule,  the  atomic 
masses  of  the  two  are  also  in  the  ratio  of  16  to  1.  If  we  assume 
unity  for  the  atomic  mass  of  hydrogen,  its  molecular  mass  will  ob- 
viously be  2,  and  that  of  oxygen  will  be  32. 

141.  Absolute  Size  of  Molecules. — Perhaps  in  no 
direction  have  our  ideas  undergone  more  radical  modi- 
fication in  recent  times  than  in  that  of  the  molecular 
constitution  of  matter.  In  1835  Cauchy  showed  mathe- 
matically that  in  order  to  account  for  the  dispersion  of 
light,  it  is  necessary  to  assume  a  granular  structure  for 
matter.  Assuming  that  the  diameter  of  the  granulations 
cannot  vary  much  from  one  ten-thousandth  of  the  length 
of  the  shortest  light-wave,  and  that  this  light-wave  is  a 
two-thousandth  of  a  centimeter  in  length,  we  have  one 
two-hundred-millionth  of  a  centimeter  on  this  hypothesis 
as  the  distance  from  the  center  of  one  molecule  to  the 
center  of  a  contiguous  molecule  in  glass,  Mater,  or  other 
transparent  substance.  Sir  William  Thomson,  from 
data  furnished  (1)  by  the  attraction  of  zinc  and  copper 
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after  contact,  (2)  by  the  extension  of  a  soap-film,  and  (3) 
by  the  kinetic  theory  of  gases,  has  concluded  that  the 
diameter  of  the  molecules  of  a  gas  cannot  be  less  than 
one  five-hundred-millionth,  and  of  the  molecules  of  a 
solid  or  liquid  not  less  than  from  the  one-hundred-and- 
forty-millionth  to  the  four-hundred-and-sixty-millionth 
of  a  centimeter.  Hence  the  number  of  such  molecules 
in  one  cubic  centimeter  of  any  gas  cannot  be  greater 
than  six  thousand  million  million  million  (6  x  10") ; 
and  in  one  cubic  centimeter  of  the  average  solid  or 
liquid  not  greater  than  from  three  million  million 
million  million  as  a  minimum  to  a  hundred  million 
million  million  million  as  a  maximum  (3  X  10"*  to  10"). 
"Jointly  these  results  establish,'*  says  Thomson,  "with 
what  we  cannot  but  regard  as  a  very  high  degree  of 
probability,  the  conclusion  that  in  any  ordinary  liquid, 
transparent  solid  or  seemingly  opaque  solid,  the  mean 
distance  between  the  centers  of  contiguous  molecules  is 
less  than  the  hundred-millionth  and  greater  than  the 
two-thousand-millionth  of  a  centimeter." 

Illustrations. —The  minimum  particle  visible  to  the  eye  is  a 
cube  one  four-thousandth  of  a  millimeter  on  a  side.  But  such  a 
cube  contains  from  sixty  to  one  hundred  million  molecules.  The 
smallest  organized  particle  visible  under  tiie  microscope  contains 
about  two  million  organic  molecules  (Maxwell).  And  Crookes  has 
calculated  that  to  count  the  molecules  in  a  pin's  iiead,  supposing 
that  ten  million  are  counted  every  s<3C()nd,  would  recjuire  two  hun- 
dred and  fifty  thousand  years !  Moreover  we  may  contrast  the 
condition  of  ordinary  gas,  which  contains  3  x  10"  distinct  molecules 
in  every  cubic  inch,  with  that  of  space,  where  it  is  calculated  that 
there  is  only  one  molecule  in  10*'*  cubic  miles! 

14!5.  Divisibility  of  Matter. — These  accepted  facts 
of  science  may  help  to  set  at  rest  speculations  upon  the 
divisibility  of  matter,  by  showing  that  while  the  maxi- 
mum division  claimed  for  any  form  of  matter  falls  far 
short  of  the  actual  reality,  yet,  on  the  other  hand,  there 
exists  a  perfectly  definite  and  finite  limit  beyond  which 
subdivision  cannot  be  pushed  without  destroying  the 
identity  of  the  substance  operated  upon.  Thus  Leslie 
tells  of  a  grain  of  musk  which  perfumed  a  large  room 
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for  twenty  years  and  must  therefore  during  that  time 
have  been  subdivided  into  320  quadrillions  of  particles, 
as  an  extraordinary  instance  of  the  divisibility  of  matter. 
But  even  if  we  suppose  this  number  to  mean  320  X  10", 
its  greatest  possible  value,  we  no  more  than  reach  the 
probable  size  of  material  molecules  as  calculated  by 
Thomson. 

143.  Impenetrability  of  Matter. — The  supposition 
that  two  portions  of  matter  cannot  occupy  the  same 
portion  of  space  at  the  same  time  can  be  made  only 
provisionally.  When  a  stone  is  immersed  in  water,  the 
water  is  displaced ;  and  careful  measurements  show  that 
the  volume  of  the  water  displaced  is  exactly  equal  to 
the  volume  of  the  stone.  Indeed,  as  Archimedes  was  the 
first  to  show,  this  is  one  of  the  most  accurate  methods 
of  measuring  the  volume  of  an  irregular  solid.  If,  how- 
ever, the  body  immersed  be  porous,  then  the  water  does 
penetrate  what  would  ordinarily  be  called  the  space 
occupied  by  the  body.  Even  in  the  case  of  liquids, 
which  are  not  porous  to  the  eye,  there  is  interpenetra- 
tion  ;  as  is  shown  when  equal  volumes  of  alcohol  and 
water  are  mixed  and  the  resulting  volume  is  observed  to 
be  several  per  cent  less  than  the  sum  of  the  constituent 
volumes.  Hence  a  distinction  has  been  drawn  between 
sensible  and  physical  pores.  Hydrogen  gas  will  pass 
freely  through  a  plate  of  the  most  compact  graphite, 
and  carbon  monoxide  through  hot  plates  of  solid  iron. 
Water  has  been  forced  through  globes  of  lead,  of  silver, 
and  of  gold.  Indeed  if  by  physical  pores  is  meant  the 
space  separating  contiguous  molecules,  then  there  seems 
room  for  indefinite  interpenetration,  since  Tait  assumes 
it  as  probable  that  the  molecule  itself  does  not  occupy 
so  much  as  five  per  cent  of  its  share  of  the  whole 
space.  Further,  whether  two  molecules  can  occupy  the 
same  space  or  not  depends  in  the  same  way  upon  the 
character  of  their  atomic  constitution  ;  and  so  on  in- 
definitely. "  We  have  no  experimental  evidence,"  says 
Maxwell,  **  that  two  atoms  may  not  sometimes  coincide. 
For  instance,  if  oxygen  and  hydrogen  combine  to  form 
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water,  we  have  no  experimental  evidence  that  the 
molecule  of  oxygen  is  net  in  the  very  same  place  with 
the  two  molecules  of  hydrogen." 

Section  II. — Properties  op  Soims. 

144.  Definition  of  a  Solid.  —  In  the  chapter  on 
Dynamics  when  discussing  the  action  of  force  upon 
matter  it  was  always  assumed  that  the  bodies  concerned 
were  perfectly  rigid;  i.e.,  that  they  suffered  no  distor- 
tion under  the  action  of  the  force.  Bodies  possessing 
rigidity  to  any  considerable  extent  are  called  solidfk 

145.  Properties  of  Solids. — In  the  solid  state  of 
matter  the  attraction  of  cohesion  between  the  molecules 
reaches  a  maximum.  Hence  those  properties  of  matter 
which  depend  upon  cohesion  are  highly  developed  in 
solids.     These  are : 

1.  Hardness,  measured  by  the  power  of  a  body  to 
abrade  another.  Mohs's  scale  of  hardness  consists  of 
the  following  minerals :  1.  Talc,  2.  Selenite,  3.  Calcite, 
4.  Fluorite,  5.  Apatite,  6.  Adularia,  7.  Quartz,  8.  Topaz, 
9.  Sapphire,  10.  Diamond.  Each  of  these  substances 
will  scratch  all  those  placed  before  it  in  the  scale.  An 
unknown  mineral  if  it  will  abrade  fluorite  but  not 
apatite  has  a  hardness  represented  by  4*5  of  Mohs's 
scale. 

2.  MaUeahility,  the  property  of  being  extended  in 
surface  under  the  hammer.  Thus  gold  is  beaten  out 
into  leaves  so  thin  as  to  be  transparent,  the  thickness  of 
which  does  not  exceed  the  120-thou8andth  part  of  a 
centimeter. 

3.  DtwtilUy,  the  property  of  being  extended  in  length 
by  drawing  through  a  plate.  The  operation  of  wire- 
drawing consists  in  drawing  the  metal  through  success- 
ively smaller  holes  in  metal  plates.  Corundum  and 
even  diamond  plates  are  used  for  the  smaller  sizes.  In 
this  way  Wollaston  succeeded  in  producing  a  wire  of 
platinum  seventy-five  millionths  of  a  centimeter  in  di- 
ameter. 
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4.  Plasticity^  the  property  of  changiug  form  uuder 
continuous  stress  without  developing  reaction.  Wet 
clay,  cobbler's  wax,  and  ice  are  examples.  The  earth 
itself,  though  apparently  rigid,  has  been  shown  to  be 
more  plastic  under  the  tidal  attraction  of  the  moon  than 
a  globe  of  glass  of  the  same  size.     (Tait.) 

6.  Tenacity,  measured  by  the  stress  required  for  the 
rupture  of  a  mass  of  given  cross-section.  The  tenacity 
of  several  substances  is  given  in  the  following  table  : 


Substance.                        Tenacity. 

Substance. 

Tenacity. 

Gold 0-27 

Steel 

0-8 

Silver. 03 

Oak 

0-1 

Copper  (hard) 04 

Teak 

01 

(annealed) 0-3 

Fir 

007 

Iron 0-6 

Glass  

0-06 

By  multiplying  these  values  by  980  X  10',  the  tenacity 
will  be  obtained  in  dynes  per  square  centimeter. 

146.  Elasticity  —  Elasticity  is  usually  defined  as 
that  property  of  a  body  in  virtue  of  which,  after  its  size 
or  shape  has  been  altered  by  the  action  of  force,  it  re- 
acts against  the  force  and  returns  to  its  original  size  or 
shape  more  or  less  completely  upon  the  removal  of  the 
force.  In  other  words,  it  is  the  stress  which  is  called 
out  in  a  body  when  subjected  to  strain. 

Solids  may  obviously  have  two  sorts  of  elasticity 
corresponding  to  two  sorts  of  strain.  In  the  one  case 
there  is  a  change  of  size  strain,  called  compression  or 
dilatation  ;  and  the  active  stress  produced  by  it  is  called 
volume-elasticity.  In  the  other  case  there  is  a  change  of 
shape  strain,  called  distortion ;  and  the  stress  which  it 
calls  out  is  referred  to  as  elasticity  of  form  or  rigidity. 
The  term  rigidity  therefore,  in  its  strict  sense,  means  the 
resistance  which  a  solid  opposes  to  a  change  of  form, 
the  term  incompressibility  being  used  to  denote  the  resist- 
ance oflFered  to  a  change  of  bulk.  In  ordinary  language, 
however,  bodies  which  offer  great  resistance  to  either 
iind  of  strain  are  called  rigid  bodies.     In  this  discus- 
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sion  we  shall  assume  the  matter  coucerued  to  be  homo- 
geneous and  isotropic ;  this  latter  term  signifying  that 
the  matter  has  the  same  properties  in  all  directions. 

147.  Volume  Elasticity. — When  an  elastic  solid  is 
submitted  to  a  pressure  which  is  equal  in  all  directions 
and  which  is  always  normal  to  its  surface,  its  volume  is 
altered  but  not  its  form..  The  diminution  in  volume 
thus  produced  is  called  the  compression,  and  the  ratio  of 
the  compression  per  unit  volume  to  the  pressure  applied 
{measured  in  units  of  force  per  unit  of  surface)  is  called 
the  compressibility.  The  reciprocal  of  this  measures  the 
incompressibility ;  i.e.,  the  volame-elasticity. 

Thus,  if  Vbe  the  initial  volume  and  F—  p  the  final  volume,  the 
compression  is  p,  and  the  compression  per  unit  volume  is  v/V.  If 
Pbe  the  pressure  per  unit  of  area,  the  compressibility  is  v/PV\  and 
the  reciprocal  of  this,  or  P7/»,  is  the  coefficient  of  elasticity  of  vol- 
ume ;  usually  represented  by  A. 

148.  Riiriflity. — By  simple  rigidity  is  meant  a  resist- 
ance  to  distortion  solely ;  the  volume  remaining  un- 
changed. A  stress  which  produces  change  of  form  only 
without  alteration  of  volume  is  called  a  shearing  stress, 
and  the  resulting  distortion  a  shearing  strain  (49).  In 
the  case  of  a  simple  shear  one  plane  in  the  solid  is 
fixed,  while  all  parallel  planes  are  displaced  parallel  to 
themselves  and  in  the  same  direction,  through  spaces 
which  are  proportional  to  their  distances  from  the  fixed 
plane.  The  ratio  of  the  displacement  to  the  distance 
from  the  fixed  plane  is  taken  as  the  measure  of  the 
shear ;  and  the  ratio  of  the  shearing  stress  per  unit  of 
area  to  the  shear  produced  by  it  is  called  the  coefficient 
of  simple  rigidity  of  the  solid.  This  coefiicient  is  usually 
denoted  by  n. 

Thus  if  a  pile  of  cards  of  thickness  AB  (Fig.  51)  be  forced  from 
the  perpendicular  position  AD  into  the  ob- 
lique one  BE  by  a  tang:ential  force  P  ap- 
plied along  AF,  then  if  AB  remains  unal- 
tered the  volume  will  not  be  changed,  while 
there  will  be  distortion,  a  simple  shear. 
The  ratio  AC/AB  will  measure  the  shear;    ~  Fio.61. 

and  the  ratio  - 

J. 

simple  rigidity. 


P  P  X  AB 

and  the  ratio  ttttd    or    — — —  will  be  w,  the  coefficient  of 
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Strictly  speaking,  however,  the  volume  is  changed  in  the  above- 
example.  In  simple  shear  the  shortened  and 
lengthened  diameters  always  remain  coincident 
with  the  original  diameters ;  as  in  the  figure 
(Fig.  52),  in  which  the  distorted  solid  is  repre- 
sented in  dotted  lines.  Obviously  the  shearing 
strain  may  be  measured  by  the  change  in  the 
right  angle  of  the  solid.  And  the  ratio  P/6, 
in  which  0  represents  this  change  of  angle,  is 

iTtn  KA  ,  .    shearing  stress  ,  ^  . 

no.  iM.  ^YiQ  ratio  -7 : ; — —,  or  w,  the  coefficient  of 

shearing  strain  ' 

simple  rigidity. 

149.  Torsion. — If  the  distortiug  force  be  applied  to 
one  end  of  a  cylindrical  solid,  and  this  force  be  of  the 
nature  of  a  couple,  the  effect  will  be  to  rotate  the  suc- 
cessive layers  about  the  axis  and  thus  produce  a  simple 
shear.  Since  the  volume  is  not  altered,  there  is  change 
of  form  only,  and  rigidity  alone  is  concerned.  In  this 
case  the  displacement  is  a  circular  one  along  an  arc  of 
the  cylinder,  and  the  shear  will  be  measured  by  the  ratio 
of  the  subtended  angle  to  the  length  of  the  cylinder. 
Such  a  displacement  as  this  is  called  a  twist  or  torsion ; 
and  the  measure  of  the  torsion  is  the  angular  displace- 
ment divided  by  the  length  of  the  cylinder.  Since  in 
the  case  of  an  elastic  solid  strain  is  directly  proportional 
to  stress,  the  angle  of  torsion  is  always  directly  propor- 
tional to  the  force  of  torsion.  But  when  the  system  is 
in  equilibrium  the  torsional  stress  called  out  by  the  dis- 
placement will  be  equal  to  the  moment  of  the  twisting 
couple.  The  modulus  of  torsion  is  defined  as  the  couple 
required  to  twist  one  end  of  a  given  cylinder  of  unit 
length  through  unit  angle,  the  other  end  being  fixed.  If 
r  represent  this  modulus,  then  the  couple  required  to 
twist  the  given  cylinder  of  length  I  through  an  angle  6^ 
will  be  tS/I 

Suppose  the  radius  of  this  cylinder  to  be  r.  Let  it  be  divided 
into  concentric  rings  of  breadth  dx,  the  radius  of  one  of  which  is  x, 
and  its  area  consequently  ^nxdx.  The  displacement  per  unit  of 
length  is  0//,  as  above ;  or  x<p/l,  where  <p  is  the  unit  angle ;  and  since^ 
displacement  multiplied  by  the  rigidity  is  equal  to  the  stress  per  unit 
of  area,  we  have  this  stress =;u:0//;  and  for  the  entire  area  of  the  ele- 
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mentary  ring=(27ra;'n0da5)/Z.  The  moment  of  this  is  {%nn<f>x*dx)/ly, 
which  is  the  moment  of  the  torsional  couple  for  this  elementary  ring. 
By  integrating  this  expression  between  the  limits  ic  =  0  and  a;  =  r  we 
obtain  nnr*<p/2l  for  the  moment  of  the  torsional  couple  for  the  en- 
tire cylinder.     Calling  this  moment  T,  we  have  for  the  value  of  the 

27Y 
torsion  angle  <p  =  - — 5-.    Whence  it  appears  that  the  torsion  pro- 
duced is  directly  as  the  torsional  couple  and  as  the  length  of  the 
cylinder,  and  inversely  as  the  rigidity  and  the  fourth  power  of  the 
radius  of  the  cylinder.    Since  the  torsional  stress  is  proportional  to 

the  torsional  strain,  the  stress  for  an  angle  0  would  be  —^  -. 

Hence,  equating  these  two  expressions  for  the  torsional 
couple  T  required  to  develop  this  torsional  stress,  we 
have 

rd      nnr'B  2r  „^. 

J  =  -gp  ;    whence     n  =  —,.  [30] 

Since  r  can  be  determined  from  the  time  of  the  tor- 
sional oscillation  of  the  cylinder  when  a  mass  of  known 
moment  of  inertia  is  attached  to  it,  it  is  evident  that  w, 
the  coefficient  of  simple  rigidity  of  the  given  substance, 
may  be  determined  in  this  way. 

160.  Young's  Modulus. — When  the  stress  devel- 
oped in  a  solid  is  called  out  by  longitudinal  extension 
or  compression,  the  ratio  of  this  stress  to  the  strain  pro- 
ducing it  is  called  longitudinal  rigidity,  and  is  repre- 
sented by  Tonng's  modulua.  Young  himself  defined  it  as 
the  ratio  of  the  simple  stress  required  to  produce  a 
small  shortening  or  elongation  of  a  rod  of  unit  section 
to  the  proportionate  change  of  length  produced. 

Thus  if  a  wire  or  rod  of  length  L  be  stretched  by  an  amount  l^ 
the  extension  per  unit  of  length  is  l/L.  If  Pbe  the  force  producing 
the  elongation  and  a  the  cross-section  of  the  rod,  P/a  represents  the 
stress  per  unit  of  cross-section.     Hence 

__         ,         ,  ,  stress       P/a       PL      _  _ 

Young's  modulus  =  — — r-  =  7—^-  =  -r  =  if . 

°  strain       l/L         al 

It  is  possible  to  calculate  the  value  of  Young's 
modulus  in  terms  of  the  volume-elasticity  k  and  the 
rigidity  n.     Since  the  rigidity  is  P/6  and  ff  =  2(p  +  q) 
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when  the  angle  is  small  {p  being  the  elongation  along 
one  face  and  g  the  corresponding  contraction  along 
the  other),  we  have  p-\-q=L  P/2n.  Moreover,  a  pressure  P 
applied  uniformly  to  a  solid  in  all  directions  would 
reduce  the  dimensions  along  three  perpendicular  axes 
in  the  ratio  1  :  1  +  p  —  2y  ;  consequently  we  have 
p  —  2g  =  P/3k    Combining  these  two  equations,  we  have 

for  the  value  of  the  elongation p  =  i^( q-  +  kj)  J  ^^^  for 

the  ratio  of  the  elongation  per  unit  of  length  to  the  ten- 

9kn 
sion  P/Pi  or  M,  we  have  the  value  — — ; —  ;  thus  giving 

ofC  -\-  n 

the  value  of  Jf  in  terms  of  the  volume-elasticity  and  the 
rigidity. 

151.  Poi88on*8  Ratio, — When  a  wire  is  stretched 
longitudinally  it  contracts  laterally.  The  ratio  of  the 
proportional  diminution  of  its  volume  by  contraction  to 
the  proportional  increase  by  elongation  is  called  Poisson's 
ratio.  Its  author  supposed  this  ratio  to  be  ^  for  all  iso- 
tropic solids,  but  Stokes  has  shown  it  to  be  much  greater 
than  ^  for  india  rubber,  and  Thomson  and  Tait  have 
shown  it  to  be  much  less  than  ^  for  cork.  On  theoretical 
grounds  the  value  of  Poisson's  ratio  may  be  shown  to  be 

^(oi,    -T,  in  terms  of  volume-elasticity  and  rigidity. 


COEFFICIENTS  OF  ELASTICITY. 

Substance.    Density.         \^i"ty^5b*^       Rigidity  =  n.  Young^s^odulus 

DistTd  water  1-000  0-222x10"     

Flint  glass  ..  2-942  8  47-4-15  "  2-35-2-40x10"   5-74- 6  03x10" 

Brass 8471  10  02-10-85  "  8-44-4-03**  9-48-11-2  " 

Steel 7-849  1841  "  8-19**  20  2-24  5  " 

Iron  (wro't)..  7-677  1456  "  7-69"  19  63  " 

Iron  (cast)...  7-235  964  "  5-32"  1349  ** 

Copper 8  843  16-84  *'  4-40-4  47  *'  11-72-12-34  *• 

The  values  in  this  table  are  all  expressed  in  C.  G.  S. 
units;  i.e.,  in  dynes  per  square  centimeter. 
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152.  Elastic  liimit.— Just  as  no  actually  existing  solid 
is  perfectly  rigid,  so  no  known  solid  is  perfectly  elastic. 
All  solids  are  strained  by  the  application  of  an  external 
stress,  though  the  internal  stress  called  out  by  this  strain 
never  exactly  equals  the  external  stress  in  value.  Per- 
fectly elastic  solids  develop  a  resilience  which  does  not 
diminish  with  time,  and  which  restores  completely  the 
original  size  or  form  when  the  disturbing  force  is  re- 
moved, without  the  smallest  permanent  strain  or  set. 
Olass,  quartz,  and  steel  perhaps  approach  this  condition 
of  things  most  nearly.  Inelastic  or  plastic  solids,  on  the 
other  hand,  develop  no  resilience  on  the  application  of  a 
disturbing  force,  and  hence  do  not  recover  in  the  least 
theii'  form  or  volume  when  this  force  is  removed.  Such 
solids  are  wet  clay,  putty,  and  dough.  Most  solid  bodies 
lie  between  these  extremes,  developing  some  resilience 
«,nd  yet  suffering  some  permanent  strain  ;  as  is  the  case 
with  iron,  copper,  lead,  wood.  In  most  solids,  however, 
the  elasticity  depends  upon  the  magnitude  of  the  distort- 
ing force  ;  so  that  when  this  force  is  very  small,  the  elas- 
ticity may  be  considered  practically  perfect  for  these 
solids.  Between  the  limits  of  strain  thus  produced  they 
may  be  treated  as  perfectly  elastic,  therefore  ;  but  when 
these  limits  are  exceeded,  the  solid  is  permanently  de- 
formed ;  i.e.,  takes  a  "  set."  And  if  the  stress  be  in- 
<5reased  beyond  this,  the  limit  of  tenacity  of  the  solid 
may  be  reached  and  it  may  be  broken. 

The  resistance  to  deformation  experienced  in  a  plastic 
solid  is  due,  not  to  its  resilience,  of  course,  but  to  the 
fact  that  force  is  required  to  slide  its  particles  over  one 
another ;  i.e.,  to  the  internal  friction  to  be  overcome. 
Such  bodies  are  said  to  be  viscous.  In  other  cases,  such 
as  glass,  the  solid  suffers  no  deformation,  but  when  the 
elastic  limit  is  exceeded,  the  limit  of  tenacity  is  very  soon 
reached,  and  the  solid  is  broken.  Such  solids  are  called 
brittle. 

153.  Fatigue  of  Elasticity.— A  curious  phenomenon 
called  the  "  fatigue  of  elasticity  "  has  been  observed  in 
solids  which  shows  very  clearly  the  effect  of  molecular 
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friction.  When  a  wire  is  vibrated  torsionally,  there  is  al- 
ways a  displacement  of  the  zero-point  to  one  side  or  the 
other,  according  to  the  direction  of  the  original  torsion ; 
this  disturbance  requiring  hours  or  even  days  for  its  dis« 
appearance.  If  the  wire  be  kept  vibrating,  however,  the 
molecular  friction  is  greatly  increased.  Thomson  found 
that,  using  two  equal  wires,  the  arc  of  vibration  fell  to  one 
half  in  100  vibrations  in  the  case  of  the  wire  which  had  been 
oscillated  only  a  few  times,  while  in  the  case  of  the  other, 
which  had  become  "  fatigued  "  by  long  vibration,  the  arc 
fell  to  half  its  value  in  44  or  45  vibrations.  Tait  states 
that  if  a  wire  be  kept  twisted  90°  to  the  right  for  six  hours 
and  then  90°  to  the  left  for  half  an  hour,  being  allowed 
gradually  to  come  to  zero  without  oscillation,  it  will  first 
turn  slowly  to  the  right,  undoing  the  effect  of  the  later 
twist,  and  then  turn  more  slowly  to  the  left,  undoing 
the  effect  of  the  earlier  twist  If  an  electrically  vibrated 
tuning-fork  be  kept  in  motion  for  a  long  time,  its  elas- 
ticity appears  to  become  fatigued ;  so  that  on  stopping 
the  current  it  comes  to  rest  almost  instantaneously,  like 
a  plastic  body. 

154.  Oscillations  produced  by  Elasticity.— In  an 
earlier  chapter  we  have  shown  that  a  body  oscillating 
under  the  action  of  a  force  which  is  always  proportional 
to  the  displacement  describes  simple  harmonic  motion 
(64) ;  and  that  in  consequence  these  oscillations  are  iso- 
chronous, i.e.,  are  performed  in  equal  times  whatever 
their  amplitudes.  Now  the  law  of  Hooke  asserts  that 
in  all  elastic  bodies  the  resilience  or  force  of  resti- 
tution, which  is  directly  proportional  to  the  distorting 
force,  is  directly  proportional  to  the  distortion;  i.e., 
the  stress  called  out  is  directly  proportional  to  the  strain 
produced.  Consequently  it  follows  that  a  body  vibrat- 
ing under  the  influence  of  elasticity,  of  course  within  the 
limits  of  set,  will  vibrate  in  periods  which  are  simple 
harmonic  and  therefore  isochronous. 

In  illustration  of  simple  harmonic  vibration  performed 
under  the  influence  of  elasticity,  we  may  take  the  case  of 
a  torsion  pendulum  consisting  of  a  mass  of  metal  sup- 
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ported  by  a  wire.  If  the  wire  be  twisted,  though  still 
remaining  vertical,  it  will  untwist  when  the  force  is  re- 
moved and  the  pendulum  will  perform  a  series  of  oscilla- 
tions around  the  wire  as  an  axis.  The  work  expended 
upon  it  in  twisting  it  is  stored  up  in  it  as  potential 
energy,  which  is  converted  into  kinetic  energy  as  it  ro- 
tates, becoming  all  kinetic  as  it  passes  its  zero-point 
This  energy  is  expended  in  twisting  it  in  the  opposite 
direction ;  and  so  the  system  oscillates  like  a  gravity  pen- 
dulum, but  under  the  action  of  rigidity. 

The  formula  for  the  time  of  vibration  of  a  compound 
gravity  pendulum  i&t  =  n  Vl/MRg  ;  in  which  /  is  the 
moment  of  inertia  and  MKg  the  static  moment  expressed 
in  absolute  units.  As  we  iiave  seen  above,  the  moment  of 
torsion,  active  in  the  torsional  pendulum,  is  T,  Hence 
the  time  of  vibration  of  a  torsional  pendulum  t  is  repre- 
sented by  n  VljT. 

155.  Propagration  of  Disturbances  in  Elastic  Me- 
dia.—If  a  particle  of  a  solid,  held  in  equilibrium  by  the 
attraction  of  surrounding  particles,  be  displaced  from 
its  position,  there  will  be  developed  a  stress  tending  to 
bring  it  back  ;  which  stress,  being  due  to  the  elasticity 
of  the  solid,  will  be  proportional  to  the  displacement 
Hence  the  particle  will  vibrate  harmonically  about  its 
zero  position.  In  consequence,  however,  of  the  original 
displacement,  there  will  be  a  compression  produced  in 
the  direction  of  motion^  and  a  rarefaction  in  the  opposite 
direction  ;  which  disturbances  will  be  propagated  in  all 
directions  from  the  particle  as  a  center,  with  a  speed 
which  is  dependent  conjointly  upon  the  elasticity  and 
the  density  of  the  surrounding  medium.  Obviously  the 
speed  of  propagation  of  a  compression  in  a  given  uniform 
solid  will  depend  upon  its  volume-elasticity,  or  k ;  while 
that  of  a  disturbance  of  the  nature  of  a  shear  will  de- 
pend upon  its  rigidity,  or  n. 

In  simple  harmonic  motion  the  speed  of  the  vibrating 
particle  varies  directly  as  the  square  root  of  the  accelera- 
tion (54) ;  i.e.,  of  the  force  of  restitution.  Hence  the 
speed  of  propagation  of  a  disturbance  in  any  medium 
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must  be  proportional  to  the  square  root  of  Ar,  the  volume- 
elasticity  of  that  medium ;  or  if  along  a  wire,  to  the 
square  root  of  M,  Young's  modulus.  Moreover,  since 
the  acceleration  is  the  ratio  of  force  to  mass,  we  have 
a  =f/m  z=f/Vd,  where  Fis  the  volume  and  S  the  density 
of  the  medium.  For  the  case  where  the  ratio  of/  to  Fis 
constant  for  two  media,  we  have  evidently  a  :  a'  : :  d'  :  d ; 
or  the  accelerations  are  inversely  as  the  densities.  But 
as  above  v  \v'  \\  \'a  :  t^',  and  hence  the  speeds  are  in- 
versely proportional  to  the  square  roots  of  the  densities. 
Combining  these  two  values  representing  the  speed  of 
propagation  of  a  disturbance  in  any  medium  of  elasticity 
k  and  of  density  d,  we  have 

156.  Impact. — When  a  body  in  motion  strikes  an- 
other at  rest,  or  when  two  moving  bodies  mutually 
impinge,  the  resultant  eflfect  of  the  impact  is  determined 
by  the  elasticity  of  the  bodies  concerned.  At  the  instant 
of  contact  a  compression  is  developed,  which  increases 
until  the  speeds  become  equal,  when  it  reaches  its 
maximum.  If  the  impinging  bodies  be  perfectly  in- 
elastic, they  will  now  move  on  together  with  this  com- 
mon speed.  But  as  all  matter  is  more  or  less  elastic, 
there  will  in  fact  appear  a  force  of  restitution  at  the 
place  of  contact  tending  to  separate  the  colliding  bodies. 
Newton  proved  experimentally  that  the  relative  speed 
of  separation  after  impact  bears  to  the  previous  relative 
speed  of  approach  a  proportion  which  is  constant  for 
the  same  two  bodies.  This  proportion,  which  is  called 
the  Coefficient  of  Eestitution,  and  is  usually  represented  by 
e,  is  always  less  than  unity,  though  approaching  it  more 
nearly  the  harder  the  bodies  are.  The  values  found  by 
Newton  are :  For  worsted  and  steel  balls,  \ ;  for  balls  of 
cork,  a  little  less ;  for  balls  of  ivory,  | ;  and  for  balls  of 
glass,  ||. 

The  entire  process,  from  the  instant  of  first  contact 


Digitized  by  VjOOQ IC 


PROPERTIES  OF  MATTER,  H7 

to  the  instant  of  final  separation,  during  which  the 
impinging  bodies  are  exerting  mutual  action  upon  each 
other  occupies  ordinarily  an  exceedingly  brief  interval 
of  time.  Thomson  estimates  it  as  about  an  hour  if  the 
bodies  are  of  dimensions  comparable  to  the  earth,  and 
possess  a  rigidity  equal  to  that  of  copper,  steel,  or  glass ; 
but  if  the  bodies  are  spheres  of  not  more  than  a  meter 
or  so  in  diameter,  made  of  these  substances,  then  the 
whole  operation  is  finished  probably  within  the  thou- 
sandth of  a  second.  In  the  chapter  on  Kinetics  (75)  we 
saw  that  the  impulse  of  a  force  is  measured  by  the  mo- 
mentum which  it  generates  ;  i.e.,  that  ft  =  ms.  For  a 
constant  momentum  generated,  then,  the  force  must 
vary  inversely  as  the  time  during  which  it  acts.  Hence 
the  magnitude  of  the  force  exerted  in  the  collision  of 
bodies  must  be  proportionately  great  in  order  to  gen- 
erate the  given  momentum  in  a  thousandth  of  a  second. 
Suppose  two  spherical  masses  m  and  m'  to  be  mov- 
ing in  the  same  direction  along  the  same  line  with  the 
speeds  v  and  v\  From  the  instant  of  contact  the  force 
acting  between  them  along  this  line  must,  according  to 
the  third  law  of  motion,  be  equal  for  the  two.  In  conse- 
quence, since  these  forces  are  in  opposite  directions,  the 
bodies  will,  by  the  second  law,  tend  to  move  in  opposite 
directions.  Or,  in  other  words,  one  will  accelerate  the 
other,  and  will  also  be  retarded  by  it,  the  amount  of  mo- 
tion gained  by  the  one  being  equal  to  that  lost  by  the 
other ;  which  action  will  continue  up  to  the  instant  at 
which  their  speeds  are  equal.  At  this  instant  of  time 
the  two  spheres  will  be  moving  as  one  mass,  whose  mo- 
mentum is  the  sum  of  the  momenta  before  impact.  If 
V  represent  this  common   speed,   then   (m  +  m')  V  = 

mv  -f-  m'l;';  whence  V  = ; —.     If  the  spheres  are 

m  -f-  m 

inelastic,  this  is  the  whole  of  the  phenomenon.  If  not, 
a  second  stage  of  the  process  supervenes.  The  force  of 
restitution  now  comes  into  play,  and  tends  to  separate 
the  two  spheres  with  a  speed,  proportional  to  the  coeffi- 
cient of  restitution.     Each  will  now  have  its  own  speed. 
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which  we  may  represent  by  u  and  u\  The  diflference  in 
the  speeds  before  impact  will  be  t;  —  v\  and  after  impact 
u'—u\  whence,  by  Newton's  law,  w'—  tt  =  e(i;  —  v').  And 
since  the  momentum  gained  by  one  sphere  is  lost  by  the 
other,  we  have  mM+m'tt'=  mt;+ tw'v'.  Coinbining  these 
two  equations,  we  have  for  u,  the  final  speed  of  the  mass 

m,  the  value  u  = , ; ■' ;  and  for  m  ,  the 

m  -f-  m 

speed  of  the  mass  m',  the  value  w'  = y -. 

m  -j- w 

If  the  spheres  be  inelastic,  e  =  0,  and  w  =  w'= ~ — —, 

as   above.      K  they  be  perfectly   elastic,   e  =  1,   w  = 

^^ i— ^^ ,     and    tt'= 1^ ; — i-.     If  we 

suppose  v'=  0,  in  which  case  the  body  m'  is  at  rest,  then 

we  have  for  the  final  speed  of  w,  w  = -v ;  and  for 

^rail  -{-  e) 
the  final  speed  of  m\  v!  = — jv.     Hence  the  body 

struck,  m\  moves  onward  in  the  direction  of  the  initial 
motion  of  m;  while  m  itself,  the  moving  body,  goes 
onward,  stops,  or  moves  backward,  according  as  its  mass 
is  greater  than,  equal  to,  or  less  tlian  em'.  If  m'  =  em, 
then  w  =  (1  —  e)v,  the  final  speed  of  m  ;  and  w'  =  t; ;  i.e., 
the  final  speed  of  m'  is  equal  to  the  initial  speed  of 
m.  Again,  the  equations  'mU'\'m'u''=i  mv -^-m'v*  and 
u'  —  u=^e(v  —  v')  enable  us  to  determine  the  condi- 
tions under  which  the  masses  should  interchange  their 
speeds.  In  this  case  w  =  v'  and  v!  =  v.  Substitut- 
ing these  values,  we  have  mv'  +  m'v  =  mv  +  m'v\  and 
17  —  1?'=  e(y  —  v').  Writing  the  first  equation  m(t;'—  v)  = 
m'(t;'  —  v),  or  (m  —  m')(v'  —  -v)  =  0,  we  see  that  m  =  m'. 
From  the  second  equation,  e  must  be  equal  to  1.  Hence 
the  conditions  required  are  that  the  masses  should  be 
equal  and  perfectly  elastic.  By  giving  to  the  moving 
masses  the  proper  positive  or  negative  signs  to  indicate 


Digitized  by  LjOOQ IC 


PROPERTIES  OF  MATTER.  149 

the  direction  of  motion,  all  cases  of  impact  may  be 
brought  under  the  above  general  formulas. 

157.  Change  of  Energy  by  Impact. — ^If  the  spheri- 
cal masses  of  the  last  section  be  assumed  perfectly  elas- 
tic,  theory  indicates  that  their  relative  speeds  after  the 
impact  will  be  equal  to  their  relative  speeds  before  it. 
Since,  therefore,  the  speeds  are  only  exchanged,  the  total 
energy  of  the  system  remains  unaltered.  But,  practi- 
cally, no  form  of  matter  known  is  perfectly  elastic,  in  the 
first  place ;  and,  in  the  second,  even  if  it  were,  some  en- 
^ergy  would  be  expended  in  producing  vibrations  in  the 
colliding  masses.  So  that  even  in  the  case  of  the  most 
highly  elastic  bodies  energy  is  lost  on  collision.  Evi- 
dently this  loss  increases  as  the  colliding  masses  are 
more  inelastic. 

The  loss  of  energy  as  a  function  of  the  elasticity  may  be  deter- 
mined as  follows  :  From  the  equation  ti'— m  =  c(i?  — «/),  above  given, 
we  get,  by  squaring  and  multiplying  both  members  by  mm\  the 
•equation  mm'{u'—uy=  mm'e^iv^tfy^  the  second  member  of  which 
may  be  written  (by  adding  and  subtracting  mm'(t>— t/)')  in  the  form 
mm'(v  —  t/)'  —  mm'{\  —  e*){v  —  t/)*.  Squaring  both  sides  of  the 
equation  of  momenta  above  given,  mti  +  m'u*  —  mv  +  mV,  we  have 
(mu  +  m'ti'y  =  {mv  +  m'vy.  Expanding  this  equation  and  adding 
it  to  the  one  previously  obtained,  multiplied  out,  we  obtain 

<7W+m')(m'ti''  +  mw')=(m  +  m'Xwt?'+w'0— ^w»'(l-«')(^-0'-  [32] 

Whence  mu*  +  w'm"  =  mv*  +  w't/» :(1  —  e*)  (r  —  t/)*.    Since 

m  +  m 

€  is  never  greater  than  1,  the  expression  1  —  c'  can  never  be  nega- 
tive. The  initial  kinetic  energy  is  therefore  always  greater  than  the 
final  kinetic  energy  of  the  system,  except  when  e  is  equal  to  1.  Then 
the  two  are  equal.  If  «  be  made  zero,  the  loss  of  energy  due  to  im- 
pact is  the  maximum  possible. 

Section  III. — Properties  of  Fluids. 

158.  Definition  of  a  Fluid. — Besides  the  solid  state 
of  matter  now  described,  substances  may  exist  in  an- 
other and  equally  important  condition,  called  the  fluid 
<;ondition.  As  the  name  implies,  the  characteristic 
property  of  a  fluid  is  to  flow.  Hence  a  fluid  possesses 
no  rigidity  whatever,  but  is  deformed  by  the  action  of 
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any  force,  however  small.  In  consequence  fluids  have 
no  shape  of  their  own,  but  always  take  the  shape  of  the 
vessel  in  which  they  are  contained.  They  are  plastic, 
and  not  rigid ;  are  limpid,  and  not  viscous.  A  perfect 
fluid  is  infinitely  limpid  and  infinitely  plastic ;  i.e.,  its 
rigidity  is  zero,  and  so  is  its  viscosity.  Actual  fluids^ 
however,  are  never  perfectly  limpid.  Ether,  water,  oil, 
honey,  Canada  balsam,  pitch,  sealing-wax,  are  examples 
of  fluids  having  progressively  greater  and  greater  vis- 
cosity. 

Illustrations.— It  might  not  at  first  sight  seem  proper  to  call 
sealing-wax  a  fluid  and  jelly  a  solid.  But  if  we  remember  that 
on  the  ooe  hand  the  distortion  which  is  produced  by  a  given 
stress  in  a  perfect  solid  is  perfectly  definite,  the  ratio  of  stress  ta 
strain  being  constant  and  independent  of  time,  while  in  a  fluid,  on 
the  other  hand,  the  deformation  continues  as  long  as  the  distorting 
stress  continues,  the  ratio  of  stress  to  strain  not  being  constant  but 
increasing  with- time,  the  case  will  present  no  difficulty.  A  stick  of 
sealing  wax  supported  at  its  ends  soon  yields  to  its  own  weight,  and 
is  deformed  continuously  ;  while  a  mass  of  jelly  undergoes  all  its  de- 
formation at  once  on  the  application  of  the  deforming  force.  The 
strain  produced  is  constant,  and  does  not  increase  with  time.  Since 
it  does  not  flow,  the  jelly  is  a  true  solid,  although  a  soft  one. 

159.  Definitions  of  Liquids  and  Gases. — Since  a 
fluid  possesses  no  rigidity,  the  only  elasticity  it  can  have 
is  elasticity  of  volume.  The  volume-elasticity  of  fluids 
is  perfect.  They  recover  their  size  completely  when 
the  compressing  force  is  removed.  Fluids  vary  widely, 
however,  in  their  compressibility;  and  on  this  ground 
are  divided  into  two  classes,  liquids  and  gases.  Liquids 
as  a  class  are  highly  incompressible ;  i.e.,  they  have  a 
very  high  volume-elasticity.  A  perfect  liquid  would  be 
an  incompressible  perfect  fluid.  Gases,  on  the  other 
hand,  are  readily  compressible.  Indeed  they  appear  to 
have  no  elasticity  at  all  of  their  own,  that  which  they 
seem  to  possess  being  due  simply  to  the  pressure  which 
is  exerted  upon  them  at  the  time,  and  by  which  their 
elasticity  is  measured.  Consequently  the  volume  which 
a  gas  occupies  depends  not  upon  itself  at  all,  but  upon 
the  pressure  upon  it.     Liquids  take  only  the  shape  of 


Digitized  by  VjOOQ IC 


PROPERTIES  OF  MATTER,  1^1 

the  vessel  in  which  they  are  contained ;  gases  take  not 
only  the  shape  but  also  the  size  of  the  containing  vesseL 

160.  General  and  Special  Properties  of  Fluids* — 
Since  both  liquids  and  gases  are  fluids,  they  possess 
not  only  the  general  properties  of  fluids,  but  also  other 
properties  special  to  themselves.  It  will  be  convenient, 
therefore,  to  consider  first  the  general  properties  and 
then  the  special  properties  of  liquids  and  gases,  and 
to  divide  the  subject  for  purposes  of  study  into  four 
parts  :  A.  The  Statics  of  Fluids ;  B.  The  Kinetics  of  Fluids ; 
C.  Compressibility  of  Fluids;  D.  Capillarity.  The  liquid 
or  gaseous  state  will  be  used  indifferently  in  the  dis« 
cussion,  according  as  the  one  or  the  other  is  best  suited 
to  the  purpose. 

A. — STATICS    OF    FLUIDS. 

161.  Mobility  of  Fluids. — The  term  mobility  is  the 
opposite  of  rigidity.  Since  a  fluid  offers  no  resistance 
to  a  deforming  stress,  its  particles  are  readily  moved  by 
the  smallest  force.  Hence  fluids  are  eminently  mobile. 
The  peculiar  characteristic  of  fluids,  that  of  transmitting 
pressure  equally  in  all  directions,  expressed  commonly 
in  the  form  of  Pascal's  law,  is  a  direct  consequence  of 
this  mobility.  When  acted  on  by  force  which  is  not 
equally  applied  in  all  directions,  fluids  readily  suffer 
distortion  unless  they  are  supported  upon  all  sides. 

Illustrations.— Thus  if  a  kilogram- weight  be  placed  upon  the 
top  of  a  wooden  cylinder,  the  pressure  directly  produced  by  it  upon 
the  top  of  this  cylinder  is  transmitted  vertically  downward  to  its 
support.  But  not  the  slightest  pressure  is  exerted  laterally  under 
these  conditions.  If,  however,  the  cylinder  be  of  water  or  of  air  en- 
closed in  a  tube,  and  the  pressure  of  a  kilogram- weight  be  applied 
to  the  upper  end  of  it  by  means  of  a  piston,  it  will  be  found  that 
while  this  pressure  is  transmitted  unchanged  to  the  lower  end  as 
before,  it  is  also  transmitted  laterally  to  the  walls  of  the  tube.  So 
that  upon  every  area  of  the  side  equal  to  that  of  the  end,  a  pres- 
sure is  exerted  equal  to  that  which  is  produced  by  the  kilogram- 
weight. 

Another  important  principle  of  fluid  equilibrium  may 
be  thus  stated  :  At  any  point  within  a  fluid  the  pressure 
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is  the  same  in  all  directions ;  and  hence,  if  no  external 
forces  act,  this  pressure  (which  is  exerted  by  the  con- 
taining vessel)  is  the  same  at  every  point  of  the  fluid. 
This  conclusion  evidently  follows  if  we  assume  a  minute 
portion  of  the  fluid  in  the  interior  of  the  mass  to  become 
solid,  without  other  change.  Since  the  entire  mass 
remains  at  rest  as  before,  the  forces  acting  upon  this 
element  must  be  in  equilibrium,  and  their  resultant  zero. 
This  can  only  be  true  if  the  pressure  at  the  point  is 
equal  in  all  directions.  Moreover,  since  fluids  transmit 
pressure  in  all  directions  equally,  the  pressure  at  any 
one  point  of  a  fluid  mass  must  be  equal  to  that  at  any 
other  point,  as  above  stated. 

Again,  it  follows  from  the  principle  of  fluid  mobility 
that  the  pressure  upon  any  surface  of  a  liquid  at  rest  is 
at  every  point  perpendicular  to  the  surface.  For  if  not 
perpendicular,  the  direction  of  pressure  must  make  an 
angle  with  the  surface.  If  so,  this  direction  is  capable 
of  resolution  into  two  components  at  right  angles  to 
each  other — one  perpendicular  to  the  surface,  the  other 
along  the  surface.  In  virtue  of  the  mobility  of  the 
liquid,  this  latter  component  would  produce  motion 
along  the  surface.  But  by  hypothesis  the  liquid  is  at 
rest.  Hence  there  is  no  such  tangential  component,  and 
the  pressure  is  at  every  point  perpendicular  to  the 
surface,  as  stated. 

Applications. — The  principles  now  j?iven  are  applied  practically 
in  the  arts  to  the  construction  of  hydrostatic  presses  and  of  ac- 
cumulators. In  the  hydrostatic  press  two  pistons  of  different  areas 
are  provided,  having  a  liquid  between  them.  Now  we  have  seen 
that  the  pressure  exerted  in  the  interior  of  any  liquid  is  proportional 
to  the  area  of  the  exposed  surface.  Hence  if  the  smaller  piston  has 
a  diameter  of  one  centimeter  and  the  larger  a  diameter  of  30  centi- 
meters, the  area  of  the  larger  will  bo  900  times  that  of  the  smaller, 
and  a  pressure  of  one  kilogram  applied  to  the  smaller  wuU  develop  a 
pressure  of  900  kilograms  upon  the  larger.  If  the  smaller  piston  be 
that  of  a  pump  worked  by  power,  then  in  moving  inward  100  kilo- 
grams of  pressure  might  be  exerted  by  it ;  in  which  case  the  larger 
piston  would  be  forced  outward  with  the  pressure  of  90,000  kilograms. 
The  development  of  force  in  this  way  is  limited  only  by  the  strength 
of  the  materials  employed.    But  it  would  be  an  error  to  assume  that 
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energy  is  thus  created.  The  work  done  by  or  upon  either  piston  is 
the  product  of  the  mean  force  acting  by  the  distance  through  which 
it  acts.  Hence,  under  the  conditions  above  supposed,  the  quantity  of 
liquid  remaining  the  same,  the  smaller  piston  must  move  through 
900  times  the  distance  passed  over  by  the  larger ;  so  that  fl,  or  the 
work  done,  is  the  same  for  both  ;  1  x  900  =  900  x  1.  The  function 
of  the  hydrostatic  press,  therefore,  like  that  of  every  other  machine, 
is  simply  to  transform  or  transfer  energy.  Indeed,  since  in  all 
machines  some  energy  is  lost  by  friction,  the  total  work  done  by  any 
machine  is  always  less  than  that  which  is  done  upon  it — a  fact  of 
great  practical  importance. 

162.  Fluids  under  the  Action  of  Gravitj\ — On  tlie 
earth's  surface  fluids  exert  a  pressure  in  consequence  of 
their  weight.  Since  the  pressure  in  fluids  which  have  a 
free  surface  i.e.,  in  liquids,  is  normal  to  this  surface,  it 
follows  that  when  this  pressure  is  the  weight  of  the 
liquid  itself,  acting  vertically,  the  free  surface  of  the 
liquid  must  be  horizontal.  In  other  words,  the  surface 
of  a  liquid  is  level ;  and  since  the  direction  of  gravity  is 
sensibly  parallel  to  itself  over  moderate  areas,  a  liquid 
surface  is  a  flat  or  plane  surface. 

163.  Fluid  Pressure  Proportional  to  Depth. — Since 
the  lower  layers  of  a  fluid  support  the  weight  of  the  up- 
per layers,  it  is  evident  that  the  pressure  due  to  gravity 
must  increase  from  above  downward ;  including  in  this 
the  lateral  as  well  as  the  vertical  pressure.  The  down- 
ward pressure  upon  the  base  of  a  cylindrical  vessel  filled 
with  water,  for  example,  is  evidently  simply  the  weight 
of  the  w^ater.  The  sides  being  vertical,  sustain  and 
react  equally  against  the  lateral  pressure ;  which  being 
horizontal,  and  acting  outward  over  the  whole  surface, 
has  a  resultant  equal  to  zero. 

Since  the  pressure  on  one  side  is  equal  to  that  on  the  other,  there 
is  horizontal  equilibrium.  But  if  an  opening  be  made  in  the  walls 
of  the  vessel,  the  pressure  will  be  relieved  at  that  point  and  the 
water  will  escape.  Moreover,  the  antagonistic  pressure  on  the  op- 
posite wall  remains  uncompensated,  and  tends  to  move  the  entire 
system  in  the  opposite  direction  to  that  in  Avhich  the  water  flows. 
This  principle  is  illustrated  in  Barker's  mill,  in  reaction  turbines,  in 
rockets,  and  rotating  fireworks.  Unbalanced  pressure  produces  the 
motion. 
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The  pressure  exerted  by  any  vertical  column  of  a 
fluid  upon  its  base  is  always  th<j  continued  product  of 
the  area  of  the  base,  the  height  of  the  column,  and  the 
density  of  the  fluid.  Or,  if  a  represent  the  area,  h  the 
height,  and  d  the  density,  the  pressure,  i.e.,  the  weight 
of  the  column,  is  ahS ;  or  ahdg,  in  absolute  units  of  force. 
The  pressure-intensity,  i.e.,  the  pressure  in  units  of  force 
per  unit  area,  therefore,  in  a  fluid  of  density  d,  at  a  depth 
Ji  below  the  surface,  is  ghd. 

Examples. — Thus  a  column  of  water  ten  meters  high  exerts  a 
pressure  upon  its  base,  supposed  one  square  decimeter  in  area,  of 
one  hundred  thousand  grams,  or  98  raegadynes  ;  since  a  =  100,  h  = 
1000,  and  5  =  1.  So  a  column  of  mercury  76  centimeters  high  and 
one  square  centimeter  in  area  exerts  a  pressure  of  1x76x13*596 
=  1033-3  grams  or  1*0126  x  10*  dynes;  which,  as  we  shall  prove 
later,  is  exactly  the  pressure  exerted  by  an  air-column  of  the  same 
area,  extending  to  the  height  of  the  atmosphere. 

If,  however,  the  sides  of  the  containing  vessel  are  not 
•  vertical,  then  the  above  conclusion  does  not  hold,  and  the 
pressure  upon  the  base  is  not  proportional  to  the  amount 
of  water  in  the  vesseL  Suppose  the  ves- 
sel be  conical,  with  its  smaller  base  down- 
ward (Fig.  53).  It  is  now  obvious  that, 
since  the  lateral  pressure  is  perpendicular 
to  the  walls,  it  may  have  a  vertical  com- 
ponent downward  which  is  balanced  by 
the  reaction  of  the  walls  of  the  vessel 
upward.  Hence  the  weight  of  the  water 
is  supported  partly  by  the  base,  partly  by  the  sides,  the 
part  supported  by  the  base  being  only  the  vertical  col- 
umn immediately  above  it. 

If  the  conical  vessel  has  its  larger  base  downward 
^Fig.  54),  then  the  vertical  component  of  the 
pressure  is  upward,  and  the  downward  press- 
ure on  the  base  is  balanced  in  part  by  an 
upward  pressure  on  the  sides.  In  this  case 
the  reaction  of  the  walls  is  downward,  and  the 
difference  between  the  upward  reaction  of  the 
base  and  this  downward  reaction  corresponds 
to  the  weight  of  the  water. 


Fio.  58. 
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Hence  the  pressure  upon  the  base  of  a  containing 
vessel  may  be  less  than,  equal  to,  or  more  than  the 
weight  of  the  water  contained  in  the  vessel,  according  to 
its  shape ;  the  pressure  being  in  all  cases  the  weight  of 
A  column  equal  in  area  to  that  of  the  base,  and  having 
the  depth  of  the  liquid  for  its  height ;  or  ahS^  as  above. 

164.  Center  of  Pressure. — The  reasoning  above 
given  is  quite  independent  of  the  particular  form  which 
the  vessel  may  have.  Indeed,  the  surface  itself  upon 
which  the  pressure  is  to  be  estimated  may  be  immersed 
in  the  liquid.  If  it  be  parallel  to  the  liquid  surface,  the 
pressure  upon  it  is  ahd  as  before.  If  it  be  not  so  paral- 
lel, then  h  equals  the  mean  depth  below  the  surface,  and 
the  pressure  is  again  ahd.  By  mean  depth  is  meant  the 
depth  of  the  center  of  figure  if  it  be  symmetrical,  or  ot 
its  center  of  n:a.ss  in  any  case. 

Illustration. — Suppose,  for  example,  a  thin  board,  a  meter 
square,  be  immersed  vertically  in  water,  its  upper  edge  being  a  meter 
below  the  surface.  The  total  pressure  upon  the  board  will  be  of 
course  afi^.  Now  the  area  is  10,000  square  centimeters.  The  mean 
depth  or  depth  of  the  center  of  figure  is  \\  meters  or  150  centimeters  : 
«nd  6  is  unity.    Hence  ah8  =  1,500,000  grams  or  1500  kilograms. 

If  any  surface  be  taken  within  any  liquid,  and  it  be 
divided  up  into  elements,  acted  upon  by  parallel  forces, 
representing  the  pressures  on  these  small  areas,  these 
parallel  forces  will  have  a  resultant.  And  the  point  of 
the  surface  through  which  this  resultant  passes  is  called 
the  center  of  parallel  forces,  or  the  center  of  pressure. 
It  is  below  the  center  of  mass  of  the  immersed  surface 
unless  this  surface  be  horizontal. 

165.  Liquid  Equilibrium.— A  mass  of  liquid  con- 
tained in  any  vessel  is  in  equilibrium  when  its  surface 
is  horizontal.  So,  also,  if  the  liquid  be  contained  in  a 
number  of  communicating  vessels  the  surfaces  in  them 
all  must  be  in  the  same  horizontal  plane  in  order  for 
the  liquid  to  be  in  equilibrium. 

Applications.— This  principle,  that  **  water  seeks  its  level,"  is 
made  use  of  in  the  water-level.  This  is  a  metal  tube  having  two 
glass  tubes  at  its  ends  at  right  angles  to  it,  and  both  in  the  same 
plane.     Water  poured  into  the  tube  takes  a  position  of  equilibrium 
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such  that  the  two  surfaces  are  in  the  same  horizontal  plane.  By 
sighting  across  these  surfaces  a  horizontal  line  may  be  run  between 
two  stations.  The  spirit-level,  which  has  now  almost  entirely  taken 
the  place  of  the  water-level,  consists  of  a  glass  tube  whose  axis 
is  the  arc  of  a  circle  of  very  long  radius,  almost  filled  with  alcohol, 
and  sealed.  The  air-bubble  tends  to  the  highest  point  of  the  curve; 
and  when  the  surface  of  the  liquid  is  horizontal,  this  is  the  middle 
point  of  the  level.  The  rise  of  water  in  Artesian  wells,  too,  is  due 
to  this  tendency  of  liquids  to  equilibrium.  If  a  well  be  bored  in  the 
middle  of  a  geological  basin,  through  impermeable  to  permeable 
strata,  the  water  which  may  have  fallen  many  miles  away  at  the 
point  where  these  permeable  strata  rise  to  the  surface,  and  may 
have  accumulated  therein  under  pressure,  flows  to  and  even  above 
the  level  of  the  ground. 

If,  however,  several  liquids  of  diflferent  densities  are 
placed  in  the  same  vessel,  they  will  be  in  equilibrium 
only  when  they  have  arranged  themselves  with  their 
surfaces  horizontal,  in  the  order  of  their  densities ;  the 
densest  being,  of  course,  the  lowest.  If  two  liquids  of 
diflferent  densities  be  placed  in  two  communicating  ves- 
sels, »uch,  for  example,  as  two  glass  tubes  connected  at 
bottom,  they  will  be  in  equilibrium  when  the  pressures 
they  exert  upon  equal  areas  are  equal.  These  pressures 
are,  as  already  stated,  ahS  and  a'h'6'.  At  the  surface 
of  contact  the  two  columns  have  the  same  area ;  and 
therefore,  when  the  pressures  are  equal,  we  shall  have 
hd  =  h'S' ;  whence  h  :  W ::  6'  :  6.  In  other  words,  when 
in  equilibrium  the  heights  of  the  columns  will  be  in- 
versely as  the  densities  of  the  liquids. 

Experiment. — If  mercury  be  poured  into  a  U-tube,  sufficient  to 
fill  somewhat  more  than  the  bend,  and  then  water  be  poured  upon 
the  surface  of  the  mercury,  it  will  be  seen  that  the  column  of  water 
i&  about  13-6  times  as  long  as  the  column  of  mercury,  both  meas- 
ured from  the  surface  of  contact.  But  mercury  is  13  6  times  as 
dense  as  water.  Hence  the  product  of  the  density  by  the  height  is 
the  same  for  both  liquids,  as  above  stated.  This  method  is  often 
useful  for  finding  the'relative  density  of  two  liquids. 

166,  Upward  Pressure  in  Fluids. — When  a  solid 
is  wholly  or  partly  immersed  in  a  fluid  it  obviously  dis- 
places or  takes  the  place  of,  a  volume  of  the  fluid  equal 
to  that  of  its  immersed  part.     Suppose  the  solid  to  be  a 
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cube,  and  let  it  be  immersed  wholly  in  water  (Fig.  55). 

The  exactly  equal  cube  of  water  which  it  displaces  was 

previously  in  equilibrium,  since  it  was  at 

rest ;  and  hence  the  sum  of  the  vertical 

and  of  the  lateral  pressures  upon  it  was 

zero.     The  vertical  downward  pressure 

on  its  lower  surface  is  evidently  that  on 

its  upper  surface  plus  the  weight  of  the 

cube  itself.     Since  the  cube  is  in  ^quilib 


rium,  this  pressure   downward  must  be  ^o»- 

balanced  by  an  equal  upward  pressure.  But  the  condi- 
tions producing  the  upward  pressure — the  law  of  Pascal 
— are  in  no  wise  altered  when  the  solid  cube  takes  the 
place  of  the  liquid  one.  The  upward  pressure  upon  the 
lower  face  is,  as  before,  the  weight  of  a  liquid  column 
whose  area  is  that  of  this  face  and  whose  height  is  the 
depth  of  the  face  below  the  liquid  surface.  But  the  down- 
ward pressure  upon  this  same  cubic  face  is  the  weight  of 
the  cube  itself  plus  that  of  the  column  of  water  above 
it.  The  difference  is  the  excess  of  weight  of  the  cube 
over  the  weight  of  the  same  volume  of  water.  Hence, 
when  the  cube  is  immersed  in  water  it  loses  weight 
exactly  equal  to  the  weight  of  the  displaced  water  ;  i.e., 
to  the  weight  of  its  own  volume  of  water. 

167.  Principle  of  Archimedes* — This  law  of  action, 
which  is  known  as  the  principle  of  Archimedes,  may  be 
thus  stated  :  When  a  solid  is  immersed  in  a  fluid,  either 
wholly  or  partially,  it  suffers  a  loss  of  weight  which  is 
equal  to  the  weight  of  the  fluid  which  it  has  displaced. 
This  upward  force  may  be  assumed  to  act  at  the  center 
of  mass  of  the  fluid  displaced,  whatever  the  form  of  the 
immersed  solid. 

\t  w  =  the  weight  of  the  fluid  upon  the  upper  surface  of  the 
cube,  Cm,  =  the  weight  of  the  fluid  cube,  and  c,  =  that  of  the  solid 
cube,  the  upward  pressure  upon  the  lower  face,  which  in  the  case 
of  the  fluid  cube  is  equal  to  the  downward  pressure,  is  evidently 
w  +  c,o.  The  downward  pressure  upon  the  lower  face  of  the  solid 
cube  is  M^  +  c,.  The  resultant  pressure  is  their  difference,  {w  +  c,)  ^ 
(w  +  c»)  or  c,  —  Cjo.     But  c,  is  the  weight  of  the  unimmersed  solid 
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t;ube;  and  therefore  when  immersed  it  loses  the  weighted,;  i.e.,  a 
weight  equal  to  that  of  the  volume  of  the  fluid  which  it  displaces. 

168.  Floating  Bodies. — Three  cases  may  now  be 
^^onsidered,  according  as  the  weight  of  the  solid  is  less 
than,  is  equal  to,  or  is  greater  than,  that  of  the  displaced 
fluid.  The  resultant  pressure,  as  we  have  just  proved, 
is  c,  —  c^  The  value  of  this  expression  will  be  nega- 
tive, zero,  or  positive  according  as  c, ,  the  weight  of  the 
solid,  is  less  than,  is  equal  to,  or  is  greater  than  Cyg.  In 
the  first  case,  since  the  negative  sign  means  motion  up- 
ward, the  solid  will  rise  to  the  surface  and  float.  In  the 
second  case  there  is  no  resultant,  and  the  solid  will  re- 
main in  equilibrium  in  any  part  of  the  fluid.  In  the 
third  case  the  resultant  is  positive,  and  the  solid  will 
sink  in  the  fluid. 

Examples. — Suppose  that  the  solid,  whatever  its  shape,  has  a  vol- 
ume of  one  cubic  centimeter,  and  that  it  be  immersed  in  water. 
The  weight  of  a  cubic  centimeter  of  water  is  one  gram.  Hence  the 
solid  when  immersed  will  lose  one  gram  of  its  weight.  If  the  solid 
be  cork,  of  which  one  cubic  centimeter  weighs  0*24  gram,  then  the 
upward  pressure  exceeds  the  downward  by  1-00  —  0*24  =  0*76  gram; 
and  the  cork  will  move  upward.  If  the  solid  be  of  iron,  a  cubic 
centimeter  of  which  weighs  78  grams,  then  the  downward  pressure 
is  in  excess  by  6*8  grams  ;  and  the  solid  sinks. 

Again,  suppose  the  solid  to  be  a  rubber  balloon  filled  with  hydro- 
gen, and  having  a  volume  of  one  cubic  decimeter.  Let  it  be  im- 
mersed in  air.  The  weight  of  the  hydrogen— one  cubic  decimeter- 
is  0  08837  gram.  The  weight  of  the  same  volume  of  air  is  1*2759 
grams.  Hence  the  upward  pressure,  due  to  the  weight  of  the  air 
displaced,  is  greater  than  the  downward  pressure,  due  to  the  weight 
of  the  displacing  gas,  by  1*1875  grams.  So  that  allowing  0  5  gram 
for  the  weight  of  the  balloon  itself  and  its  attached  car,  it  would 
still  have  an  ascensional  force  of  0*6875  gram. 

169.  Law  of  Liquid  Flotation. — When  liquids  or  sol- 
ids float  on  liquids,  as,  for  example,  oil  or  wood  on  water, 
the  principle  of  Archimedes  is  still  true  and  the  liquid 
or  solid  mass  loses  weight  equal  to  the  weight  of  the 
displaced  liquid.  Now,  however,  the  mass  is  not  wholly 
but  only  partly  immersed ;  and  hence  the  volume  of  the 
liquid  displaced  is  only  a  fraction  of  its  own  volume. 
But  in  order  to  float  at  rest,  the  forces  acting  must  be  in 
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equilibrium;  i.e.,  the  upward  and  downward  pressures 
must  be  equaL  If  the  former  be  the  greater,  the  mass 
will  rise ;  if  the  latter,  it  will  sink.  But  the  downward 
pressure  is  the  weight  of  the  mass,  and  the  upward 
pressure  is  the  weight  of  the  displaced  liquid.  Conse- 
quently the  law  of  flotation  is  that  a  floating  body  will 
sink  in  a  liquid  until  it  displaces  a  weight  of  the  liquid 
equal  to  its  own  weight. 

Thug  a  piece  of  yellow  pine,  one  cubic  centimeter  of  which 
weighs  0*657  gram,  will  sink  deeper  in  water  than  a  piece  of  poplar, 
weighing  only  0*889  gram  to  the  same  volume.  One  cubic  centime- 
ter of  the  former  wood  would  have  to  sink  657  thousandths  of  its 
bulk  in  order  to  displace  its  own  weight  of  water  ;  while  the  latter 
would  displace  its  own  weight  by  sinking  389  thousandths.  Again, 
ice  weighs  0-918  gram  to  the  cubic  centimeter ;  and  therefore  the 
part  of  an  iceberg  out  of  the  water  is  only  82  thousandths  of  the 
entire  volume  of  the  berg,  or  about  one  eleventh  of  the  portion  im- 
mersed. 

A  hollow  ball  of  copper  may  be  made  to  float  or  to  sink  in  any 
liquid,  except  mercury,  according  to  the  volume  given  to  it,  for  the 
same  mass.  Let  this  mass  be  a  kilogrftm.  If  solid,  the  volume  of 
the  copper  would  be  112*4  cubic  centimeters;  that  of  the  correspond- 
ing mass  of  water  being  one  cubic  decimeter.  If  now  the  volume  of 
the  copper  be  increased  to  one  cubic  decimeter  by  making  it  hollow, 
its  weight  will  be  equal  to  that  of  the  same  volume  of  water,  and  it 
will  be  in  equilibrium  anywhere  in  the  liquid  mass.  If  its  volume 
be  two  cubic  decimeters,  it  will  float  with  only  one  half  of  its  volume 
immersed. 

In  the  same  way  an  iron  ball  will  float  on  mercury.  While  iron 
weighs  7*8  grams  per  cubic  centimeter,  mercury  weighs  13*596 
grams.  Hence  to  displace  its  own  weight  of  mercury  an  iron  bail 
must  sink  therein  to  only  a  little  more  than  half  its  volume. 

170.  Equilibrium  of  Floating  Bodies. — In  the  cases 
now  considered,  the  floating  body  was  assumed  to  be  in 
equilibrium  when  the  resultant  of  all  the  forces  acting 
upon  it  was  zero.  This  has  been  sho^m  already  to  be 
the  condition  for  zero  motion  of  translation.  If,  how- 
ever, the  two  equal  and  unlike  forces  represented  by  the 
upward  and  downward  pressures  do  not  act  along  the 
same  line,  then  they  constitute  a  couple  and  so  produce 
rotation.  The  condition  for  complete  equilibrium,  there- 
fore, is,  not  only  that  the  resultant  of  the  acting  forces 
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shall  be  zero,  but  also  that  these  forces  shall  act 
along  the  same  straight  line  so  as  to  have  no  moment. 
Since  the  downward  force  is  the  weight  of  the  body  and 
acts  at  its  center  of  mass,  it  is  necessary  that  the  direc- 
tion of  the  upward  force  shall  also  pass  through  the 
center  of  mass.  But  the  upward  force  acts  through  the 
center  of  mass  of  the  displaced  liquid.  Hence  the 
center  of  mass  of  the  displaced  liquid  must  be  vertically 
beneath  the  center  of  mass  of  the  solid.  The  center  of 
mass  of  the  displaced  liquid  is  commonly  called  the 
center  of  buoyancy. 

171.  Stable  and  Unstable  Equilibrium. — The  crite- 
rion of  stable  equilibrium  is  its  permanency.  If,  there- 
fore, the  floating  body  be  slightly  displaced  from  its 
position  of  rest,  and  then  left  to  itself,  it  is  easy  to 
determine  whether  the  equilibrium  be  stable  or  unstable. 
In  the  former  case  the  body  will  return  to  its  initial 
position,  in  the  latter  it  will  depart  more  and  more  from 
it ;  the  couple  thus  formed  tending  in  the  one  case  to 
restore  the  body,  and  in  the  other  to  overset  it. 

The  maximum  stability  of  a  floating  body  is  of  course 
attained  when  the  center  of  mass  is  below  the  center 
of  buoyancy,  the  body  then  oscillating  like  a  pendulum. 
But  this  condition  of  things  is  not  possible  when  the 
body  is  homogeneous.  It  is  accomplished  only  by 
weighting  it 

Examples. — Thus  a  glass  tube  closed  at  one  end  may  be  weighted 
with  mercury,  or  a  wooden  rod  with  a  stone,  so  as  to  float  in  water 
without  danger  of  oversetting ;  the  center  of  mass  being  now  below 
the  center  of  buoyancy. 

Homogeneous  floating  bodies,  however,  may  assume 
a  condition  of  equilibrium  which  satisfies  the  above 
criterion  ;  though  of  course,  under  these  circumstances, 
the  center  of  mass  is  above  the  center  of  buoyancy. 

Thus  let  the  block  of  wood  float  as  shown  in  the  figure  (Fig.  56), 
Jf  being  its  center  of  mass  and  B  the  center  of  buoyancy.  Since 
the  forces  acting  at  these  points  are  equal  and  opposite,  the  equilib- 
rium is  complete.  Now  displace  the  block  slightly  (Fig.  57).  The 
new  center  of  buoyancy  will  be  at  ^';  and  the  upward  force  at  B' 
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forms  with  the  downward  one  acting  at  if  a  couple  tending  to 
restore  the  body  to  its  initial  position.    On  the  other  hand,  if  the 
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block  be  floating  with  its  longer  side  vertical  (Fig.  58),  then  on  dis- 
placement the  couple  will  tend  to  overset  it  (Fig.  59). 
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172.  Measure  of  the  Stability.— Metacenter. — When- 
ever the  equilibrium  of  such  a  floating  body  is  disturbed, 
the  position  of  the  center  of  buoyancy  is  changed.  If  the 
body  be  made  to  rotate  about  its  center  of  mass,  the 
center  of  buoyancy  will  move  in  the  same  direction  as 
the  immersed  portion  of  the  body  if  the  equilibrium  be 
unstable,  and  in  the  opposite  direction  if  it  be  stable. 
Let  the  vertical  line  through  the  new  center  of  buoyancy 
be  prolonged  upward  until  it  intersects  the  original 
vertical  drawn  through  this  center  and  the  center  of 
mass  when  the  body  was  in  equilibrium.  The  point 
of  intersection  is  called  the  metacenter,  and  its  height 
above  the  center  of  mass  measures  the  stability  of  the 
equilibrium.  If  the  intersection  be  above  the  center  of 
mass,  the  equilibrium  is  called  stable.  If  it  coincides 
with  this  center,  it  is  indifferent.  If  it  is  below  it,  the 
equilibrium  is  unstable.  It  will  be  observed  that  the  dis- 
placement  of  the  center  of  buoyancy,  which  determines 
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the  position  of  the  metacenter,  depends  upon  the  shape 
of  the  body  immersed,  in  the  vicinity  of  the  water-line. 
Hence  the  model  of  a  sailing  vessel  is  so  contrived  as  to 
keep  the  metacenter  as  high  as  possible.  An  examination 
of  the  figure  (Fig.  60)  will  show  that  the  metacenter  C  is 

lowered,  and  the  stability  les- 
sened, as  the  body  is  turned 
more  and  more.  To  make  the 
metacenter  as  high  as  possi- 
ble, the  displacement  should 
be  indefinitely  small,  therefore. 
Since  the  stability  of  a  fioat- 
— .:_ —  ing  body  is  proportional  to  the 

^^'  ^'  height  of  the  metacenter  above 

the  center  of  mass,  the  stability  is  lessened  as  the  center 
of  mass  is  raised.  Hence  in  boats  and  other  vessels 
the  center  of  mass  is  kept  as  low  as  possible  either  by 
ballast  or  by  making  the  keel  of  lead  and  very  massive. 

Density  and  Specific  Gravity. 

173.  Definitions. — Density  has  already  been  defined 
as  the  amount  of  matter  in  the  unit  of  volume  ;  or  in  the 
C.  G.  S.  system,  the  number  of  grams  in  a  cubic  centi- 
meter of  any  substance.  Since  in  this  system  the  mass  of 
a  cubic  centimeter  of  water  is  taken  as  the  unit  of  mass, 
the  number  representing  the  density  of  any  substance 
represents  also  the  ratio  of  its  weight  to  that  of  an  equal 
volume  of  water.  But  this  ratio  is  commonly  called  the 
Specific  Gravity  of  the  substance.  It  should  be  carefully 
kept  in  mind  that  density  represents  always  a  definite 
number  of  units  of  mass  ;  i.e.,  the  number  contained  in 
one  cubic  centimeter;  while  specific  gravity  is  simply 
a  numerical  ratio,  and  represents  the  number  of  times  a 
given  substance  is  heavier  than  water,  the  volumes  being 
the  same. 

174.  Methods  for  determining^  Density  or  Specific 
Gravity. — Since  6  =  M/  V,  the  density  is  obtained  by 
dividing  the  mass  by  the  volume ;  and  since  the  mass. 
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can  be  obtained  by  the  balance,  we  have  only  to  find 
the  volume  to  be  able  to  calculate  the  density.  So,  too, 
specific  gravity  is  equal  to  W'/  W\  or  to  the  weight  of  the 
body  W\  divided  by  that  of  an  equal  volume  of  water  TT. 
As  before,  W  is  obtained  directly  by  weighing.  It  re- 
mains then  only  to  find  W, 

If  the  body  be  a  symmetrical  solid,  its  volume  can  be 
readily  calculated. 

Suppose  it  to  be  a  cube  of  brass  three  centimeters  on  a  side.  Its 
volume  will  be  27  cubic  centimeters.  Suppose  further  that  its 
mass  on  the  balance  is  226  8  grams.  This  is  M  and  also  W. 
Hence  M;  V  =  2268/27  =  8 '4,  the  number  of  grams  contained  in  one 
cubic  centimeter:  i.e.,  the  density.  In  the  same  way,  sp.  gr.  = 
TV'/ »V=  226-8/27  (since  27  c.c.  of  water  weigh  27  grams)  =  8  4  ; 
or  the  body  is,  volume  for  volume,  8  4  times  as  heavy  as  water. 

If,  however,  the  solid  be  not  a  symmetrical  one 
but  be  irregular  in  form,  its  volume  may  readily  be 
found  by  the  principle  of  Archimedes,  that  the  loss  in 
weight  of  any  solid  immersed  in  a  fluid  is  the  weight  of 
its  own  volume  of  that  fluid.  Hence  if  the  fluid  be 
water,  the  excess  of  weight  in  air  over  that  in  water  is 
W in  grams  or  V  in  cubic  centimeters.  Whence  the 
ordinary  rule  :  Divide  the  weight  of  the  body  in  air  by 
the  loss  of  weight  in  water.  The  quotient  is  the  specific 
gravity  of  the  body. 

The  specific  gravity  of  a  liquid  may  be  determined  in 
a  similar  way.  Weigh  any  solid,  such  as  a  glass  bulb» 
first  in  air,  then  in  water,  and  finally  in  the  given  liquid. 
The  difference  between  the  first  two  weighings  is  IVj  the 
weight  of  its  volume  of  water.  That  between  the  first 
and  the  third  is  W\  the  weight  of  its  volume  of  the 
liquid.    Hence  W/  W=  the  specific  gravity  of  the  liquid. 

175.  Equilibrium  in  Gases.— The  Atmosphere.— 
The  earth  is  surrounded  by  a  vast  aerial  envelope  called 
the  atmosphere,  composed  essentially  of  two  gases, 
oxygen  and  nitrogen,  mixed  together  in  the  proportion 
of  about  one  fifth  oxygen  and  four  fifths  nitrogen.  One 
liter  of  air  weighs  1*2759  grams ;  and  hence  the  pressure 
which  the  atmosphere  exerts  upon  the  earth's  surface  is 


Digitized  by  VjOOQ IC 


164  PHYSICS, 

very  considerable.  Did  we  know  the  exact  height  of  the 
atmosphere,  the  pressure  on  the  unit  of  area  would  be 
ghS,  as  in  the  case  of  any  other  fluid.  By  making  use 
of  the  laws  of  fluid  equilibrium,  however,  this  pressure 
may  be  indirectly  measured.  If  the  air  be  removed 
from  a  glass  tube  the  lower  end  of  which  is  placed  in 
mercury,  the  mercury  will  rise  in  the  tube  until  it 
reaches  a  height  of  about  76  centimeters.  Since  no 
pressure  is  exerted  upon  the  top  of  the  mercury  within 
the  tube,  we  infer  that  it  is  the  atmospheric  pressure 
upon  the  mercury  in  the  reservoir  which  sustains  the 
column  and  which  it  balances;  in  proof  of  which  we 
find  that  if  we  remove  the  air  from  the  space  above  this 
outer  mercury  surface  the  column  falls.  Now  this  col- 
umn of  mercury  76  centimeters  high  weighs  ahd  grams ; 
and  this,  if  the  area  be  unity,  is  equal  to  76  X  13*596  or 
1033*3  grams.  In  consequence,  the  pressure  of  the  atmos- 
phere upon  every  square  centimeter  of  the  earth's  sur- 
face is  about  1033-3  grams,  or  1033-3  X  980  =  10126x  10* 
dynes  ;  a  little  more  than  a  megadyne. 

176.  The  Barometer. — The  above  experiment  was 
first  made  by  Viviaui,  a  student  with  Torricelli,  in  1643, 
in  the  following  manner :  He  took  a  glass  tube  about  a 
meter  long,  closed  at  one  end,  and  filled  it  with  mercury. 
Closing  the  open  end  then  with  the  finger,  he  inverted 
the  tube  and  placed  the  lower  end  beneath  the  surface 
of  mercury  contained  in  a  jar.  On  removing  his  finger 
the  column  of  mercury  fell  in  the  tube,  and,  after  oscil- 
lating, came  to  rest  at  a  height  of  about  76  centimeters. 
The  experiment  was  repeated  and  published  by  Torri- 
celli, and  is  generally  known  by  his  name.  The  vacant 
space  above  the  mercury  column  is  known  as  the  Tor- 
ricellian vacuum,  and  the  entire  apparatus,  since  it 
measures  the  pressure  of  the  atmosphere,  is  called  a 
barometer. 

In  further  proof  that  the  barometric  column  is  sup- 
ported by  atmospheric  pressure  two  experiments  may  be 
mentioned,  both  due  to  Pascal.  In  the  first  the  mercury 
was  replaced  by  other  liquids  of  differing  densities,  and 
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it  was  found  that  the  height  of  the  column  was  always 
inversely  proportional  to  the  density  of  the  liquid  em- 
ployed ;  in  entire  accordance  with  tbe  law  of  fluid  equi- 
librium. In  the  second  the  mercury  barometer  was 
taken  by  Perier,  at  the  request  of  Pascal,  to  the  top  of 
Puy-de-Dome,  a  hill  in  Auvergne,  about  1000  meters 
high ;  and  he  observed  a  fall  in  the  column  of  nearly 
eight  centimeters. 

As  the  total  atmospheric  pressure  is  now  known,  and 
also  the  density  of  the  air  at  the  earth's  surface,  we  may 
calculate  the  height  of  the  atmosphere,  supposing  its 
density  uniform,  from  the  formula  h  =  P/gd ;  in  which 
P  is  the  pressure  of  the  air  in  dynes  upon  unit  of  sur- 
face, and  6  the  density.     Performing   the  division,  we 

1*0126  X  10* 
^^^^  QftO  V  -0012942  ^  ^^^  ^  ^^^  centimeters,  about,  or 

7-99  X  10*  meters.  This,  therefore,  would  be  the  height 
of  the  atmosphere,  provided  that  its  density  throughout 
were  the  same  as  at  the  surface.  This  value  is  some- 
times called  the  height  of  the  homogeneous  atmosphere. 
177,  Barometric  Measurement  of  Height.— Hyp- 
sometry. — The  density  of  the  air,  however,  is  not  uni- 
form as  we  ascend,  but  diminishes 
very  rapidly,  in  accordance  with  the 
law  of  Boyle,  presently,  to  be  con- 
sidered. The  law  of  this  diminu- 
tion may  be  illustrated  as  follows : 
Suppose  three  air-layers  of  the 
same  indefinitely  small  thickness 
(Fig.  61),  between  which  the  den- 
sity may  be  considered  uniform, 
though  decreasing  with  each  succes- 
sive layer.  These  densities.  6,  cJ, ,  cJ,, 
will  be  proportional  to  the  weights  of  the  layers,  which 
weights  are  themselves  proportional  to  the  difference  of 

p  —  p        (J 

the  pressures ;  and  hence —  =  z-.    But  Bovle's  law 

P^  -Pt      ^t  -^ 

states  that  —.  =  — ;  hence ^  =  -i-,  and  consequently 

<^.     P.  P. -P.     p!  ^         ^ 
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~  =  ~,  and  so  on.     Therefore  the  ratio  of  the  densities 

P,      P^ 

is  constant  for  each  succeeding  pair  of  air-layers.  Let 
n  be  this  ratio,  so  that  S/6^  =  n,  ^J^^  =  n,  <^^^,  =  n,  etc. 
Multiplying  these  equations  member  by  member,  we 
have  6/6^  =  n'.  Or  in  other  words,  as  the  height  in- 
creases by  addition,  or  in  arithmetical  progression,  the 
density  decreases  by  multiplication,  or  in  geometrical 
progression.  Since  the  pressure  decreases  by  an  amount 
ghS  on  unit  area  for  an  increase  in  height  A,  it  will  de- 
crease by  the  value  gSdx  for  the  variation  dx.     Hence 

P 
we  have  dp  =  — -  gSdx ;  or,  since  p  =  gH^,  dp  =  —^dx. 

dp  dx  p 

Transposing,  —  =  —  yy  ;  whence    ZT  log^    ~  =  x^—  x^^ 

In  this  formula  H  represents  the  height  of  the  homo- 
geneous atmosphere  above  given.  If  the  pressures  be 
represented  by  the  barometric  heights  B  and  i,  x^  be 
made  zero  (i.e.,  the  height  be  measured  from  the  sea- 
level),  the  logarithms  be  made  common,  and  H  be  re- 
placed by  its  value,  we  have 

x,  =  18190  log  --  [33] 

as  the  equation  by  which  the  height  of  any  station  above 
the  sea-level  can  be  calculated  by  means  of  the  baro- 
metric readings  at  the  two  stations. 

Illustrations. — To  exemplify  the  use  of  this  formula,  let  it  Ije 
required  to  ascertain  the  height  at  which  the  barometer  would 
stand  at  one  millimeter.  Making  B  =  760  and  6  =  1,  we  have 
18190  X  log  760  =  18190  x  288  =  52400  meters.  Hence  at  a  height 
of  52 -4  kilometers  the  air  is  so  rare  that  it  will  support  a  column  of 
mercury  only  about  one  millimeter  in  height.  Making  6  one  mil- 
lionth of  760,  or  -00076,  we  find  that  x^  =  109140  meters,  or  a  littlo 
more  than  twice  the  former  height.  Whence  it  follows  that  at  a 
height  of  about  109  kilometers  the  air  would  equal  in  rareness  the 
best  obtainable  vacuum. 

It  is  evident  from  the  equation  just  considered  that 
there  is  no  proper  sense  in  which  we  can  use  the  term 
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"  height  of  the  earth's  atmosphere  " ;  since  the  value  of 
x,  becomes  infinite  if  6  be  made  zero.  In  other  words, 
at  every  finite  distance  from  the  earth  the  height  of  the 
barometer  will  have  a  finite  value.  This  agrees  entirely 
with  what  we  know  of  gases,  i.e.,  that  they  can  have  no 
free  surface. 

In  appljdng  this  formula  practically,  various  correc- 
tions for  temperature,  moisture,  and  the  latitude  of  the 
station  are  required,  so  that  the  complete  expression  for 
the  height  in  meters  of  a  given  station  is 

Height=184041og|{  (l+^^^)(l+S)(^+^*^^^^^^'^)  \    1^4] 

The  first  correcting  term  is  for  temperature,  the  second 
for  moisture,  and  the  third  for  latitude.  This  formula  is 
due  to  Laplace. 

178.  Forms  of  Barometer. — The  normal  barometer, 
used  always  as  a  standard  instrument  and  therefore 
fixed  in  position,  consists  of  a  large  tube  of  glass  usually 
about  two  centimeters  in  diameter,  carefully  filled  with 
mercury  and  firmly  supported  in  a  vertical  position.  Its 
lower  end,  narrowed  to  a  small  opening,  is  placed  beneath 
the  surface  of  mercury  contained  in  a  suitable  tank. 
The  readings  are  made  with  a  kathetometer. 

The  most  common  form  of  portable  barometer  is 
that  of  Fortin.  Its  tube  is  a  centimeter  or  less  in  diam- 
eter, and  is  enclosed  within  a  tube  of  brass,  to  the  lower 
end  of  which  the  reservoir  is  attached.  The  lower  por- 
tion of  this  reservoir  is  made  of  chamois  leather,  against 
which  a  screw  presses  from  below ;  so  that  when  turned 
in  sufficiently  the  mercury  column  is  raised  to  fill  the 
tube,  and  in  this  condition  it  may  be  transported  without 
danger.  The  scale  is  engraved  on  the  brass  tube,  the 
zero  mark  being  an  ivory  point  within  the  reservoir, 
which  at  top  is  of  glass.  Before  reading,  the  level  of 
the  mercury  in  the  reservoir  is  brought  exactly  up  to 
the  ivory  point.  The  reading  is  made  by  means  of  a 
vernier,  the  limit  being  generally  002  millimeter. 
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In  Gay  Lussac^s  barometer,  frequently  called  the 
Biphon  barometer,  there  is  no  distinct  reservoir,  the 
tube  being  recurved  at  bottom  so  that  the  two  surfaces 
of  mercury  are  in  the  same  vertical  line.  The  height  of 
the  column  is  the  distance  from  the  lower  meniscus  to 
the  upper  one.  And  since  the  diameter  of  the  tube 
is  the  same  at  these  two  points,  Gay  Lussac  supposed 
that  the  capillary  eflfects  would  neutralize  each  other 
and  that  no  correction  for  capillarity  would  be  needed. 
This,  however,  is  not  the  fact ;  and  moreover,  this  ar- 
rangement renders  the  capillary  correction  uncertain. 
The  Fortin  barometer  is  preferred,  therefore,  lor  ac- 
curate work. 

The  aneroid  barometer,  as  its  name  implies,  is  a  ba- 
rometer without  liquid.  Its  essential  part  is  a  thin 
circular  box  of  metal  having  a  corrugated  top,  suitably 
•connected  with  the  index-hand  by  a  system  of  multiply- 
ing levers.  This  box  is  partially  exhausted  of  air  and 
then  sealed.  As  the  atmospheric  pressure  varies,  the 
top  of  the  box  rises  and  falls,  and  this  motion  suitably 
magnified  is  indicated  upon  the  dial.  When  made  with 
sufficient  care  and  frequently  compared  with  the  mer- 
•curial  barometer,  these  instruments  may  be  made  of 
excellent  service  in  hypsometry. 

179,  Use  of  the  Barometer  in  Meteorology. — The 
barometric  height  is  not  constant,  however,  even  for  an 
instrument  fixed  in  position.  Variations  are  observed 
in  it  which  at  first  sight  appear  entirely  irregular, 
but  in  which  periodicity  is  readily  found  by  inspection 
of  the  barometric  curves  drawn  by  a  registering  instru- 
ment. It  is  then  noticed  that  there  are  daily,  monthly, 
and  annual  maxima  and  minima  for  every  locality,  but 
that  the  amplitude  of  the  oscillation  at  diflferent  locali- 
ties is  itself  variable  within  considerably  wide  limits. 
Maxima  of  the  daily  variation  occur  (in  the  tropics  with 
great  regularity)  at  about  9  a.m.  and  9  p.m.;  and  minima 
at  about  4  A.M.  and  4  p.m.  The  amplitude  of  this  varia- 
tion— which  reaches  its  minimum  in  the  winter — varies 
from  0*2  to  2*36  millimeters  according  to  the  latitude. 
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The  mean  monthly  variation  of  the  daily  means  attains 
its  maximum  in  winter,  its  minimum  in  summer  ;  the 
amplitude  varying  from  3  to  36  millimeters  as  the  lati- 
tude increases.  Lines  drawn  through  places  having  the 
same  mean  monthly  amplitude  of  barometric  variation 
are  called  isobarometric  lines.  The  annual  variation  also- 
attains  its  maximum  in  January  and  its  minimum  in 
July,  the  maximum  amplitude  being  about  17  milli- 
meters. 

In  the  temperate  zones,  however,  the  irregular  fluc- 
tuations of  the  barometer  are  so  great  as  almost  entirely 
to  mask  the  periodic  variations.  Since  a  rise  of  tempera- 
ture diminishes  the  air-pressure,  the  barometer  falls,  in 
general,  as  the  thermometer  rises.  Consequently  with 
the  irregular  temperature  variations  observed  in  middle 
latitudes,  irregular  barometric  fluctuations  would  be 
expected.  Again,  moist  air  being  lighter  than  dry,  the 
height  of  the  barometric  column  is  a  function  of  the 
amount  of  moisture  in  the  air.  In  the  ordinary  weather- 
charts,  lines  are  drawn  passing  through  places  of  equal 
pressure  and  called  isobaric  lines  or  isobars ;  these  lines 
being  separated  by  a  difference,  say,  of  five  millimeters 
of  barometric  height.  Sometimes  the  lowest  isobar  en- 
closes an  area  more  or  less  circular.  This  is  called  a 
center  of  depression.  Because  of  its  low  pressure,  air  will 
flow  into  it  from  all  directions ;  and  hence  the  direction 
of  the  wind  is  always  toward  such  areas.  Moreover, 
where  these  isobars  are  closest,  there  the  barometric 
gradient  is  steepest  and  there  the  wind  will  be  strong- 
est. The  direction  of  the  wind  is,  however,  modified 
by  the  earth's  rotation,  so  that  the  air  moves  toward 
these  centers  spirally,  the  direction  of  rotation  in  the 
northern  hemisphere  being  that  opposite  to  which  the 
hands  of  a  watch  move.  Under  certain  conditions,  a 
rotating  storm  of  great  violence  may  thus  be  engendered, 
called  a  cyclone;  in  the  interior  of  which,  owing  to  the 
centrifugal  action,  there  is  a  still  further  depression  of 
the  barometer.  Moreover,  the  cyclone  itself  is  generally 
in  motion  with  a  high  velocity. 
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B. — KINETICS  OF  FLUIDS. 

(a)  Mass-kinetics. 

180.  Kinetics  of  Liquids. — The  flow  of  liquids  in 
general  is  produced  by  the  action  of  gravity.  Suppose, 
for  example,  an  opening  to  be  made  in  the  bottom  of  a 
cylindrical  vessel  near  its  center,  the  vessel  being  filled 
with  liquid.  It  is  required  to  determine  the  speed  of 
the  outflow,  the  depth  of  the  liquid  being  maintained 
constant  If  V  represent  the  volume  of 
liquid  discharged  per  second,  V6  will  rep- 
resent the  mass  of  liquid  thus  flowing  out, 
or  m.  When  at  a  (Fig.  62),  the  top  of  a 
liquid  column  of  height  A,  the  potential 
energy  stored  up  in  this  liquid  mass  is  mgh 
units.  Suppose  that  the  liquid  issues  at  b 
Fio*"l»  ^^*^  ^  speed  s ;   its  kinetic  energy  will  be 

ims*  units.  Since  to  acquire  this  speed  the 
potential  energy  of  the  mass  has  been  transformed  into 
an  equal  kinetic  energy,  we  may  equate  these  values; 
mgh  =  ims\  Whence  «'  =  2gh  and  s  =  V2gh.  From  this 
it  will  be  seen  :  1st,  that  the  speed  with  which  a  liquid 
issues  from  an  orifice  is  the  same  as  that  which  would 
be  produced  in  the  mass  by  falling  freely  from  the  same 
height ;  2d,  that  this  speed  is  directly  proportional  to 
the  square  root  of  the  "head,'*  or  the  depth  of  the  orifice 
below  the  surface ;  and  3d,  that,  since  the  speed  of  efflux 
is  independent  of  the  particular  liquid  used,  it  follows 
that  all  liquids  issue  under  the  same  head  with  the  same 
speed.  This  law  of  flow  is  known  as  the  law  of  Torricelli, 
its  discoverer. 

Experiments.— The  law  of  Torricelli  may  be  readily  verified  ex- 
perimentally. If  the  vessel  have  a  lateral  tubulure,  in  the  top  of 
which  an  opening  is  made,  the  liquid  will  issue  vertically,  and  will 
rise  to  a  height  nearly  equal  to  the  level  of  the  liquid  in  the  reser- 
voir. But  for  the  friction  at  the  orifice,  the  impact  of  the  falling 
liquid,  and  the  resistance  of  the  air,  the  height  would  be  the  same. 
Again,  if  the  jet  issue  horizontally  with  the  speed  *,  it  will  immedi- 
ately begin  to  fall  under  the  action  of  gravity,  and  its  path  will  be  a 
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parabola.  \f  y  ^st  be  the  horizontal  distance  passed  over  in  the 
time  <,  and  x  —  igt*,  the  vertical  distance,  we  have,  by  eliminating 
t  between  these  two  expressions,  y*  =  {2s*/y)x ;  which,  since  the 
abscissa  varies  as  the  square  of  the  ordinate,  is  the  equation  of  a 
parabola  referred  to  its  axis  and  a  tangent  at  the  vertex.  Since  the 
focal  distance  is  one  fourth  of  the  latus  rectum  2s^/gy  it  must  bo 
equal  to  8^/2g.  But  this  is  the  distance  h  of  the  orifice  below  the 
surface.  Hence  the  focus  of  the  parabola  is  as  much  below  the 
orifice  as  the  surface  of  the  liquid  is  above  it ;  and  the  curves  are 
flatter  the  greater  the  head  under  which  they  issue. 

181.  Amountot'Flow.— Contracted  Vein. — It  would 
seem  at  first  that  the  speed  of  efflux  might  be  readily  as- 
certained from  the  volume  of  liquid  issuing  per  second. 
If  the  area  of  the  orifice  is  a  square  centimeters,  and  a 
volume  of  b  cubic  centimeters  issues  in  the  time  ^  then 
the  speed  8  =  b/at  centimeters  per  second.  But  it  is 
found  in  practice  that  for  a  circular  orifice  in  a  thin 
plate  the  amount  of  flow  is  only  about  62  per  cent  of  the 
calculated  value.  This  arises  from  the  fact  that  those 
portions  of  the  liquid  in  the  vessel  whicli  are  not  in  a  di- 
rect line  with  the  orifice  exert  a  lateral  pressure  upon  the 
issuing  jet ;  so  that  instead  of  being  cylindrical  in  form 
this  jet  is  conical,  diminishing  in  size  as  it  issues,  and 
reaching  a  minimum  cross-section — about  62  per  cent  of 
the  area  of  the  orifice — at  a  distance  equal  to  the  diame- 
ter of  the  opening.  This  conical  jet  is  known  as  the  con- 
tracted vein,  or  vena  contracta.  In  order  to  increase  the 
flow,  short  tubes — called  ajutages — are  fitted  to  the  aper 
ture.  And  it  is  found  that  a  cylindrical  ajutage  whose 
length  is  two  or  three  times  its  diameter  increases  the 
flow  to  82  per  cent  of  the  theoretical  amount  If  the 
ajutage  be  conical,  with  its  smaller  end  outward,  the  flow 
is  raised  to  92  per  cent  And  if  the  larger  end  of  the 
ajutage  be  outward,  it  is  still  further  increased,  now  fall- 
ing only  very  little  short  of  the  theoretical  value.  If, 
however,  the  ajutage  be  very  long,  say  48  times  its  diam- 
eter, the  flow  is  again  diminished,  in  this  case  to  63  per 
cent,  owing  to  the  friction  due  to  the  viscosity  of  the 
liquid.  The  increased  flow  produced  by  the  ajutage  is 
attributed  simply  to  the  adhesion  of  the  liquid  to  the 
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walls  of  the  tube,  thus   making  the  issuing  jet  more 
nearly  cylindrical. 

182.  Flow  of  Liquids  in  Tubes.— If  the  walls  of  the 
tubes  be  wetted  by  the  liquid,  the  layer  of  liquid  in  con- 
tact with  these  walls  does  not  change,  except  by  diflfu- 
sion.  Hence  the  mass  of  the  liquid  flows  by  this  layer, 
and  the  only  loss  of  energy  is  due  to  the  viscosity  of  the 
liquid  itself.  On  tne  other  hand,  if  the  liquid  does  not 
wet  the  walls  of  the  tube,  there  is  friction  between  the 
liquid  and  the  walls  and  a  loss  of  energy  is  the  result 
If  a  continuous  flow  be  maintaiued  at  the  end  of  a  uni- 
form tube,  the  speed  of  issue  supposes  at  that  point  a 
certain  head  ^,  deduced  from  the  formula  »'  =  2yA.  This 
is  called  the  velocity-head.  In  order  to  maintain  this 
speed  at  the  end  of  the  tube  a  certain  total  head  must 
be  maintained  at  the  reservoir.  The  velocity  head  being 
constant  throughout  the  tube,  the  difference  between  the 
total  head  and  the  velocity-head  at  any  part  of  the  tube 
measures  the  hydrostatic  pressure.  This  is  called  the 
pressure-head.  By  placing  yertical  tubes  at  different  dis- 
tances along  the  tube  the  pressure-head  at  any  point  is 
indicated  by  the  rise  of  the  liquid  at  that  point     The 
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fall  of  pressure  in  the  tube  is  uniform  throughout  its 
length,  and  is  the  more  rapid  the  shorter  the  tube.  The 
pressure-head  at  any  point  measures  the  resistance  in  the 
tube  beyond  this  point  This  resistance  is  a  function 
not  only  of  the  length  and  of  the  diameter  of  the  tube, 
but  also  of  the  speed  of  the  liquid  within  it     Thus,  for 
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example,  in  Figure  63,  the  total  head  in  the  reservoir 
ABGD  is  the  height  of  the  liquid  jBZ>,  the  pressure-head 
is  the  height  GBy  and  the  velocity-head  is  the  difference 
BG,  The  fall  of  the  pressure-head  along  the  horizontal 
tube  DE  is  indicated  in  the  vertical  tubes,  and  takes 
place  along  the  dotted  line  0E\  the  fall  in  the  total  head 
being  represented  by  the  dotted  line  BF.  Since  these 
lines  are  parallel,  their  distance  apart,  which  representa 
the  velocity-head,  is  evidently  constant. 

If  the  tubes  be  of  small  diameter,  the  law  of  flow  is 
materially  altered.  Poiseuille  found  that  in  such  tubes 
the  volume  of  liquid  flowing  in  a  unit  of  time  is  repre- 
sented by  the  equation  F=  kr*U/l,  in  which  r  is  the 
radius  and  I  the  length  of  the  tube,  H  the  head,  and  k  an 
experimental  constant.  In  his  experiments  the  time  re- 
quired for  a  known  volume  of  liquid  to  flow  through  a 
tube  of  given  length  and  diameter  was  noted.  He  ob- 
served that  the  constant  h  is  independent  of  the  material 
of  the  tube  if  its  walls  be  wetted  by  the  liquid,  and  is  a 
function  of  the  liquid  and  of  the  temperature  only.  From 
the  above  expression  it  appears  that  the  speed  of  flow  in 
tubes  of  small  diameter  is  directly  ^proportional  to  the 
pressure  and  to  the  fourth  power  of  the  radius.  The  re- 
sistance  in  such  tubes  is  directly  as  the  speed.  The  size 
of  tube  necessary  to  produce  this  altered  law  of  flow  is 
determined  by  the  liquid  itself.  For  water  the  tube 
must  be  not  over  one  half  a  millimeter  in  diameter. 
But  molasses  obeys  the  law  of  Poiseuille  as  well  in  a 
tube  25  millimeters  in  diameter  as  water  does  in  the 
half-millimeter  tube.  Indeed  it  has  been  shown  that  it 
is  not  until  the  ratio  of  the  speed  to  the  viscosity,  multi- 
plied by  the  diameter  of  the  liquid  column,  reaches  a 
certain  critical  value  that  this  law  ceases  to  represent  the 
flow.  If  the  speed  or  the  cross-section  be  too  great,  the 
current  develops  eddies,  and  the  law  of  flow  is  that  for 
wide  tubes.  But  if  the  viscosity  of  the  liquid  increases 
proportionately,  the  critical  value  may  not  be  reached 
and  Poise uille's  law  of  flow  may  be  maintained.  More- 
over, by  suitably  varying  the  speed,  the  same  tube  and 
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the  same  liquid  may  be  made  to  show  the  phenomena 
characteristic  of  wide  or  of  narrow  tubes, 

183.  Viscosity  of  Liquids. — Viscosity,  as  already 
stated,  is  a  resistance  to  flow  due  to  the  internal  friction 
of  the  particles  of  a  liquid  upon  one  another.  If  this 
resistance  becomes  infinitely  great,  the  body  is  perfectly 
rigid ;  if  zero,  it  is  perfectly  mobile.  There  is  no  differ- 
ence, consequently,  between  a  fluid  of  infinite  viscosity 
and  a  rigid  solid.  All  bodies,  whether  solid,  liquid,  or 
even  gaseous,  are  more  or  less  viscous.  Tresca  has 
shown  that  under  a  pressure  of  100,000  kilograms  per  sq. 
cm.  solids  such  as  lead,  silver,  clay,  ice,  and  even  iron  and 
steel,  may  be  made  to  flow  like  fluids.  When  a  viscous 
body  is  subjected  to  shear,  there  is  a  change  of  form  with- 
out change  of  volume.  If  a  vessel  containing  liquid  be 
tipped,  the  liquid  assumes  a  new  position,  having  under- 
gone a  shear.  The  rapidity  with  which  this  new  position 
is  assumed  varies  widely  for  different  liquids ;  being  most 
rapid  in  mobile  liquids  such  as  ether,  least  so  in  viscous 
liquids  such  as  sirup.  When  a  river  flows  in  its  bed, 
the  surface  liquid  moves  most  rapidly ;  so  that  there  is 
a  constant  flowing  of  the  upper  layers  over  the  lower. 
And  the  ratio  of  the  linear  displacement  to  the  depth, 
which  is  equal  to  tan  a,  the  angular  displacement,  and 
which  measures  the  shear,  is  constant  for  all  depths. 
The  viscosity  of  the  liquid  retards  this  sliding  of  the 
layers  and  hence  may  be  measured  by  the  ratio  of  the 
shearing  stress  to  the  amount  of  shear  produced  in  a 
unit  of  time.  This  ratio  is  called  the  coefficient  of  viscosity 
and  it  is  usually  represented   by  //.     Hence   we   have 

Shearing  stress  F  ..  «.  .     ^     • 

5i . .     .  , . —  =  . =  //,     the  coeflacient  of 

Shear  per  unit  of  time       tan  a       '^ 

viscosity.     If  the  displacement  in  unit  of  time  be  unity, 

and  the  depth  be  also  unity,  tan  a  becomes  unity  and 

the  coefiicient  of  viscosity  is  equal  to  the  shearing  stress. 

Hence  Maxwell  defines  this  coefficient  as  **  the  tangential 

force  on  the  unit  of  area  of  either  of  two  horizontal  planes 

at  the  unit  of  distance  apart,  one  of  which  is  (relatively) 

fixed  while  the   other   moves  with  the   unit  of  speed, 
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the  space  between  being  filled  with  the  viscous  ma- 
terial." 

Now  it  can  be  shown  that  k,  the  constant  determined 
for  the  flow  of  liquids  through  small  tubes  by  Poiseuille, 
as  above  described,  is  equal  to  npg/^fjL ;  whence  fx  = 
npg/%k.  By  knowing,  therefore,  p,  the  density  of  the 
liquid,  and  i,  which  is  equal  to  Vl/llr\  the  coefficient  of 
viscosity  may  be  readily  calculated.  In  water  at  0**,  its 
value  is  0018 ;  at  10%  0  013 ;  and  at  20%  0010.  In  other 
words,  there  exists  between  each  of  two  parallel  plane 
surfaces,  one  centimeter  apart,  when  one  is  moving  a 
centimeter  per  second  relatively  to  the  other,  the  space 
between  them  being  filled  with  water  at  0%  a  tangential 
stress  of  0*018  dyne  on  each  square  centimeter. 

By  oscillating  a  disk  torsionally  in  its  own  plane  in 
a  given  liquid,  Meyer  has  made  independent  determina- 
tions of  viscosity.  He  obtained  for  water  at  06°,  00173 ; 
at  46%  0-0583 ;  and  at  90%  0-00339.  For  air  he  obtained 
the  value  000017  (1  +  0-00733^) ;  so  that  although  water 
is  770  times  as  dense  as  air,  it  is  only  100  times  as 
viscous.  For  brass  the  value  of  fx  was  found  to  be  about 
300,000,000,000  ;  i.e.,  3  X  10". 

Examples. — It  is  easy  now  to  understand  the  rapidity  with  which 
fluids  come  to  rest  after  being  disturbed.  It  is  the  viscosity  of 
water  which  stills  the  waves  on  the  ocean,  and  the  viscosity  of  air 
which  causes  the  tempest  to  gradually  die  out.  The  speed  with 
which  air-bubbles  ascend  in  water  and  in  glycerin  is  an  instructive 
example  of  relative  viscosity.  So,  too,  the  settling  of  fine  particles 
in  water — to  which  the  color  of  the  ocean  and  of  the  Swiss  lakes  is 
due— is  a  matter  determined  by  viscosity.  Dust,  whether  composed 
of  solid  or  liquid  particles,  is  retarded  in  falling  by  the  viscosity  of 
the  air.  Stokes  has  calculated  that  a  water-drop  0*025  of  a  milli- 
meter in  diameter  falls  in  still  air  only  about  four  centimeters  per 
second ;  and  that  if  its  diameter  be  reduced  ten  times  it  will  fall 
one  hundred  times  slower,  or  only  about  2*5  centimeters  per  minute. 

184.  Stream-flow.  —  Law  of  Continuity. — When  a 
liquid  flows  in  an  open  channel,  like  the  water  of  a  river, 
the  conditions  of  flow  are  in  many  respects  the  same  as 
in  a  tube.  It  is  common  to  represent  the  flow  by  a 
series  of  imaginary  lines  along  which   the  elements 
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of  liquid  are  supposed  to  flow.  These  lines  are  called 
stream-lines  or  lines  of  flow.  So  long  as  the  conditions 
remain  the  same,  the  channels  not  changing  in  cross- 
section  or  slope,  these  lines  remain  parallel.  Thej 
widen  as  the  space  enlarges  and  contract  as  the  space 
diminishes.  If  successive  cross-sections  be  taken  on 
any  stream,  it  is  evident  that  ^hen  the  current  has 
become  steady,  the  amount  of  liquid  which  crosses  each 
section  in  a  unit  of  time  must  be  the  same ;  since  other- 
wise liquid  would  accumulate  somewhere  between  the 
cross-sections.  This  conception  when  made  general 
constitutes  what  is  known  as  the  law  of  continuity.  If  we 
imagine  a  space  fixed  in  the  interior  of  a  fluid,  and 
consider  the  fluid  which  flows  into  this  space  and  the 
fluid  which  flows  out  of  it  across  different  parts  of 
bounding  surface  in  any  time  ;  then  it  is  obvious  that  if 
we  suppose  the  fluid  to  be  of  the  same  density  and  in- 
compressible, the  whole  quantity  of  matter  within  the 
given  space  must  remain  constant  and  hence  the  quantity 
flowing  out  in  the  given  time  must  be  equal  to  the 
quantity  flowing  in.  Consequently  the  rate  of  increase 
of  density  of  the  fluid  in  unit  of  time  within  the  fixed 
space  is  to  the  actual  density  at  any  instant  as  the  rate  of 
flow  of  fluid  into  that  space  is  to  the  entire  quantity 
of  matter  within  it 

(6)  Molecvlar  Kinetics. 

185.  Kinetics  of  Gases.  —  In  the  present  view  of 
science,  all  bodies  consist  of  a  finite  number  of  small 
parts  called  molecules,  each  molecule  having  a  definite 
mass  and  being,  for  the  same  substance,  exactly  like 
every  other.  The  kinetic  theory  of  matter  supposes 
that  these  molecules  are  in  active  motion,  and  that  to 
this  motion  many  of  the  properties  of  matter  are  due. 
"In  gases  and  liquids,"  says  Maxwell,  "this  motion  is 
such  that  there  is  nothing  to  prevent  any  molecule  from 
passing  from  any  part  of  the  mass  to  any  other  part ;. 
but  in  solids  we  must  suppose  that  some  at  least  of  the. 
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molecules  merely  oscillate  about  a  certain  mean  posi* 
tion."  In  gases  the  molecules  are  not  acted  upon,  for 
the  greater  part  of  their  course,  by  any  sensible  force, 
and  therefore  move  in  straight  lines  with  uniform  speed. 
But,  since  a  cubic  centimeter  of  any  gas  contains  6  X  10" 
molecules,  it  is  clear  that  the  moving  molecule  cannot 
travel  very  far  without  encountering  another  molecule. 
The  mutual  action  between  them  is  analogous  to  that 
between  two  elastic  balls  (156),  the  molecules  acting  on 
each  other  for  a  finite  time  during  which  the  centers  first 
approach  and  then  separate.  This  mutual  action  is 
called  an  encounter,  and  the  course  of  the  molecule  be- 
tween one  encounter  and  another  is  called  the  free  path 
of  the  molecule.  Under  ordinary  conditions  the  time 
occupied  by  the  encounter  is  very  much  less  than  that 
of  the  free  motion ;  but  as  the  gas  becomes  denser  the 
length  of  the  free  path  diminishes,  until  finally,  as  seems 
to  be  the  case  in  liquids,  no  part  of  the  motion  can  be 
correctly  spoken  of  as  the  free  path.  In  a  gaseous  mass 
every  molecule  will  change  both  its  speed  and  its  direc- 
tion at  every  encounter ;  so  that  of  the  molecules  com- 
posing the  system  some  are  moving  very  slowly,  a  very 
few  are  moving  with  enormous  speeds  and  the  greater 
bumber  with  intermediate  speeds.  By  adopting  a  sta- 
tistical view  of  the  system,  however,  and  distributing  the 
molecules  into  groups  according  to  the  speed  with  which 
at  a  given  instant  they  happen  to  be  moving,  Maxwell 
has  deduced  some  remarkable  conclusions  as  to  the 
molecular  kinetics  of  gases.  In  order  to  compare  two 
such  gaseous  systems,  the  best  method,  he  says,  is  to 
take  the  mean  of  the  squares  of  all  the  velocities.  This 
is  called  the  mean  square  of  the  velocity,  and  its  square 
root  is  called  the  velocity  of  mean  square.  If  two  gases 
having  different  molecular  masses  be  mixed  together, 
they  will  exchange  energy  in  their  encounters,  until 
every  molecule  of  either  gas  possesses  the  same  kinetic 
energy.  This  average  kinetic  energy  of  a  single  molecule 
may  be  represented,  therefore,  by  ^ms^  if  m  represents 
its  molecular  mass  and  «*  the  mean  square  of  its  speed. 
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Moreover  if  we  suppose  a  plane  surface  within  any  gas 
in  the  condition  of  equilibrium,  the  principle  of  con- 
tinuity teaches  us  that  if  there  is  no  accumulation  upon 
either  side  of  it,  the  number  of  molecules  which  pass 
through  the  surface  in  one  direction  must  be  exactly 
equal  to  the  number  passing  in  the  opposite  direction. 
The  term  "  velocity  of  a  gas  "  may  mean,  therefore  :  1st, 
mass-velocity,  or  the  velocity  of  the  center  of  mass  of  all 
the  molecules  composing  the  system ;  2d,  molecular 
velocity,  or  the  velocity  of  the  molecule  itself  considered 
as  a  whftle,  made  up  of  encounters  and  free  paths ;  and 
3d,  atomic  velocity,  or  that  of  the  component  parts  of 
the  molecule  whether  of  vibration  or  rotation. 

If  we  consider  the  wall  of  a  vessel  enclosing  a  gas,  it 
is  evident  that  its  internal  face  must  be  struck  by  the 
molecules  moving  perpendicular  to  it,  and  that  the 
momentum  of  these  molecules  must  produce  a  pressure 
outward  upon  this  face,  which  is  balanced  by  a  counter 
pressure  exerted  by  the  wall  itself.  If,  for  example,  the 
vessel  be  a  cube  of  unit  volume,  its  face  will  be  a  unit  of 
surface.  If  8  be  the  velocity  of  mean  square  of  the 
molecules  normal  to  this  face,  and  n  the  number  of 
molecules  in  unit  of  volume  moving  in  this  direction, 
then  na  will  be  the  number  of  impacts  in  unit  of  time. 
If  the  molecular  mass  be  m,  the  average  momentum  of 
each  molecule  will  be  ms  and  the  total  momentum 
expended  upon  this  face  of  the  cube  per  second  will  be 
mns^.  But  this  is  equal  to  p,  the  pressure  upon  this 
same  unit  of  surface.  Since  nra  represents  M,  the  total 
mass  of  the  gas,  it  must  equal  pv\  or  as  Vy  the  volume, 
is  unity,  p  =  /ys'.  But  8  is  the  velocity-component  in 
one  direction  only.  If  we  let  r  and  t  be  the  components 
perpendicular  to  8  and  to  each  other,  and  Fthe  velocity 
of  mean  square  in  any  direction  whatever,  then,  resolv- 
ing V  in  these  three  directions,  we  have  P  =  r*  +  «• 
-f-  <" ;  i.e.,  the  mean  square  of  the  resultant  velocity  is 
equal  to  the  sum  of  the  mean  squares  of  the  component 
velocities.  Since  the  pressure  in  a  gas  at  rest  is  the 
same  in  all  directions,  «•  =  r*  =  r  and  r'  -j- «"  -f  ^'  =  3s". 
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Hence  P  =  3«*  and  «•  =  ^  P.  Whence  p  =  /w'  =  ^pP. 
Multiplying  both  sides  by  the  volume  v,  we  have 
|n;  =  ipvP  =  iifP  =  Ki^n-  Or  the  product  of 
the  pressure  by  the  volume  in  any  gas  is  two  thirds 
of  the  molecular  energy  of  translation  of  that  gas,  pro- 
vided that  a  mass  M  is  contained  in  the  volume  v. 

We  may  apply  this  result  practically  as  follows : 

Isi  The  pressure  is  the  same  for  all  gases  at  the 
same  temperature.  Hence  in  equal  volumes  the  prod- 
uct pv  must  be  constant  for  all  gases.  The  total  molec- 
ular energy  of  translation,  therefore,  which  equals  fpv, 
must  be  the  same,  at  the  same  temperature,  in  equal 
volumes  of  all  gases. 

2d.  Suppose  two  gases  of  molecular  masses  m,  and 
w, ,  having  F,  and  F,  for  the  velocities  of  mean  square, 
Pj  and  p,  their  pressures,  and  n,  and  %  the  number  of 
molecules  in  unit  of  volume,  respectively.  Then  we  have 
P^v,  =  iP.v,  F;  =:  \m,n,  V,\  and  p,t;,  =  \p,v,  V;  =  Jm.w,  F/. 
If  these  pressures  are  equal,  m^n^  F,'  =  m,n,  F,'.  But  we 
have  seen  above  that  when  the  temperatures  are  equal, 
all  gaseous  molecules  possess  the  same  kinetic  energy ; 
ie.,  m,  F,*  =  w,  F/.  Dividing  the  former  equation  by  the 
latter  we  have  n^^n^;  or,  the  temperature  and  pressure 
being  the  same,  the  number  of  molecules  in  unit  of  vol- 
ume is  the  same  for  all  gases.  This  is  the  law  of  Avo- 
gadro. 

3d.  Since  m^n^  is  the  mass  of  a  gas  in  unit  of  volume, 
it  may  be  represented  by  p, ,  the  density ;  and  so  w,n, 
may  be  represented  by  p, .  If  then  p,  =  w,Wj  and 
p,  =  m^n^ ,  we  have,  since  n^  =  w,  as  above.  Pi'.  P^::m^:m^; 
or,  the  densities  of  two  gases,  at  the  same  temperature 
and  pressure,  are  proportional  to  their  molecular  masses. 
This  is  the  law  of  Gay  Lussac. 

4th.  From  the  equation  p  =  JpP  above  given,  we 
have  F  =-  VSp/p^  from  which  we  can  find  the  velocity  of 
mean  square  of  any  gas;  a  calculation  first  made  by 
Joule.  If  we  take  hydrogen  at  atmospheric  pressure 
we  have  p  =  1033-3  grams  or  10126  x  10*  dynes.  The 
density  of  hydrogen  p  is  0*00008957  grams  per  cubic 
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•centimeter.  Hence  i^Sp/p  =  184260  centimeters  or 
1842'6  meters.  This  is  the  velocity  of  mean  square 
of  hydrogen  molecules. 


TABLE  OP  MOLECULAR  DATA    (Maxwell). 

Hydrogen.     Oxygen  ^CJ^bon^^Cf/bon 

Mass  of  molecule  (hydrogen  =  1)...       1  Id  14  22 
Velocity  (of  mean  square)  iu  meters 

per  second  at  0"  C 1859  465  497  896 

Mean  free  path  in  tenth-meters 965  560  482  379 

Collisions  in  a  second  (millions) 17750  7646  9489  9720 

Diameter,  tenth-meters.  58  76  8  8  9*3 

Mass,  twenty-fifth  grams 46  786  644  1 012 

The  values  in  the  second  and  third  lines  are  placed 
in  the  first  rank  as  being  known  with  the  highest  accu- 
racy, those  in  the  fourth  line  in  the  second,  and  those  in 
the  fifth  and  sixth  in  the  third  rank.  A  tenth-meter  is 
10"^^  of  a  meter ;  and  a  twenty-fifth  gram  is  10'^  gram. 


(c)  Diffusion  of  Gases  and  Liquids, 

1 86.  Difriision  of  Gases. — The  extreme  rapidity  with 
which  the  molecules  of  gases  diffuse  through  the  air  is  a 
matter  of  common  observation.  A  bubble  of  chlorine 
gas  set  free  in  a  large  room  is  perceived  by  its  odor 
within  a  few  seconds,  throughout  the  entire  space.  In- 
deed so  prompt  and  so  perfect  is  this  diffusion  that 
Dalton  formulated  the  fact  in  the  statement :  Every  gas 
is  to  every  other  gas  as  a  vacuum. 

The  phenomenon  of  diffusion  follows  necessarily  from 
the  kinetic  theory  of  gases.  Since  all  gaseous  molecules 
move  in  straight  lines  with  the  very  high  speeds  already 
given,  it  is  evident  that,  notwithstanding  their  frequent 
encounters  with  other  molecules,  they  must  advance 
with  considerable  rapidity.  Hence  the  interpenetrating 
power  of  two  gases  when  mixed  is  very  great.  Indeed 
the  relative  speed  of  diffusion  may  readily  be  calculated 


Digitized  by  VjOOQ IC 


PROPERTIES  OF  MATTER. 


18X 


from  the  formula  p  =  Jp  P,  which  represents  the  press- 
ure in  terms  of  the  density  and  the  mean  velocity.  For 
under  the  same  atmospheric  pressure  we  should  have 
for  two  gases  of  densities  p  and  p\  pV^  =  p'  P* ;  or 
V  \  F'  : :  ^ p'  :  ^ p.  The  speeds  with  which  two  gases 
diffuse,  either  into  each  other  or  into  a  third  gas,  there- 
fore, are  inversely  proportional  to  the  square  root  of  the 
densities  of  these  gases.  This  law  has  been  experiment- 
ally established  by  Loschmidt  for  the  case  where  no 
porous  partition  separates  the  gases;  and  by  Graham 
for  that  where  such  a  porous  septum  is  placed  between 
them.  In  the  experiments  of  Graham  the  septum  was 
of  compressed  graphite,  the  action  being  strictly  molec- 
ular. 

Experiment.— The  phenomenon  of  diffusion  through  a  porous 

septum  may  be  shown  very  well  (Fig.  64)  by  cementing  an  ordinary 

porous  battery-cell  to  a  funnel  having  a 

long  tube  and  supporting  the  whole  on 

a  stand,  with  the  end  of  the  tube  dipping 

under  some  colored  water.     If  now  a 

bell-jar  filled  with  coal-gas  by  displace- 
ment be  placed  over  this  porous  cylinder 

the  more  rapid  diffusion  inward  of  the 

less  dense  coal-gas  will  cause  an  active 

bubbling  of  the  expelled  air  from  the 

lower  end  of  the  tube.    On  removing 

the  bell-jar  the  diffusion  outward  will 

now  be  more  rapid  than  that  inward,  and 

the  column  of  water  will  rise  in  the  tube. 

If  carbon  dioxide  gas  be  used,  these  ac- 
tions will  all  be  reversed. 

187.  EflTiision  and  Transpi- 
ration.— The  law  regulating  the 
flow  of  gases  through  a  minute  opening  in  a  metallic 
plate  has  also  been  investigated  by  Graham,  who  has 
called  the  process  effusion.  The  phenomenon  is  of  the 
same  character  as  the  efflux  of  liquids,  the  speed  of  eflfu- 
sion  into  a  vacuum  being  given  by  Torricelli's  theorem 
«•  =  2grA.  In  other  words,  air  under  the  ordinary  atmos- 
pheric  pressure  will  pass  into  a  vacuum  with  the  speed 
which  it  would  acquire  in  falling   through  the  height 
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of  the  atmosphere,  supposed  of  uniform  density;  i.e.^ 
through  the  height  of  the  homogeneous  atmosphere^ 
which  is  7*99  X  10*  centimeters.  Hence  the  speed  of 
effusion,  which  is  V2gh,  is  1^2  X 980 xT99 xlO*  =  3957a 
centimeters  per  second.  For  different  gases,  under  the 
same  pressure,  hS  =  h'6' ;  and  hence  h  \  h'  : :  6*  \  6, 
Therefore  the  speed  of  effusion,  which  is  proportional 
directly  to  the  square  root  of  the  height,  is  proportional 
inversely  to  the  square  root  of  the  density  of  the 
gas.  ^ 

Bunsen  has  made  use  of  this  law  in  an  apparatus 
which  he  has  devised  for  determining  the  density  of 
gases  from  their  times  of  effusion.  Since  the  speed  of 
effusion  varies  inversely  as  the  time,  t  :  V  :\  Vd  :  V^'y 
or  the  densities  of  two  gases  are  directly  proportional  to 
the  squares  of  their  times  of  effusion. 

A  third  phenomenon  investigated  by  Graham  is  that 
of  the  passage  of  gases  under  pressure,  through  long  and 
very  fine  tubes,  called  by  him  transpiration.  He  found 
that  the  results  were  much  more  complex  than  in  the 
other  cases,  and,  although  independent  of  the  material 
of  the  tube,  were  probably  due  to  viscosity  in  the  gas. 
Thus,  for  example,  the  rate  of  transpiration  for  hydrogen 
was  only  double  that  of  nitrogen,  and  that  for  carbon  di- 
oxide was  greater  even  than  that  for  oxygen.  The  times 
for  oxygen,  nitrogen,  carbon  monoxide,  and  air  were 
found  to  be  directly  as  their  densities;  i.e.,  equal  masses 
of  these  gases  pass  in  equal  times. 

188,  Adhesion  between  Gases  and  Solids.— Occlu- 
sion.— Besides  the  kinetic  diffusion  just  discrssed,  an- 
other form  of  diffusion  exists  in  which  tho  specific 
nature  of  the  solid  and  of  the  gas  plays  an  important 
part.  The  surfaces  of  all  solids  appear  to  possess  the 
power  of  condensing  gases  upon  them  to  a  greater  or 
less  degree.  And  hence  the  larger  the  sur/ace  for  the 
same  mass,  the  greater  the  condensation.  A  cube  one 
centimeter  on  a  side  has  a  surface  of  six  square  centi- 
meters. This  cube  can  be  divided  into  1000  cubes 
each  a  millimeter  on  a  side,  and  each  having  a  surface  of 
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six  square  millimeters.  By  this  subdivision,  therefore, 
the  total  surface  has  been  increased  tenfold.  According 
to  Mitscherlich,  one  cubic  centimeter  of  boxwood  char- 
coal exposes  a  surface  within  its  pores  of  over  4000 
square  centimeters.  And  Saussure  found  that  this 
charcoal  would  absorb  90  times  its  volume  of  ammonia 
gas  and  85  times  its  volume  of  hydrogen  chloride.  But 
this  even  is  surpassed  by  cocoanut  charcoal,  which ^ 
according  to  Favre,  absorbs  172  volumes  of  ammonia,  97 
volumes  of  carbon  dioxide,  99  of  hyponitrous  oxide,  and 
165  of  hydrogen  chloride.  In  the  first  case  494  heat- 
units  are  evolved.  Obviously  in  these  cases  the  absorp- 
tion  is  the  greater  in  proportion  as  the  gas  is  more  easily 
condensable  to  a  liquid ;  hydrogen,  for  example,  being; 
absorbed  only  to  the  extent  of  two  volumes. 

A  similar  action  is  observed  with  metals.  The  in- 
crease of  mass  observed  in  a  platinum  dish  when  it  is 
allowed  to  stand  after  weighing  is  due  to  gas  condensed 
upon  its  surface.  Sheet  platinum  condensed  four  vol- 
umes, silver  one  volume,  and  iron  0*44  volume  of  hydro- 
gen, and  silver  seven  volumes  of  oxygen,  in  Graham'a 
experiments.  In  the  finely  divided  and  therefore  highly 
porous  forms  of  platinum  sponge  and  platinum  black,, 
this  metal  is  very  active  and  condenses  250  volumes  of 
oxygen  into  its  pores.  Palladium,  however,  of  all  the 
metals,  possesses  this  property  to  the  most  remarkable 
extent,  Graham  having  shown  that  it  is  capable  of  con- 
densing 980  volumes  of  hydrogen  into  itself.  Since  the 
metal  is  not  porous  like  charcoal,  this  absorption  of 
gases  has  received  the  name  occlusion  (Graham).  The 
absorption  of  hydrogen  may  be  efiected  (a)  by  electroly- 
sis, using  a  strip  of  palladium  as  the  kathode ;  (6)  by 
heating  the  metal  in  vacuo,  then  admitting  hydrogen 
and  allowing  it  to  cool ;  and  (c)  by  passing  the  gas  over 
heated  palladium  and  cooling  it  in  a  current  of  the  gas. 
By  this  occlusion  the  volume  of  the  metal  is  increased 
by  0-09827  of  its  initial  bulk ;  whence  the  condensation 
of  the  hydrogen  must  have  reduced  it  to  9868  times  its 
normal  density,  or  to  0*88  as  compared  with  water. 
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Experiments.—!.  Introduce  into  a  tall  glass  Jar  filled  with  am- 
monia gas  and  standing  over  mercury  (Fig.  65),  a  piece  of  charcoal, 
made  from  the  shell  of  the  cocoanut,  which  has 
been  heated  to  redness  in  sand  just  previous  to 
use  and  allowed  to  cool  away  from  the  air.  The 
gas  will  be  absorbed  and  the  mercury  be  seen  to 
rise  in  the  tube.  It  is  to  the  oxygen  thus  con- 
densed in  the  pores  of  charcoal  that  its  efficiency 
as  a  disinfectant  and  decolorizer  is  due. 

2.  Place  a  fragment  of  spongy  platinum  in 

front  of  an  escaping  jet  of  hydrogen.     It  will  at 

once  glow  from  the  heat  evolved  by  the  union 

of  the  hydrogen  with  the  occluded  oxygen,  and 

Fio.  65.  finally  light  the  gas  at  the  jet.     Platinum  black 

will  act  in  the  same  way,  and  even  asbestus  which  has  been  soaked 

in  a  solution  of  platinic  chloride,  dried,  and  afterward  ignited. 

8.  Place  a  coil  of  platinum  wire  or  a  small  platinum  spoon  in  the 
flame  of  a  Bunsen  burner  until  fully  ignited,  and  then  turn  off  the 
gas.  If  now  the  coil  or  spoon  be  suitably  placed  above  the  burner 
and  the  gas  turned  on,  the  metal  will  rise  to  full  redness  and,  if 
placed  a  little  to  one  side,  will  finally  light  the  gas. 

4.  Place  in  aflat  dish  containii>g  dilute  sulphuric  acid  two  coiled 
strips  of  metal,  one  platinum,  the  other  palladium,  the  latter  being 
varnished  on  its  outer  side  and  provided  with  a  pointer  at  its  free 
«nd.  Make  the  palladium  the  kathode  and  send  a  current  through 
the  cell  thus  arranged.  The  absorption  of  the  hydrogen  will  take 
place  on  one  side  of  the  palladium  only,  and  will  cause  that  elec- 
trode to  uncoil,  as  will  be  shown  by  the  pointer.  On  reversing  the 
"direction  of  the  current,  the  kathode  will  return  to  its  former  posi- 
tion. 

This  absorption  of  gases  by  metals  appears  to  be  of 
the  nature  of  true  solution,  in  which  the  metals  behave 
like  colloid  substances ;  the  phenomenon  being  analo- 
gous to  the  absorption  of  carbon  dioxide  by  caoutchouc, 
which  takes  up  two  per  cent  of  it.  Graham  showed  that 
while  a  platinum  tube  1*1  millimeters  thick  and  having 
a  surface  of  one  square  meter  will  transmit  at  a  red  heat 
489  cubic  centimeters  of  hydrogen  per  minute,  a  caout- 
chouc film  0014  millimeter  thick  and  having  the  same  sur- 
face will  transmit  only  129  cubic  centimeters  per  minute 
at  the  temperature  of  20"".  Devil  le  many  years  ago 
observed  that  **  the  permeability  of  such  homogeneous 
substances  as  platinum  and  iron  is  quite  different  from 
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the  passage  of  gases  through  sach  non-compact  sub- 
stances as  clay  and  graphite."  In  the  former  case  the 
gas  dissolves  in  the  colloid  metal,  traverses  it  and  evapo- 
rates on  the  other  side,  as  it  would  do  in  the  case  of  a 
liquid  film.  Thus  hydrogen  traverses  the  walls  of  a 
rubber  balloon,  and  carbon  dioxide  those  of  a  soap- 
bubble,  more  readily  than  air ;  so  that  in  air  a  hydrogen 
balloon  and  a  carbon  dioxide  soap-bubble  both  contract. 
But  if  they  both  be  filled  with  air  and  placed,  the  bal- 
loon in  hydrogen  and  the  soap-bubble  in  carbon  dioxide, 
they  both  will  expand.  In  both  cases  the  gas  dissolves 
in  the  material  composing  the  septum,  passes  through 
it  by  diffusion  and  then  evaporates  on  the  other  side. 

Chemical  reactions,  however,  seem  to  intervene  in 
these  cases  quite  prominently.  Graham  proved  that 
the  occlusion  of  hydrogen  by  palladium  gives  rise  to  the 
production  of  a  definite  hydride  Pd,H.  And  the  dis- 
covery of  the  fact  that  sodium  unites  with  238  volumes 
of  this  gas  to  form  sodium  hydride  Na^H,  in  which  the 
hydrogen  has  a  definite  pressure  corresponding  to  the 
temperature,  sustains  the  opinion  of  Meudeleeff  that  oc- 
clusion "  presents  a  similar  phenomenon  to  solution, 
based  as  it  is  on  the  capacity  of  metals  of  forming  un- 
stable easily  dissociating  compounds  with  hydrogen 
similar  to  those  which  salts  form  witli  water."  The 
transfer  of  carbon  monoxide  through  red-hot  cast-iron 
becomes  explicable  through  Mond  &  Langer's  discovery 
of  iron-carbonyl  Fe(CO)^.  And  Berthelot  considers  that 
the  oxygen  in  platinum  black  exists  in  the  form  of  an 
unstable  suboxide,  to  which  is  due  its  ready  action  upon 
hydrogen. 

189.  DiiTiision  of  Liiquicls, — In  liquids,  too,  molec- 
ular motion  is  active  in  producing  diffusion.  Even  in 
homogeneous  liquids  there  is  a  constant  transference 
of  the  individual  particles  from  place  to  place  through- 
out the  mass.  If  a  strong  solution  of  any  substance  be 
carefully  introduced  beneath  a  mass  of  water,  it  will 
be  found  that  the  heavier  solution  diffuses  into  the 
lighter  one,  even  against  gravity.    If  the  denser  solution 
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be  a  colored  one,  the  progress  of  the  diffusion  can  be 
watched  by  the  eye.  Graham  found  that  if  the  time  re- 
quired for  a  given  mass  of  hydrochloric  acid  to  diffuse  into 
water  be  taken  as  unity,  that  required  by  common  salt  is 
2*33,  sugar  7,  magnesium  sulphate  7,  albumen  49,  and 
caramel  98.  So  that  sugar  travels  seven  times  as  far  as 
itlbumen  in  the  same  time,  and  salt  three  times  as  far 
:as  sugar.  In  these  experiments,  Graham  used  a  wide- 
mouthed  bottle  nearly  full  of  the  solution,  placed  in  a  jar 
of  water  whose  surface  was  about  one  or  two  centimeters 
above  the  top  of  the  bottle.  After  a  given  time  the 
amount  of  diffused  solid  was  determined  by  analysis. 
It  was  found  to  be  proportional  (1)  to  the  time,  (2)  to 
fche  strength  of  the  solution,  (3)  to  the  temperature,  and 
(4)  to  the  coefficient  of  diffusion  of  the  substance  used. 
This  coefficient  may  be  defined  as  the  mass  of  any 
substance  which  passes  through  unit  surface  in  unit 
time,  in  a  solution  where  the  fall  of  concentration  for 
:unit  of  length  is  unity ;  i.e.,  in  which  unit  of  mass  of 
substance  is  contained  in  unit  volume  of  the  solution. 
Thus  measured  the  coefficient  of  hydrochloric  acid  at  5"" 
is  1-74  ;  for  common  salt  at  5^  076,  and  at  10°,  0-91 ;  for 
sugar  at  9°,  0*31 ;  for  albumen  at  13°,  0*06 ;  and  for  cara- 
mel at  10°,  005.  Thus  in  a  solution  of  salt  containing 
4i  gram  per  cubic  centimeter  less  in  each  successive 
horizontal  lay^r  one  centimeter  in  thickness,  from  below 
upward,  the  rate  of  advance  upward  of  the  salt  is,  at 
the  temperature  of  10°,  0-91  of  a  gram  per  day,  through 
each  square  centimeter  of  surface. 

lOO.  Colloids  and  Crystalloids. — Graham  was  led  by 
his  experiments  to  divide  substances,  according  to  their 
•diffusivity,  into  two  classes,  called  colloids  and  crystal- 
loids. The  former,  as  the  name  indicates,  are  glue-like 
substances  having  a  very  low  coefficient  of  diffusion. 
Such  are  starch,  gum,  gelatin,  albumen,  amorphous  silica, 
and  ferric  oxide.  The  latter  class  includes  crystalline 
substances,  which  have  a  high  diffusion  coefficient  Such 
are  salt,  urea,  sugar,  hydrochloric  acid,  and  the  like. 


Digitized  by  LjOOQ IC 


PROPERTIES  OF  MATTER  187 

191.  Membrane-diffusion.— Osmose.  —  Crystalloids 
diffuse  readily  through  colloids  ;  if  a  layer  of  pure  jelly 
be  placed  on  a  layer  of  jelly  containing  a  soluble  salt, 
the  salt  will  diffuse  into  the  upper  layer  as  into  water. 
Hence,  by  separating  a  saline  solution  from  pure  water, 
by  a  colloid  membrane,  the  dissolved  crystalloid  will  be 
readily  transferred  by  diffusion  through  the  membrane, 
and  thus  separated  from  any  colloid  substance  with 
which  it  may  be  mixed.  This  process  of  separating 
eolloid  from  crystalloid  matter  is  called  dialysis  and  is 
of  great  use  in  the  arts.  The  best  membrane  for  the 
purpose  is  found  to  be  parchmentized  paper. 

The  phenomena  which  are  observed  when  two  mis- 
cible  liquids  are  separated  from  each  other  by  such  a 
membrane  are  called  osmose,  or  osmotic  phenomena. 
Nollet,  early  in  the  last  century,  observed  that,  on  filling 
a  bottle  with  alcohol,  tying  a  piece  of  bladder  over  its 
mouth,  and  then  immersing  it  in  water,  the  contents 
increase  so  as  to  distend  the  bladder  almost  to 
burstiug.  While  if  the  bottle  be  filled  with  water 
and  immersed  in  alcohol,  the  contents  diminish  in 
amount. 

Experiments.— To  illustrate  the  action  here  taking  place,  let  a 
layer  of  chloroform,  a  layer  of  water,  and  then  a  layer  of  ether  be 
placed  in  a  bottle.  It  will  be  found  after  a  time  that  while  the 
ether  ha«  traversed  the  water  downward  into  the  chloroform,  none 
of  the  chloroform  has  passed  upward  ;  evidently  a  result  of  the  fact 
that  ether  is  to  some  extent  soluble  in  the  water,  and  being  continu- 
ally removed  from  the  water  layer  by  the  chloroform,  is  eventually 
-entirely  transferred  through  it.  In  the  same  way  if  a  caoutchouc 
membrane  be  used  to  separate  alcohol  from  water,  it  will  be  wetted 
by  the  alcohol,  but  not  by  the  water  ;  and  hence  will  allow  the 
alcohol  to  pass  through  it  into  the  water.  While  an  animal  mem- 
brane, like  the  bladder  employed  by  Nollet,  being  wetted  only  by 
the  water,  allows  only  the  water  to  pass  through  it.  If  both  liquids 
wet  the  membrane,  but  in  different  degrees,  there  is  transfer  in  both 
directions,  but  the  quantities  of  liquid  thus  transferred  are  different, 
being  greatest  for  the  liquid  having  the  greater  attraction  for  the 
membrane.  The  subject  of  osmose  is  of  great  importance  in  physi- 
ology, both  vegetable  and  animal. 
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192,  Osmotic  Pressure.— Kecent  investigations  have 
greatly  extended  our  ideas  on  the  subject  of  liquid  diffu- 
sion, li  a  porous  battery- cell  be  filled  for  a  time  with 
copper  sulphate  solution,  then  carefully  rinsed  and  filled 
with  potassium  ferrocyanide  solution,  a  semi-permeable 
septum  of  copper  ferrocyanide  will  be  formed  in  the 
walls  of  the  cell ;  so  that  if  a  solution  of  sugar,  for  ex- 
ample, be  placed  in  it  and  the  cell  be  immersed  in  pure 
water,  while  the  water  will  pass  the  septum,  the  sugar 
will  be  retained  by  it.  If  the  cell  be  closed  and  attached 
to  a  manometer,  it  will  be  observed  that  a  considerable 
pressure  is  developed  in  the  cell,  this  pressure  reaching 
a  definite  maximum  value  depending  upon  the  substance 
dissolved,  upon  the  concentration  and  upon  the  tem« 
perature.  This  pressure,  thus  produced  by  osmosis,  is 
called  osmotic  pressure.  A  one-per-cent  solution  of  sugar 
produces  a  pressure  of  50  cm.  of  mercury,  and  a  similar 
solution  of  potassium  nitrate  a  pressure  of  more  than 
three  atmospheres.  Moreover,  since  osmotic  pressure 
is  proportional  to  density,  Boyle's  law  (194)  must  be  true 
for  liquids  as  well  as  for  gases.  And  since  osmotic  press 
ure  is  proportional  to  the  absolute  temperature,  the  law 
of  Gay  Lussac  (284)  is  also  true  for  both.  Combiuiiig 
these  laws,  we  have  pv  =  CT;  or  the  ratio  of  the  product 
of  pressure  and  volume  to  the  absolute  temperature  is 
constant.  The  value  of  this  constant  has  been  calcu- 
lated by  Pfeffer  for  a  one-per-cent  sugar  solution  and 
found  to  agree  with  the  value  for  gases.  He  concludes 
that  "  the  osmotic  pressure  of  a  sugar  solution  has  the 
same  value  as  the  pressure  that  the  sugar  would  exer- 
cise if  it  were  contained  as  a  gas  in  the  same  volume  as 
is  occupied  by  the  solution"  (Ostwald)..  Moreover,  as 
this  result  is  true  for  other  substances,  the  law  of  Avo- 
gadro  appears  to  be  true  for  solutions  as  well  as  for 
gases. 
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C— COMPRESSIBILITy  OF  FLUBDa 

(a)  Liquids. 

193.  Compressibility  of  Liquids. — A  liquid  has  al- 
ready been  defined  (159)  as  a  fluid  having  a  high 
volume-elasticity.  Indeed  the  fact  that  liquids  are 
compressible  at  all  was  established  only  in  the  last  cen- 
tury. It  was  not  until  1762  that  Canton  succeeded  for 
the  first  time  in  determining  the  amount  of  this  compres- 
sibility. His  apparatus  consisted  of  a  large  mercury- 
thermometer,  the  position  of  the  mercury  column  in 
which,  at  a  given  temperature,  was  carefully  noted.  It 
was  then  heated  till  the  mercury  filled  the  stem  and 
sealed.  On  cooling  it  now  to  the  same  temperature  as 
before,  the  mercury  column  was  observed  to  stand  higher 
than  at  first ;  owing  in  part  to  the  expansion  of  the  mer- 
cury on  removing  the  pressure  of  the  atmosphere,  and  in 
part  to  the  compression  of  the  reservoir.  Repeating  the 
experiment  with  water,  he  obtained  a  result  considerably 
larger.  He  gives  the  change  of  volume  for  one  atmos- 
phere of  pressure  at  10°  C.  as  46  parts  in  a  million,  and 
notes  the  fact  that  the  compressibility  decreases  as  the 
temperature  increases.  Oersted  in  1822  used  a  similar 
apparatus — which  he  called  a  piezometer — but  which  was 
not  sealed.  This  was  immersed  in  water  contained  in  a 
strong  glass  cylinder  in  which  any  desired  pressure 
could  be  produced  by  a  screw-plug,  this  pressure  being 
measured  by  a  manometer.  His  experiments  were  made 
at  pressures  up  to  70  atmospheres.  Other  observers,  in- 
cluding Regnault,  Grassi,  and  Cailletet,  give  50  millionths 
for  the  compressibility  of  water  at  0*"  for  one  atmosphere 
of  pressure;  which  is  equal  to  4*96  X  10"*  for  one  mega- 
dyne  per  square  centimeter.  Their  results  also  give 
about  3  millionths  for  mercury;  for  ether  at  10°,  146 
millionths;  for  carbon  disulphide  at  8°,  100  millionths; 
for  sulphurous  oxide   at   14°,  303   millionths ;   and  for 
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■carbon  dioxide  at  13'1°,  5900  millionths  under  50  at- 
mospheres and  only  440  millionths  at  90  atmospheres. 
Water  has  its  minimum  compressibility  at  about  63^. 


(6)   Gases. 

194.  Compressibility  of  Gases.— Boyle's  Law. — Just 
AS  a  perfect  liquid  may  be  defined  as  an  incompressible 
perfect  fluid,  on  the  one  hand,  so  a  perfect  gas  may  be 
defined  as  a  perfect  fluid  whose  elasticity  of  volume  is 
equal  to  the  pressure  upon  it,  upon  the  other.  Evi- 
dently, therefore,  gases  must  be  exceedingly  compres-. 
sible.  As  the  volume-elasticity  of  fluids  is  perfect,  and 
is  of  course  equal  to  the  stress  called  out  by  unit  strain, 
we  may  readily  calculate  the  relations  of  volume  and 
pressure  in  gases.  The  strain  is  clearly  the  ratio  of 
the  change  of  volume  to  the  original  volume ;  i.e.,  is 
{v  —  v')/v^  if  V  be  the  initial  and  v'  the  final  volume. 
The  stress  is  the  increase  of  pressure ;  i.e.,  is  p'  —  p. 

v' —  V 
Whence  the  elasticity  by  definition  is  j-^ — 7^  ;  and 

this  for  gases  is  equal  to  p\  the  final  pressure  upon  the 
gas  after  compression.  From  this  we  get  p'v'  =  pv  ;  or 
what  is  the  same  thing,  p  :  p'  \:  v'  :  v\  that  is,  the  vol- 
ume of  a  perfect  gas  varies  inversely  as  the  pressure 
upon  it.  This  is  the  law  of  the  compressibility  of  gases 
which  was  published  in  1662  by  Robert  Boyle  and  hence 
is  commonly  known  as  Boyle's  law.  But,  since  when  two 
quantities  vary  inversely  as  each  other,  their  product  re- 
mains constant,  we  may  express  Boyle's  law  by  the  equa- 
tion pv=Cj  where  (7  is  a  constant  depending  on  the  mass 
and  the  temperature  of  the  gas.  Moreover,  inasmuch  as 
the  density  is  inversely  as  the  volume,  we  may  write  the 
above  equation  p^S  z=z  pd'\  that  is,  p  :  jt)'  : :  d  :  6';  or  the 
density  of  a  gas  varies  directly  as  the  pressure  which  is 
exerted  upon  it. 
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Experiments. — The  law  of  Boyle  may  be  experimentally  illus- 
trated by  means  of  two  forms  of  apparatus  originally  devised  by  this 
philosopher  himaelf.  The  first  of  these,  employed 
for  pressures  greater  than  one  atmosphere,  con- 
sists of  a  long  glass  tube  (Fig.  66)  recurved  at  its 
lower  end  and  sealed.  Let  mercury  be  poured 
into  this  tube  so  as  to  rise  to  mm'  just  above  the 
bend  and  equally  on  the  two  sides  of  it.  A  definite 
portion  of  air  under  the  normal  atmospheric 
pressure  will  thus  be  enclosed  in  the  shorter  leg. 
Suppose  it  occupies  a  length  of  20  centimeters. 
Add  now  more  mercury  until  the  col- 
umn in  the  longer  leg  stands  at  B  76  cen- 
timeters higher  than  in  the  shorter  leg.  It 
will  be  seen  that  the  mercury  has  risen  to 
nn'  and  that  the  air  column  in  the  shorter 
leg  has  been  diminished  to  10  centime- 
ter by  this  increase  of  pressure.  That 
is,  the  pressure  having  been  increased 
from  one  atmosphere  to  two,  the  volume 
n  /  has  been  reduced  from  20  centimeters  to 

Hi  10  ;  or  the  volume  has  varied  inversely 

■Wm         S'^as  the  pressure,  and  their  product  has 
^        ^^     remained  constant.     If  the  mercury -col- 
Fio.flS.  ^^„  Y)e  increased  to  152,  to  228,  or  to 

804  centimeters,  the  pressure  will  be  increased  to  3,  4,  or  5 
atmospheres,  and  the  volume  will  be  reduced  to  one  third, 
one  fourth,  or  to  one  fifth  of  the  original  volume. 

For  pressures  less  than  one  atmosphere  Boyle  used  a 
glass  tube  open  below  and  closed  above,  like  a  barometer- 
tube,  but  containing  some  air  above  the  mercury.  This  was 
immersed  vertically  in  a  tubular  reservoir  CD  (Fig.  67). 
When  the  tul>e  is  depressed  so  that  the  mercury  within  and 
without  stands  at  the  same  level,  the  enclosed  air  is  at  at- 
mospheric pressure.  If  the  tube  be  now  raised  until  the 
mercury  column  within  it,  CB,  stands  at  38  centimeters 
above  the  mercury  in  the  reservoir,  this  column  will  evi- 
dently support  half  the  pressure  of  the  atmosphere,  leaving 
the  elasticity  of  the  gas  to  support  the  other  half.  It  will 
be  noticed  that,  in  consequence  of  this  reduction  of  the 
pressure  to  one  half,  the  .volume  of  the  air,  AB,  has 
doubled.  If  the  tube  be  still  farther  raised,  so  that  the  mercury 
column  stands  at  57  centimeters,  evidently  the  air  will  now  be  sub- 
jected to  only  one  fourth  of  its  former  pressure,  and  its  volume  will 
be  quadrupled. 


^ 


D 
Fio.  67. 
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In  explanation  of  the  expression  pv  =  C,  above  em- 
ployed, we  may  take  unit  mass,  one  gram,  of  hydrogen 
at  0^  In  case  the  pressure  upon  it  is  that  of  the 
atmosphere,  this,  as  we  have  seen,  is  1*0126  X  10®  dynes. 
The  volume  of  this  one  gram  of  hydrogen  is  11200  cubic 
centimeters.  The  product  of  these  two  values  is  1'135  x 
10^^,  the  value  of  C,  It  is  the  same  for  16  grams  of  oxy- 
gen, for  35'5  of  chlorine,  and  for  14  of  carbon  monoxide  ; 
these  numbers  being  in  the  ratio  of  the  molecular  masses 
of  these  gases.  Of  course  for  10  grams  of  hydrogen  or 
140  grams  of  carbon  monoxide  the  constant  is  IOC; 
increasing  directly  with  the  mass. 

Boyle's  law  is  sometimes  expressed  thus:  P/d  =  C; 
or,  the  ratio  of  the  pressure  to  the  density  is  constant. 
This  expression  is  dependent  only  upon  the  temperature 
and  the  special  gas  employed.  If  the  pressure  be  stated 
in  grams  per  square  centimeter,  then  G  represents  for 
any  gas  the  height  of  the  homogeneous  atmosphere  of 
that  gas. 

195.  Variation  fVoni  Boyle's  Law, — Actually  existing 
gases,  however,  are  not  perfect  and  therefore  do  not  con- 
form exactly  to  the  law  of  Boyle.  If  the  expression  joi;  =  C 
be  plotted  graphically,  taking  for  volumes  distances  along 
the  axis  of  abscissas,  and  for  pressures  distances  along 
the  axis  of  ordinates,  we  shall  find  that  the  locus  of  this 
equation  is  a  rectangular  hyperbola,  whose  asymptotes 
are  the  axes.  For  a  perfect  gas,  therefore,  the  volume 
can  be  zero  only  under  an  infinitely  great  pressure,  and 
the  pressure  can  be  zero  only  when  the  volume  is  infi- 
nitely large.  But  since  no  gas  possesses  this  property  of 
infinite  compressibility  or  infinite  expansibility,  no  gas 
follows  exactly  Boyle's  law.  The  gases  which  follow  the 
law  most  nearly  are  hydrogen,  oxygen,  and  nitrogen ; 
while  such  gases  as  sulphurous  oxide,  chlorine,  and 
carbon  dioxide  depart  from  it  most  widely.  But  these 
last-named  gases  are  those  which  are  most  readily  lique- 
fied by  pressure.  Hence  a  gas  is  the  more  perfect  in 
proportion  as  it  is  at  a  greater  distance,  as  regards  both 
temperature  and  pressure,  from  its  liquefying  point.   The 
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most  extended  researches  on  Boyle's  law  are  those  of 
Amagat,  made  in  a  way  essentially  similar  to  that  above 
described,  but  on  a  very  large  scale.  The  shorter  leg  of 
the  tube  was  of  strong  glass.  The  longer  was  a  steel  tube 
330  meters  long  placed  in  the  shaft  of  a  coal-pit.  By  a 
powerful  pump,  mercury  was  forced  in  to  the  bottom  of 
the  steel  tube  until  it  ran  out  of  a  tap  placed  at  a  certain 
height.  After  measuring  the  volume  of  the  compressed 
gas,  the  tap  was  closed  and  the  mercury  forced  up  to 
the  next  tap.  In  this  way  the  pressures  were  extended 
to  400  atmospheres  ;  and,  taking  the  value  of  pv  as  unity 
for  the  ordinary  pressure,  it  was  found  that  in  the  case 
of  air  this  value  decreased  up  to  about  77  atmospheres, 
when  it  was  0-9803.  At  176  atmospheres  it  was  10113, 
and  at  400  atmospheres  1*1897.  Up  to  a  pressure  of 
1523  atmospheres,  therefore,  air  practically  obeys 
Boyle's  law,  being  reduced  by  this  pressure  to 
1/152*3  of  the  volume  which  it  occupies  at  one  atmos- 
phere. 

106.  Applications  of  Boyle's  Law.— Manometer s.~ 
Instruments  for  measuring  the  pressure  exerted  by 
liquids  and  gases  are  called  pressure-gauges  or  manom- 
eters. In  their  simplest  form  they  consist  of  a  closed 
reservoir  containing  mercury — though  for  small  press- 
ures water  may  be  used — having  a  glass  tube  open  at 
both  ends  passing  through  its  top  and  terminating  be- 
low the  surface  of  the  mercury.  On  opening  communi- 
<;ation  between  the  vessel  containing  the  pressure  to  be 
measured  and  this  reservoir,  the  mercury  is  forced  up 
the  tube  to  a  height  which  balances  this  pressure.  The 
result  may  be  expressed  either  in  centimeters  of  mercury, 
in  atmospheres  of  76  centimeters  each,  in  grams  per 
square  centimeter,  or  in  dynes  per  square  centimeter. 
More  lately  the  custom  has  been  to  express  the  pressure 
in  "atmospheres'*  of  one  megadyne  per  square  centi- 
meter ;  a  value  very  nearly  equal  to  the  pressure  of  75 
centimeters  of  mercury. 

For  measuring  higher  pressures,  the  manometer-tube 
is  closed  at  top  (Fig.  68)  and  then  the  air  in  it  suffers 
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compression  according  to  the  law  of  Boyle.  Under  one 
atmosphere  of  pressure,  the  column  of 
mercury  is  at  the  same  height  be  in  both 
legs.  But  as  the  pressure  increases,  the 
air  in  the  closed  leg  is  compressed  and 
its  volume  diminishes ;  the  volume  being 
always  inversely  as  the  pressure.  If  I 
be  the  length  ab  of  the  air-column  nor- 
mally and  X  the  height  d  to  which  the 
^o.  ca  mercury   rises  when   the   pressure   is  n 

atmospheres,  Z  —  a?  or  arf  will  equal  the  new  length  of 
the  air-column  and  we  shall  have  P  :  P'  ::l  —  x  :l;  or 
P'  =  Pl/(l — x).  But  by  hypothesis  P' +2x  =  nP,  where  P 
represents  one  atmosphere.  Hence  Pl/{1  —  a;)  +  2a;  =  wP; 
or  in  other  words,  the  elasticity  of  the  compressed  air 
plus  the  height  of  the  mercury-column  2a;  is  equal  to  n 
atmospheres.     Solving  for  x  we  have 


nP  +  21  ±  V{nP  +  2iy--8{n-l)Pl 
X  = J  L^^i 

The  lower  sign  only  is  admissible,  since  when  n  =  1,  ar 
should  equal  zero.  By  replacing  n  in  this  equation  by 
successive  numerical  values,  the  points  on  the  scale 
which  represent  these  pressures  can  be  calculated. 

For  measuring  pressures  less  than  that  of  the  atmos- 
phere vacuum-gauges  are  employed.  If  the  reservoir 
of  a  barometer  be  closed  and  connected  with  a  vessel 
from  which  the  air  is  being  removed,  the  mercury-col- 
umn will  fall  in  proportion  as  the  pressure  decreases. 
So  if  the  upper  end  of  an  open  tube  dipping  in  mercury 
be  connected  with  such  a  vessel,  the  mercury  will  rise 
as  the  pressure  within  the  tube  decreases ;  so  that  the 
diflference  between  its  height  and  that  of  the  barometer 
measures  the  pressure.  Another  form  of  vacuum-gauge 
consists  of  a  U-t^^e  ten  to  twenty  centimeters  long,  one 
end  of  which  is  closed,  the  closed  leg  being  entirely  filled 
with  mercury.  The  mercury  is  sustained  in  the  tube  by 
the  atmospheric  pressure  ;  and  hence  when  the  pressure 
of  the  air  in  the  space  containing  the  tube  is  diminished 
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the  mercury-column  falls.     The  pressure  in  the  space  is 
proportional  to  the  difference  of  level  in  the  two  legs. 

Besides  these  forms  of  pressure  and  vacuum  gaugea 
there  are  others  used  in  practice,  made  of  metal.  The 
Bourdon  gauge  is  provided  with  a  thin  flattened  curved 
tube,  having  one  end  fixed.  The  motion  of  the  free  end 
as  the  pressure  varies  within  the  tube,  multiplied  by 
suitable  devices,  indicates  the  pressure  to  be  determined. 

197.  Methods  of  removing  Air.— Air-pumps. — Air 
may  be  removed  from  any  vessel  by  utilizing  the  fact 
that  gases  are  indefinitely  expansible.  If  such  a  vessel 
be  put  in  communication  with  a  second  vessel  from 
which  the  air  has  been  entirely  removed,  the  air  in  the 
first  will  expand  to  fill  both  vessels,  and  consequently  it& 
amount  in  the  first  vessel  will  be  reduced  in  proportion 
to  the  relative  capacities  of  the  two  vessels.  If  the  two 
are  of  equal  volume,  only  one  half  of  the  air  will  be  left 
in  the  first.  If  the  second  is  nine  times  the  volume  of 
the  first,  only  one  tenth  of  the  air  will  remain  in  the 
first  after  they  are  connected.  In  general,  if  the  vol- 
umes are  1 :  n,  the  amount  of  air  in  the  first  vessel  will 
be  reduced  to  1/(1  +  w)  of  its  former  amount. 

Air-pumps  are  devices  for  removing  the  air  from  a 
given  vessel  by  the  method  above  mentioned.  In  the 
older  forms  of  the  instrument,  a  piston  is  made  to  move 
air-tight  in  a  cylinder,  at  the  bottom  of  which  is  a 
valve  opening  inward  (Fig.  69).  On  the  top  of  the  piston 
is  a  double  valve  opening  out- 
ward. On  pushing  the  piston 
to  the  bottom  of  the  cylinder,  the 
air  escapes  through  the  piston- 
valves.  So  that  if  the  valve  in 
the  cylinder  were  kept  closed, 
there  would  be  no  air  in  the 
cylinder  when  the  piston  is  again 
raised.  But  the  vessel  to  be  ex- 
hausted is  attached  to  the  lower 
end  of  the  cylinder ;  and  hence 
as  soon   as  the   pressure  within   this  vessel   becomes. 


t 
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greater  than  tliat  in  the  cylinder,  i.e.,  as  soon  as  the 
piston  has  begun  to  rise,  this  pressure  will  lift  the  valve 
and  the  air  will  expand  to  fill  both  vessels  as  above. 
By  repeating  this  process,  as  many  expansions  may  be 
produced  as  are  necessary  to  obtain  the  desired  vacuum. 
It  is  clear  that  no  further  exhaustion  is  possible  after 
the  pressure  in  the  vessel  is  less  than  that  required 
to  lift  the  valve.  Hence  it  is  sometimes  raised  auto- 
matically  by  the  piston  as  it  moves.  Moreover,  in  theory 
a  perfect  vacuum  cannot  be  obtained  in  this  way,  since, 
as  we  have  just  seen,  the  air  in  the  receiver  is  reduced 
by  each  stroke  to  1/(1  -f-  n)  of  its  former  amount.  After 
the  first  stroke  there  is  1/(1  +  ^)  of  1>  the  volume  of  the 
vessel ;  i.e.,  the  mass  of  air  left  after  the  first  stroke 
is  1/(1  +  n).  After  the  second  stroke  there  will  be 
1/(1  +  n)  of  this  left ;  which  is  1/(1  +  n)  X  1/(1  +  n)  or 
1/(1  -|-  n)* ;  and  so  on.  At  the  end  of  the  mth  stroke  the 
mass  of  air  in  the  vessel  will  be  reduced  to  1/(1  +  w)"*  of 
the  original  amount.  Aod  this  cannot  become  zero  until 
the  number  of  strokes  becomes  infinite,  or  m  =  oo .  If 
the  original  pressure  be  />,  and  the  final  pressure  be  /),, 
then  we  have  for  tiie  final  pressure  jt>,  =  (1/(1  +  w)*")/^!* 

Suppose,  for  example,  that  the  cylinder  of  the 
air-pump  has  twice  the  capacity  of  the  vessel  to  be 
exhausted.  After  the  first  stroke,  \  of  the  air 
will  remain  in  the  vessel ;  after  the  second,  J  of 
this  or  \  of  the  original  amount.  So  that  after  10 
strokes  (J)'o  or  about  -^^hra  ^^  ^^^  original  air 
only  will  remain  and  the  pressure  will  be  reduced 
60,000  times. 

198.  Mercury-puinps. — The  more 
modern  forms  of  air-pump  are  worked 
by  means  of  liquids,  generally  mercury ; 
whence  they  are  sometimes  called  mer- 
cury-pumps. The  earliest  apparatus  of 
this  sort  was  devised  by  Geissler  of  Bonn 
in  1857  and  is  known  as  the  Geissler  pump 
Fio.  70.  (Fig.  70).    It  consists  of  a  stout  glass  tube 

two  or  three  centimeters  in  diameter  and  nearly  a  meter 
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long,  having  at  top  a  globe,  Ay  of  about  a  liter  capacity, 
terminated  by  a  carefully  ground  glass  tap,  (7,  known  as 
a  three-way  tap.  When  turned  as  shown  in  the  figure, 
the  globe  is  in  communication  with  the  left-hand  tube  d ; 
and  when  rotated  through  90°,  it  is  connected  with  the 
right-hand  tube  e.  To  the  lower  end  of  the  tube  is  at- 
tached a  piece  of  stout  rubber  tubing,  which  connects 
this  tube  to  a  spherical  reservoir,  5,  containing  mercury. 
As  the  reservoir  is  raised  the  mercury  rises  in  the  tube, 
the  tap  being  open  through  e,  and  fills  the  globe  com- 
.pletely.  The  tap  is  then  closed  and  the  reservoir 
lowered.  The  mercury  in  the  tube  falls  until  the  differ- 
ence of  level  in  the  tube  and  in  the  reservoir  is  the 
barometric  height  Evidently  now  the  vacuum  in  the 
globe  and  tube  above  the  mercury  is  a  Torricellian 
vacuum.  On  turning  the  tap  C  so  as  to  put  the  globe 
into  communication,  by  the  lateral  tube  rf,  with  the  vessel 
to  be  exhausted,  the  air  in  this  vessel  will  expand 
to  fill  both.  The  tap  is  then  closed,  the  mer- 
cury reservoir  again  raised  and  the  air  in  the 
globe  expelled  through  the  tube  e,  the  tap  being 
turned  for  the  purpose.  By  repeating  this  pro- 
cess the  exhaustion  may  be  carried  to  any  desired 
degree.  Moreover,  by  means  of  the  recurved 
tube  shown  above  e,  the  pump  may  be  used  for 
transferring  any  gas  drawn  in  at  c?,  to  a  suitable 
reservoir. 

Subsequently  (1861)  Sprengel  devised  another 
form  of  mercury-pump,  which  is  now  called  by'^fl 
his  name.  In  its  simplest  form  (Fig.  71)  it  consists 
of  a  straight  thick  tube  of  glass.  A,  of  rather  small 
bore  and  about  a  meter  long,  enlarged  at  its  top 
into  a  cylindrical  bulb,  J5,  provided  with  a  lateral 
tube,  a.  Into  the  upper  end  of  this  bulb  a  narrow 
tube,  6,  is  sealed  by  a  ground  joint ;  this  tube  ex- 
tending downward  to  two  thirds  the  length  of  the 
bulb.  The  second  tube,  Z>,  is  connected  at  its  lower  Fio.^, 
end,  rf,  by  means  of  a  stout  rubber  tube,  with  a  reservoir 
of  mercury  placed  above  c,  the  highest  part  of  the  ap- 
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paratus.  The  vessel  to  be  exhausted  is  attached  to  the 
lateral  branch  a.  On  allowing  mercury  to  run  down  the 
rubber  tube  from  the  reservoir,  it  flows  into  the  tube  i>, 
rises  through  C^  where  it  is  freed  from  mechanical  im- 
purities (expelling  the  air  through  c,  which  is  momen- 
tarily opened  for  the  purpose),  and  passes  through  the 
tube  b  into  the  pump  B.  The  flow  of  this  mercury 
down  the  tube  A  causes  a  diminution  of  pressure  in  5, 
and  the  air  from  the  vessel  flows  into  the  main  tube, 
breaking  the  column  in  A^  into  little  cylinders  of  mer- 
cury, each  acting  like  a  piston  to  increase  the  volume  into^ 
which  the  air  from  the  vessel  can  expand.  The  mercury 
flowing  from  the  tube  is  collected  in  E^  from  which  it 
overflows  through  e  into  a  suitable  jar  and  is  returned  at 
intervals  to  the  reservoir. 

Both  these  mercury-pumps  have  received  important 
and  valuable  improvements  at  the  hands  of  Rood,  Al- 
vergniat,  Crookes,  and  others.  It  appears,  however,  that 
while  the  Geissler  pump  is  more  rapid  in  its  action,  the 
Sprengel  pump  is  capable  of  giving  the  higher  vacuum. 
But  the  Geissler  pump  is  intermittent  in  its  operation,  and 
the  Sprengel  pump  is  exceedingly  slow.  In  many  cases, 
therefore,  a  partial  exhaustion  is  first  obtained  by  an 
ordinary  air-pump  and  the  vacuum  is  then  completed 
by  the  mercury-pump. 

Bunsen  introduced  a  modification  of  the  Sprengel 
pump  into  laboratories,  for  the  purpose  of  hastening  fil- 
tration. It  is  known  as  the  Bunsen  filter-pump,  and 
uses  water  instead  of  mercury;  of  course  requiring  a  fall 
of  ten  meters  or  more. 

199.  Higrli  Vacua.— Fourth  State  of  Matter.— The 
vacuum  obtainable  with  the  common  air-pump,  in  prac- 
tice, is  very  far  below  that  which  theory  indicates,  owing 
to  difficulties  of  construction.  It  is  a  good  pump  which 
will  give  a  vacuum  of  one  millimeter  of  mercury ;  and  a 
vacuum  of  0*05  millimeter  has  rarely,  if  ever,  been  ob- 
tained in  this  way.  But  by  means  of  the  mercury-pump 
it  is  not  at  all  difficult  to  reduce  the  mercury-pressure 
in  a  vessel  to  one  millionth  of  its  normal  value,  or  to 
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000076  of  a  millimeter.  The  Sprengel  form  of  pump 
seems  to  be  preferred  for  the  purpose  where  very  high 
yacua  are  required. 

We  are  indebted  to  William  Crookes  for  the  extraor- 
dinary developments  which  have  recently  taken  place 
in  this  direction ;  not  only  for  the  greatly  improved 
methods  for  obtaining  high  vacua  which  he  has  devised, 
but  also  for  the  remarkable  phenomena  exhibited  ii 
these  high  vacua  when  produced.  Beginning  his  re^ 
searches  in  connection  with  his  radiometer,  he  extended 
them  to  the  study  of  the  properties  of  a  gas  so  rare  that 
it  would  support  a  mercury-column  only  one  millionth 
of  the  barometric  height.  And  so  extraordinary  did  he 
find  these  properties  that  he  was  led  to  consider  a 
vacuum  of  this  sort  as  in  a  true  sense  a  fourth  state  of 
matter ;  being  in  its  properties  quite  as  different  from 
the  ordinary  gaseous  state  as  this  is  from  the  liquid 
state.  These  results  we  shall  refer  to  subsequently. 
It  is  sufficient  to  say  here  that  the  highest  vacuum 
obtained  by  him  was  about  one  twenty-millionth  of  an 
atmosphere.  This  great  rareness  was  determined  by  an 
ingenious  apparatus  known  as  the  McLeod  gauge.  This 
gauge  consists  of  a  closed  tube  of  small  bore  surmount- 
ing a  globe  at  the  top  of  a  barometric  tube.  The  small 
tube  is  carefully  calibrated  in  terms  of  the  known 
capacity  of  the  globe,  and  the  globe  is  connected  with 
the  vessel  to  be  exhausted.  To  ascertain  the  degree  of 
exhaustion,  a  separate  reservoir  of  mercuiy,  connected 
with  the  lower  end  of  the  gauge  barometric  tube,  is 
raised.  The  mercury  rises  to  the  level  of  a  lateral  tube 
just  below  the  globe,  and  then  cuts  off  connection  with 
the  pump.  Continuing  to  rise,  this  mercury  fills  the 
globe  and  drives  the  residual  air  into  the  measuring- 
tube  at  its  top ;  the  volume  of  which  may  be  read  off  at 
atmospheric  pressure  when  the  mercury-level  is  the 
same  in  this  tube  as  in  the  lateral  tube.  If  this  volume 
be  one  cubic  millimeter,  the  volume  of  the  globe  and 
measuring-tube  being  one  liter,  the  vacuum  is  evidently 
one  millionth  of  an  atmosphere.     By  an  improvement  in 
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the  Sprengel  pump  Bood  in  1881  succeeded  in  obtaining 
vacua  as  high  as  a  three-hundred-millionth  of  an  atmos- 
phere. 


D.— CAPILLARITY. 

200.  Cohesion  in  General. — Molecular  attraction,  as 
we  have  seen  (145),  is  called  cohesion ;  and  in  solids  its 
measure  is  tenacity.  The  peculiarity  of  the  attraction 
of  cohesion,  as  compared  with  gravitation,  is  that  it  is 
exerted  only  through  immeasurably  small  distances ;  so 
that  at  sensible  distances  it  is  inappreciable.  Tait  has 
calculated  the  relative  effectiveness  of  cohesion  and 
gravitation  in  keeping  the  earth  together ;  and  he  finds 
that  if  the  cohesion  be  that  of  sandstone,  grantation  is 
25,000  times,  and  if  it  be  that  of  steel,  100  times  as 
effectual  for  this  purpose  as  cohesion.  lu  a  sandstone 
sphere  of  40  kilometers  radius,  or  in  a  steel  sphere 
of  640  kilometers  radius,  gravitation  and  cohesion  are 
equally  effective  in  holding  their  parts  together.  The 
range  of  action  being  so  small,  it  is  not  easy  to  bring 
molecules  within  the  sphere  of  cohesion.  Whitworth 
has  worked  steel  surfaces,  and  Barton  copper  surfaces, 
so  true  that  when  these  surfaces  ware  placed  together 
the  lower  mass  could  be  lifted  by  raising  the  upper  one 
even  in  vacuo.  Graphite  is  compressed  hydraulically 
into  blocks  which  are  perfectly  coherent.  And  plastic 
bodies  such  as  wax  and  lead  at  ordinary,  and  iron  at 
high  temperatures,  can  be  made  to  cohere  very  firmly  by 
quite  a  moderate  amount  of  pressure. 

201.  Liquid  Cohesion. — When  a  solid  is  immersed 
in  a  liquid,  it  is  wetted  or  not  wetted  by  the  liquid  ac- 
cording to  the  relative  attraction  between  the  liquid  and 
the  solid,  on  the  one  hand,  and  that  of  the  liquid  par- 
ticles for  each  other,  on  the  other.  Or  if,  to  avoid  circum- 
locution,  we  call  the  attraction  of  the  solid  for  the  liquid 
adhesion,  the  solid  is  wetted  if  the  adhesion  be  the  greater, 
it  is  not  wetted  if  the  cohesion  be  the  greater.    If  a  plate 
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of  glass  be  placed  on  the  surface  of  water  and  then  re- 
moved, the  glass  is  wetted  and  the  cohesion  of  the  liquid 
has  been  overcome.  If  it  be  placed  on  mercury  and  re- 
moved, it  will  not  be  wetted  and  the  adhesion  has  given 
way.  Gay  Lussac  hung  to  one  scale-pan  of  a  balance  a 
circular  plate  118'4  millimeters  in  diameter,  and  brought 
it  just  to  touch  the  surface  of  the  liquid  to  be  tested. 
Weights  were  then  placed  in  the  other  pan  until  the 
plate  was  detached  from  the  liquid.  He  found  in  this 
way  that  water  required  59*4,  alcohol  31,  and  turpentine 
34  grams  to  overcome  its  cohesion  over  this  area.  The 
same  values  were  obtained  whether  the  plate  was  of 
glass,  of  copper,  or  of  other  metals ;  thus  showing  that 
the  experiment  measures  cohesion  only.  If,  however, 
the  plate  be  not  wetted  by  the  liquid,  then  the  separa- 
tion takes  place  between  the  solid  and  the  liquid  and 
the  experiment  measures  the  adhesion.  In  this  case 
the  material  of  the  plate  evidently  influences  the  result. 
To  separate  a  glass  plate  of  the  above  diameter  from  the 
surface  of  mercury  requires  a  weight  of  158  grams ;  a 
measure  of  the  force  of  adhesion.  While  when  a  zinc 
plate  was  used  which  the  mercury  wetted,  nearly  500 
grams  was  required  to  eflfect  the  separation.  The  cohe- 
sion of  mercury  is  therefore  nearly  nine  times  that  of 
water ;  and  its  adhesion  to  glass  is  about  one  third  of  its 
cohesion. 

202.  Surface-tension  of  Liquids. — If  we  consider 
the  molecules  of  a  liquid  in  equilibrium,  it  will  appear 
that  the  conditions  under  which  the  molecular  forces  are 
balanced  are  different  in  different  parts  of  the  liquid 
mass.  At  any  point  in  the  interior  each  molecule  is  sur- 
rounded  by  other  similar  molecules  and  the  attraction  is 
equal  in  all  directions.  But  at  a  point  upon  the  surface, 
although  the  lateral  attractions  are  balanced,  there  is  no 
component  of  attraction  acting  upward  to  balance  the 
downward  component  due  to  the  molecules  beneath  the 
surface.  Hence  the  free  surface  of  a  liquid  acts  like  an 
enveloping  film,  of  a  thickness  equal  to  the  radius  of  the 
sphere  of  molecular  action,  at  every  point  of  which  a 
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force  acts  toward  the  interior  and  normal  to  the  surface. 
These  relations  are  represented  by  Tait  in  the  equation 

E={M-S.  2tp)e,+S.  2tpe  =  Me,+S .  2tf>{e  -  e.),  [36] 

in  which  E  is  the  total  potential  energy  and  M  the  total 
mass  of  the  liquid,  p  its  density,  8  the  area  and  t  the 
thickness  of  the  superficial  film,  and  e^  and  e  the  energy 
per  unit  mass  in  the  interior  and  upon  the  surface, 
respectively.  The  total  energy  of  the  liquid  is  there- 
fore increased  or  diminished  according  as  e„  or  e  is  the 
greater ;  and  by  an  amount  proportional  to  the  surface. 
As  for  stable  equilibrium  the  potential  energy  of  the 
system  must  be  a  minimum,  it  is  evident  that  when  e 
is  greater  than  e^,  the  value  of  S  mast  be  as  small  as 
possible  in  order  to  increase  Me^  and  therefore  E,  by  the 
minimum  amount.  This  is  the  case  when  a  surface  of 
water  is  exposed  to  air.  If,  however,  e  be  less  than  e^ ,  as 
when  water  and  glass  are  in  contact,  then  8  tends  to  take 
the  largest  possible  value  in  order  that  E  may  still  have 
its  minimum  value  possible.  Evidently,  e  is  a  function 
of  both  the  media  separated  by  the  surface.  For  if  the 
surface  separate  two  liquids  having  the  same  density  and 
cohesion,  e  will  equal  e„ ,  and  the  total  energy  of  either 
liquid  will  be  unchanged.  The  maximum  value  of  e  is 
reached  when  the  space  above  the  liquid  is  a  vacuum. 
This  tendency  of  a  liquid  surface  to  take  a  minimum 
value,  as  in  the  case  of  water  and  air,  can  mean  only 
that  this  surface  acts  like  an  elastic  membrane,  equally 
stretched  in  all  directions,  and  by  a  constant  tension. 
This  is  called  the  surface-tension  of  liquids. 

Illustrations. — This  theoretical  conclusion  is  supported  by  nu- 
merous facts.  Whenever  a  liquid  is  freed  from  the  action  of  any 
force  but  that  of  its  own  cohesion,  it  assumes  the  spherical  form; 
like  water  in  the  rain-drop  and  the  dew-drop,  and  like  mercury  in 
globules.  Now  the  sphere  has  the  minimum  surface  for  its  volume. 
The  phenomenon  of  the  rainbow  abundantly  proves  the  sphericity  of 
the  rain-drop.  So  the  production  of  shot  by  allowing  melted  lead  to 
fall  through  the  air,  and  the  rounding  of  the  edges  of  sealing-wax 
and  glass  when  melted  in  a  flame,  illustmte  the  same  fact.     By 
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making  a  mixture  of  alcohol  and  water  of  the  same  density  as  olive- 
oil,  Plateau  was  able  to  obtain  a  mass  of  this  oil,  placed  within  the 
mixture,  entirely  freed  from  the  action  of  gravity,  and  of  course 
perfectly  spherical  in  form.  The  same  result  may  be  obtained  by 
placing  carbon  dlsulphide  colored  by  iodine,  in  a  solution  of  zinc 
sulphate  of  the  same  density. 

The  tendency  of  liquid  surfaces  to  take  a  minimum 
value  is  also  well  illustrated  when  oil  is  placed  upon  the 
surface  of  water.  It  flashes  out  at  once  into  a  film  so 
thin  as  to  develop  iridescent  colors.  A  fragment  of 
camphor  placed  on  water  dissolves  slightly  at  the  point 
of  contact  and  lessens  the  surface-tension  there.  The 
greater  tension  laterally  of  the  unchanged  surface-film 
draws  the  camphor  to  one  side  and  active  motions  are 
thus  produced.  Various  essential  oils  when  dropped  on 
water  produce  cohesion-figures  which  are  characteristic 
of  the  oils  themselves  and  which  have  been  suggested 
by  Tomlinson  as  a  means  for  their  identification  and 
detection  when  mixed  together. 

The  phenomena  of  surface-tension  are  best  seen, 
however,  in  the  case  of  films  freed  from  liquid  masses, 
such  as  those  of  soap-bubbles.  The  contractile  force  of 
the  film  often  expels  the  air  through  the  bubble-pipe  with 
sufficient  force  to  blow  out  a  candle-flame.  According  to 
Plateau,  5*6  gram-meters  of  work  are  required  to  blow  a 
soap-bubble  whose  surface  is  one  square  meter ;  and  this 
represents  the  energy  of  a  bubble  of  that  size.  If  the 
mouth  of  a  glass  funnel  be  dipped  in  the  soapy  water, 
and  then  removed,  the  finger  being  held  over  the  narrow 
end,  a  flat  soap-film  will  be  formed  across  it ;  and  on 
removing  the  finger,  the  air  will  be  forced  out  by  the  con- 
tractility of  the  film  which  will  run  rapidly  up  to  the 
point  of  minimum  area.  A  flat  film  may  be  taken  out 
on  a  wire  ring,  having  a  piece  of  thread  tied  to  the  ring 
at  two  points  three  centimeters  or  more  apart.  On 
breaking  the  film  within  this  small  loop  by  touching  it 
with  a  hot  wire,  the  contraction  of  the  rest  of  the  film 
stretches  the  thread  tense,  forming  the  arc  of  a  circle.  If 
the  thread  form  a  loop  suspended  from  the  wire,  and  the 
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film  be  broken  within  the  loop,  the  contraction  of  the 
outside  film  in  all  directions  makes  the  loop  a  complete 
circle. 

203.  Measurement  of  Surface-tension. — Moreover, 
by  means  of  these  films  the  sb  rface-tension  may  be 
directly  measured,  A  wire  frame  y^Fig.  72)  consisting  of 
a  straight  wire  AC  furnished  with 
_  guides,  has  a  movable  wire  ABDC 
attached  to  it  which  is  capable  of 
sliding  vertically  through  the  guides. 
^X,v^  -^  Let  a  soap-film  be  formed  upon  the 
,^E  frame  when  A  C  and  BD  are  close  to- 

Fio.  78.  gether ;  and  let  weights  be  placed  in 

the  scale-pan  E  until  the  contractile  force  of  the  film  is 
balanced  say  at  the  distance  AB.  Since  the  length  of  the 
film  is  A  C,  the  quotient  of  the  total  weight  which  it  sup- 
ports divided  by  this  length  gives  the  tension  per  unit  of 
length ;  i.e.,  in  grams  per  linear  centimeter  in  the  C.  G.  S. 
system ;  or  in  dynes  if  this  value  be  multiplied  by  g. 
In  the  case  of  a  soap-film  the  surface-tension  per  linear 
centimeter  is  54*9  dynes.  Since  the  film  has  two  sur- 
faces, one  half  this  or  27-45  dynes,  represents  the  true 
surface-tension  for  soap-solution.  In  the  case  of  pure 
water  at  20°  this  tension  for  a  single  surface  is  81  dynes 
per  centimeter.  If,  however,  the  surface  of  contact  be 
not  between  these  liquids  and  air,  as  above  supposed, 
the  surface-tension  has  a  different  value.  Thus  between 
water  and  olive-oil  it  is  20*56  dynes  ;  and  between  olive- 
oil  and  air  36'88  dynes.  The  tension  for  air-chloroform 
is  30-61  dynes  and  for  water-chloroform  29*53  dynes  per 
centimeter. 

Moreover,  the  energy-relations  of  the  film  may  also 
be  obtained  with  the  above  simple  apparatus.  If  T  be 
the  surface-tension  per  linear  unit,  the  total  tension  along 
^Cwill  be  T.AC,  Now  this  force  has  stretched  the 
film  through  a  distance  AB\  and  hence  the  work  done 
is  T ,AC ,  AB.  Again,  if  we  call  S  the  surface-energy 
per  unit  of  area,  the  total  surface-energy  for  the  entire 
area  of  the  film  will  he  S  x  AC  -  AB.     But  the  energy  of 
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the  film  is  the  work  done  upon  it.  Therefore  we  have 
T.AG.AB  =  S.AC.AB;  and  of  course  T  —  S;  that 
is,  the  numerical  value  of  the  surface-energy  per  unit  of 
area  is  the  same  as  the  numerical  value  of  the  surface- 
tension  per  linear  unit.  But  we  have  just  seen  that  for 
soap-solution  and  air,  the  surface-tension  is  27-45  dynes 
per  centimeter.  Therefore  for  the  same  fluids  in  con- 
tact, the  surface-energy  must  be  27*45  ergs  per  square 
centimeter.  For  pure  water  and  air,  the  surface-energy 
is  81  ergs  per  square  centimeter. 

204.  Pressure  produced  by  the  Film. — ^The  pressure 
produced  in  the  interior  of  a  closed  film  by  the  con- 
tractile force  of  this  film,  as  in  the 
case  of  a  soap-bubble  for  ex- 
ample, may  be  calculated  from 
the  surface-tension  and  the  curva- 
ture of  the  film.  Suppose  a  band 
whose  width  is  unity  is  stretched 
over  a  cylindrical  surface  of 
radius  r.  Let  its  length  ab  (Fig. 
73)  subtend  at  the  center  0  an 
angle  <f>.  The  tension  on  the  band 
will  produce  a  pressure  toward  0, 
which  must  be  balanced  by  the  reaction  of  the  cylindri- 
cal surface.  Resolving  the  tension  T  along  OP  we  have 
2  T  sin  i<p  for  the  component  toward  0.  The  reaction 
is p .ab,  where  p  is  the  pressure  outward  per  unit  of  sur- 
face ;  and,  as  ab  =  r0,  the  reaction  becomes  p .  r<p. 
Hence  2Tsm  i<p  =  p. r0,  and  when  the  angle  0 is  small, 
p  =  T/r.  Thus  the  pressure  exerted  by  the  film  is 
directly  proportional  both  to  the  surface-tension  and  to 
the  curvature.  In  the  case  of  a  spheroid  there  are  obvi- 
ously two  curvatures  in  planes  at  right  angles  to  each 
other;  and  since  they  are  independent  the  resultant 
pressure  is  the  sum  of  the  pressures  due  to  each ;  or  is 

T[  - -|-  -dt)*  i^  which  B  and  B'  are  the  two  radii. 

In  the  case  of  a  soap-bubble,  B  and  -B'  are  practi- 
cally equal  and  the  pressure  is  2  T/B  for  each  surface 
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or  4iT/B  for  both.  Hence  the  pressure  within  such  a 
bubble,  of  4  centimeters  radius,  is  equal  to  T;  i.e.,  is 
equal  to  27*45  dynes  per  square  centimeter  of  its  sur- 
face. 

205.  Angle  of  Contact  between  Liquids  in  Equilib- 
rium.— Knowing  the  surface-tensions  for  various  pairs 
of  media  we  may  apply  to  them  the  principle  of  the 
polygon  of  forces  in  order  to  determine 
their  mutual  action.    Galling  Tat  the  sur- 
face-tension   between   the   media  a  and 
b  (Fig.  74),  and  2^^,  and  Tac  the  tensions 
'^^    between  b  and  c  and  between  a  and  c, 
respJBctively,    and    supposing    that    the 
surfaces  between  a  and  b  and  between 
a  and  c  meet  that  between  b  and  c  at 
the  point  0,  we  have  evidently  the  simple 
Fio.74.  case  of  three  forces  in  equilibrium  act- 

ing upon  a  point  (84).  Hence  if  a  tri- 
angle be  constructed  (Fig.  75)  having  sides  parallel  to 
these  tensions  and  proportional  to  them  in  magnitude, 
the  exterior  angles  of  this  triangle  will  be  equal 
to  those  formed  by  the  three  surfaces ;  and 
hence  sin  -4  :  sin  ^  :  sin  C  ::  Tac  -  ^db  *  ^bc • 
Whenever,  therefore,  three  fluids  are  in  con- 
tact and  at  rest,  the  surfaces  separating  them 
form  angles  with  one  another  determined 
solely  by  their  relative  surface-tensions.  In 
case  no  triangle  can  be  constructed  to  represent  the 
tensions,  no  equilibrium  is  possible.  If,  for  example, 
one  surface-tension  be  greater  than  the  sum  of  the  other 
two,  no  corresponding  triangle  can  be  drawn  and  equi- 
librium is  impossible. 

Examples.— In  illustration  of  these  actions  let  the  three  fluids  be 
water,  oil,  and  air.  The  water-air  tension  is,  as  above,  81  dynes, 
the  air-oil  tension  36-88  dynes,  the  water-oil  tension  is  20*56  dynes. 
The  sum  of  the  last  two  is  57-44  dynes;  very  considerably  less  than 
the  wat«r-air  tension  alone.  Hence  a  drop  of  oil  on  the  surface  of 
water  cannot  be  in  equilibrium.  The  superior  tension  of  the  water 
film  draws  it  out  indefinitely,  until  it  becomes  so  thin  as  to  lose 
entirely  the  properties  of  a  liquid  mass.     Conversely,  if  a  drop  of 
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water  be  placed  on  chloroform,  the  water-air  surface-tension  being 
greater  than  the  sum  of  the  chloroform -air  and  the  chloroform-water 
tensions  (i.e.,  81>  (29-53-1-30  61)),  the  water  gathers  itself  at  once 
into  a  drop.  When  water,  air,  and  clean  glass  are  placed  in  contact, 
the  surface-tension  between  air  and  glass  being  greater  than  the 
sum  of  the  water-glass  and  the  water-air  tensions,  equilibrium  is  not 
possible  and  the  water  spreads  itself  out  indefinitely  over  the  glass, 
while  the  air  gathers  itself  into  a  globule ;  as  is  best  seen  with  a 
bubble  of  air  under  water. 

206.  Capillary  Phenomena. — If  a  glass  tube  of  very 
small  bore  be  placed  in  water,  after  having  been  previ- 
ously wetted,  the  water  will  rise  in  the  tube  against 
gravity.  If  a  similar  tube  be  placed  in  mercury,  the 
column  within  the  tube  will  be  depressed  below  the 
surface  of  the  mercury  outside.  Phenomena  of  this 
kind  are  called  capillary  phenomena,  since  they  take  place 
in  tubes  whose  opening  is  so  small  that  it  may  be  likened 
to  a  hair. 

We  have  now  to  connect  the  phenomena  of  surface- 
tension  with  those  of  capillarity.  On  examining  the  sur- 
face of  the  liquid  in  the  capillary  tube,  it  will  be  found 
to  be  curved,  the  concavity  being  upward  when  there  is 
elevation  and  the  convexity  upward  when  there  is  depres- 
sion.  Now  we  have  seen  that,  owing  to  the  surface-tension 
of  liquids,  the  tendency  of  the  superficial  film  to  a  mini- 
mum produces  a  resultant  pressure  in  the  direction  of  the 
concavity ;  upward,  therefore,  in  the  case  of  water  and 
air,  downward  in  the  case  of  air  and  mercury.  The  water 
will  rise,  therefore,  and  the  mercury  will  fall  until  these 
surface  forces  are  balanced  by  the  weight  of  the  liquid  ; 
within  the  tube  in  the  former  case  and  without  it  in  the 
latter.     Further,  if  the  tension  at  the  surface  f  Ta 

separating  the  two  fluids  be  greater  than 
the  difference  of  the  tensions  between  each 
of  them  and  the  solid,  the  surface  of  sepa-  -^ 


— ^  —  ., ^  -._  — J —  ^ 

ration  of  the  two  fluids  will  be  inclined  to 
the  surface  of  the  solid  at  a  definite  contact-        ^ 
angle.     This  angle  may  be  readily  calcula-  "l^*" 

ted,  knowing  the  surface-tensions  involved.         ^®-  ''*• 
Supposing  the  difference   Too  —  ^dc  (Fig-  76)  to  be  posi- 
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tdve,  Tac  being  the  greater,  the  resultant  tension  will 

be    such    that    its    vertical    component    will    balance 

this  diflFerence ;  in  other  words,  T^ji,  will  act  in  the  third 

quadrant,  and  the  angle  of  contact  will  be  acute  (Fig. 

77).     If  T^  be  the  greater,  the 

difference  will  be  negative,  Ta^ 

will  act  in  the  second  quadrant, 

and  the  angle  of  contact  will  be 

obtuse  (Fig.  78).     From   these 

conditions  we  have  Too  —  STik,  = 

Tab  cos   a ;    whence   cos    a  = 

{Tao-T^)/Tab.  Evidently  if  the 

difference  Too  —  ^bc  be  greater 

than  Taf,,  cos  a  will  have  a  value  greater  than  unity ; 

which  is  impossible.     Hence  the  tension  between  a  and 

b  must  be  greater  than  the  difference  of  tensions  between 

a  and  c  and  between  b  and  c,  as  above  stated,  in  order 

that  there  should  be  a  definite  angle  of  contact. 


Fig.  77. 


Examples.  —  When  water  is  placed  upon  clean  glass, 
^ae  >  Tab  +  ^«kj  •  Hcncc  the  angle  of  contact  disappears  and  the 
water  spreads  itself  over  the  surface.  Mercury  on  the  contrary 
forms  a  globule,  the  angle  of  contact  between  its  surface  and  the 
glass  being  about  130°.  The  contact-angle  between  air,  alcohol, 
and  steel  is  90°. 

207.  Jurln's  Law. — Suppose,  now,  a  glass  capillary 
tube  to  be  immersed  in  a  liquid  whose  angle  of  contact 
with  glass  is  oi  (Fig.  79).  If  r  be  the 
radius  of  the  tube,  2;rr  will  be  the  cir- 
cumference ;  and  if  the  surface-tension 
be  T  per  unit  of  length,  the  entire  ten- 
sion around  the  tube  will  be  2nrT. 
But,  since  the  tension  acts  at  an  aDgle 
a  with  the  vertical,  2 Trr Tecs  a  is  the 
component  acting  upward  to  raise  the 
liquid.  Since  the  area  of  the  tube  is 
7tr*  and  the  height  of  the  liquid  in  it  A, 
the  volume  is  nr'h ;  and  if  6  be  the  density,  nr'hS  is  the 
weight  of  the  column  of  liquid  in  the  tube.     Since  this 


Fio.  T9. 


Digitized  by  VjOOQ IC 


PROPERTIES  OF  MATTER. 


209 


column  is  in  equilibrium,  the  upward  and  the  downward 
forces  must  be  equal ;  or 

2;rrTco8  a  =717^ hdg ;  whence  k  =  (27" cos  ot)/rdg.    [36] 

If  water  be  the  liquid  used,  «  =  0°  and  cJ  =  1 ;  whence 
h  =  ^T/rg.    Hence  the  height  of  the  column  is  inversely 


F10.80. 

as  the  radius,  and  consequently  the  capillary  elevation 
and  depression  is  the  greater  the  smaller  the  bore  of  the 
tube  (Fig.  80).  This  is  known  as  Jurin's  law.  If  a  >  90^, 
cos  a  is  negative  and  there  is  depression. 

If  a  column  of  liquid  be  sustained  between  two  flat 
surfaces  of  a  solid,  as  water  between  two  glass  plates, 
we  have  the  column  supported  on  only  two  sides,  the 
meniscus  being  cylindrical.  Hence  if  c2  be  the  distance 
between  the  plates,  the  vertical  component  of  the  tension 
on  both  sides  per  unit  of  length  will  be  2  ST  cos  a  and 
the  balancing  weight  in  dynes  will  be  hdSg;  whence 
h  =  {2T cos  a)/dSg ;  an  expression  differing  from  that 
for  a  tube  only  in  having  d  in  place  of  r.  Hence  a 
liquid  will  rise  between  plates  to  the  same  height  as 
in  a  tube  whose  radius  is  the  distance  between  the 
plates.  The  walls  of  the  plates  must  be  separated 
then  by  only  half  the  distance  that  separates  the  walls 
of  the  tube  in  order  to  have  the  elevation  the  same 
for  both.  Putting  the  above  equation  in  the  form  hd  == 
(2  T  cos  €t)/6g  we  have  the  variables  in  the  first  member 
and  the  constants  in  the  second  ;  T,  a.  6y  and  g  all  being 


Digitized  by  VjOOQ IC 


210 


PHYSICS. 


the  same  in  experiments  with  the  same  three  media. 
But  when  the  product  of  two  quantities  is  constant  the 
quantities  vary  inversely  as  each  other.  Hence  the 
equation  hd  =  constant,  represents  a  rectangular  hyper- 
bola, referred  to  its  asymptotes  as  axes ;  as  may  be 
readily  seen  by  plotting  the  equation. 

Experiment.— This  result  is  easily  shown  by  experiment.  If  two 
wetted  glass  plates,  closer  together  on  one  edge  than  on  the  other,  be 

placed  in  water  with  their  sides  ver- 

rtical,  the  water  will  rise  between 
them  to  heights  which  are  inversely 
as  the  distances  of  separation ;  and 
since  these  distances  vary  uniformly 
from  one  edge  to  the  other,  the 
heights  vary  in  the  inverse  ratio  of 
these  distances  and  the  liquid  sur- 
face between  the  plates  takes  the 
form  of  the  rectangular  hyperbola 

(Fig.  81),  with  the  rectangular  edges 

^_^:-£z=^:£i=E— --r^^z^^:^    of  tho  pUtes  as  axes. 

Obviously,  the  height  to 
which  a  liquid  will  rise  in  a  capillary  tube  may  be  calcu- 
lated if  T,  a,  and  r  be  known.  In  the  case  of  water 
T=  81  dynes  and  a  =  0°.     If  the  tube  be  one  millimeter 

2  X  81 
in  diameter,  h  =  ^^t;  =  3*32   centimeters.     Experi- 

mentally this  height  may  be  measured  by  the  kathetom- 
eter  method  of  Gay  Lussac,  and  the  radius  calculated 
from  the  length  and  mass  of  a  mercury  column  in  the 
tube.  This  height  varies  with  the  temperature,  dimin- 
ishing as  the  temperature  increases. 

The  law  of  Jurin  is  found  to  hold  with  great  exact- 
ness if  the  tube  be  wetted  by  the  liquid ;  and  then  the 
height  is  independent  of  the  material  of  the  tube,  and 
also  of  its  thickness.  But  if  the  tube  is  not  so  wetted, 
the  law  is  found  to  hold  only  approximately,  due  appa- 
rently to  the  varying  conditions  between  the  air  con- 
densed on  the  surface  of  the  solid  and  the  liquid. 

208.  Value  of  the  Superficial  Tension  from  Capil- 
larity.— Since  in  many  cases  it  is  not  possible  to  meas- 
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Tire  the  superficial  tension  directly,  it  may  be  calculated 
from  the  formula  T  =  {hrdg)/2  cos  a,  provided  that  r,  A, 
and  a  are  known.  The  following  table  gives  the  results 
of  Quincke's  measurements  at  the  temperature  of  20^  C, 
expressed  in  dynes  per  linear  centimeter : 

SUPERFICIAL  TENSION  OF  LIQUIDS. 

Tension  of  surface  separating 

Liquid.                  Density.  the  liquid  from — 

Air.  Water.  Mercury. 

Water 0-9982          81  0  418 

Mercury 13  5432        540  418  0 

Carbon  disulphide    1-2687          321  41-75  372-5 

Chloroform 14878          30-6  29-5  399 

Alcohol 0-7906          25-5  399 

Olive-oU 0-9136          369  2056  335 

Petroleum 0-7977          31-7  27-8  284 

Hydrochloric  acid     1-1000          70-1  377 

Solution  of  sodium 

thiosulphate....     1-1248          77-5  442-5 

209.  Superficial  Viscosity. — Besides  the  surface-ten- 
sion of  liquids,  there  is  another  property  possessed  by 
their  surfaces,  called  superfloial  visoosity,  which  is  inde- 
pendent of  the  tension.  This  is  very  markedly  shown  by 
a  solution  of  saponin,  on  which  if  a  magnetic  needle  be 
supported  it  will  remain  in  any  position,  instead  of  turn- 
ing north  and  south.  Owing  to  the  much  greater  vis- 
cosity of  the  superficial  film  of  liquids  over  that  of  the 
interior,  this  film  is  hard  to  break.  Soap-solution  has 
high  surface-viscosity  and  low  surface-tension  and  hence 
is  easily  blown  into  bubbles.  The  floating  of  an  oiled 
needle  on  water  or  the  walking  of  water-insects  thereon 
is  due  to  the  surface-viscosity  of  the  water,  its  tension 
having  been  reduced.  To  a  like  increase  of  superficial 
viscosity  and  decrease  of  surface-tension  is  due  the  still- 
ing effect  of  oil  upon  a  rough  sea. 
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ENEKGY  OF  MASS -VIBKATION.— SOUND. 

Section  I.— Nature,  of  Sound. 

210.  Definition  of  Sound. — Sound  may  be  defined 
either  subjectively  or  objectively ;  either  as  a  sensation 
or  as  the  external  cause  of  a  sensation.  In  the  physio- 
logical sense,  sound  is  an  effect  perceived  normally  by 
the  ear.  In  the  physical  sense,  sound  is  the  antecedent 
cause  of  this  effect.  Since  it  would  seem  more  philo- 
sophical to  define  a  thing  by  what  it  is  than  by  any 
effect  it  may  produce,  we  shall  define  sound  in  the 
physical  sense,  as  being  that  special  condition  of  matter 
in  virtue  of  which  incidentally  it  may  affect  the  organ  of 
hearing. 

211.  Sound  a  Mass- vibration. — Whenever  we  ex- 
amine a  body  which  is  producing  sound,  we  find  that  it  is 
in  a  state  of  vibratory  motion.  This  motion  it  readily 
transfers  to  the  surrounding  medium,  so  that  vibratory 
motion  in  this  medium  is  the  condition  of  sound-propa- 
gation. Moreover,  sound  can  be  received  only  by  bodies 
capable  of  vibration ;  so  that  a  body  receives  sound  only 
by  taking  up  vibrations  from  the  source  of  sound,  either 
directly  or  through  a  medium. 

Examples. — If  a  pencil  be  held  lightly  against  the  edge  of  a 
sounding  bell,  the  rattling  noise  produced  shows  that  the  bell  is  vi- 
brating. If  a  sounding  tuning-fork  be  made  to  touch  a  small  ivory 
ball  suspended  by  a  thread,  the  ball  will  be  projected  strongly  from 
the  fork.  A  paper  membrane  placed  in  the  vicinity  of  a  sounding 
body  will  take  up  the  air- vibrations;  as  may  be  shown  by  sprinkling 
a  little  black  sand  upon  its  surface.    Indeed,  in  the  case  of  the  lower 

212 
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notes  of  a  large  organ,  the  vibration  may  be  directly  felt  in  the 
tremor  sometimes  given  to  the  entire  building.  In  Edison's  pho- 
nomotor  a  wheel  is  made  to  revolve  by  means  of  sound-vibrations. 

212.  Character  of  Sound-vibration. — In  order  that 
a  body  may  produce  or  transmit  sound  it  must  be  elas- 
tic. Hence  all  sound-vibrations  are  the  vibrations  of 
elastic  media.  For  these  media  Hooke's  law  holds ;  and 
the  force  of  restitution  is  proportional  to  the  displace- 
ment. We  have  seen  (55)  that  whenever  a  body  vibrates 
under  the  influence  of  a  force  which  is  proportional  to 
the  displacement,  its  vibrations  are  executed  in  equal 
times  whatever  the  amplitude ;  i.e.,  are  isochronous. 
Such  vibrations  are  called  simple  harmonio  vibrations. 

For  the  propagation  of  sound  the  elastic  medium 
necessary  is  generally  air.  But  air  is  a  fluid,  and  has 
therefore  only  volume-elasticity.  The  only  waves  which 
it  can  propagate  consequently  are  waves  of  compres- 
sion and  rarefaction.  Moreover,  since  air  is  an  elastic 
medium,  the  vibrations  of  its  particles  are  simple  har- 
monic. Hence,  physically,  sound  may  be  completely 
defined  as  the  simple  harmonic  vibration  of  elastic 
masses.  A  sound- wave  is  therefore  a  succession  of  the 
particles  of  such  a  medium,  vibrating  harmonically  par- 
allel to  the  line  of  propagation  of  the  sound,  but  in  pro- 
gressively different  positions  with  respect  to  their  points 
of  rest;  these  positions  repeating  themselves  periodi- 
cally for  every  complete  vibration. 

Examples. — If  a  tuning-fork  be  strongly  vibrated,  the  note  emit- 
ted by  it  remains  the  same  as  long  as  this  note  is  audible ;  proving 
the  vibrations  to  be  isochronous.  The  vibrations  of  air  and  water 
columns  are  simple  harmonic;  as  is  seen  when  an  organ-pipe  is 
blown  in  air  or  under  water. 

213.  Differences  in  Sounds. — Sounds  differ  from  one 
another  in  three  essential  particulars ;  namely,  in  loud- 
ness, in  vibration-frequency,  and  in  quality.  The  loud- 
ness of  a  sound  depends  upon  the  amplitude  of  the 
vibration ;  i.e.,  upon  the  amount  of  the  displacement  of 
the  vibrating  body  from  its  position  of  equilibrium.  It 
is  proportional  to  the  square  of  the  amplitude.     The 
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vibration-frequency  of  a  sound  depends  upon  the  num- 
ber of  vibrations  which  the  vibrating  body  makes  per 
second.  When  this  number  is  relatively  great,  the 
vibration-frequency  is  said  to  be  high ;  when  small,  it  is 
said  to  be  low.  The  quality  of  a  sound  depends  upon 
its  complexity.  All  harmonic  vibrations  which  are 
absolutely  simple  have  the  same  quality.  In  propor- 
tion as  the  sound  becomes  more  complex,  the  wave- 
form changes  and  the  quality  changes  with  it. 

214.  Characteristics  of  Sound-waves. — Sound-waves, 
as  we  have  said,  are  waves  of  condensation  and  rarefac- 
tion. If  we  suppose  an  elastic  fluid  to  be  suddenly 
compressed,  the  compression  will  evidently  be  relieved 
by  the  motion  of  the  compressed  particles  into  the  regions 
beyond ;  this  will  produce  a  compression  in  these  regions 
which  will  relieve  itself  similarly ;  and  so  the  compres- 
sion will  be  propagated  through  the  medium.  If  the 
elastic  fluid  be  rarefied,  the  rarefaction  will  propagate 
itself  in  precisely  the  same  way,  the  particles  moving 
now  in  the  opposite  direction  to  that  in  which  the  rare- 
faction itself  moves.  Suppose  further,  that  by  vibrating 
a  tuning-fork  both  these  effects  are  produced  ;  the  prong 
which  vibrates  to  the  right  producing  a  compression  on 
the  right  side  of  it  and  a  rarefaction  upon  the  left ;  and 
the  same  prong  when  it  vibrates  to  the  left,  producing  a 
rarefaction  on  the  right  and  a  condensation  on  the  left. 
Then  it  is  clear  that  during  one  complete  vibration  of 
this  prong,  a  complete  wave  of  condensation  and  rare- 
faction, i.e.,  a  complete  sound-wave,  will  be  produced  on 
each  side. 

Experiment.— Take  two  funnels,  one  considerably  larger  than 
the  other,  tie  over  their  mouths  sheets  of  india-rubber,  and  connect 
them  together  by  means  of  a  long  rubber  tube.  Support  the  smaller 
funnel  in  any  convenient  stand  and  hang  in  front  of  it  a  small  ivory 
ball  so  as  just  to  touch  the  rubber  membrane.  Stand  at  a  distance 
from  the  smaller  funnel,  and  tap  upon  the  membrane  of  the  larger 
one ;  a  compressed-air  pulse  will  be  propagated  through  the  tube 
and  the  ball  will  be  thrown  away  from  the  fixed  membrane.  If  the 
larger  membrane  be  pulled  outward,  a  rarefied  wave  will  be  similarly 
sent  through  the  tube.    And  if  a  to-and-fro  movement  be  given  the 
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larger  membrane,  a  similar  to-and-fro  motion  will  be  executed  by 
the  smaller  one. 

215*  Definition  of  Wave-leugrth. — In  the  above  ex- 
periment the  time  required  for  the  pulse  to  pass  through 
the  tube  depends  entirely  upon  the  medium  within  the 
tube  and  not  at  all  upon  the  agency  by  which  the  pulse 
is  generated.  So,  in  general,  the  speed  of  propagation 
of  a  disturbance  in  any  medium  is  a  function  solely  of 
that  medium.  Hence  the  distance  to  which  the  disturb- 
ance is  propagated  in  any  medium  during  the  time 
required  for  the  vibrating  body  to  make  a  complete 
vibration,  since  it  is  a  function  of  the  particular  medium 
employed,  must  be  different  for  different  media.  This 
distance  is  called  a  wave-length.  And  a  wave-length  is 
therefore  defined  to  be  the  distance  over  which  sound 
passes  in  any  medium,  in  the  time  required  for  the 
sounding  body  to  make  one  complete  vibration  (62) 
The  length  of  a  sound-wave  is  different  therefore  not 
only  for  different  media,  but  also  for  different  rates  of 
vibration. 

216.  Relation  between  Speed  of  Propagration  and 
Wave-lengrth. — Suppose,  further,  the  sounding  body 
continues  to  vibrate.  During  the  second  complete  vi- 
bration, which  is  effected  of  course  in  the  same  time 
with  the  first,  the  distance  passed  over  is  the  same ;  so 
that  at  the  end  of  the  second  vibration  the  disturbance 
has  extended  twice  as  far ;  and  so  on.  It  is  clear  that 
at  the  end  of  1000  vibrations  the  disturbance  will  have 
extended  a  thousand  times  as  far;  and  if,  therefore, 
these  1000  vibrations  have  been  made  in  one  second,  it 
is  evident  that  in  that  second  the  disturbance  has  ex- 
tended over  1000  wave-lengths.  But  the  distance  over 
which  sound  has  passed  in  one  second  is  the  speed  of 
sound ;  and,  as  we  shall  see  presently,  is  constant  for 
the  same  medium  at  the  same  temperature.  In  the  case 
supposed  the  speed  of  the  sound  is  equal  to  1000  wave- 
lengths ;  and  in  any  case  the  speed  of  sound  is  the  prod- 
uct of  the  number  of  vibrations  per  second  by  the  wave- 
length ;  i.e.,  8  =  nA,  if  we  represent  by  8  the  speed  of 
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Bound,  by  n  the  number  of  vibrations,  and  by  X  the 
length  of  the  wave.  Thus  we  get  the  speed  by  multi- 
plying together  the  vibration-frequency  and  the  wave- 
length. We  get  the  vibration-frequency  by  dividing  the 
speed  by  the  wave-length.  And  we  get  the  wave-length 
by  dividing  the  speed  by  the  vibration-frequency.  Know* 
ing  any  two  of  these  values  we  can  obtain  the  third. 

It  should  be  kept  in  mind,  however,  that  there  is  no 
necessary  relation  between  the  amplitude  of  vibration  of 
the  sounding  body  and  the  wave-length  of  the  sound 
which  it  emits.  The  only  effect  which  amplitude  pro- 
duces is  upon  the  loudness  of  the  sound. 

217.  Simple  and  Compound  Waves. — It  is  not  easy 
to  represent  graphically  an  actual  wave  of  condensation 
and  rarefaction.  A  row  of  equidistant  dots  may  stand 
for  the  particles  in  equilibrium  and  a  row  of  dots  suc- 
cessively displaced  according  to  the  harmonic  law  may 
represent  one  instantaneous  position  of  these  particles 
when  transmitting  a  sound-wave  (Fig.  82). 


Fto.  88L 

It  will  of  course  be  understood  that  the  particles 
vibrate  along  the  line  in  which  the  sound  is  propagated ; 
and  that  a  wave-length  is  the  distance  from  one  particle 
to  the  next  particle  in  the  same  phase  ;  i.e.,  in  the  same 
relative  position  and  moving  in  the  same  direction. 

Evidently,  however,  the  displacement  of  a  wave- 
particle  from  its  zero  position  may  also  be  represented 
by  an  ordinate  drawn  perpendicularly  to  the  line  of 
propagation,  which  now  answers  to  the  axis  of  abscissas. 
An  entire  wave  constructed  in  this  way  corresponds  to 
the  harmonic  curve  already  described.  This  construc- 
tion greatly  facilitates  discussion,  and  is  not  liable  to 
mislead  if  the  principle  on  which  it  is  based  be  care- 
fully kept  in  mind. 

A  single  sound-wave,  then,  may  be  said  to  have  the 
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form  of  a  simple  harmonic  curve  (56).  A  complex  soand- 
wave  may  have  the  form  of  a  compound  harmonic  curve, 
obtained  from  its  simple  harmonic  constituents  by  the 
method  already  described  for  compounding  such  curves 
(61).  The  form  of  the  resultant  wave  will  depend  not 
only  upon  the  relative  lengths  and  amplitudes  of  the 
component  waves,  but  also  on  the  particular  phase  in 
which  they  are  when  united. 

Examples.— It  is  evident  that  a  sound  will  be  the  louder  the 
greater  the  amount  of  energy  expended  in  producing  it;  as  when  we 
shout  or  whisper.  But  this  increased  energy  simply  increases  the 
amplitude  of  vibration.  Again,  since  a  short  string  vibrates  more 
rapidly  than  a  long  one,  it  gives  a  higher  note  in  vibrating.  More- 
over, the  product  of  vibration- frequency  and  wave-length  being  con- 
stant for  the  same  temperature,  the  wave-length  and  vibration-fre- 
quency must  vary  inversely  as  each  other.  Hence  a  high  note  must 
have  a  shorter  wave  than  a  low  note.  The  average  wave-length  of 
the  sounds  used  in  ordinary  conversation  is,  for  a  man^s  voice,  from 
two  and  a  half  to  three  meters,  and  for  a  woman^s  voice,  from  60 
to  120  centimeters.  Difference  in  quality  is  observed  whenever  a 
note  of  the  same  vibration-frequency  is  sounded  on  two  different 
instruments;  as,  for  example,  on  the  flute  and  on  the  bassoon.  The 
tuning-fork  gives  the  simplest,  a  vibrating  reed  the  most  complex, 
vibrations.  The  precise  character  of  these  complex  waves  will  be 
discussed  later. 

218.  Direct  Measurement  of  Vibration-firequency.— 

The  vibrations  of  audible  sounds  are  too  rapid  to  be 
counted ;  at  least  in  the  way  we  count  the  oscillations 
of  a  pendulum.  They  may  be  ascertained,  however,  by 
producing  a  second  note  of  the  same  vibration-fre- 
quency, by  means  of  some  device  so  constructed  that 
its  vibrations  can  be  determined.  One  of  the  earliest 
of  these  devices  is  Savart's  toothed  wheel.  This  is 
simply  a  toothed  disk  which  is  caused  to  revolve 
rapidly  by  means  of  a  multiplying  wheel,  a  card 
being  held  just  in  contact  with  its  edge.  The  speed 
of  rotation  is  increased  until  the  note  emitted  by  the 
disk  is  the  same  as  that  to  be  measured  ;  and  this  speed 
is  maintained  for  one  minute.  Then,  multiplying  the 
number  of  rotations  made  by  the  large  wheel  per 
minute  by  the  ratio  of  the  radii  of  the  wheel  and  the 
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disk,  and  this  by  the  number  of  teeth  on  the  disk,  we 
have  the  number  of  taps  per  minute  received  by  the 
card.  This  number  divided  by  60  gives  the  vibration- 
frequency.  If  the  large  wheel  turns  100  times  in  a 
minute,  and  its  radius  is  5  times  that  of  the  disk,  the 
disk  will  turn  500  times  in  a  minute ;  and  if  there  are  30 
teeth  upon  the  disk,  it  will  tap  the  card  15000  times  in 
one  minute  or  250  times  in  one  second. 

Seebeck  modified  this  apparatus  by  using  in  place  of 
the  toothed  wheel  a  disk  perforated  with  holes  near  its 
edge,  and  directing  a  jet  of  air  against  this  part  of  the 
disk.     A  series  of  air-puflfs  was  thus  produced,  which,  as 
the  speed  of  rotation  was  increased,  coalesced  to  form  a 
continuous  note,  of  any  vibration-frequency  required.    In 
1819,  Cagniard  de  la  Tour  improved  the  instrument  by 
boring  the  holes  obliquely  through  the  revolving  disk 
and  directing  the  air  perpendicularly  against  the  sides 
of  the  openings ;  thus  driving  the  disk  by  means  of  the 
issuing  air.     At  the  same  time  he  placed  this  disk  close 
to  a  metallic  plate,  through  which  an  equal  number  of 
holes  were  bored  obliquely,  but  inclined  in  the  opposite 
direction  to  those  in  the  disk.     Whenever  the  holes  in 
the  disk  came  opposite  those  in  the  plate,  air  passed 
simultaneously  through  them  all ;  thus  increasing  pro- 
portionately the  loudness  of  the  sound.     On  the  axis  of 
the  revolving  disk  is  a  counter  to  indicate  the  number  of 
revolutions.     This  apparatus  is  called  a  siren.     To  use  it, 
it  is  supplied  with  air  from  a  bellows,  the  pressure  being 
increased  until  as  before  the  note  which  it  emits  is  the 
same  as  that  which  is  to  be  determined.     This  speed  is 
continued  for  a  minute,  and  the  number  of  rotations  is 
noted.     This  value  divided  by  sixty  gives  the  rotations 
per  second  ;  and  this  multiplied  by  the  number  of  holes 
in  the  disk  gives  the  vibration-frequency. 

219.  Direct  Measurement  of  Wave-length. —The 
wave-length  of  a  musical  note  may  also  be  directly 
measured  by  the  use  of  an  ingenious  method  due  to 
Kundt  To  a  glass  tube  about  two  centimeters  in 
diameter  and  twenty  long  a  piston  is  fitted  so  as  to 
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move  easily  backward  and  forward.  In  the  tube  is 
placed  a  light  powder  such  as  lycopodium  or,  better, 
precipitated  silica.  The  note  whose  wave-length  we  de- 
sire, suppose,  for  example,  that  of  a  whistle,  is  sounded 
near  the  open  end  of  the  tube  and  the  position  of  the 
piston  gradually  varied.  When  the  piston  reaches  a 
certain  point  the  light  powder  will  be  disturbed  and  will 
vibrate  in  segments,  between  which  it  will  remain  quies- 
cent. After  adjusting  to  get  the  best  effect,  measure  the 
distance  either  from  the  middle  of  one  segment  to  the 
middle  of  the  next,  or  between  the  middle  points  of  the 
interspaces.  Twice  this  distance  is  the  wave-length,  in 
air  and  at  the  temperature  of  the  experiment,  of  the 
note  which  is  emitted  by  the  whistle. 

Section  II. — Sound-propagation. 

220.  Theoretical  Speed  of  Sound. — The  theory  of 
the  propagation  of  disturbances  in  elastic  media  was 
discussed  in  an  earlier  chapter  (155).  In  simple  har- 
monic motion,  the  speed  with  which  a  particle  vibrates 
in  an  elastic  medium,  and  therefore  the  speed  of  propa- 
gation in  such  a  medium,  was  found  to  be  directly 
proportional  to  the  square  root  of  the  elasticity  of  the 
medium  and  inversely  proportional  to  the  square  root 
of  its  density.  This  formula,  8  =  ^E/6y  we  owe  to 
Newton,  who  calculated  by  means  of  it  the  speed  of 
sound  in  air.  Since  the  elasticity  of  a  gas  is  measured 
by  the  pressure  upon  it  (194),  we  have  s  =  VP/^  = 
i/lOV-0012759  =  28000  centimeters  per  second,  as  the 
speed  of  sound  in  air  under  the  pressure  of  a  megadyne. 
But  this  is  only  about  five  sixths  of  its  true  value. 
Newton  accounted  for  the  discrepancy  by  the  remark- 
able hypothesis  that  sound  required  no  time  to  pass 
through  the  particles  themselves,  the  whole  time  ob- 
served being  that  occupied  in  moving  through  the  spaces 
between  the  particles.  Assuming,  further,  that  only 
one  sixth  of  the  space  through  which  the  sound  moves 
consists  of  the  air-particles  themselves,  he  was  in  this 
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way  able  to  explain  the  value  which  he  had  calculated. 
Laplace  showed  subsequently,  however,  that  it  was  to 
the  increased  elasticity  of  the  air  due  to  the  heat  devel- 
oped by  its  sudden  compression,  and  to  the  correspond- 
ing cold  produced  by  its  rarefaction,  taken  together,  that 
the  increased  speed  of  propagation  over  that  obtained 
by  Newton's  formula  was  due.  By  multiplying  the 
expression  VP/d  by  Vl'41,  the  square  root  of  the  ratio  of 
the  specific  heat  at  constant  pressure  to  the  specific  heat 
at  constant  volume,  we  have  V'l-ll  X  10y0012759  =  33243 
centimeters  per  second,  the  true  speed-value. 

Since  F/6  is  equal  to  gh  (176),  we  may  write  the 
equation  for  speed  of  sound  8  =  Vgh.  But  the  speed 
acquired  by  a  body  in  falling  freely  through  a  height  h 
is  VigL  Hence  the  speed  of  sound  in  air  is  propor- 
tional to  the  speed  which  would  be  acquired  by  a 
body  in  falling  in  vacuo  through  half  the  height  of  the 
homogeneous  atmosphere.  This  in  fact  is  the  mode  of 
stating  the  speed  of  sound  used  by  Newton. 

221.  Experimental  Speed  of  Sound  in  Air.— Ex- 
perimentally the  speed  of  sound  in  air  has  been  directly 
determined  many  times.  The  most  noted  of  the  earlier 
experiments  are  those  of  the  French  Academy  in  1738, 
of  the  Bureau  des  Longitudes  in  1822,  and  of  the  Dutch 
physicists  Moll  and  Van  Beek  in  1823.  In  the  last  case 
two  hills  were  selected  near  Amsterdam,  17*7  kilometers 
apart,  and  cannons  were  fired  at  stated  intervals,  simul- 
taneously at  the  two  stations,  the  period  intervening  be- 
tween the  time  of  seeing  the  flash  and  that  of  hearing 
the  sound  being  noted  on  the  chronometers  at  these  sta- 
tions. Properly  reduced,  their  results  give  a  speed  of 
33225  centimeters  per  second.  In  more  recent  times, 
the  experiments  of  Begnault  in  1865,  made  in  the  water- 
pipes  of  Paris,  and  those  of  Stone,  made  at  the  Cape  of 
Good  Hope  in  1871,  in  both  of  which  electrical  record- 
ing apparatus  was  used,  are  among  the  best.  According 
to  Regnault's  results,  the  speed  is  33104  centimeters ;  ac- 
cording to  Stone's,  33240  centimeters ;  the  speed  in  air 
in  tubes  appearing  to  be  somewhat  less  than  in  free  air. 
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The  speed  of  sound  is  unaffected  by  any  agency 
vhich  causes  the  elasticity  and  density  of  the  medium  to 
vary  together  in  the  same  direction.  Hence  the  speed  of 
sound  is  independent  of  the  barometric  height  Stam- 
pfer  in  1822  found  the  speed  of  sound  at  a  height  of  1304 
meters  to  be  33244  centimeters ;  and  Bravais  in  1844 
found  it  to  be  33237  centimeters  at  a  height  of  2116 
meters.  Temperature,  however,  aflfects  the  density  of 
the  air  only ;  so  that  the  speed  of  sound  is  different  in 
air  at  different  temperatures,  even  under  the  same  baro- 
metric pressure.  Thus  the  speed  observed  by  Parry  at 
Melville  Island,  in  the  polar  regions,  at  a  temperature  of 
—  385°,  was  only  30900  centimeters  per  second.  The 
sound-speeds  above  given  have  all  been  reduced  to  0°  by 
means  of  the  formula 


St  =  8,  VT-pb03665^  [37] 

in  which  8t  and  S^  represent  the  speeds  at  the  tempera- 
tures t°  and  0°  respectively.  The  increase  corresponds 
to  about  60  centimeters  for  each  degree  centigrade. 
Moreover,  theory  indicates  a  higher  speed  for  loud 
sounds  than  for  low  ones.  This  Jacques  has  confirmed 
by  experiments  made  at  the  Watertown  Arsenal.  And 
Parry  asserts  that  during  artillery  practice  in  the  arctic 
regions  the  report  of  a  gun  has  been  heard  by  a 
distant  observer  before  the  command  of  the  oflScer  to 
fire.  The  moisture  of  the  air  also  affects  the  speed,  for 
the  reason  that  moist  air  is  less  dense  than  dry  air. 
Finally,  the  speed  of  sound  in  free  air  is  affected  by  the 
motion  of  the  air,  being  always  increased  in  the  direc- 
tion of  the  wind. 

Appucatigns.— The  speed  of  sound  may  often  be  made  use  of 
in  calculating  distances.  Suppose  that  a  clap  of  thunder  is  heard 
six  seconds  after  seeing  a  flash  of  lightning.  Then  it  is  evident  that 
the  flash  began  at  a  distance  of  6  x  332  =  1992  meters  or  nearly  two 
kilometers  from  the  observer.  Again,  let  a  stone  be  dropped  into  a 
well  and  the  time  noted  until  it  is  heard  to  strike  the  water.  This 
time  is  made  up  of  two  parts:  one  that  required  for  the  stone  to  fall, 
and  the  other  that  required  for  the  sound  to  return.    If  the  depth 
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of  the  well  be  x  centimeters,  then  the  former  is  obtained  from  the 
equation  t  =   V2x/g,  and  the  latter  f  =  x/s.    Whence  T=  t  -\-t'  = 

i-,|/|    and    .  =  *'[l4.^^+(l  +  2^^*]. 

222.  Speed  of  Sound  in  Liquids. — The  compressi- 
bility of  liquids  being  so  slight,  the  heat-changes  during 
their  rarefaction  and  condensation  consequent  upon  the 
transmission  of  a  sound-wave  are  inappreciable.  The 
formula  of  Newton  8  =  ^ E/d  therefore  gives  results 
which  agree  closely  with  those  found  experimentally. 
For  example,  in  the  case  of  water,  we  have  seen  (193) 
that  at  0°  it  is  compressed  00004:96  of  its  volume  for  a 
pressure  of  one  megadyne  per  square  centimeter.  The 
elasticity,  being  the  ratio  of  the  pressure  to  the  com- 
pression, is  therefore  lOV-0000496  =  2-026  X 10"  =  ifc ;  and 
the  sound-speed,  since  the  density  of  water  is  unity,  is 

V'2-026  X  10",  or  141340  centimeters  per  second,  at  the 
temperature  of  0°.  An  experimental  determination  of 
this  speed  was  made  in  1826  by  Colladon  and  Sturm  in 
the  Lake  of  Geneva.  Two  boats  were  moored  13487 
meters  apart,  one  carrying  a  heavy  bell  immersed  in  the 
water,  the  other  supporting  a  trumpet  -  shaped  tube 
having  a  membrane  over  its  larger  end.  By  means  of  a 
double  lever,  a  hammer  on  one  arm  was  made  to  strike 
the  bell,  while  at  the  same  instant  some  gunpowder  was 
fired  by  a  slow  match  placed  on  the  other  arm.  The 
observer  in  the  second  boat,  who  was  listening  at  the 
tube,  noted  carefully  the  interval  between  the  time  of 
seeing  the  flash  and  the  time  of  hearing  the  sound. 
Dividing  the  distance,  13487  meters,  by  the  time  required 
to  traverse  it,  9*25  seconds,  the  sound-speed  in  the  water 
was  obtained.  The  speed  thus  measured  was  143500 
centimeters  at  the  temperature  of  8*1°;  corresponding 
closely  to  143870  centimeters,  the  calculated  value  for 
that  temperature. 

223.  Speed  of  Sound  in  Solids. — The  theoretical 
speed  of  sound  in  solids  may  also  be  calculated  by  the 
formula  of  Newton,  if  we  use  Young's  modulus  for  the 
elasticity.     Let  it  be  required,  for  example,  to  calculate 
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the  speed  of  sound  in  iron.  The  value  of  this  modulus 
for  wrought-iron,  as  given  in  the  table  on  page  142,  is 
19*63  X  10"  dynes  per  square  centimeter.  Its  density  is 
7-677.  Hence  the  speed  is  V19-63  X  10'y7-677  =  505600, 
or  5*056  X  10*  centimeters  per  second.  A  rough  exper- 
imental determination  of  the  speed  of  sound  in  solids 
was  made  in  Paris  by  Biot,  using  a  series  of  water-pipes 
951*25  meters  long.  He  observed  that  on  striking  the 
ii'on  at  one  end  with  a  hammer,  two  distinct  sounds  were 
observable  at  the  other,  about  2*6  seconds  apart  One 
of  these  had  been  propagated  by  the  air,  the  other  and 
more  rapid  one  by  the  material  of  the  pipe.  At  the 
temperature  of  the  experiment,  11°,  the  sound  would 
require  2*86  seconds  to  traverse  this  distance  in  air ;  and 
therefore  to  traverse  the  line  of  pipes  the  sound  required 
only  about  0*26  second.  Whence  the  speed  in  the  water- 
pipes,  as  arranged,  is  3*49  x  10'  centimeters  per  second. 
As  the  material  of  the  pipes  was  not  homogeneous,  this 
result  does  not,  of  course,  represent  the  speed  of  sound 
in  iron.  Accurate  experiments  by  Wertheim  give  the 
speed  of  sound  in  iron  at  0°  at  5016  x  10*  centimeters 
per  second.  The  propagation  of  sound  in  solids  is  made 
use  of  in  the  string  or  wire  telephone. 

224.  Indirect  Methods  of  measuring  the  Speed  of 
Sound. — Several  methods  have  been  employed  for 
measuring  the  relative  speed  of  sound  indirectly.  One 
of  the  simplest  is  a  modification  of  the  method  already 
described  for  measuring  wave-length,  devised  by  Kundt. 
In  order  to  measure  the  relative  speeds  of  sound  in 
hydrogen  and  air  by  this  method  a  glass  tube  about  1*5 
meters  long  and  not  less  than  a  centimeter  in  diameter 
is  selected,  some  precipitated  silica  is  shaken  into  it,  its 
ends  are  closed  with  corks,  it  is  grasped  at  its  middle 
point  with  the  thumb  and  forefinger  and  rubbed  lon- 
gitudinally with  a  wet  cloth.  The  tube  will  emit  a  mu- 
sical note,  and  the  silica  will  be  thrown  into  the  vibrating 
segments  already  mentioned  (219).  The  distance  from 
the  middle  of  one  of  the  segments  to  the  middle  of  the 
next  but  one,  is  the  wave-length  in  air  corresponding  to 
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the  note  given  by  the  tube.  Keplace  now  the  air  in  the 
tube  by  hydrogen  and  repeat  the  experiment.  The  seg- 
ments will  be  greatly  increased  in  length,  being  nearly 
four  times  those  in  air.  In  both  cases  the  speed  is  the 
product  of  the  vibration-frequency  and  the  wave-length. 
If  this  speed  be  represented  by  «  =  2Z .  ?i  in  the  case  of 
air  and  «'=2Z'.  n  in  the  case  of  hydrogen,  where  I  is  the 
length  of  a  segment,  the  note  being  the  same  for  both, 
we  have,  by  dividing  the  first  of  these  equations  by  the 
second,  8  is'  ::l  :V',  or  the  speed  in  air  is  to  the  speed 
in  hydrogen  as  the  length  of  a  segment  in  air  is  to  the 
length  of  a  segment  in  hydrogen.  The  observed  ratio 
gives  a  value  for  the  absolute  speed  in  hydrogen  of  126950 
centimeters  per  second.  Moreover,  since  the  absolute 
speed  in  any  gas  is  inversely  as  the  square  root  of  the 
density  of  that  gas,  it  is  evident  that  the  relative  speed 
for  two  gases  must  be  inversely  as  the  square  roots  of 
their  densities ;  i.e.,  that  «:«'::  V6^  •  V6.  Now  oxygen 
is  16  times  as  dense  as  hydrogen ;  and  hence  the  speed 
of  sound  in  it  should  be  only  one  quarter  of  that  in  hy- 
drogen. One  quarter  of  126950  centimeters  is  31737 
centimeters.  The  observed  experimental  value  for  oxy- 
gen is  31717  centimeters. 

By  taking  a  glass  tube  of  a  somewhat  larger  diameter, 
placing  silica  in  it,  fitting  a  movable  piston  to  it,  and 
holding  the  end  of  a  metal,  glass,  or  wooden  rod,  vibrat- 
ing longitudinally,  just  within  the  open  end  of  the  tube 
(the  end  of  the  rod  being  enlarged  if  necessary  by  plac- 
ing upon  it  a  cork  or  a  disk  of  card-board),  the  ratio  of 
the  length  of  a  segment  to  the  length  of  the  rod  will  be 
obtained ;  but  this  is  also  the  ratio  of  the  speed  of  sound 
in  air  to  the  speed  of  sound  in  the  rod.  Thus,  for  exam- 
ple, a  pine  rod  will  be  about  ten  times  as  long  as  one  of 
the  silica-segments;  and  hence  the  speed  of  sound  in 
pine  is  ten  times  the  speed  in  air. 
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SPEED  OF  SOUND. 

Substance.  Temperature.    Speed.      Observer. 

Meters  per  second. 

Air 0°  332        Stone 

Oxygen 0°  317        Dulong 

Hydrogen 0"^  1269 

Water 15°  1437        Wertheim 

Alcohol 20°  1160 

Lead 20°  1228 

Gold 20°  1743 

SUver 20°  2707 

Copper 20°  3556               " 

Iron 20°  5127 

Caststeel 20°  4986                " 

Pine  (with  the  fiber) ...  —  3322                « 

"    (across  the  rings). .  —  1405 

"    (with  the  rings). . .  —  794 

225.  Change  in  Direction  of  Sound-waves. — So  long 
as  a  sound-wave  continues  in  the  same  unchanged 
medium,  it  is  propagated  rectilinearly.  But  when  it 
encounters  an  obstacle  then  its  direction  changes.  It 
may  be  thrown  back  from  the  surface  upon  which  it 
strikes,  or  be  reflected ;  or  it  may  pass  into  the  second 
medium  with  an  altered  direction,  or  be  refracted. 
Reflection  of  sound  is  a  matter  of  common  experience. 
The  sound  of  a  church-bell  is  often  reflected  from  the 
solid  walls  of  a  building,  and  the  voice  of  a  speaker  from 
the  walls  of  a  room.  Tyndall  has  shown  the  reflection 
of  sound  from  a  sheet  of  paper,  a  pocket-handkerchief,  a 
gas-flame,  and  even  a  sheet  of  heated  air.  But  in  these 
cases  a  portion  of  the  sound  is  also  transmitted.  Be- 
cause of  the  want  of  uniformity  in  the  outer  air  due  to 
currents,  or  to  the  presence  of  fog  or  snow,  sound  is 
often  speedily  dissipated  by  these  repeated  changes  of 
direction.  In  rare  cases,  however,  sound  is  heard  better 
in  rainy  or  snowy  weather  than  in  clear  ;  the  fact  being 
that  the  air-currents  are  now  destroyed  by  the  equalizing 
effect  of  the  rain  or  snow  upon  the  temperature. 
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226.  Soond-reflection. — £chos. — Echos  are  due  to 
sound-reflection.  If  a  sharp  sound  is  produced  so  as 
to  impinge  perpendicularly  upon  the  face  of  a  cliflF,  the 
sound  strikes  the  cliff  and  is  reflected  back  over  the 
same  path.  If  the  distance  to  the  cliff  be  166  meters, 
the  reflected  sound  will  be  heard  after  an  interval  of 
about  one  second.  If  it  be  332  meters,  nearly  two 
seconds  will  elapse  before  the  return.  If  a  person  utter 
five  sounds  in  a  second,  then,  in  the  first  case  above  sup- 
posed, the  last  sound  will  be  emitted  before  the  first  one 
returns;  and  the  five  sounds  will  be  heard  distinctly 
repeated.  The  echo  is  then  pentasyllabic.  By  standiog 
before  a  reflecting  wall  and  clapping  the  hands  period- 
ically, varying  the  distance  until  the  reflected  sound  of 
one  clap  exactly  coincides  with  the  direct  sound  of  the 
following  one,  a  rough  measurement  of  the  speed  of 
sound  may  be  made  ;  since  this  speed  is  evidently  twice 
the  distance  to  the  wall  multiplied  by  the  number  of 
claps  made  in  one  second.  If,  for  example,  the  wall  be 
83  meters  distant,  then  the  sound  would  pass  over  this 
distance  and  back,  or  through  166  meters,  during  the  in- 
terval between  two  claps.  And  if  two  claps  be  made 
per  second,  it  would  pass  over  166  X  2,  or  332,  meters 
in  the  entire  second. 

Where  the  reflecting  surfaces  are  multiple,  the  echos 
are  also  multiple.  Addison  speaks  of  an  echo  which 
repeated  the  report  of  a  pistol  fifty-six  times.  An  echo 
at  the  old  Simonetta  Palace  near  Milan,  according  to 
Kircher,  repeats  a  sound  forty  times ;  and  Herschel 
says  that  an  echo  in  Woodstock  Park,  England,  repeats 
seventeen  syllables  by  day  and  twenty  by  night.  The 
echo  of  Verdun,  formed  between  two  large  towers  fifty- 
two  meters  apart,  repeats  a  word  twelve  or  thirteen 
times.  The  long-continued  roll  of  thunder  is  due  simply 
to  multiple  reflection  from  the  surfaces  of  clouds. 

In  case  the  surfaces  are  curved  the  sound  may  be 
reflected  by  them  to  a  common  point  called  a  focus.  A 
room  with  elliptically-curved  walls  or  ceiling  is  therefore 
a   whispering-gallery;    whispers   uttered  at  one   focus 
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being  distinctly  audible  at  the  other,  but  at  no  inter- 
mediate point.  Such  whispering-galleries  are  contained 
in  the  Colosseum  and  in  the  Cathedral  of  St.  Paul's  in 
London,  and  in  a  room  in  the  Conservatoire  des  Arts  et 
Metiers  in  Paris. 

227.  Sound-refraction. — Befraction  of  sound  is  a 
change  of  direction  in  the  transmitted  wave,  and  is  due, 
on  the  large  scale,  either  to  differences  of  temperature  or 
to  the  wind.  If,  in  consequence  of  receiving  heat  from 
the  ground,  the  temperature,  and  hence  the  rarity,  of 
the  air  diminishes  from  the  surface  upward,  then  sound 
traversing  such  a  varying  medium  will  be  deflected 
upward,  as  Reynolds  has  shown ;  and  hence  will  be  in- 
audible to  a  person  on  the  surface.  If,  on  the  other 
hand,  the  upper  layers  of  air  be  the  warmer,  then  the 
sound  will  be  thrown  downward.  The  same  effect  prac- 
tically has  been  proved  by  Stokes  to  be  caused  by  the 
motion  of  the  air.  If  the  sound  be  moving  with  the 
wind,  its  direction  will  be  inclined  downward,  and  if 
against  the  wind,  it  will  be  inclined  upward. 

228.  Sound-shadows. — DillVaction. — Interposing  an 
obstacle  between  the  observer  and  a  sounding  body,  en- 
feebles the  sound  but  does  not  destroy  it.  The  sound- 
waves are  bent  round  the  obstacle,  or  inflected,  as  it 
we're,  and  so  reach  the  ear.  There  is  here  evidently  a 
true  sound-shadow.  'In  order,  however,  that  this  appa- 
rent bending  inward  should  occur,  the  aperture  through 
which  the  sound  passes,  or  the  obstacle  around  which  it 
flows,  should  be  small  relatively  to  the  wave-length. 
But  sound-waves,  in  general,  have  a  considerable  length ; 
and  hence  to  produce  sound-shadows,  the  obstacles 
themselves  must  be  proportionately  large.  When  a  mix- 
ture of  long  and  short  sound-waves  strikes  an  obstacle, 
it  is  quite  possible  that  the  long  waves  may  sweep  round 
it,  producing  no  shadow ;  while  the  short  waves,  being 
intercepted,  will  cast  a  sound-shadow.  The  change  in 
the  quality  of  the  music  of  a  brass  band,  for  example,  as 
the  band  comes  round  a  street-comer,  illustrates  this 
statement.     This  deflection  of  a  sound-wave  inward  into 
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the  shadow-space  is  called  diflfraction.  It  is  in  fact  an 
interference  phenomenon,  as  explained  in  treating  of 
waves  (66). 

229.  Interference  of  Sound. — That  two  sounds  may 
be  made  to  interfere  and  thus  destroy  each  other  either 
partially  or  wholly,  must  be  accepted  as  conclusive  proof 
that  sound  is  a  wave-motion.  When  treating  of  wave- 
motions,  it  was  shown  (66)  that  whenever  two  waves  of 
the  same  length  but  of  diflferent  amplitudes  are  super- 
posed, the  resulting  wave,  while  of  the  same  length,  will 
have  an  amplitude  equal  to  the  algebraic  sum  of  the 
component  amplitudes.  If  the  amplitudes  are  equal  and 
the  phases  opposite,  the  algebraic  sum  will  be  zero ;  and 
the  waves  will  completely  destroy  <» 


each  other. 

Experiment. — ^To  show  this  experimen- 
tally, let  a  tuning-fork  vibrate  in  front 
of  a  resonator  a  (Fig.  88),  connected  with 
the  tube  b  by  two  paths,  one  of  which,  c,  can 
be  made  longer  than  the  other  by  half  the 
length  of  the  sound-wave  emitted  by  the 
fork.  The  two  waves  will  start  together  at 
a ;  but  the  one  which  traverses  c,  having 
half  a  wave-length  farther  to  go  than  the 
other,  will  reach  b  half  a  wave-length  be- 
hind it,  and  so  the  two  will  be  in  opposite 
phases.  In  consequence  the  ear  placed  at 
the  end  of  the  tube  b  will  hear  no  sound 
whatever. 


CH 
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230.  Sound-intensity  modified  by  various  Causes.-— 

When  sound  originates  at  a  point,  it  radiates  in  all  direc- 
tions from  that  point  So  that  at  any  instant  the  sound- 
wave is  spherical  in  form,  having  the  point  as  a  center. 
If  the  radius  be  unity,  the  surface  of  the  sphere  will  be 
4;r,  and  over  this  surface  the  amount  of  sound  emitted 
by  the  sounding  body  will  be  spread.  At  the  end  of  a 
second  instant  the  sound  will  have  moved  out  to  twice 
the  distance,  the  radius  of  the  sphere  will  be  doubled, 
and  its  surface  will  now  be  I67C.  The  same  amount  of 
sound  will  now  be  spread  over  four  times  the  surface ; 
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and  therefore  a  unit  of  the  second  surface  will  receive 
only  one  quarter  as  much  sound  as  a  unit  of  the  first, 
i.e.,  the  intensity  of  the  sound  there  will  be  reduced  to 
one  quarter  of  its  former  value.  In  other  words,  the 
distance  from  the  sounding  body  having  been  doubled, 
the  intensity  of  the  sound  has  been  reduced  to  one 
fourth ;  or  the  intensity  has  varied  inversely  as  the 
square  of  the  distance.  For  the  same  reason  four  pre- 
cisely similar  sounding  bodies  at  a  distance  of  two  units 
will  produce  the  same  effect  as  one  such  body  at  unit 
distance. 

Again,  in  order  to  produce  audible  sound  the  conden* 
sation  and  rarefaction  of  a  considerable  mass  of  air  is 
required.  Therefore  a  stretched  string,  since  it  produces 
about  it  when  vibrating  only  a  very  small  flow  of  air 
alternately  in  one  direction  and  the  other,  produces 
scarcely  any  sound.  But  let  such  a  string  be  supported 
upon  a  sounding-board,  as  is  done  in  the  piano  and  in 
the  violin ;  and  then  the  vibrations,  being  communicated 
to  this  larger  surface,  are  sufficient  to  generate  air-waves 
of  great  volume.  In  the  same  way  the  vibrations  of  a 
tuning-fork  may  be  reinforced  by  resting  it  upon  a 
table-top.  This  property  of  reinforcing  sound  is  called 
consonance,  and  bodies  which  thus  act,  such  as  the  sound- 
boards just  mentioned,  are  called  consonators.  If,  how- 
ever, the  reinforcement  of  the  sound  is  effected  by  a 
body  tuned  to  vibrate  in  unison  with  the  sounding  body, 
this  effect  is  called  resonance,  and  the  tuned  body  is 
called  a  resonator.  The  resonant  box  on  which  the  tun- 
ing-fork is  generally  mounted  acts  in  this  manner. 

Further,  the  intensity  of  sound  depends  upon  the 
amount  of  matter  in  the  region  where  it  is  produced ; 
ie..  upon  the  density  of  the  medium  there.  Thus,  the 
sound  of  a  bell  in  rarefied  air  or  in  hydrogen  is  extremely 
weak,  since  the  energy  of  the  small  vibrating  mass  is 
tineqaal  to  the  task  of  setting  a  sufficient  mass  of  the 
outside  air  into  vibration.  For  the  same  reason,  the 
ticking  of  a  watch,  which  can  be  heard  in  air  only  300 
centimeters,  can  be  heard  in  alcohol  at  a  distance  of  400 
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centimeters,  in  oil  of  500  centimeters,  and  in  water  of  700 
centimeters. 

Section  III. — ^Production  of  Sound. 

231.  Sources  of  Sound. — Sound  may  be  generated  in 
various  ways :  by  impact,  as  when  a  hammer  strikes  the 
anvil,  or  a  drumstick  strikes  the  drum ;  by  explosion,  as 
in  the  cannon  and  the  singing  flame ;  by  electric  action, 
as  in  thunder  and  the  musical  telephone ;  by  friction,  as 
in  the  sharpening  of  a  saw,  the  playing  of  a  violin,  and 
the  weird  music  of  the  eolian  harp.  In  short,  whenever 
by  these  or  by  any  other  means  elastic  bodies  are  dis- 
placed from  their  position  of  equilibrium  and  then 
released,  sound  is  produced. 

232.  Musical  Sounds  and  Noises. — We  may  dis- 
tinguish audible  sounds  as  musical  or  non-musical 
according  as  the  effect  produced  upon  the  ear  is  or  is 
not  agreeable ;  the  latter  sounds  being  generally  called 
noises.  This  distinction,  however,  is  not  absolute  ;  there 
is  no  sound  which  is  not  to  some  extent  rhythmical,  as 
there  is  none  which  is  purely  so.  For  example,  the  rattle 
of  a  cab  upon  the  pavement  is  clearly  a  noise.  But  Dr. 
Haughton  has  calculated  that  in  the  streets  of  London, 
where  the  granite  paving-blocks  are  ten  centimeters 
across,  a  speed  of  about  thirteen  kilometers  an  hour 
produces  a  succession  of  thirty-five  shocks  per  second, 
corresponding  to  a  low  musical  note  easily  recognizable. 
The  difference  between  musical  sounds  and  noises,  how- 
ever, is  apparently  purely  one  of  degree  depending  solely 
upon  the  complexity.  Fourier's  theorem  teaches  us  that 
any  arbitrary  periodic  curve  whatever  can  be  produced 
by  compounding  a  suflScient  number  of  simple  harmonic 
curves  of  different  wave-lengths.  "It  appears,  then," 
says  Donkin,  "  that  a  noise  and  a  simple  tone  are 
extreme  cases  of  sound.  The  former  is  so  complex 
that  the  ordinary  powers  of  the  ear  fail  to  resolve  it. 
The  latter  is  incapable  of  resolution  by  reason  of  its 
absolute  simplicity.**  He  therefore  defines  noise  in 
general  to  be  the  combination  of  a  number  of  musical 
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tones  too  near  one  another  in  the  frequency  of  their 
vibrations  to  be  distinguished  by  the  unaided  ear. 

233.  Productiou  of  Musical  Sounds. — Since  the  chief 
object  in  producing  continuous  sounds  is  an  esthetic  one, 
we  may  restrict  our  consideration  of  the  methods  of  pro- 
ducing sound  to  those  instruments  which  serve  for  the 
production  of  music.  These  may  be  classified  as  depend- 
ing :  1st,  upon  the  vibration  of  strings,  as  in  the  violin 
and  piano ;  2d,  upon  that  of  rods,  as  in  the  tuning-fork 
and  music-box ;  3d,  upon  that  of  plates,  as  in  the  gong 
and  cymbals ;  4th,  upon  that  of  membranes,  as  in  the 
tambourine  and  drum ;  and  5th,  upon  that  of  air-columns, 
as  in  the  organ,  in  the  cornet,  and  in  wind  instruments 
in  general. 

234.  Vibration  of  Stringrs. — A  string,  in  the  acoustic 
sense,  is  a  perfectly  uniform  and  flexible  thread  of  solid 
matter,  stretched  between  two  fixed  points.  Such  strings 
are  capable  of  three  kinds  of  vibration  :  transverse,  lon- 
gitudinal, and  torsional.  We  shall  consider  only  the  first 
of  these. 

A  complete  transverse  vibration  is  simply  the  move- 
ment of  a  transverse  wave  along  the  string  and  back. 
Hence  the  time  of  vibration  of  a  string  is  the  time  re- 
quired for  the  wave  to  move  over  twice  its  length ;  i.e., 
the  length  of  the  wave  is  twice  the  length  of  the  string. 
Consequently  we  may  obtain  the  law  of  transverse  vibra- 
tion in  a  string  from  that  of  wave-propagation  along  it. 
Suppose  a  stretched  string  to  be  drawn  aside  at  its  middle 
point  The  force  of  restitution  will  be  proportional  to  CO^ 
the  component  of  the  tension  perpendicular  to  the  string 
at  that  point  (Fig.  84).     But  the  displacement  is  0C\ 


Fio.  84. 


therefore  the  force  of  restitution  is  proportional  to  the 
displacement,  and  the  string  will  vibrate  harmonically. 
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The  speed  of    propagation  (155)   s  ex  i^a  =  VF/M  ^ 
VF/7tr*d  for  unit  of  length.     Bat  w  =  ff/A  and  A  =  21. 
Whence 

1    1       /~F 

in  which  n  is  the  vibration  frequency  per  second,  I  the 
length,  r  the  radius  and  S  the  density  of  the  string,  and 
i^the  stretching  force  in  dynes.  It  therefore  appears 
that  the  number  of  transverse  vibrations  made  by  a 
stretched  string  is  proportional :  1st,  to  its  length,  in- 
versely; 2d,  to  its  radius,  also  inversely;  3d,  to  the 
square  root  of  the  stretching  force  directly ;  and  4th,  to 
the  square  root  of  the  density  of  the  string,  inversely. 

The  instrument  used  in  verifying  these  laws,  in  its 
earliest  forms  as  used  by  Euclid  and  Pythagoras,  is 
called  a  monochord;  in  its  later  forms,  a  sonometer.  It 
consists  of  a  long  narrow  resonant  box  of  wood  provided 
at  its  ends  with  steel  pins,  to  which  one  or  more  wires  can 
be  fastened.  These  wires  pass  over  two  bridges  placed 
near  the  pins,  and  generally  a  meter  apart.  This  distance 
between  the  bridges  is  the  length  of  the  vibrating  wire. 
In  some  instruments  a  pulley  is  placed  on  one  end,  to 
facilitate  stretching  any  wire  by  a  direct  weight.  The 
wires  proper  of  the  sonometer  are  stretched  by  turning 
the  pins  with  a  key,  as  in  the  piano. 

Experiments  with  the  Sonometer.  —If  such  a  wire  be  made  to 
give  a  certain  vibration-frequency  as  a  whole,  then  by  placing  a 
movable  bridge  under  its  middle  point  it  may  \)e  made  to  vibrate  in 
halves.  The  number  of  vibrations  is  now  doubled,  since  with  the 
same  speed  of  propagation  the  wave  has  only  half  as  far  to  go.  The 
number  of  vibrations  therefore  is  inversely,  and  the  period  or  time  of 
one  vibration  is  directly,  as  the  length  of  the  string. 

In  a  second  experiment,  place  a  third  string  on  the  sonometer, 
between  the  other  two,  both  of  which  have  been  tuned  to  give  the 
same  note.  Let  this  third  string  pass  over  the  pulley  and  hang 
weights  upon  it  until  it  has  the  same  vibration-period  as  the  other 
strings.  Note  the  weight,  and  then  add  to  it  until  the  note  emitted 
is  the  same  as  that  given  by  one  half  of  either  of  the  other  strings  ; 
i.e.,  a  note  of  twice  the  vibration-frequency.  It  will  be  found  that 
if  the  first  weight  be  called  unity  the  second  will  be  four  times  this. 
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In  other  words,  to  double  the  number  of  vibrations  the  tension  has 
been  quadrupled  ;  i.e.,  the  number  of  vibrations  is  proportional  to 
the  square  root  of  the  tension. 

To  determine  the  law  of  the  diameters,  two  wires  of  the  same 
material  but  of  different  diameters,  say  as  1  :  2,  are  stretched  suc- 
cessively upon  the  sonometer.  If  for  a  given  stretching  weight  the 
smaller  vibrates  with  the  same  frequency  as  half  the  fixed  wire,  the 
larger  will  give  the  note  of  the  entire  wire.  All  other  conditions 
being  the  same,  then,  a  wire  of  the  diameter  two  will  give  half  as 
many  vibrations  per  second  as  a  wire  of  the  diameter  one. 

By  employing  a  wire  of  platinum,  density  21-5,  and  one  of  steel, 
density  7*8,  the  law  of  densities  may  be  established  in  the  same  way; 
the  ratio  of  the  vibration-frequency  of  the  platinum  to  that  of  the 
steel,  other  things  being  equal,  being  as  4^7  "8  is  to  1^2 1*5. 

Obviously,  by  using  the  equation  n  =  1/2/ .  VF/M,  the  hist  two 
experiments  may  be  condensed  into  one  and  the  vibration-frequency 
be  proved  to  vary  inversely  as  the  square  root  of  the  mass  of  the 
string  per  unit  of  length. 

235.  Reversal  of  Phase  in  Reflection. — If  a  pulse 
be  sent  along  a  stretched  string,  it  will  not  only  be  re- 
flected at  the  fixed  end,  but  it  will  be  reversed  in  phase 
(66).  So  that  if  at  the  instant  at  which  it  starts  on  its 
return  a  second  pulse  be  started  outward,  the  two  will 
meet  in  the  center  of  the  string  and  will  destroy  each 
other  by  interference.  The  center  of  the  string  will  be  a 
point  of  rest,  provided  that  the  two  pulses  are  alike  and 
equal ;  if  not,  it  will  be  a  point  of  minimum  motion. 
Such  a  point  is  called  a  nodal  point  or  node.  Half-way 
between  this  central  node  and  the  ends  the  motion  of 
the  string  attains  a  maximum.  These  points  of  maxi- 
mum motion  are  called   antinodes  or  loops.     The   sta- 
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tionary  wave  in  the  string  consists  of  two  loops  with  a 
nodal  point  between  ;  i.e.,  it  is  a  complete  wave.  In 
vibrating,  the  loops  on  the  two  sides  of  the  nodal  point 
are  oppositely  directed,  as  the  figures  A  and  B  (Fig.  85 
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show  ;  the  two  states  being  successive.  The  waves  in 
such  a  vibrating  string  are  stationary.  There  may  be  as 
many  vibrating  segments  produced  as  is  desired  ;  since 
for  three,  four,  five,  six,  etc.,  such  segments  the  pulses 
must  succeed  each  other  so  rapidly  that  the  inter- 
ferences shall  take  place  at  one  third,  one  fourth,  one 
fifth,  one  sixth,  etc.,  the  length  of  the  string. 

Experiments.— This  subdivision  of  a  vibrating  string  into  seg- 
ments may  be  readily  shown  on  the  sonometer.  If  the  string  be 
touched  with  a  feather  at  its  middle  point  while  the  bow  is  drawn 
across  it,  both  halves  will  vibrate,  but  in  opposite  directions.  If  the 
feather  be  placed  at  one  third,  one  fourth,  one  fifth,  or  any  other 
exact  fraction  of  its  length,  there  will  be  three,  four,  five,  or  m*^w 
vibrating  segments,  the  alternate  segments  moving  in  opposite  di- 
rections. To  show  this  subdivision  into  segments,  small  strips  of 
folded  paper  may  be  placed  astride  the  string.  If  any  of  these  are 
at  nodal  points  they  will  not  be  disturbed  ;  but  if  they  are  at  the 
loops,  where  the  motion  is  at  a  maximum,  they  will  be  promptly 
thrown  oflf.  It  will  be  noticed  that  a  node  is  produced  wherever  the 
string  is  damped,  and  a  loop  wherever  it  is  struck  or  bowed. 

But  not  only  may  these  diflferent  modes  of  subdivis- 
ion exist  separately  upon  a  string  ;  they  may  and  do 
coexist.  Whenever,  therefore,  a  string  is  emitting  its 
lowest  musical  note,  corresponding  to  its  rate  of  vibra- 
tion as  a  whole,  it  is  also  emitting  notes  of  frequencies 
represented  by  the  natural  numbers  2,  3,  4,  5,  6,  7,  etc. 
Such  accompanying  notes  are  called  the  upper  partial 
tones,  or  sometimes  the  overtones  of  the  string.  It  is  to 
them  that  the  quality  of  the  tone  is  due.  When  con- 
cordant, they  are  frequently  called  harmonics. 

Strings  are  generally  excited  in  one  of  three  ways : 
either  by  plucking  them  with  the  finger,  sometimes 
armed  with  a  quill  or  plectrum,  as  in  the  harp  ;  by  draw- 
ing a  bow  across  them,  as  in  the  violin  ;  or  by  striking 
them  with  a  hammer,  as  in  the  piano. 

The  quality  of  the  note  emitted  by  a  string  is  mark- 
edly affected  by  the  method  of  exciting  it;  the  vibrations 
of  a  piano-string  in  consequence  differing  very  much 
from  those  of  a  violin- string.  In  the  former  case  the 
string  is  struck  suddenly  at  one  point,  and  it  departs 
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<;reat]y  in  its  form  from  the  sine  curve.  If  the  hammer 
be  soft  and  the  blow  be  gradual,  however,  the  fun- 
damental tone  is  stronger,  the  higher  upper  partials 
weaker,  and  the  whole  tone  purer.  The  string  is  also 
distorted  in  the  violin.  The  fundamental  tone  is  dis- 
tinct, but  is  rendered  penetrating  in  quality  in  conse- 
quence of  the  mass  of  high  associated  upper  partial 
tones. 

236.  Vibration  of  Rods.—Transversal. — ^like  strings, 
rods  may  vibrate  transversely,  loDgitudinally,  or  torsion- 
ally.  The  force  of  restitution  in  these  cases,  however, 
is  the  elasticity  of  flexure  of  the  rod  itself ;  and  this 
whether  it  be  supported  in  the  middle,  at  one  end,  or  at 
both  ends.  The  transverse  vibrations  of  rods  are  quite 
complex,  but  they  may  be  represented  by  the  equation 


-W^c. 


[39] 


in  which  n  is  the  vibration-frequency,  r  the  thickness, 
measured  in  the  direction  of  vibration,  I  the  length, 
Jf  Young's  modulus,  d  the  density,  and  {7  a  constant  de- 
pending on  the  method  of  supporting  the  rod.  If  it  be 
clamped  at  both  ends  or  free  at  both  ends,  this  constant 
is  1'78;  if  free  at  one  end  only,  0*28.  It  will  be  seen  that 
the  number  of  vibrations  is  directly  proportional  to  the 
thickness  and  to  the  square  root  of  the  elasticity,  and 
inversely  proportional  to  the  square  of  the  length  and  to 
the  square  root  of  tlie  density  of  the  material.  It  is  in- 
dependent of  the  width  of  the  rod.  Hence  the  vibraUon- 
period  of  a  square  rod  is  the  same  in  two  perpendicular 
directions  parallel  to  the  sides.  While  if  the  section  be 
rectangular,  the  vibration-periods  in  these  perpendicular 
directions  will  be  in  the  ratio  of  the  dimensions  in  these 
directions.  Wheatstone's  kaleidophone  consists  of  a 
series  of  rods,  each  having  a  diflferent  ratio  of  thickness 
in  the  two  directions,  and  hence  giving  when  vibrated 
the  figure  characteristic  of  their  two  vibration-periods, 
as  already  explained  (59).     These  figures  are  seen  by  the 
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reflection  of  light  from  a  silver  bead  carried  on  the  end 
of  each  rod. 

A  special  case  of  the  vibration  of  rods  free  at  both 
ends  is  that  of  the  tuning-fork.  A  straight  rod  of  this 
sort  when  sounding  its  lowest  note  has  two  nodal  points^ 

each    at    a    distance      ,^    ^^ ^^^  ^^ 

from  the  end  equal  to      ^"^  *^^- '-""'  ^ 

about  one  fourth  the  fio.88. 

distance  between  them  (Fig.  86).     As  this  rod 
is  gradually  bent  into  the  form  of  a  tuning- 
fork,  these  nodal  points  approach  each  other. 
It  will  be  seen  that  while  the  prongs  of  the 
fork  vibrate  laterally — and  in  opposite  direc- 
^^'  ^'       tions — the  base  of  the  fork  vibrates  vertically 
(Fig.  87),  and  thus  through  the  stem  communicates  its 
vibrations  to  the  resonant  box  on  which  it  is  ordinarily 
mounted. 

The  harmonics  of  rods  rise  much  more  rapidly  than 
those  of  strings.  Even  for  a  rod  which  is  fixed  at  both 
ends  like  a  string,  as  well  as  for  one  free  at  both  ends, 
the  vibration-frequencies  for  the  fundamental  and  its 
three  first  harmonics  are  as  3',  5*,  7*,  and  9* ;  or  as  9,  25, 
49,  and  81.  When  fixed  at  one  end  only,  the  ratios  of 
vibration  for  the  fundamental  and  the  first  harmonic  are 
as  2'  to  5*,  or  4  to  25.  The  first  harmonic  of  a  tuning- 
fork  giving  256  vibrations  as  its  fundamental,  is  a  note 
of  1600  vibrations,  as  was  first  proved  by  Chladni. 

Examples. — As  instances  of  the  use  of  transversely  vibrating 
rods  in  musical  instniments,  the  reeds  of  an  accordeon  or  harmoni- 
um, the  tongue  of  a  jew's-harp,  the  similar  tongues  of  a  music-box, 
the  triangle,  and  the  steel  spirals  often  used  in  place  of  bells,  may 
be  cited.  For  rods  free  at  both  ends,  the  glass  or  metal  harmonicon, 
the  claque-bois  or  xylophone,  and  the  tuning-fork  may  be  mentioned. 

237.  Yibratloii  of  Rods.— Longritudinal. — The  longi- 
tudinal vibrations  of  rods  are  much  less  complex  in 
character,  since  their  lowest  vibration-period  is  simply 
the  time  required  by  the  sound  to  pass  through  four 
times  the  length  of  a  free  segment  of  the  rod.  Hence 
the  vibration-frequency  for  rods  free  at  both  ends  is 
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n  =  «/2Z,  and  for  rods  free  at  one  end  «/4Z,  in  which  8  is 
the  speed  of  sound  in  the  material  of  the  rod.  The 
period  of  vibration  of  a  rod,  therefore,  is  independent  of 
the  area  of  its  cross-section.  Thus  the  vibration-fre- 
quency of  a  steel  rod  one  meter  long  when  clamped  in 
the  middle  is  (5-056  X  10V200,  or  2528  vibrations  per 
second.  Conversely,  since  2wZ  =  8,  the  product  of  the 
vibration-frequency  by  twice  the  length  of  the  rod  gives 
the  absolute  speed  of  sound  in  the  substance  of  which 
the  rod  is  made.  Moreover,  the  relative  speeds  in  two 
rods  of  different  substances  are  proportional  to  their 
vibration-frequencies  if  they  are  of  the  same  length ;  or 
to  their  lengths  if  they  have  the  same  vibration-fre- 
quency. 

238,  Vibration  of  Plates. — A  rod  when  extended 
sufficiently  in  width  becomes  a  plate.  The  mode  of 
vibration  of  plates  may  be  readily  studied  by  strewing 
sand  upon  them,  a  method  originally  used  by  Chladni. 
If  a  square  brass  plate  thus  prepared  be  clamped  at  its 
center,  and  damped  at  the  middle  point  of  one  of  its 
sides  by  touching  it  with  the  finger,  and  then  the  bow 
be  drawn  across  the  edge  near  a  corner,  the  plate  will 
emit  its  lowest  note  and  the  sand  will  collect  along  two 
lines  through  the  center  parallel  to  the  sides  (Fig.  88). 
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But  if  it  be  damped  at  a  comer  and  the  bow  be  drawn 
across  the  middle  point,  the  sand-lines  will  be  found 
along  the  diagonals  (Fig.  89);  and  the  note  emitted  by 
the  plate  will  be  higher  than  before  in  the  ratio  of  3  to  2. 
The  plus  and  minus  signs  in  the  segments  indicate  the 
directions  of  vibration.     Consequently  the  sand  collects 
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simply  at  the  nodal  lines  between  two  segments  vibrat- 
ing in  opposite  directions. 

Wheatstone  explained  these  results  as  due  simply  to 
the  superposition  of  two  plates  whose  axes  of  vibration 
are  perpendicular  to  each  other.  Suppose  three  square 
plates  A,  B,  and  G  (Fig.  90)  vibrating  transversely,  after 
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the  manner  of  rods  free  at  both  ends.  Let  two  of  these 
modes  of  vibration,  say  A  and  B,  be  impressed  at  the 
same  time  upon  a  plate,  and  we  shall  have  B  (Fig.  91) ; 
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or  B  and  C,  and  we  shall  have  E  (Fig.  92) ;  which  are  the 
two  cases  above  given.  In  D  the  nodal  lines  are  par- 
allel to  the  sides  and  intersect  at  the  center  where  the 
plate  is  clamped.  In  E  the  nodal  lines  are  the  di- 
agonals. The  laws  of  the  vibration  of  plates,  then,  are 
the  same  as  those  of  wide  rods  similarly  clamped. 

By  varying  the  position  of  the  point  of  damping  and 
the  point  at  which  the  bow  is  drawn,  sand-figures  of 
great  complexity  and  great  beauty  may  be  produced. 
If  some  light  powder,  such  as  lycopodium,  be  mixed  with 
the  sand,  this  powder  will  be  observed  to  collect  in  the 
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middle  of  the  segments ;  i.e.,  at  the  places  where  the 
motion  is  most  violent.  This  result  was  shown  by  Far- 
aday to  be  due  to  the  air-currents  produced  by  the 
vibrating  segments.  The  phenomenon  disappears  en- 
tirely in  vacuo. 

When  circular  plates  are  used,  the  nodal  lines  are 
radial  and  divide  the  plate  into  sectors  proportional  in 
number  to  the  vibration-frequency  (Fig.  93).  The  lowest 
note   corresponds  to  four  sectors,  the  next  to  six,  the 
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next  to  eight;  the  vibration-frequencies  being  as  the 
squares  of  these  numbers.  In  general  the  vibration- 
frequency  of  a  disk  is  directly  proportional  to  its  thick- 
ness and  inversely  proportional  to  the  square  of  its 
diameter. 

Bells,  like  circular  plates,  divide  when  vibrating  into 
an  even  number  of  sectors,  the  alternate  ones  moving 
oppositely.  Hence  one  diameter  at  the  mouth  of  the 
bell  elongates  while  another  at  right  angles  to  this 
contracts,  for  the  lowest  note  ;  the  bell  becoming  ellipti- 
cal alternately  in  these  two  rectangular  directions. 

239.  Vibration  of  Membranes.  —  Membranes  are 
sheets  of  thin  parchment,  of  india-rubber,  or  of  paper, 
stretched  upon  suitable  frames.  They  are  set  in  vibra- 
tion either  by  a  blow,  as  in  the  drum ;  or  by  the  vibrations 
of  the  air  in  their  immediate  vicinity.  If  the  tension  on 
a  membrane  is  the  same  at  all  points  of  its  edge,  the 
membrane  vibrates  as  a  whole.  But  if  the  tension  be 
not  equal,  the  membrane  has  two  rates  of  vibration, 
proportional  to  the  tensions ;  as  in  the  case  of  a  string. 
It  vibrates  strongly  along  the  line  of  greatest  tension, 
feebly  along  the  weakest  line. 


Digitized  by  LjOOQ IC 


240  PH78IC8. 

240.  Vibration  of  Air-columns. — That  the  air  is 
the  effective  vibrating  body  in  organ-pipes  and  wind  in- 
struments generally,  is  shown  by  the  fact  that,  provided 
the  walls  be  thick,  the  vibration-frequency  of  the  note 
emitted  is  independent  of  the  material  of  which  the 
instrument  is  made.  In  discussing  the  production  of 
sound  by  the  vibration  of  air-columns,  we  will  consider 
first  the  means  by  which  the  vibration  is  set  up  in  the 
tube ;  and  second  the  specific  character  of  the  air- 
vibration  itself ;  using  the  organ-pipe  as  an  illustra- 
tion. 

That  part  of  an  organ-pipe  by  means  of  which  the 
vibrations  are  set  up  is  called  the  mouthpiece.  Two- 
kinds  of  organ-pipe  are  in  common  use,  known  as  the 
flue-pipe  and  the  reed-pipe,  respectively,  according  to  the 
method  employed  in  them  for  generating  the  vibrations. 
In  the  flue  organ-pipe  the  air  issues  from  a  narrow 
slit  in  the  form  of  a  thin  sheet  and  strikes  upon  a  sharp 
edge  placed  immediately  above  the  opening ;  as  is  seen 
in  the  common  whistle.  That  portion  of  the  air  which 
is  thus  deflected  into  the  pipe  produces  a  pulse  of  com- 
pression, which  is  propagated  up  the  tube,  and  is  re- 
flected at  the  outer  and  open  end.  This  reflected  pulse 
meets  a  second  pulse  coming  from  the  lower  end,  and 
thus  the  air-column  is  thrown  into  vibration.  So  that  in 
flue-pipes  the  air-column  itself  determines  the  vibration- 
frequency. 

In  a  reed-pipe,  the  vibrating  body  is  initially  a 
thin  tongue  of  metal  called  a  reed,  placed  over  the 
orifice  at  which  the  air  enters.  It  may  be  narrow 
enough  to  pass  through  the  opening ;  in  which  case  it 
is  called  a  free  reed.  Or  it  may  be  so  broad  as  to  cover 
the  opening  completely  when  forced  down  upon  it ;  then 
it  is  called  a  beating  reed.  When  a  current  of  air  is 
directed  against  a  free  reed  it  is  forced  into  the  opening; 
and  the  air-pressure  thus  being  lessened  it  springs  back 
by  virtue  of  its  elasticity,  and  so  is  thrown  into  vibration. 
It  is  the  rate  of  vibration  of  the  reed  which  fixes  the 
vibration-frequency  of  the  note  emitted  by  the  pipe; 
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the  quality  only  of  the  sound  being  affected  by  the  air- 
column  above  it. 

The  time  of  vibration  of  the  air-column  in  a  tube 
is  simply  the  time  required  for  a  sound-wave  to  pass 
through  twice  the  length  of  the  tube.  Hence  the  tube 
itself  is  one  half  the  length  of  the  sound-wave 
corresponding  to  the  note  emitted  by  it.  Since 
both  enas  of  the  organ-pipe  are  open,  there 
can  be  no  compression  at  either  end,  and  both 
the  ends  of  the  column  therefore  are  loops. 
The  middle  point  of  the  pipe  being  intermedi- 
ate between  two  loops  must  therefore  be  a 
node  (Fig.  94).  The  vibration-frequency  n 
of  an  open  organ-pipe  is  8/21,  in  which  8  is 
the  speed  of  the  sound  in  air  and  I  the  length 
of  the  pipe.  Since  «,  in  air  at  the  ordinary 
temperature,  is  about  34000  centimeters,  an 
open  pipe  70  centimeters  long  will  have  a 
vibration-frequency  of  243  approximately. 
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Experiments.  —  Lower  into  a  wide  organ-pipe,  sounding  its 
fundamental  note,  a  small  circular  membrane  strewn  with  sand. 
As  it  enters  the  pipe  the  sand  will  rattle  loudly  upon  the  membrane, 
the  vibrations  growing  less  as  it  goes  down,  and  ceasing  entirely  at 
the  middle  point  of  the  pipe.  They  increase  again,  however,  as  the 
little  tambourine  descends  further,  becoming  as  lively  as  ever  at 
the  mouth.  A  node  therefore  is  a  point  of  no  motion,  although  it 
is  a  point  of  maximum  condensation  and  rarefaction.  Consequently, 
if  an  opening  be  made  through  the  tube  at  its  middle  point,  which  in 
this  case  is  a  node,  the  sound  emitted  immediately  changes,  the 
node  becoming  a  loop,  and  the  pipe  being  practically  reduced  one 
half  in  length.  This  is  the  action  of  the  openings  in  the  flute  and  the 
clarionet.  On  the  other  hand,  if  a  diaphragm  be  placed  across  the 
node  of  an  open  pipe  thus  vibrating,  the  condensations  and  rarefac- 
tions are  not  interfered  with,  and  the  vibration- frequency  of  the 
note  is  unchanged. 

A  stopped  organ-pipe,  as  the  pipe  in  the  last  experi- 
ment is  generally  called,  gives  the  same  note  as  an  open 
pipe  of  twice  its  length.  Hence  the  wave-length  of  the 
sound  emitted  by  a  stopped  organ-pipe  is  four  times 
the  length  of  the  pipe  itself. 
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The  upper  partial  tones  of  an  open  organ-pipe  are 
represented  by  the  natural  numbers  2,  3,  4,  5,  6,  etc., 
like  those  of  a  string  vibrating  transversely  (Fig.  95). 
The  middle  point  is  a  loop  for  the  even 
modes,  and  a  node  for  the  odd  modes  of 
subdivision.  Hence  if  an  open  pipe  be 
stopped  at  its  middle  point,  only  those 
overtones  are  possible  which  have  this 
point  for  a  node ;  i.e.,  the  uneven  over- 
tones, 3,  6,  7,  etc.  In  consequence, 
these  are  the  only  overtones  possible  in 
the  note  of  a  closed  pipe  (Fig.  96).  The 
quality  of  the  note  which  such  a  pipe  emits 
consequently  is  quite  distinct  in  char- 
acter from  that  emitted  by  an  open 
pipe. 

When  an  open  organ-pipe  is  sounded 

medium   than  air,  the   equation  n  =  «/2Z 

its  fundamental  note.     Since  at  0°  the 
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in  any  other 
still  holds  for 

speed  of  sound  in  hydrogen  is  126950 
centimeters  and  in  water  142340  cen- 
timeters per  second,  the  vibration- 
frequency  of  the  note  emitted  by  the 
70-centimeter  pipe  above  mentioned 
will  be  nearly  907  when  sounded  with 
hydrogen,  and  nearly  1017  when  sound- 
ed with  water. 

The  pipes  used  with  reed  mouth- 
pieces are  generally  called  cornet& 
They  diflfer  widely  in  shape,  their 
function  being  to  reinforce  certain 
upper  partials  of  the  vibrating  reed 
more  strongly  than  others,  and  thus 
to  develop  a  certain  quality  of  tone. 
The  clarionet,  oboe,  and  bassoon  are  reed  instruments, 
the  reeds  being  made  of  cane ;  as  are  also  the  brass 
instruments  known  as  the  trumpet,  French  horn,  cornet, 
trombone,  etc.  The  flute,  the  fife,  the  piccolo,  and  the 
flageolet  are  flue-pipes.     The  quality  in  all  these  instru- 


M 


Fio.  96. 


Digitized  by  VjOOQ IC 


BNERQ  Y  OF  MASS-  VIBRATION,— SO  UND,  243 

ments  depends  on  the  form  of  the  air-cavity,  which  may 
be  modified  by  yarious  devices. 


Section  IV.— Kelation  of  Sound  to  Musia 

241.  Limit  of  Musical  Sounds.— Musical  sounds  have 
already  been  defined  as  those  which  are  agreeable  to  the 
ear.  But  the  sensation  of  hearing,  like  the  other  sensa- 
tions, varies  widely  in  different  persons ;  and  hence  there 
is  not  only  a  wide  difference  of  opinion  as  to  the  musical 
character  of  sounds,  but  even  the  range  of  audibility 
itself  differs  in  different  cases.  Tyndall  tells  us  that  the 
chirping  of  the  insects  in  the  Wengern  Alp,  which  was  so 
shrill  as  to  be  almost  intolerable  to  him,  was  entirely 
inaudible  to  a  friend  walking  by  his  side.  Preyer  gives 
16  and  von  Helmholtz  34  as  the  vibration-frequency  at 
the  lower  limit  of  audibility.  The  upper  limit  is  32000 
(Despretz),  38000  (von  Helmholtz),  and  40000  (Appunn) 
vibrations  per  second.  But  of  course  all  these  sounds  are 
not  available  for  musical  purposes.  The  extreme  range 
employed  in  music  extends  in  general  from  32  vibrations 
a  second  given  by  the  lowest  pipe  of  an  organ  (4*88 
meters  long)  to  4224  vibrations  in  the  piano-forte,  or  4752 
vibrations  in  the  piccolo  ;  the  average  being  from  40  to 
4000  vibrations.  The  average  compass  of  the  human 
voice  is  included  between  about  87  vibrations  for  a  bass 
voice,  and  775  for  a  treble  one.  Exceptionally,  the 
soprano  voice  has  reached  1530  vibrations. 

242.  Musical  Pitch.— Absolute  Vibration-firequency. 
— What  is  called  vibration-frequency  in  acoustics,  in 
music  is  called  pitch.  The  former  is  stated  numerically 
as  the  number  of  vibrations  per  second ;  the  latter  is 
generally  indicated  by  one  of  the  first  seven  letters  of 
the  alphabet.  Thus  the  pitch  of  the  musical  note  (7,  is 
about  256  vibrations  in  a  second.  Since  the  period  of 
vibration  of  a  note  is  inversely  as  its  frequency,  the  pitch 
is  said  to  be  high  or  low,  according  as  its  period  is  rela- 
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tively  short  or  long.  The  absolute  pitch  employed  in 
music  is  regulated  somewhat  arbitrarily  by  musicians ; 
not  only  does  it  vary  from  time  to  time,  but  the  standard 
concert-pitch  varies  considerably  at  the  same  time  in 
different  countries.  Thus  Ellis  has  shown  that  in  Eng- 
land concert-pitch  for  C^  has  risen  in  the  course  of  130 
years  from  467  to  546  vibrations  per  second.  Lissajous 
found  for  the  note  A^  in  the  Turin  opera  444-75,  the 
Paris  opera  448,  the  Milan  opera  4503,  the  Berlin  opera 
450*75,  and  the  St.  Petersburg  opera  451*5  vibrations. 
In  Paris  in  1826  the  A^  fork  of  the  French  opera  gave 
445,  that  of  the  Italian  opera  449  "5,  and  that  of  the  Opera 
Comique  452  vibrations.  And  Cross  has  found  for  (7, 
vibration-frequencies  varying  from  259*1  to  273*9  among 
the  musical-instrument  makers  in  this  country  ;  Chick- 
ering's  standard  fork  being  268*5,  Weber's  270*3,  and 
Steinway's  272*2.  The  Thomas  concert-pitch  in  1879 
was  271*1,  and  that  of  the  Boston  Music  Hall  organ 
271*2.  The  French  Academy  has  adopted  435  vibrations 
for  the  note  A^,  In  Germany  the  A^  fork  of  the  Stutt- 
gart congress,  440  vibrations,  is  the  standard.  In  Eng- 
land the  Society  of  Arts  adopted  this,  but  the  pitch 
used  in  acoustic  instruments,  C^  =  512,  is  also  in  quite 
general  use. 

243.  B.elative  Pitch.— Intervals. — Von  Helmholtz 
has  pointed  out  the  fact  that  in  the  music  of  all  nations,  so 
far  as  known,  alterations  of  pitch  in  melodies  take  place 
by  intervals,  and  not  by  continuous  transitions.  Hence 
arises  a  number  of  distinct  musical  notes  between  which 
these  intervals  occur.  But  all  tones  which  are  musical 
when  sounded  alone  do  not  produce  musical  intervals 
when  sounded  together.  Consequently  melody,  which 
consists  of  a  succession  of  notes,  is  more  ancient  and 
more  primitive  than  harmony,  which  is  obtained  by 
simultaneously  sounding  tones  which  together  produce 
an  agreeable  effect.  We  owe  to  Pythagoras  the  first 
experimental  investigation  of  the  laws  of  harmony.  By 
suitably  subdividing  a  stretched  string,  he  proved  that 
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the  harmony  of  the  two  sounds  is  the  more  perfect, 
the  simpler  the  ratio  of  the  two  parts  into  which  the 
string  is  divided.  Subsequent  investigation  estab- 
lished the  fact  that  the  vibration-frequency  of  a  string  is 
inversely,  and  its  period  is  directly,  proportional  to  its 
length;  and  therefore  that  those  intervals  are  the 
most  musical  which  have  the  simplest  vibration-ratios. 
Calling  the  vibration-ratio  of  two  notes  their  relative 
pitch,  we  see  that  the  intervals  1 : 1, 1 :  2,  2  : 3,  3  : 4,  etc., 
are  the  intervals  producing  the  maximum  harmony,  since 
their  relative  pitch  is  expressible  by  the  simplest  num- 
bers. Why  this  should  be  so,  remained  for  a  long  time 
an  enigma.  Even  the  eminent  mathematician  Euler 
accepted  it  as  an  ultimate  fact,  contenting  himself  in  the 
belief  that  it  was  because  the  human  mind  takes  a  pecu- 
liar pleasure  in  simple  ratios.  The  problem  was  ulti- 
mately solved  by  von  Helmholtz,  in  a  way  which  we 
shall  presently  explain. 

244.  Musical  Chords  and  Scales. — But  not  only  may 
two  notes  whose  relative  pitch  is  expressible  by  a  simple 
ratio  be  sounded  together  with  good  effect;  three  or 
more  such  notes  may  also  be  sounded  together  with  the 
same  result,  provided  that  these  notes  have  vibration- 
frequencies  which  bear  to  each  other  simple  ratios.  Thus 
four  notes  having  the  vibration-frequencies  4,  5,  6,  8  have 
the  ratios  1,  |,  f ,  2,  which  are  simple  or  consonant  ratios 
with  reference  to  each  other,  being  J,  f ,  J.  While  the 
notes  6,  8,  9,  12,  giving  the  intervals  1,  |,  J,  2  are  dis- 
sonant, because  their  ratios  are  more  complex,  |,  |,  J. 
The  sound  produced  by  the  simultaneous  production  of 
more  than  two  separate  notes  is  called  in  music  a  chord. 
A  consonant  chord  like  the  first  just  given  is  called  a 
concord;  a  dissonant  chord  a  discord.  Now  on  comparing 
together  the  notes  which  have  been  used  for  musical 
expression,  and  to  which  the  first  seven  letters  of  the 
alphabet  have  been  given  as  names,  it  appears  that  this 
harmonic  triad,  i.e.,  the  three  notes  whose  ratios  are 
4  :  5  :  6,  is  repeated  three  times  in  the  series.     Thus  we 
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have  OiE:  0:i4::5:&\  G  :  B  :2D  yA:  5  :6,  aad 
F :  A:20::  ^:  5  :  6.    Whence  we  have 

ODEFOABGD 
4  6  6 

4  6  6 

4  6  6 

Combining  these  together  and  clearing  of  fractions,  we 
have  for  this  series  of  eight  notes  the  relative  pitch  of 
each  note  as  follows : 

CDEFOABC 
24  27    30  32    36   40   45    48 

Such  a  succession  of  notes  is  called  a  musical  scale,  the 
first  note  being  repeated  to  form  the  eighth.  There  are 
seven  intervals  in  this  scale,  these  intervals  being  char- 
acterized by  their  position  in  the  series.  Thus  the 
interval  from  the  first  or  fundamental  note  to  the  second 
note  is  called  the  interval  of  the  second;  to  the  third, 
fourth,  fifth,  sixth  notes,  the  interval  of  the  third,  fourth, 
fifth,  sixth,  etc.  And  the  interval  from  the  first  to  the 
eighth  an  octave.  Since  the  interval  is  determined  by 
the  ratio  of  the  vibration-frequency  of  the  upper  note  to 
the  lower,  it  is  evident  that  intervals  and  chords  have  to 
do  with  relative  piteh  alone.  The  intervals  in  the  musi- 
cal scale  above  given  reckoned  from  the  first  or  key 
note  are  therefore  as  follows :  Interval  of  the  second  fj 
or  f ;  of  the  third  | ;  of  the  fourth  f ;  of  the  fifth  f ;  of 
the  sixth  | ;  of  the  seventh  ^ ;  and  of  the  octave  2. 
Between  the  successive  notes  we  have 

CDEFGABC 

1      I       t       ♦       I       4     ¥     2 

I    ¥   H    I     ¥    *     « 

It  will  be  observed  that  the  intervals  in  this  scale  thus 
constructed  are  not  equal ;  three  being  represented  by 
|,  two  by  ^,  and  two  by  ||.  The  first  of  these  is  called 
a  major  tone,  the  second  a  minor  tone,  and  the  last  a  major 
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semitone  or  limma.  The  interval  between  the  major  and 
the  minor  tone,  fj^,  is  called  a  comma.  Moreover,  the 
interval  between  C  and  E,  called  the  major  third,  and  C 
and  G,  the  fifth,  is  j  -7-  j^  or  |^ ;  and  this,  which  is  the 
interval  between  E  and  (7,  is  called  a  minor  third.  The 
interval  between  the  major  third  f  and  the  minor  third 
i  is  If,  a  minor  semitone  or  diesis. 

245.  Minor  Scale. — If  a  musical  scale  be  constructed 
in  which  the  minor  third  precedes  the  major  instead  of 
following  it  as  above,  its  musical  character  is  entirely 
altered,  and  it  becomes  a  minor  scale.  If  A  be  taken  as 
the  key-note,  a  minor  third  below  G,  the  key-note  in  the 
major  scale,  the  ratios  of  the  intervals  are  as  follows : 

ABGDEFGA 

*+*¥*•!**     ¥ 

There  are  therefore  in  the  minor  scale  three  major  and 
two  minor  tones,  and  two  major  semitones,  just  as  in  the 
major  scale,  but  they  are  diflferently  distributed.  The 
characteristic  interval  is  the  minor  third,  and  this  slight 
change  produces  a  marked  effect;  so  that  while  music 
written  in  the  major  key  is  cheerful,  open,  and  bold  in  its 
character,  that  written  in  the  minor  key  is  sad,  melan- 
choly, and  above  all  undecided.  A  second  form  of  the 
minor  scale  is  in  use  in  which  the  intervals  are  as  fol- 
lows :  f ,  ff ,  i^,  |,  J^,  |,  ||.  This  form  is  preferred  for 
the  asceijding  scale,  while  the  form  above  given  is  gener- 
ally employed  for  the  descending  scale. 

246.  Trausposition  of  Scales.  —  The  scales  now 
described,  which  are  called  diatonic  scales,  are  quite 
sufficient  for  any  music  written  in  the  particular  key  on 
which  they  are  based.  But  since  any  note  of  the  scale 
may  be  used  as  a  point  of  departure,  it  is  obvious  that 
in  order  that  the  succession  of  intervals  shall  remain 
the  same,  certain  changes  must  be  made  in  the  scale 
itself.  Suppose  0  to  be  made  the  key-note.  Then  of 
the  two  semitones  necessary,  one  between  B  and  C,  the 
other  between  F  and  (?,  only  the  former  exists ;  while 
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at  the  same  time  a  semitone  exists  between  E  and  F 
where  it  is  not  required.  Hence  simply  by  raising  F 
a  semitone  the  intervals  on  the  scale  of  G  will  become 
the  same  as  in  the  scale  of  G.  This  process  of  raising  a 
note  by  a  semitone  is  called  sharpening  or  sharping  it ; 
the  converse  process,  lowering  it  a  semitone,  being  called 
flatting  it.  Thus  F  raised  a  semitone  becomes  F  sharp 
or  JF^Jt ;  while  G  lowered  a  semitone  becomes  G  flat  or 
C\>.  The  number  of  vibrations  of  a  sharped  note  is 
obtained  by  multiplying  the  vibration-frequency  of  the 
natural  note  by  f  J,  the  interval  of  a  minor  semitone,  and 
the  vibration-number  of  a  flatted  note  by  dividing  by  the 
same  fraction. 

Since  every  transposition  of  this  sort  from  one  key  to 
another  requires  the  sharping  or  flatting  of  some  of  the 
notes  of  the  scale,  it  is  evident  that  upon  an  instrument 
like  the  piano,  for  example,  new  keys  must  be  added  for 
the  new  notes.  Since,  for  example,  G  j|  and  1)  I?  are  not 
in  fact  the  same  note,  the  number  of  such  new  keys  is 
greater  than  the  number  of  whole  tones  in  the  scale.  To 
play  in  perfect  tune  in  the  seven  keys  of  the  major  scale 
requires  the  introduction  of  twelve  notes ;  and  of  the 
minor,  of  seven  notes  more,  making  in  all  twenty-six 
notes  to  the  octave.  But  since  the  key-note  may  be  itself 
a  sharped  or  flatted  note,  still  more  notes  will  be  required 
for  these  scales.  So  that  Ellis  fixes  72  notes  in  the 
octave  as  the  number  essential  to  theoretically  complete 
command  over  all  the  keys  used  in  modern  music. 

247.  Temperament. — In  practice,  such  a  number  of 
notes  in  the  octave  is  clearly  impossible.  A  compromise 
is  then  necessary  between  the  pure  intervals  required  by 
theory  and  the  possibilities  of  execution.  Such  a  process 
of  accommodation  is  called  ''tempering"  the  scale,  and 
the  various  methods  which  have  been  proposed  for 
accomplishing  it  are  called  "temperaments.'^  That  now 
generally  adopted  is  a  system  of  equal  temperament, 
developed  by  Bach.  It  ignores  the  distinctions  between 
the  major  and  minor  tones  and  semitones,  and  considers 
the  sharp  of  one  note  as  the  same  as  the  flat  of  the  one 
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above  it ;  thus  reducing  the  notes  in  the  octave  to  twelve 
only ;  Le.,  to  the  seven  original  ones  represented  by  the 
white  keys  and  the  five  interpolated  ones  by  the  black 
ones.  "  Music  founded  on  the  tempered  scale  must  be 
considered  as  imperfect  music,  and  far  below  our  musical 
sensibility  and  aspirations.  That  it  is  endured  and  even 
thought  beautiful,  only  shows  that  our  ears  have  been 
systematically  falsified  from  infancy."  (Blasema.) 

248.  Analysis  and  Synthesis  of  Composite  Tones. 
— The  term  quality,  as  applied  to  musical  sounds,  has 
reference  to  the  form  of  the  wave  ;  or  since,  by  Fourier's 
theorem,  the  form  of  a  compound  wave  depends  upon 
the  character  of  its  components,  the  quality  of  a  com- 
posite tone  is  determined  by  the  number  and  character 
of  its  component  waves.  As  we  have  seen,  the  tones 
emitted  by  musical  instruments  are  all  more  or  less 
composite,  the  fundamental  or  lowest  note  in  the  com- 
bination being  associated  with  higher  notes,  rising  in 
pitch  by  definite  intervals,  these  associated  notes  being 
called  overtones  or  upper  partials;  sometimes  also 
harmonics.  When,  for  example,  a  piano-string  or  the 
air  in  an  open  organ-pipe  vibrates,  not  only  do  we  hear 
the  note  corresponding  to  its  maximum  period,  which  is 
called  the  pitch  of  the  string  or  air-column  ;  but  ac- 
companying it  we  hear  the  overtones  which  are  also 
present.  In  the  case  of  the  string,  the  fundamental 
note  is  given  when  the  string  vibrates  as  a  whole  in  a 
single  segment.  But  when  it  vibrates  in  two  segments, 
or  three  or  four,  simultaneously,  there  are  superposed 
upon  this  fundamental  note,  other  notes  whose  relative 
pitch  is  two,  three,  or  four  times  that  of  the  note  proper 
of  the  string.  The  intervals  thus  produced  are  there- 
fore f  for  the  first  added  tone,  J  for  the  second,  \  for 
the  third,  f  for  the  fourth,  J  for  the  fifth,  and  so  on. 
When  the  series  of  overtones  is  complete,  the  vibration- 
frequency  follows  the  order  of  the  natural  numbers  1, 2, 
3,  4,  5,  etc.,  and  the  first  overtone  is  the  octave  of  the 
fundamental,  the  second  is  the  fifth  of  that  octave,  the 
third  is  the  double  octave,  the  fourth  is  its  major  third, 
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the  fifth  is  the  fifth  of  the  double  octave,  and  so  on,  up 
to  the  limit  of  audibility.  If  the  fundamental  note  be 
C^ ,  for  example,  the  harmonic  series  will  be  as  follows : 


c\ 

0. 

G. 

G, 

^, 

0, 

X 

128 

256 

384 

512 

640 

768 

896 

m 

2m 

3to 

4m 

5m 

6m 

7m 

The  note  marked  Xis  intermediate  between  A^  and  B^. 

249.  Methods  of  analyzing:  Sounds. — Two  methods 
have  been  employed  for  the  analysis  of  composite  sounds, 
both  based  on  the  principle  of  sympathetic  vibration. 
When  two  vibrating  bodies,  tuning-forks,  for  example, 
are  in  exact  unison,  either  of  them  will  set  the  other  in  vi- 
.bration.  In  the  method  of  Mayer,  the  sympathetic  vibra- 
tions are  excited  in  tuning-forks;  in  that  of  von  Helm- 
holtz,  they  are  excited  in  the  air  of  resonators.  The 
reed-organ  pipe,  for  example,  whose  tone  is  to  be  ana- 
lyzed by  the  former  method,  has  an  opening  in  its  wall 
opposite  a  node,  and  this  opening  is  covered  with  a  thin 
inelastic  membrane.  To  the  center  of  this  membrane  is 
attached  a  bundle  of  silk  cocoon  threads  a  meter  or 
more  long,  their  outer  ends  being  fastened  each  to  a 
carefully  adjusted  tuning-fork  of  the  harmonic  series. 
When  the  organ -pipe  sounds,  the  vibrations  of  the 
membrane  are  all  transmitted  along  the  tense  threads  to 
the  forks;  but  each  fork  is  influenced  only  by  vibrations 
of  its  own  rate.  So  that,  after  the  experiment,  by  noting 
which  of  the  forks  are  sounding,  it  is  easy  to  tell  the 
vibration-ratios  actually  existing  in  the  composite  tone. 
Moreover,  the  proportionate  strength  of  any  harmonic  in 
the  original  tone  is  faithfully  reproduced  on  the  corre- 
sponding fork. 

In  von  Helmholtz's  method  resonators  are  employed. 
These  are  hollow  vessels  whose  air-cavity  has  been  care- 
fully tuned  to  a  definite  pitch  and  the  air  in  which 
therefore  is  readily  thrown  into  vibration  by  a  note  of 
the  same  period.  The  older  resonators  were  spherical, 
but  the  later  ones  are  cylindrical  in  form.  One  end  is 
drawn  down  to  a  small  opening  which  may  be  placed  in 
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the  ear.  If  the  sound  to  which  the  resonator  is  tuned 
exists  in  the  air  in  the  vicinity,  it  will  be  reinforced  and 
become  audible.  Hence  by  sounding  a  composite  tone, 
and  applying  successively  different  resonators  to  the  ear, 
it  is  possible  to  indicate  at  once  the  simple  notes  which 
exist  in  the  compound  tone,  and  thus  to  analyze  this 
tone  into  its  constituents.  Moreover,  by  educating  the 
ear  by  practice  with  these  instruments,  it  becomes  possi- 
ble to  distinguish  many  of  the  different  harmonics  in  a 
compound  tone  even  without  the  aid  of  resonators. 

250.  Methods  of  synthesizing  Sounds. — In  Mayer's 
apparatus  just  described,  it  is  evident  that  as  all  the 
forks  whose  notes  exist  in  the  composite  tone  of  the 
reed-pipe  are  simultaneously  sounding,  they  must  to- 
gether reproduce  this  composite  tone,  and  thus  synthe- 
size the  sound.  Another  special  form  of  apparatus  for  the 
synthesis  of  sounds  has  been  devised  by  von  Helmholtz. 
It  consists  of  a  set  of  eleven  tuning-forks,  one  giving 
the  fundamental  note  and  nine  others  its  harmonics;  the 
eleventh  fork  acting  as  an  interrupter,  to  control  elec- 
trically the  vibrations  of  the  others.  Each  of  the  ten 
forks  is  provided  with  a  resonator,  and  is  kept  in  vibration 
by  means  of  an  electro-magnet.  The  aperture  of  each 
resonator  is  closed  with  a  disk,  movable  from  a  key-board 
by  means  of  a  lever.  When  all  the  forks  are  vibrating 
the  sound  is  feeble;  but  on  depressing  any  key  the  cor- 
responding fork  speaks  out  loudly.  If  all  the  keys  are 
pressed  down  at  once,  the  full  set  of  harmonics,  like 
those  of  an  open  organ-pipe,  for  example,  are  heard. 
While  if  only  the  odd  keys  are  so  depressed,  the  sound 
resembles  that  of  a  closed  organ-pipe. 

The  results  of  von  Helmholtz's  researches  with  these 
instruments  have  not  only  abundantly  demonstrated  the 
fact  that  the  peculiarity  of  sound  which  we  call  quality 
is  due  solely  to  the  degree  and  to  the  character  of  the 
complexity  of  that  sound;  but  they  have  enabled  him  to 
classify  musical  sounds.  Thus  he  finds,  1st,  that  simple 
tones,  like  those  of  tuning-forks  on  resonant  boxes,  are 
soft  and  smooth,  but  feeble  and  dull.     2d,  that  com- 
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pound  tones  containing  a  moderately  loud  series  of  har- 
monics up  to  the  sixth,  are  harmonious  and  musical. 
While  rich  and  splendid,  they  are  also  sweet  and  soft 
if  the  higher  harmonics  are  absent.  Such  are  the  tones 
of  the  pianoforte,  of  open  organ-pipes,  and  the  softer 
tones  of  the  voice  and  of  the  French  horn.  3d,  that  when 
the  uneven  harmonics  only  are  present,  as  in  narrow 
closed  organ-pipes,  piano-strings  struck  in  the  middle, 
and  clarionets,  the  quality  is  hollow,  and  if  the  upper 
notes  are  present,  nasal.  When  the  fundamental  tone 
is  strong,  the  tone  is  rich  and  full;  when  weak,  the  tone 
is  poor  and  empty.  4th,  that  when  higher  harmonics 
than  the  sixth  or  seventh  are  prominent,  the  tone  is 
rough  and  cutting;  as  in  the  violin  and  reed-pipe,  the 
oboe,  bassoon,  and  accordeon. 

251.  Theory  of  Dissonance* — Resultant  Tones. — 
We  have  noticed  already  (61)  that  when  two  or  more 
harmonic  curves  are  compounded  the  resultant  is  also  a 
harmonic  curve,  whose  amplitude  is  the  algebraic  sum 
of  the  component  amplitudes.  If  the  two  harmonic 
curves  be  equal  in  length  and  in  amplitude  but  opposite 
in  phase,  they  will  mutually  destroy  each  other.  But  if 
one  has  a  wave-length  greater  than  the  other,  the  one 
will  gradually  gain  on  the  other  so  as  to  be  alternately 
in  the  opposite  and  in  the  same  phase  with  reference  to 
it  (66).     When  in  the  same  phase,  the  resultant  ampli- 
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tude  is  doubled  and  the  sound  quadrupled;  when  in 
opposite  phases,  the  sound  is  zero.  Hence  under  these 
conditions  a  rise  and  fall  of  the  sound  is  heard,  produc- 
ing the  phenomenon  known  in  music  as  beats  (Fig.  97). 
If,  for  example,  one  note  has  64  vibrations  a  second 
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and  the  other  65,  then,  if  they  start  together,  the  latter, 
at  the  end  of  half  a  second,  will  have  gained  half  a 
vibration  over  the  former.  Hence  the  two  will  be  in 
opposite  phases  and  will  oppose  each  other.  At  the 
end  of  a  whole  second,  the  latter  note  will  have  gained 
an  entire  vibration  over  the  other  and  the  two  will  again 
be  in  accord.  There  will  therefore  be  one  increase  and 
one  decrease  of  the  sound  each  second;  or  in  other 
words,  there  will  be  one  beat  per  second.  In  general, 
the  number  of  beats  has  been  shown  by  Koenig  to  stand 
in  a  simple  relation  to  the  vibration-frequencies  of  the 
interfering  sounds.  Primary  beats,  i.e.,  the  beats  of 
fundamental  tones,  fall  naturally  into  two  sets,  called 
respectively  a  superior  and  an  inferior  set  If  on  dividing 
the  higher  vibration -frequency  by  the  lower  there  is  a 
positive  remainder,  the  primary  beats  thus  produced 
belong  to  the  inferior  set;  while  if  the  remainder  is 
negative,  they  belong  to  the  superior  set.  As  a  rule,  the 
inferior  beat  is  heard  best  when  its  number  is  less  than 
half  the  frequency  of  the  lower  primary ;  while  when  its 
number  is  gn^eater  than  this  the  superior  beat  is  more 
distinct. 

Examples. — Suppose  two  forks  of  vibration-frequencies  100  and 
512,  respectively,  to  be  sounded  together.  Since  100  goes  into  512 
five  times,  with  a  positive  remainder  of  12,  there  will  be  produced 
12  beats  per  second,  belonging  to  the  inferior  set.  But  since  also 
100  goes  into  512  six  times,  with  a  negative  remainder  of  88,  i.e., 
six  times  100  minus  88  is  equal  to  512,  another  set  of  beats  will  be 
produced,  this  time  the  superior  set,  having  88  beats  per  second. 
As  the  number  of  beats  in  the  inferior  set,  12,  is  less  than  half  of  100, 
the  frequency  of  the  lower  primary,  the  inferior  set  of  beats  in  this 
case  will  be  heard  more  distinctly.  If  the  second  fork  be  raised  to 
588  vibrations,  the  superior  beat  will  be  12  per  second  and  the  in- 
ferior beat  88 ;  so  that  in  this  case  the  superior  beat  will  be  very 
strong  and  the  inferior  beat  almost  inaudible. 

Evidently  the  inferior  beat,  when  produced  between 
two  notes  in  the  same  octave,  corresponds  simply  to  the 
difference  of  the  vibration-frequencies  of  these  two  notes. 
If,  for  instance,  the  fork  {7,  of  64  vibrations  be  sounded 
with  /),  of  72,  the  positive  remainder  8,  which  determines 
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the  inferior  beat,  is  also  the  number  which  represents 
the  difference  of  frequency. 

This  fact  that  the  number  of  beats  per  second  corre- 
sponds to  the  difference  in  the  frequency  of  vibration 
between  two  notes  has  been  utilized  in  determining 
pitch.  Scheibler*s  tonometer  consists  of  a  series  of 
tuning-forks,  each  of  which  is  carefully  tuned  to  give 
four  vibrations  a  second  more  than  the  fork  next  below 
it,  so  that  when  sounded  together  they  produce  four 
beats  per  second.  To  ascertain  the  pitch  of  any  given 
sound  by  means  of  this  tonometer,  it  is  only  necessary 
to  find,  first,  between  what  two  forks  in  the  series  the 
sound  comes,  and  second,  the  number  of  beats  which  it 
makes  with  each  of  these  forks. 

As  the  frequency  of  the  beats  increases,  a  point  is 
finally  reached  where  they  cease  to  be  recognized  as  dis- 
tinct sounds  and  blend  into  a  more  or  less  pure  tone. 
This  tone  was  first  observed  by  Sorge  (1745),  and  it  is 
known  as  the  grave  harmonic  of  Tartini.  Since  its  pitch 
corresponds  to  the  difference  of  frequency  of  the  two 
tones,  Young  called  it  a  difference-tone.  To  this,  von 
Helmholtz  added  another  resultant  tone  whose  pitch  is 
the  sum  of  the  two  frequencies,  and  which  he  called 
a  summational  tone.  But  while  maintaining  that  these 
combinational  tones  play  a  very  important  part  in  deter- 
mining the  harmonious  character  of  chords,  the  summa- 
tional tones  of  the  primaries  beating  with  their  upper 
partial  tones  and  so  making  the  interval  more  or  less 
harmonious,  he  yet  denies  that  beats  can  blend  so  as  to 
form  a  true  tone.  The  researches  of  Koenig  appear  to 
have  settled  these  matters  conclusively.  In  the  first 
place,  he  finds  that  when  pure  tones  are  used,  no  tone  is 
heard  under  any  circumstances  the  frequency  of  which  is 
the  sum  of  the  frequencies  of  the  two  component  tones. 
And  in  the  second  place,  he  has  apparently  proved  that 
beats  do  coalesce  to  produce  beat-tones. 

Examples. — Thus  Koenig  sounds  the  forks  Ce  giving  2048  vibra- 
tions, and  Z)e  giving  2304,  and  obtains  the  inferior  beat  correspond- 
ing to  256  vibrations  ;  these  beats  blending  perfectly  and  giving  the 
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dear  note  Ci  corresponding  to  this  fi*equency.  If  the  note  B*  of 
3840  vibrations  be  combined  with  Ce  of  2048,  the  superior  beat  is 
now  256,  and  precisely  the  same  note  as  before  is  obtained.  But  in 
this  case  the  beat-tone  is  neither  a  diiferential  nor  a  summational 
tone,  and  yet  it  corresponds  to  the  calculated  vibration-frequency. 

Koenig's  investigations  seem  then  to  have  established 
three  facts :  1st,  that  beat-tones  are  in  fact  produced,  and 
that  they  correspond  in  pitch  to  the  number  of  the  beats ; 
2d,  that  these  beat-tones  can  themselves  interfere  and 
produce  secondary  beats  ;  and  3d,  that  the  same  number 
of  beats  will  always  give  the  same  beat-tone  whatever  be 
the  interval  between  the  two  primary  tones. 

Mayer  has  made  an  important  contribution  to  the 
theory  of  dissonance  by  showing  that  the  duration  of  the 
sensation  of  a  sound  depends  upon  its  pitch,  this  duration 
being  less  the  higher  the  pitch.  Thus,  for  example,  he 
finds  that  while  the  duration  of  the  sound  (7,  of  64  vibra- 
tions is  1/16  of  a  second,  that  of  C,  of  256  vibrations  is 
1/47,  that  of  G,  of  384  is  1/60,  that  of  E,  of  640  is  1/90, 
and  that  of  C^  of  1024  vibrations  is  1/135  of  a  second. 
Hence  while  the  note  C,  may  be  intermitted  16  times  in 
a  second  without  ceasing  to  appear  continuous  to  the  ear, 
(?,  must  be  intermitted  60  times  per  second  in  order  to 
preserve  its  continuity.  In  consequence,  if  C,  and  O^ , 
having  vibration-frequencies  of  64  and  96,  respectively, 
be  sounded  together,  the  inferior  and  superior  beats  will 
both  be  32  in  number  ;  and  as  this  is  greater  than  16, 
the  blending  value,  the  two  sounds  are  harmonious.  On 
the  other  hand,  if  C^  of  a  frequency  of  256,  and  D^  of 
288,  be  sounded  together,  the  inferior  beat  will  be  32,  the 
superior  beat  224  per  second.  The  former  being  below 
the  blending  value  47,  the  resultant  tone  will  be  disso- 
nant. 

While  simple  sound-waves  can  differ  only  in  length 
and  in  amplitude,  complex  sound-waves  may  also  differ 
in  form.  It  is  the  view  of  von  Helmholtz  not  only  that 
"  every  different  quality  of  tone  requires  a  different  form 
of  vibration,"  but  also  that  "  different  forms  of  vibration 
may  correspond  to  the  same  quality  of  tone."     In  other 
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words,  that  "  differences  in  musical  quality  of  tone  de- 
pend solely  on  the  presence  and  strength  of  partial  tones, 
and  in  no  respect  on  the  differences  of  phase  under 
which  these  partial  tones  enter  into  composition." 
Koenig,  on  the  other  hand,  seems  to  have  shown  experi- 
mentally that  differences  of  phase  do  produce  a  distinct 
effect  upon  the  quality  of  compound  tones  ;  and  further, 
that  combinations  in  which  the  constituents  of  the  sound 
vary  in  their  relative  intensity  and  phase  from  wave  to 
wave,  are  recognized  by  the  ear  as  possessing  true 
musical  quality. 

Section  V. — Speaking  and  Hearing. 

252.  The  Human  Voice. — All  vocal  sounds  are  pro- 
duced within  a  cartilaginous  prismatic  box  placed  upon 
the  summit  of  the  trachea,  and  called  the  larynx.  Its 
vibrating  parts,  called  vocal  membranes,  consist  of  two 
sharp  folds  or  ridges,  which  project  into  the  cavity  and 
which  are  formed  of  elastic  tissue,  and  are  covered  with 
the  mucous  membrane  which  lines  the  air-passages. 
The  fine  smooth  edges  of  those  vocal  membranes  nearly 
meet ;  so  that  between  them  there  is  a  narrow  slit  called 
the  glottis.  In  front,  the  vocal  membranes  are  attached 
to  the  thyroid  or  principal  cartilage  of  the  larynx,  and 
behind,  to  the  two  arytenoid  cartilages  which  are  pyram- 
idal in  shape  and  movable  in  position.  Ordinarily  the 
glottis  is  a  V-shaped  opening,  through  which  the  air 
passes  during  respiration  without  producing  sound.  By 
means  of  the  muscles  attached  to  the  arytenoid  cartilages, 
however,  the  vocal  membranes  may  be  made  tense,  and 
the  glottis  narrowed  to  any  desired  extent.  So  that 
when  a  sound  is  to  be  produced,  these  membranes,  thus 
stretched,  are  readily  thrown  into  vibration  by  the  cur- 
rent of  air  which  is  sent  through  the  glottis  from  the 
lungs.  Evidently,  the  pitch  of  the  note  emitted  will  de- 
pend, first  upon  the  length  of  these  membranes,  and 
second  upon  their  tension.  Hence  in  the  first  place  we 
find  them  longer  in  the  male  than  in  the  female  larynx. 
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and  secondly,  an  examination  with  the  laryngoscope  shows 
them  to  be  tenser  when  high  notes  are  sung.  This  con- 
dition  of  things  may  be  roughly  imitated  by  cutting  the 
end  of  a  hard-rubber  tube  obliquely,  stretching  two 
strips  of  soft  sheet-rubber  over  the  edges  so  as  to  have  a 
small  slit  between  them,  and  tying  them  with  a  string. 
The  membranous  tongues  thus  formed  may  be  thrown 
into  vibration  by  the  passage  of  air  through  them  in 
either  direction,  and  their  action  resembles  closely  that 
of  the  vocal  membranes. 

The  air-cavities  connected  with  the  larynx  have  a  not 
less  important  part  to  play  in  the  production  of  vocal 
sounds.  These  cavities,  and  particularly  that  of  the 
mouth,  act  by  their  resonance  to  reinforce  the  sounds 
produced  by  the  vocal  membranes.  Since  these  sounds 
are  rich  in  overtones,  it  follows  that  the  quality  of  the 
voice  depends  mainly  upon  the  shape  of  these  air-cavi- 
ties and  upon  the  particular  overtones  which  they  rein- 
force. The  richness  of  the  voice  in  harmonics  appears 
from  the  fact  that,  with  the  aid  of  resonators,  it  has  been 
possible  to  recognize  harmonics  as  high  as  the  sixteenth 
in  the  notes  of  a  powerful  bass  voice.  Moreover,  in 
singing,  notes  are  always  sustained  on  a  vowel-sound ; 
and  every  vocal  sound  has  in  it  something  of  the  vowel 
quality.  Now  von  Helmholtz  has  shown  that  the  vowels 
can  be  arranged  in  three  series  according  to  the  shape 
assumed  by  the  mouth  as  a  resonant  cavity  in  producing 
them.  The  vowel  a  as  in  "  father  "  forms  the  common 
origin  of  the  three ;  and  with  it  are  associated  o  as  in 
"  more,"  and  u  as  in  "  sure."  The  second  series  consists 
of  a  nearly  as  in  "  bat,"  e  as  in  "  there,"  and  i  as  in 
"machine."  The  third  includes  o  like  the  eu  in  "  pen," 
and  u  like  u  in  "  pu."  If  a  musical  note  be  sung  and 
the  different  vowels  be  pronounced  at  the  same  time, 
their  characteristic  quality  may  be  easily  detefmined  by 
means  of  resonators.  Thus,  for  example,  in  i7the  fun- 
damental note  is  strong,  and  the  third  harmonic  well 
defined ;  in  0,  there  is,  besides  the  fundamental,  a  strong 
second  harmonic  and  weak  third  and  fourth  harmonics ; 
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in  A  the  second  and  fourth  harmonics  are  feeble,  the 
third  is  strong ;  in  E,  the  fundamental  note,  the  third 
and  the  fourth  harmonics  are  feeble,  the  second  and  the 
fourth  harmonics  are  strong,  the  latter  the  most  so ;  and 
in  /  the  high  harmonics,  especially  the  fifth,  are  strongly 
marked.  These  results  are  complicated  by  the  fact 
that  the  vowel-sounds  are  dependent,  not  only  upon  the 
quality  of  voice  which  sounds  them,  but  also  upon  the 
pitch  of  the  note  taken  as  the  fundamental,  and  upon 
the  language  employed. 

Two  forms  of  apparatus  for  producing  the  vowel- 
sounds  synthetically  have  been  contrived  by  von  Helm- 
holtz.  A  set  of  tuning-forks  in  one  of  those,  and  a  set  of 
stopped  organ-pipes  in  the  other,  each  carefully  tuned 
to  give  one  of  the  required  harmonics,  are  so  associated 
together  that  any  note  or  assemblage  of  notes  can  be 
obtained  by  depressing  suitable  keys.  The  synthesized 
vowels  are  readily  recognized,  and  the  result  is  a  striking 
confirmation  of  the  correctness  of  the  theory.  Koenig  has 
made  a  set  of  tuning-forks  with  corresponding  resonators, 
so  tuned  as  to  give  the  vowel-sounds.  If  the  mouth-cavity 
be  adjusted  so  as  to  sound  any  one  of  the  vowels,  and 
the  corresponding  fork  be  held  near  the  opening,  the 
sound  of  that  vowel  will  be  heard,  the  cavity  reinforcing 
by  its  resonance  the  sound  emitted  by  the  fork. 

Speaking  differs  from  singing  chiefly  in  the  manner 
in  which  the  vocal  sounds  are  modified.  In  the  former 
as  well  as  the  latter,  sustained  sounds  are  always  vowel- 
sounds.  The  inflections  of  the  voice  in  conversation 
take  place  in  musical  intervals.  When  a  question  is 
asked,  the  voice  rises  a  fourth.  When  a  word  is  empha- 
sized, it  rises  a  fifth.  In  ending  a  statement  it  falls  a 
fifth.  The  fundamental  modifications  of  the  voice,  how- 
ever, are  effected  by  means  of  consonants.  In  some  of 
these,  vibration  of  the  vocal  membranes  plays  no  part, 
the  effect  being  produced  solely  by  the  cavity  of  the 
throat  and  mouth.  Consonants  are  frequently  classified 
according  to  the  place  where  the  characteristic  modifi- 
cauon  takes  place.     Thus,  labial  consonants  like  B  and 


Digitized  by  VjOOQ IC 


ENERGY  OF  MA88VIBRATI0N,-80UND,  259 

P,  dental  consonants  like  D  and  T,  and  guttural  conso- 
nants  like  O  (hard)  and  iT,  are  so  called  because  the  in- 
terruption takes  place  at  the  lips,  the  teeth,  and  the 
throat,  respectively.  Moreover,  they  may  be  divided  into 
explosive  (like  those  just  given),  aspirate,  resonant,  or 
vibratory  consonants,  according  to  the  suddenness  or 
other  special  character  of  the  motion  producing  them. 
In  whispering,  no  vocal-membrane  sounds  are  employed, 
and  therefore  the  distinctions  between  consonants  re- 
quiring such  sounds,  as  J5,  Z?,  and  (7,  and  those  not  re- 
quiring them,  such  as  P,  T,  and  K,  are  for  the  most  part 
entirely  lost 

253.  The  Orgran  of  Hearing. — The  ear  is  the  organ 
through  which  sounds  are  able  to  affect  our  conscious- 
ness. Its  delicacy,  its  range,  its  sensitiveness,  are  most 
surprising.  Kayleigh  heard  a  whistle  at  so  great  a  dis- 
tance that,  as  he  calculated  it,  the  amplitude  of  the 
sound-wave  was  only  81  X  10'®  (or  0-000000081)  centi- 
meter. We  have  seen  that  the  limits  of  audibility  range 
from  16  to  40000  vibrations  per  second.  And  highly 
trained  musical  ears  are  said  to  be  able  to  distinguish 
seven  hundred  sounds  in  a  single  octave. 

The  external  ear  consists  of  the  auricle,  serving 
probably  only  to  collect  the  sound,  and  the  auditory 
canal  by  which  it  is  transmitted,  partly  direct,  partly  by 
reflection,  to  a  membrane  which  separates  the  auditory 
canal  from  the  drum  of  the  ear.  The  ear-drum  is  a 
cavity  closed  on  the  external  side  by  the  membrane  just 
mentioned,  and  on  the  internal  side  by  two  others, 
called  the  oval  and  the  round  membranes,  respectively. 
Within  it  is  a  chain  of  three  small  bones,  called  the 
malleus,  the  incus,  and  the  stapes.  The  malleus  is  at- 
tached to  the  first-mentioned  membrane;  and  also  to 
the  incus,  which  connects  it  to  the  stapes.  Since  the 
flat  portion  of  this  stirrup-shaped  bone  is  fastened  to 
the  membrane  closing  the  oval  opening,  it  is  evident 
that  the  vibrations  received  by  the  outer  membrane 
from  the  air  will  be  transmitted  through  these  bones  to 
the  membrane  of  this  oval  opening.     Beyond  the  ear- 
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drum  is  the  inner  ear,  enclosed  entirely  in  bone.  It 
consists  of  three  portions  termed,  respectively,  the  ves- 
tibule, the  cochlea,  and  the  semicircular  canals.  The 
round  and  the  oval  membranes  separate  the  ear-drum 
from  the  vestibule.  The  inner  ear  is  filled  with  liquid, 
which  serves  to  distribute  the  vibrations  which  are  re- 
ceived through  the  oval  window.  The  cochlea  is  a 
canal,  in  the  shape  of  a  conical  helix  like  a  snail-shell, 
divided  lengthwise  into  three  cavities,  two  of  which 
communicate  at  their  extremities,  while  the  third  is 
closed.  The  partition  separating  the  two  former  cavities 
from  each  other  is  bony,  while  that  separating  each  of 
these  from  the  third  is  membranous.  This  basilar  mem- 
brane is  triangular  in  form,  and  is  capable  of  vibrating 
in  parts  through  a  considerable  range.  Upon  it  rest 
two  series  of  fibers  known  as  Corti's  rods  or  arches, 
wound  round  and  covered  with  hair-cells  and  fibers, 
which  are  the  terminations  of  the  auditory  nerve.  Each 
nerve-fiber  is  sensitive  only  to  the  vibrations  of  the  arch 
with  which  it  is  connected ;  i.e.,  to  those  of  that  part  of 
the  basilar  membrane  on  which  this  arch  rests.  Since 
the  rods  of  Corti  number  ten  thousand  or  more,  and  the 
hair-cells  are  even  more  numerous,  it  is  clear  that  all 
the  various  rates  of  vibration  within  the  limits  of  audi' 
bility  may  by  their  means  be  separately  detected  and 
transmitted  to  the  brain. 

The.  drum-membrane  is  slightly  concave  externally, 
and  is  kept  stretched  by  a  muscle  which  acts  on  the 
malleus.  It  has  no  vibration-rate  of  its  own,  and  can 
therefore  readily  take  up  from  the  air  vibrations  of 
various  periods.  These  vibrations  are  transmitted  by 
tlie  ossicles  to  the  liquid  contained  in  the  middle  ear 
and  through  it  to  the  basilar  membrane,  certain  part  or 
parts  of  which  are  thus  thrown  into  vibration,  according 
to  the  pitch  of  the  sound ;  the  organ  of  Corti,  with  its 
rods,  hair-cells,  and  hairs,  serving  to  convert  these  vibra- 
tions into  excitations  of  the  nerve-endings.  The  radial 
dimensions  of  the  basilar  membrane  have  a  range  from 
about  five  tenths  to  about  four  hundredths  of  a  millime- 
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ter ;  and  hence  being  tense  radially  but  loose  longitu- 
dinally, may  act  as  a  series  of  radial  strings,  each  capa- 
ble of  vibrating  at  a  given  rate  and  therefore  thrown 
sympathetically  into  vibration  by  a  note  of  the  same 
pitch.  This  explains  the  remarkable  power  of  analysis 
possessed  by  the  ear.  Whenever  a  composite  sound  is 
heard,  the  ear  is  able,  within  certain  limits,  to  resolve 
this  sound  into  its  constituent  vibrations.  The  compound 
wave  throws  different  portions  of  the  basilar  membrane 
into  simultaneous  vibration,  corresponding  to  the  diflFer- 
ent  component  simple  vibrations.  And  these  nerve- 
impulses  acting  together,  produce  the  same  impression 
collectively  that  is  produced  successively  when  the  com- 
ponents are  sounded  one  at  a  time. 

Intensity  of  sound  also  is  appreciated  by  the  cochlea 
as  well  as  pitch  and  quality.  It  is  possible,  however,  that 
the  vestibule  has  some  function  to  perform  in  this  direc- 
tion. The  semicircular  canals  have  nothing  to  do  with 
hearing,  as  it  is  believed,  but  are  concerned  only  in  the 
preservation  of  bodily  equilibrium. 


Section  VI. — Optical  Representation  op  Sounds. 

254.  Visible  Sound-ratios. — Various  methods  have 
been  proposed  for  representing  to  the  eye  the  phenom- 
ena of  sound-vibration.  If  a  vibrating  tuning-fork,  for 
example,  having  a  pointed  strip  of  thin  metal  attached  to 
one  of  its  prongs,  be  drawn  across  a  plate  of  smoked 
glass,  it  will  trace  a  nearly  simple  harmonic  curve.  If 
the  smoked  glass  be  a  disk,  and  the  speed  of  its  rotation 
be  noted,  the  vibration-frequency  of  the  fork  may  readily 
be  determined  in  this  way.  Conversely,  a  fork  of  known 
rate  may  be  used  to  measure  the  speed  of  rotation  of  the 
disk,  and  may  act  therefore  as  a  chronograph.  If  two 
forks  be  employed,  one  of  which  carries  the  glass  and 
the  other  the  style,  the  trace  is  the  result  of  their  mutual 
action ;  and  by  suitably  varying  the  relative  vibration- 
rate  of  the  two  forks,  their  interference-curves  may  be 
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beautifully  shown  in  this  manner  both  when  their  vibra- 
tions are  parallel  to  and  when  they  are  perpendicular  to 
each  other.     The  glass  should  not  be  smoked  too  heavily. 

A  second  optical  method  is  that  of  Koenig,  known  as 
the  manometric  flame  method.  A  hollow  wooden  cylin- 
der, divided  transversely  in  the  middle,  has  its  two  cavi- 
ties separated  by  a  thin  elastic  membrane.  Through  one 
of  its  ends  a  tube  passes  for  the  conveyance  of  the  sound ; 
through  the  other  a  smaller  tube  from  a  gas  supply  passes, 
and  also  a  fine  jet.  On  lighting  the  gas  at  the  jet,  a 
luminous  flame  an  inch  or  more  in  height  is  produced. 
If  sound-waves  be  made  to  enter  the  cylinder,  the  mem- 
brane, and  consequently  the  gas-column,  is  thrown  into 
vibration,  causing  a  vertical  oscillation  of  the  jet.  If  the 
image  of  this  be  viewed  in  a  revolving  mirror,  it  will  be 
drawn  out  into  a  series  of  serrations  characteristic  of  the 
sound  employed. 

A  third  method,  proposed  by  Lissajous,  depends  upon 
the  optical  combination  of  two  harmonic  vibrations,  on 
the  principles  already  explained  (59).  If  a  tuning-fork 
be  provided  with  a  mirror,  from  which  a  beam  of  sunlight 
is  reflected  to  a  screen,  then  on  vibrating  the  fork  the 
spot  of  light  will  be  drawn  out  into  a  line.  If  a  second 
similar  fork  be  interposed,  so  as  to  receive  upon  its  mir- 
ror the  beam  reflected  from  the  first  fork,  and  so  placed 
that  its  plane  of  vibration  is  perpendicular  to  that  of  the 
first  fork,  then  on  causing  both  forks  to  vibrate  the  figure 
on  the  screen  will  be  a  Lissajous  curve,  characteristic  of 
the  relative  period  of  the  forks.  If  their  vibration-ratio 
be  unison  and  their  amplitudes  equal,  the  curve  will  be 
a  circle,  an  ellipse,  or  a  straight  line  inclined  45°  to  the 
original  directions,  according  to  the  difference  of  phase 
between  them.  If  the  ratio  be  1  :  2  or  an  octave,  the 
curve  will  be  the  lemniscate  or  figure  of  8 ;  and  so  on. 
If  the  ratio  be  exact,  the  figure  at  first  produced  is  per- 
manent, except  that  it  decreases  as  the  amplitude  of 
vibration  diminishes.  But  if  the  tuning  is  not  exact, 
one  fork  gradually  gains  on  the  other,  and  the  figure 
passes  gradually  through  its  complete  cycle  of  changes 
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in  the  period  which  is  required  by  one  fork  to  gain  a 
complete  vibration  on  the  other. 

255.  The  Phonautograph  and  the  Phonograph. — 

For  the  purpose  of  securing  a  record  of  the  air- vibra- 
tions produced  by  sound,  Leon  Scott  contrived  an  appa- 
ratus called  a  phonautograph,  by  means  of  which  the 
sound  is  made  to  write  its  own  curve.  This  apparatus 
consists  of  two  distinct  parts :  1st,  of  a  hollow  parabo- 
loid, cut  away  at  its  apex  so  that  a  membrane  stretched 
across  this  open  end  is  in  its  focus.  To  the  center  of 
this  membrane  is  attached  a  style  made  of  a  bristle ;  the 
vibration  of  the  point  of  attachment  being  regulated  by 
means  of  a  suitably  placed  damping-screw.  2d,  of  a 
brass  cylinder  rotating  spirally  on  a  horizontal  axle 
upon  which  a  screw-thread  is  cut ;  and  upon  which  is 
secured  a  sheet  of  smoked  paper.  The  apparatus  is 
adjusted  so  that  the  style  is  just  in  contact  with  the 
smoked  surface,  and  so  that  the  motion  of  the  mem- 
brane causes  the  end  of  this  style  to  vibrate  with  its 
maximum  amplitude.  If  no  sound  is  produced,  rotation 
of  the  cylinder  causes  the  style  to  trace  a  spiral  line  on 
the  smoked  surface.  But  when  a  sound  is  sent  into  the 
mouth  of  the  paraboloid  the  vibrations  of  the  membrane 
and  of  its  attached  style  cause  a  curve  to  be  traced,  the 
form  of  which  corresponds  to  that  which  characterizes 
the  particular  sound  employed.  By  the  use  of  this  ap- 
paratus the  character  of  any  simple  or  composite  tone 
may  be  conveniently  studied  in  relation  to  its  quality  as 
well  as  to  its  pitch  and  amplitude. 

It  occurred  to  Edison  in  1877  that  by  using  a  grooved 
cylinder  covered  with  a  sheet  of  tinfoil,  and  by  placing 
perpendicular  to  its  radius  a  thin  metal  diaphragm 
provided  with  a  steel  needle-point  as  a  style,  it  would 
be  possible  to  indent  the  tinfoil  as  the  membrane  vi- 
brates, and  so  to  produce  the  wave-curves  correspond- 
ing to  the  given  sound  in  a  plane  normal  to  the  cylindri- 
cal surface.  And  further,  that  by  causing  the  style  to 
move  again  over  the  wave-surface  thus  traced,  it  would 
throw  the  diaphragm  into  corresponding  vibration,  and 
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thus  reproduce  sound-waves  in  the  air  analogous  to 
those  which  originally  produced  the  record.  Subse- 
quently he  greatly  improved  the  phonograph,  as  he  called 
the  instrument,  using  a  composition  of  wax  for  the 
receiving-cylinder,  rotating  it  by  an  electric  motor,  and 
providing  a  much  better  form  of  style ;  so  that  in  the 
new  form  it  has  become  a  commercial  instrument,  and  is 
used  in  place  of  stenography,  the  correspondence  being 
dictated  to  the  instrument  and  then  reproduced  by 
means  of  a  typewriter.  It  is  stated  that  as  many  as 
40000  words  can  be  recorded  on  a  space  not  greater 
than  65  square  centimeters.  A  modification  of  the 
phonograph  has  been  invented  by  Tainter  and  Bell,  and 
called  the  graphophone.  Both  of  these  instruments  have 
proved  of  great  use  in  studying  the  peculiarities  of 
spoken  sounds. 

256.  Acoustic  Attraction  and  Repulsion. — It  has 
been  long  known  that  a  body  in  a  state  of  vibration  ex- 
erts an  attractive  or  repulsive  action  on  light  bodies  in 
its  vicinity.  Dvorak  in  1875  vibrated  a  long  wooden 
rod,  and  found  that  a  small  square  of  paper  or  a  pith- 
ball  suspended  near  it  by  a  filament  of  silk  was  at- 
tracted at  certain  points  and  at  certain  other  points 
repelled  ;  this  effect  being  due  to  the  currents  of  air 
flowing  toward  or  from  the  vibrating  body.  Similarly  a 
vibrating  tuning-fork  will  attract  a  piece  of  suspended 
card-board.  DvordLk  showed  that  near  the  closed  end  of 
a  resonant  cylinder,  which  is  a  node,  the  pressure  is 
greater  than  the  atmospheric  pressure  when  the  air 
within  it  is  vibrating.  Hence  a  balloon  filled  with 
hydrogen  is  repelled  from  the  mouth  of  a  resonance-box 
on  which  is  a  vibrating  tuning-fork  ;  while  a  balloon 
filled  with  carbon  dioxide  is  attracted.  In  1877,  on 
placing  a  brass  Helmholtz  resonator  (the  smaller  open- 
ing in  which  is  closed)  upon  the  end  of  a  light  rod  pro- 
vided with  a  glass  cap,  resting  on  a  needle-point),  and 
counterpoising  it  by  a  piece  of  lead,  Dvordk  observed 
a  strong  repulsion  when  the  mouth  of  the  resonator 
was  placed  opposite  the  open  end  of  the  resonant  box 
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of  a  tuning-fork  in  unison  with  it.  But  in  1876  Mayer 
had  placed  small  glass  resonators  on  cross-arms  sus- 
pended by  a  thread,  and  found  that  when  an  organ-pipe 
in  tune  with  the  resonators  was  sounded  opposite  the 
mouth  of  one  of  them,  the  repulsion  produced  caused 
rotation  of  the  apparatus.  A  remarkable  series  of  ex- 
periments was  devised  by  Bjerknes  in  1880  for  exhibiting 
similar  phenomena  in  liquids ;  these  experiments  being 
exhibited  at  the  Paris  Electrical  Exhibition  in  1881,  as 
showing  striking  analogies  with  electrical  and  magnetic 
attraction  and  repulsion. 

257.  Energry  of  Sound- vibration. — ^The  energy  of  a 
vibrating  body  which  emits  sound,  like  the  energy  of  an 
oscillating  pendulum,  is  alternately  all  kinetic  and  all 
potential  (104).  For  an  elastic  body  vibrating  in  ac- 
cordance with  Hooke's  law,  the  work  done  in  displacing 
the  system,  and  therefore  the  energy  stored  up  in  it 
when  displaced,  is  the  product  of  the  mean  force  by  the 
displacement.     To  determine   this  mean  force,   let    0 
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(Fig.  98)  be  the  position  of  equilibrium,  and  B  and  C 
points  equally  distant  from  O  and  A.  Let  m  be  the 
force  required  to  produce  unit  displacement,  then  /i.  OA 
will  be  the  force  developed  when  the  body  is  at  A,  and 
/A.OB,  pi, 00  the  force  developed  at  B  and  (7,  respec- 
tively. Let  \  be  an  element  of  the  path  at  any  point, 
then  the  work  done  in  moving  the  body  over  this 
distance  at  B  will  be  /d .  OB .  X ;  and  at  (7,  /i.OO.X;  the 
sum  being  /i .  {OB  +  OG)X  or  m  .  OA  .  \.  Now  this 
is  evidently  the  same  result  as  if  the  force  had  had  the 
constant  mean  value  i/d .  OA ;  since  in  that  case  the 
work  done  in  each  of  the  two  elements  would  have  been 
J/i .  OA  .  A,  and  in  both  /a  .  OA .  A,  as  before.  For  all  the 
elements  of  the  line,  2X  =  OA ;  and  hence  the  whole 
energy  in  the  displaced  body  at  A  will  be  m  .  OA ,  OA  or 
/i.{OAy;  which   is   proportional  to  the  square  of   the 


Digitized  by  LjOOQ IC 


266  PHY8I08. 

amplitude.  But  when  a  body  is  thus  vibrating,  its  total 
energy  is  constant,  being  the  sum  of  its  kinetic  and 
potential  energies  at  any  instant ;  and  this  of  course  is 
equal  to  the  potential  energy  at  the  extreme  point  of  its 
swing,  where  its  kinetic  energy  is  zero  ;  Le.,  is  equal  to 
^/i.a%where  a  is  the  amplitude.  In  the  case  of  a 
Koenig  tuning-fork,  Wead  has  shown  experimentally 
that  the  value  of  J/^ .  a',  the  potential  energy  when  the 
fork  is  bent  a  centimeters,  is  {Ebd*a^)/^*  ergs  ;  in  which 
I  is  the  length  of  the  prong,  b  its  breadth,  and  d  its  thick- 
ness, and  E  is  Young's  modulus.  For  Koenig's  forks 
6  =  1-4  and  d  =  0'65  cm.,  and  i;=  2-14x10'*  C.G.S.  units. 
Substituting  these  values,  the  value  of  the  energy  be- 
comes (1-03  X  10".  a*)/i*  ergs  ;  or  for  the  fork  ?7if,,  giving 
128  double  vibrations  per  second,  the  energy  value  is 
i  X  23*94  X  10*.  a*  ergs  for  one  prong.  If  the  fork  give 
the  h  harmonic  of  Ut^,  the  energy  for  both  prongs  will 
be  23-94  X 10'.  W .  a'  ergs.  In  the  case  of  a  string  vibrat- 
ing transversely,  it  may  be  shown  that  the  mean  value 
of  the  square  of  the  speed  of  vibration  is  i(4;ra/jr)*,  in 
which  a  is  the  half  amplitude  at  a  loop  and  T  is  the 
period.  Hence  the  energy  or  ^w^'  is  m,i^na/Ty.  For 
each  of  the  two  moving  waves  composing  this  station- 
ary undulation,  and  moving  in  opposite  directions,  the 
energy  is  m,2{na/TY\  or  one  half  the  energy  of  the 
stationary  wave.  The  same  reasoning  is  applicable  to 
longitudinal  vibrations.  In  the  case  of  the  air  in  an 
organ-pipe,  for  example,  the  energy  of  the  sonorous 
vibration  is  equal  to  the  mass  of  the  air  multiplied  by 
(2;ra/T)\  where  2a  is  the  amplitude  at  a  loop. 
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CHAPTER  I, 
MOLECULAE  KINETIC  ENEKGT.— HEAT. 

Section  I. — ^Nature  of  Heat. 

1258.  Definition  of  Heat. — Heat  may  be  defined 
either  as  a  sensation  or  as  the  objective  cause  of  a 
sensation.  In  physics  the  term  is  generally  used  in  the 
latter  sense  to  indicate  that  special  condition  of  matter 
in  virtue  of  which  it  can  aflfect  our  nerves  of  general 
sensation. 

259.  Historical. — During  the  last  half-century  a 
radical  change  has  taken  place  in  scientific  opinion  con- 
ceming  the  nature  of  heat.  Under  the  name  of  caloric, 
it  had  l3een  regarded  as  a  species  of  matter,  although  of 
an  imponderable  kind.  In  1798  and  1799,  two  impor- 
tant experiments  were  made ;  the  one  by  Count  Rum- 
ford,  the  other  by  Sir  Humphry  Davy.  The  Eumford 
experiment,  which  was  made  in  the  Munich  Arsenal, 
consisted  in  boring  a  cannon  by  means  of  a  blunt  drill, 
and  in  proving  that  the  heat  generated  was  practically 
inexhaustible.  The  Davy  experiment,  which  was  made 
in  the  Royal  Institution  in  Loudon,  consisted  in  melting 
two  pieces  of  ice  by  rubbing  them  together  at  a  temper- 
ature below  the  melting-point.  From  his  experiment 
Rumford  drew  the  legitimate  conclusion  that  "  anything 
which  any  insulated  body  or  system  of  bodies  can 
continue  to  furnish  without  limitation  cannot  possibly 
be  a  material  substance."  Since,  when  a  hotter  body  is 
placed  in  contact  with  a  colder  one,  there  is  a  positive 
transfer  of  heat  from  the  one  to  the  other,  it  is  obvioua 
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that  heat  must  be  an  actually  existing  quantity  capable 
of  exact  measurement.  In  the  above  example,  however, 
heat  was  not  only  produced  by  friction,  but  it  was 
produced  indefinitely.  The  mechanical  work  which 
was  expended  disappeared  as  such,  and  heat  appeared 
in  its  place.  In  consequence  this  heat  can  be  considered 
only  as  the  increased  energy  of  a  system  upon  which 
work  has  been  expended.  It  follows  therefore  that  heat 
must  itself  be  energy,  either  in  the  kinetic  or  in  the 
potential  form.  Moreover,  Kumford  went  still  further 
and  succeeded  in  obtaining  a  quantitative  relation 
between  the  work  done  and  the  heat  produced.  He 
found  that  the  work  of  a  single  horse  for  two  hours  and 
twenty  minutes  was  capable  of  raising  to  the  boiling- 
point  nearly  nine  kilograms  of  water;  of  course  in 
addition  to  the  rise  in  temperature  produced  in  the 
metal  which  was  immersed  in  ii  It  was  not,  however, 
until  about  the  year  1849,  when  Joule  made  his  elaborate 
and  conclusive  experiments  on  the  relation  of  mechanical 
work  to  heat,  that  the  material  theory  of  heat  was  finally 
overthrown. 

ExAiiPLES. — Since  energy  is  indestructible,  its  disappearance  in 
one  form  must  be  accompanied  by  its  reappearance  in  another.  The 
most  common  form  into  which  other  forms  of  energy  are  converted 
is  heat.  Indeed,  probably  no  conversion  of  energy  from  one  form 
into  another  takes  place  without  the  production  of  more  or  less  heat, 
and  hence  heat  is  sometimes  called  the  lowest  form  of  energy.  When 
a  hammer  strikes  the  anvil,  or  a  rifle-ball  the  target,  the  kinetic 
energy  in  both  is  apparently  destroyed.  But  if  the  experiment  be 
made  with  care,  it  will  be  found  that  this  energy  has  simply  been 
transformed,  the  impinging  masses  being  now  warmer  than  before. 
The  same  is  true  in  the  case  of  friction,  which  from  this  standpoint 
is  only  the  gradual  arrest  of  motion.  In  short,  whenever  mei^hanical 
energy  is  expended,  an  equivalent  heat- energy  appears. 

260.   Heat  the  Energy  of  Molecular  Motion. — Is 

heat  energy  in  the  kinetic  or  in  the  potential  form? 
Davy  said  in  1812  :  "  The  immediate  cause  of  the  phe- 
nomenon of  heat,  then,  is  motion,  and  the  laws  of  its 
communication  are  precisely  the  same  as  the  laws  of  the 
communication  of  motion.**     This  in  modern  language 
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is  eqniTalent  to  tlie  statement  that  heat  is  kinetic 
energy ;  not  evidently  of  the  mass,  since  the  hot  body 
may  be  at  rest ;  but  of  the  molecules.  We  know  that 
one  of  the  ways  in  which  a  hot  body  cools  is  by  trans* 
ferring  its  energy  to  another  and  a  colder  body  not  in 
contact  with  it ;  and  we  shall  study  later  the  mechanism 
of  this  radiating  process.  One  thing  about  it  is  cer- 
tain, however,  and  that  is  that  it  consists  in  a  motion  of 
the  intervening  medium.  The  hot  body  communicates 
motion  to  the  medium,  and  the  cold  body  receives 
motion  from  this  medium.  We  conclude  therefore  that 
the  surface  of  a  hot  body  must  be  in  motion;  and 
because  radiation  may  take  place  as  well  from  the 
interior  of  a  body  as  from  its  exterior,  we  also  conclude 
that  the  body  must  be  in  motion  throughout  its  entire 
mass.  This  view  of  the  case  is  in  entire  accord  with  the 
kinetic  theory  of  matter  already  discussed  (185),  which 
supposes  the  molecules  of  matter  to  be  actively  in  motion. 
The  motion  to  which  heat-energy  is  due  "  must  therefore 
be  a  motion  of  parts  too  small  to  be  observed  separately; 
the  motions  of  different  parts  at  the  same  instant  must 
be  in  different  directions ;  and  the  motion  of  any  one 
part  must,  at  least  in  solid  bodies,  be  such  that  however 
fast  it  moves  it  never  reaches  a  sensible  distance  from 
the  point  from  which  it  started."     (Maxwell.) 

261.  Temperature. — By  the  temperature  of  a  body 
is  meant  simply  its  thermal  condition,  considered  with 
reference  to  its  capability  of  communicating  heat  to 
other  bodies.  If  two  bodies  be  placed  in  contact,  one 
of  three  results  must  follow :  (a)  the  first  body  must 
receive  more  heat  from  the  second  than  it  gives  to  it ; 
(ft)  it  must  give  more  heat  than  it  receives ;  or  (c)  the 
amount  given  and  received  must  be  equal.  In  the  first 
case,  the  temperature  of  the  second  body  is  said  to  be 
higher  than  that  of  the  first ;  in  the  second  case,  the 
first  body  has  the  higher  temperature ;  and  in  the  third 
case,  their  temperatures  are  equal.  In  accordance  with 
the  kinetic  theory  of  heat,  however,  it  is  evident  that 
temperature  has  to  do  simply  with  the  speed  of   the 
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molecular  motion  existing  in  a  body.  When  heat  is 
transferred  to  a  body,  its  temperature  is  raised ;  i.e.,  the 
speed  and  therefore  the  energy  of  its  molecular  motion 
is  increased.  Conversely,  as  heat  is  withdrawn  from  a 
body  its  temperature  falls,  the  speed  of  its  molecular 
motion  decreases,  and  its  kinetic  molecular  energy  is 
diminished.  But  evidently  a  point  must  finally  be 
reached  at  which  this  kinetic  energy  becomes  zero  and 
the  molecules  are  at  resi  This  point  is  called  the 
absolute  zero  of  temperature. 

262.  Amount  of  Heat  concerned  iu  producing 
Temperature-changes  iu  a  Body. — The  amount  of  heat 
necessary  to  raise  the  temperature  of  a  body  is  propor- 
tional :  (1)  to  the  number  of  molecules  which  it  contains ; 
and  (2)  to  the  increase  of  the  kinetic  energy  of  a  single 
molecule.  Hence  it  is  measured  by  the  product  of  the 
temperature-increase  by  the  mass  of  the  body.  In  order 
to  raise  a  doubled  mass  through  the  same  temperature- 
range,  therefore,  a  doubled  amount  of  heat  is  required ; 
and  to  raise  the  same  mass  through  a  doubled  temper- 
ture-range  a  doubled  amount  of  heat  is  also  required ; 
provided  of  course  that  the  same  substance  be  employed 
under  the  same  conditions.  Conversely,  the  amount  of 
heat  which  a  body  loses  in  cooling,  is  also  proportional 
to  the  product  of  its  mass  by  its  change  in  temperature. 
The  total  amount  of  heat  contained  in  a  body  we  have 
no  means  of  knowing.  We  can  measure  heat  only 
during  its  transference  or  transformation. 


SBonoN  II. — Measurement  of  Heat. 

A. — thermometry. 

263.  Measurement  of  Temperature. — Temperature 
cannot  be  measured  directly.  It  can  be  measured  only 
by  measuring  some  one  of  the  effects  produced  by  heat, 
which,  other  things  being  equal,  is  proportional  to  the 
temperature.  Since  substances  expand  when  heated, 
expansion  is  such   an  effect.      And   as   expansion  and 
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temperature  go  hand  in  hand,  the  one  may  be  employed 
to  measure  the  other.  An  instrument  in  which  expan- 
sion is  made  use  of  for  determining  temperatures  is 
called  a  thermometer ;  or  a  pyrometer,  if  the  temperatures 
are  high. 

Air,  mercury,  and  alcohol  are  the  thermometric  sub- 
stances ordinarily  made  use  of.  The  air-thermometer 
has  great  range  and  great  accuracy  and  is  generally 
used  as  a  standard.  The  alcohol-thermometer  is  used 
only  for  very  low  temperatures.  The  mercurial  ther- 
mometer is  the  most  convenient  form  of  instrument, 
and  is  therefore  commonly  employed.  It  consists  of  a 
capillary  glass  tube  called  the  stem,  on  the  lower  end 
of  which  a  spherical  or  cylindrical  bulb  is  blown,  of  such 
a  size  that  the  expansion  of  the  mercury  it  contains, 
between  the  limits  within  which  the  thermometer  is  to 
be  used,  exactly  fills  the  stem.  When  thus  filled  with 
mercury  the  upper  end  of  the  stem  is  sealed,  a  small 
enlargement  of  the  bore  being  made  at  this  point.  In 
order  that  the  indications  of  thermometers  thus  made 
may  be  comparable  with  one  another,  two  fixed  points 
of  temperature  are  marked  upon  their  stems.  These 
fixed  points  are  the  melting  point  of  ice  and  the  boiling 
point  of  water ;  which,  under  proper  conditions,  repre- 
sent the  same  temperatures  everywhere.  For  this  pur- 
pose the  thermometer  is  first  surrounded  with  melting 
ice  and  the  point  at  which  the  mercury  stands  is  marked 
upon  its  stem.  It  is  then  immersed  in  the  vapor  of 
boiling  water  and  the  height  of  the  mercury  is  again 
noted.  The  space  between  these  two  marks  is  divided 
into  one  hundred  equal  parts,  and  the  divisions  are 
continued  of  the  same  size  above  the  upper  and  below 
the  lower  point  so  as  to  include  the  whole  stem.  In 
thermometers  for  scientific  use,  the  graduations  are 
etched  upon  the  glass.  The  lower  point  is  called  zero 
and  the  upper,  of  course,  one  hundred ;  meaning  degrees 
of  temperature.  Such  a  thermometric  scale  is  called 
the  centigrade  scale.  Where  great  accuracy  is  required, 
the  stem  should  be  carefully  calibrated ;  ie.,  the  relative 
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values  of  the  divisions  on  the  stem  should  be  deter- 
mined and  tabulated.  Moreover,  the  readings  of  such 
a  thermometer  should  be  compared  either  with  those 
of  a  standard  instrument,  or  better,  with  those  of  the 
air-thermometer  directly. 

Thermometers  are  said  to  be  accurate  when  they  indi- 
cate the  true  temperature.  This  end  is  secured  by 
careful  construction  and  comparison.  They  are  said  to 
be  delicate  when  they  indicate  very  small  differences  of 
temperature ;  say  from  the  tenth  to  the  one  hundredth 
of  a  degree.  They  are  called  sensitive  when  their  indi- 
cations are  prompi  Delicacy  in  a  thermometer  depends 
upon  the  ratio  of  the  volume  of  the  bulb  to  the  size  of 
the  tube.  If  the  bulb  be  large  and  the  tube  small,  a 
minute  change  of  temperature  will  cause  the  column  to 
rise  through  an  appreciable  distance.  Sensitiveness 
depends  upon  the  surface-area  of  the  bulb.  In  case 
the  bulb  is  spherical,  the  sensitiveness  is  a  minimum^ 
since,  for  the  same  volume,  the  surface  of  the  sphere  is 
a  minimum.  In  general,  therefore,  thermometer-bulbs 
are  made  cylindrical ;  the  cylinder  in  the  case  of  meteor- 
ological  instruments  being  very  long  and  either  coiled 
into  a  spiral  or  bent  into  a  zigzag. 

The  zero  point  of  thermometers  is  liable  to  change^ 
owing  to  the  slow  contraction  of  the  glass  forming  the 
bulb.  If,  after  the  boiling  point  has  been  fixed,  the 
thermometer  be  again  placed  in  melting  ice,  the  read* 
ing  may  be  too  low  by  a  tenth  of  a  degree  or  more.  Ii> 
the  course  of  a  week  or  two,  this  effect  disappears. 
There  is  a  second  one,  however,  similar  in  character^ 
but  much  slower  in  disappearing.  If  the  thermometer 
be  graduated  soon  after  it  is  filled,  a  continuous  dis- 
placement of  the  zero  point  goes  on,  sometimes  for 
years;  so  that  the  reading  in  melting  ice  may  be  too 
high  eventually  by  as  much  as  an  entire  degree.  Hence, 
thermometers  intended  to  be  accurate  should  not  be 
graduated  until  some  months  or  even  years  after  they 
have  been  filled. 
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264.  Regristering  Thermometers. — By  placing  the 
stem  of  a  thermometer  behind  an  illuminated  slit,  so 
that  the  rise  and  fall  of  the  column  varies  the  length 
of  the  slit  through  which  the  light  passes,  and  then  by 
allowing  this  varying  line  of  light  to  fall  on  a  strip  of 
photographic  paper  moving  perpendicularly  to  it,  the 
variations  of  the  thermometric  height  may  be  continu- 
ously registered.  If  a  mercury-thermometer  have  its 
stem  horizontal,  and  a  bit  of  steel  wire  be  placed  in 
front  of  the  column,  the  wire  will  be  pushed  forward  by 
the  expansion,  and  will  indicate  by  its  position  the 
maximum  temperature  reached.  A  minimum  thermom- 
eter is  similar  except  that  it  is  made  with  alcohol  and 
has  a  bit  of  glass  rod  within  the  liquid,  which  is  drawn 
backward  as  this  liquid  contracts  and  is  left  in  the  mini- 
mTim  position. 

B. — CALORIMETBY. 

265.  Measurement  of  Heat. — The  process  of  meas- 
uring heat  is  called  calorimetry,  and  the  instruments  used 
for  the  purpose  are  called  calorimeters.  As  we  have  just 
seen,  heat  can  be  measured  only  during  its  transfer  from 
one  body  to  another ;  the  amount  of  heat  required  to 
raise  the  temperature  of  a  given  body  through  a  given 
number  of  degrees  being  proportional  to  the  conjoint 
product  of  its  mass  and  of  the  temperature-change.  On 
comparing  diflferent  substances,  however,  we  find  that 
they  are  very  diflferently  heated  or  cooled  by  the  same 
increment  or  decrement  of  heat  even  when  their  masses 
are  the  same.  That  amount  of  heat  which  will  raise  the 
temperature  of  one  gram  of  water  one  degree  will  raise 
that  of  the  same  mass  of  ice  two  degrees,  of  iron  ten  de- 
grees, of  silver  twenty  degrees,  and  of  mercury  thirty 
degrees. 

266.  Unit  of  Heat. — It  is  therefore  necessary  to 
agree  upon  a  particular  substance,  such  that  the  amount 
of  heat  required  to  raise  unit  mass  of  it  through  imit 
temperature  shall  be  called  unity.     Such  a  substance  is 
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water.  It  is  readily  obtained  pure,  and  it  retjuires  a 
greater  amount  of  heat  than  any  other  substance  to  pro- 
duce in  it  a  given  temperature-change.  In  defining  the 
unit  of  heat,  however,  the  limits  of  temperature  must  be 
specified ;  since  the  amount  of  heat  required  to  raise  the 
temperature  of  unit  mass  of  water  one  degree  increases 
with  the  temperature.  A  unit  of  heat  is  therefore 
defined  as  the  amount  of  heat  required  to  raise  the 
temperature  of  unit  mass  of  water  one  degree  be- 
tween 0°  and  4°.  If  the  gram  be  taken  as  the  unit  of 
mass,  the  quantity  of  heat  required  to  raise  one  gram  of 
water  one  degree  in  temperature,  between  the  limits  0'' 
and  4^,  is  the  special  unit  of  heat  called  a  small  calory 
or  a  therm.     It  is  a  water-gram-degree. 

267.  Capacity  for  Heat.— Specific  Heat. — ^Tho  term 
*'  capacity  for  heat  **  or  "  thermal  capacity  "  expresses  the 
same  idea  with  reference  to  a  body  that  "  specific  heat** 
does  with  regard  to  a  substance.  The  thermal  capacity 
of  a  body  is  simply  the  amount  of  heat,  expressed  in 
units  of  heat,  which  is  required  to  raise  the  temperature 
of  that  body  one  degree.  Thus  if  it  takes  half  a  unit  of 
heat  to  raise  the  temperature  of  the  given  body  one  de- 
gree, its  capacity  for  heat  is  said  to  be  0'5.  AVhen  we 
speak  of  the  heat-chauge  of  a  substance,  however,  then 
we  must  limit  its  mass.  The  specific  heat  of  a  substance 
is  defined  as  that  fraction  of  a  unit  of  heat  which  is  re- 
quired to  raise  the  temperature  of  unit  mass  of  that  sub- 
stance one  degree.  Evidently,  thecofore,  the  specific 
heat  of  a  substance  is  simply  the  thermal  capacity  of 
unit  mass  of  tliat  substance.  We  should  also  distin- 
guish  between  the  mean  or  average  specific  heat  of 
a  substance  and  its  actual  specific  heat.  The  former 
is  the  average  value  between  two  given  temperatures ; 
and  is  the  quotient  of  the  number  of  units  of  heat 
required  to  raise  unit  mass  of  the  substance  from  the 
lower  to  the  higher  temperature,  divided  by  the  number 
of  degrees  representing  the  temperature-change.  The 
latter,  which  is  the  actual  value  for  a  particular  temper- 
ature, is  the  limiting  value  of  the  mean  specific  heat  as 
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the  range  of  temperature  is  indefinitely  reduced.  Since 
specific  heat  varies  with  temperature,  the  mean  and  the 
actual  thermal  capacities  per  unit  of  mass  have  not  in 
general  the  same  value. 

The  total  quantity  of  heat  which  is  concerned  in  a 
temperature-change,  therefore,  is  a  function  not  only  of 
the  mass  and  of  the  extent  of  the  temperature-change, 
but  also  of  the  particular  substance  employed  in  the  ex- 
periment Hence  if  we  represent  the  mass  by  m,  the 
temperature-change  by  f,  and  the  mean  specific  heat  by 
c,  the  amount  of  heat  required  to  change  the  temperature 
of  m  units  of  mass  of  a  substance  whose  specific  heat  is 
c,  through  t  degrees,  is  met  units  of  heai 

268.  Calorimetrical  Methods. — Three  general  meth- 
ods of  calorimetry  are  made  use  of  in  practice.  These 
are  known  as  (1)  the  method  of  cooling,  (2)  the  method 
of  melting  ice,  and  (3)  the  method  of  mixtures. 

I.  The  method  of  cooling  depends  upon  the  fact  that 
the  rate  at  which  a  hot  body  loses  heat  by  radiation  is 
a  function  of  its  temperature  and  of  the  nature  of  its  sur- 
face only.  If,  for  example,  a  thin  copper  vessel  be  filled  to 
the  same  point  in  successive  experiments  with  different 
liquids,  all  at  the  same  temperature  (either  above  or 
below  that  of  surrounding  objects),  the  quantity  of  heat 
passing  to  or  from  this  vessel  during  the  same  interval 
of  time  will  be  precisely  the  same  in  all  the  experiments. 
But  since  the  amount  of  heat  thus  gained  or  lost  per 
unit  of  time  is  the  same  for  all  at  the  same  temperature, 
it  is  evident  that  those  liquids  which  have  the  highest 
specific  heat,  i.e.,  those  which  give  up  or  take  in  most 
heat  for  a  given  temperature- change,  will  cool  or  heat 
least  rapidly.  In  practice  the  copper  vessel  is  sus- 
pended by  silk  threads  in  a  second  and  larger  one  which 
is  immersed  in  water  and  is  kept  at  a  constant  temper- 
ature. As  a  preliminary  experiment  the  inner  vessel  is 
filled  with  hot  water,  say  at  60°  or  70°.  Suppose  that 
it  holds  100  grams.  A  thermometer  is  placed  in  the 
water,  and  for  each  degree  that  it  falls  in  temperature, 
100  units  of  heat  (water-gram-degrees)  have  of  course 
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been  lost  by  the  water.  Note  the  time  required  for  each 
degree  of  temperature-fall.  The  inner  vessel  is  now 
filled  to  the  same  level  with  the  liquid  whose  specific 
heat  we  desire,  already  heated  to  the  same  temperature 
as  the  water  in  the  last  experiment.  It  is  then  allowed 
to  cool  in  the  same  way,  being  constantly  stirred ;  and 
the  successive  intervals  of  time  required  for  it  to  cool 
through  each  successive  degree  of  temperature  are  accu- 
rately noted.  If  jT  and  T' be  these  time-intervals  for 
equivalent  degrees  in  the  case  of  the  water  and  of 
the  liquid,  then  1/T  and  1/T'  will  be  the  fall  of  temper, 
ature  per  unit  of  time;  Le.,  the  rate  at  which  the 
temperature  falls  in  the  two  cases.  But  the  loss  of 
heat  at  the  same  temperature  is  constant  for  both 
liquids  under  these  conditions;  so  that  if  v  be  the 
volume  of  liquid  employed  and  c„  its  specific  heat  per 
unit  of  volume,  the  heat-change  corresponding  to  this 
fall  of  1**  in  temperature  is  vc„ ;  and  hence  since  the  vol- 
ume was  the  same  in  the  two  experiments,  and  c  in  the 
case  of  water  is  unity,  1/T:=  Ov/^\  or  c^  =  T' /T\  i.e.> 
the  specific  heat  per  unit  volume  is  proportional  to  the 
times  of  cooling.  Since  vc^^=-mc^^  both  representing  the 
thermal  capacity  of  the  given  body,  c„  =  vcjm  or  c^  = 
c^  /  6.  Whence  the  specific  heat  per  unit  mass  is  ob- 
tained by  dividing  the  specific  heat  per  unit  volume  by 
the  density.  Evidently  it  may  also  be  determined  di- 
rectly. 

Example. — Let  the  liquid  be  alcohol  of  density  0  8,  and  suppose 
that  the  100  cubic  centimeters  of  it  cool  through  5°  in  2*4  minutes, 
the  same  volume  of  water  requiring  five  minutes  to  cool  5'.  The 
total  heat  lost  by  the  water  per  degree  of  cooling  is  the  product 
of  its  volume  by  its  specific  heat,  or  vcr, ;  that  lost  by  the  alco- 
hol being  xfc^!.  Since  these  heat-losses  are  proportional  to  the 
times  of  cooling,  the  temperature-change  being  the  same,  we  have 
ucv  :  '^Cv  :  .*  5  :  2  4.  But  the  volumes  are  equal  and  Cv  is  unity; 
whence  c„'  =  2*4/5  or  0*48,  the  thermal  capacity  per  unit  volume  of 
alcohol.  Dividing  this  by  the  density  0  8,  we  have  0*6  for  the  ther- 
mal capacity  per  unit  mass.  Again,  since  the  mass  of  the  100  c.c. 
of  alcohol  is  80  grams,  we  have  by  the  above  reasoning  mc^  : 
m'c^  : :  5  :  2*4  ;  whence  400c»,'  =  240  and  r,n'  =  0  6,  the  thermal 
capacity  of  unit  mass,  or  the  specific  heat  of  the  alcohol,  as  before. 
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Certain  corrections  are  necessary,  as  will  be  seen 
presently.  The  method  is  readily  applicable  to  liquids 
and  to  solids  which  can  be  placed  in  liquids  for  the  ex- 
periment The  liquid  should  be  kept  well  agitated  and 
should  be  protected  from  evaporation. 

II.  The  method  of  melting  ice  was  proposed  by  Wilke. 
In  principle  it  depends  on  the  fact  that  80*025  heat-units 
are  required  to  convert  one  unit  of  mass  of  ice  at  0^  into 
water  at  0°  (Bunsen).  If,  therefore,  a  hot  body  be 
made  to  give  up  its  heat  to  ice  at  its  melting  point,  and 
if  the  amount  of  ice  melted  be  measured,  the  heat  lost 
by  the  body  may  be  ascertained.  In  his  original  exper- 
iments, Wilke  used  a  block  of  ice  hollowed  out  to  re- 
ceive the  hot  body,  and  closed  with  an  ice  lid.  The 
body  was  heated  to  a  known  temperature,  placed  in  the 
cavity  and  allowed  to  remain  until  its  temperature  fell 
to  zero.  By  a  tared  sponge  the  mass  of  the  water 
melted  was  found  ;  suppose  it  to  be  m  grams.  If  jJf  be 
the  mass  of  the  body,  c^  its  thermal  capacity  per  unit 
mass,  and  t  the  temperature-change — it  having  been 
cooled  from  t  to  zero — then  the  heat  lost  by  the  body  is 
McJ; ;  and  this  has  melted  m  grams  of  ice,  each  requir- 
ing 80*025  heat-units  for  this  purpose.  But  since  the 
gain  and  loss  must  be  equal,  we  have  Mcjt  =  80*025m. 
Whence  c„  =  80-025m/Jlft,  the  specific  heat  per  unit  mass. 

Since  it  is  not  easy  always  to  obtain  a  single  block  of 
ice  suitable  for  this  method,  Lavoisier  and  Laplace  de- 
vised a  modified  form  of  ice-calorimeter,  with  which 
they  obtained  good  results.  It  consists  of  an  outer 
cylindrical  vessel  containing  ice  in  order  to  protect  the 
calorimeter  proper  from  the  access  of  heat  from  with- 
out. The  calorimeter  itself  is  also  a  cylinder  filled  with 
ice,  within  which  is  a  smaller  vessel  to  contain  the  sub- 
stance used.  This  substance  is  heated  to  a  known 
temperature,  and  placed  in  the  calorimeter.  The  ice 
melted  by  the  heat  which  it  gives  out  in  cooling  is  de- 
termined by  weighing  the  water  drawn  oflf  from  the 
calorimeter  by  a  special  tap.  The  calculation  is  made 
in  the  same  way  as  in  the  last  case. 
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A  valuable  modification  of  the  ice-calorimeter  was 
made  by  Bunsen  in  1871.  The  instrument  is  of  moder- 
ate size  and  is  made  entirely  of  glass 
(Fig.  99).  A  tube  a  open  at  top 
serves  to  receive  the  material  to  be 
experimented  upon.  This  tube  is 
enclosed  by  a  second  and  larger 
tube  b  entirely  filled  below  with 
mercury  and  above  with  recently 
boiled  water,  and  provided  with  a 
lateral  tube  c  coming  up  from  the 
bottom  and  terminating  in  a  capil- 
lary tube  used  for  the  purpose  of 
measuring,  by  the  movement  of  the 
mercury  column  within  it,  the  change 
of  volume  which  takes  place  in  the 
instrument.  After  the  water  in  the 
calorimeter  has  been  frozen  and  the  entire  instrument 
has  been  brought  to  zero  by  immersion  in  melting  ice, 
the  heated  substance  is  dropped  into  the  open  tube, 
which  of  course  contains  water  at  0°.  The  heat  given 
up  by  the  substance  in  cooling  melts  some  of  the  sur- 
rounding ice  in  the  body  of  the  instrument ;  and  since 
water  occupies  less  volume  than  the  ice,  tlie  contraction 
becomes  evident  by  the  motion  of  the  mercury  in  the 
capillary  tube.  By  proper  calibration,  the  actual  diminu- 
tion of  volume  thus  resulting  is  determined,  and  thence 
the  amount  of  ice  melted.  More  recently  the  capillary 
tube  d,  instead  of  being  horizontal,  is  vertical  as  shown 
in  the  figure.  The  instrument  is  brought  to  zero  with 
the  end  of  this  capillary  tube  dipping  beneath  mercury 
in  a  small  dish,  and  the  dish  is  weighed  and  replaced. 
After  the  substance  has  been  dropped  in,  and  the  whole 
is  again  in  equilibrium,  the  dish  is  again  weighed.  The 
difference  divided  by  the  density  of  mercury  represents 
the  contraction  in  volume.  With  this  apparatus,  Bun- 
sen  has  determined  the  specific  heats  of  many  of  tlie 
rarer  elements. 

IIL  The  method  of  mixtures  is  perhaps  more  employed 
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tlian  any  other  for  measuring  the  amount  of  heat  con* 
cerned  in  temperature- changes.  Its  principle  is,  broadly, 
that  when  two  or  more  bodies  are  placed  in  contact  or 
are  mixed  together,  an  exchange  of  heat  goes  on  be- 
tween them  which  results  in  the  production  of  a  final 
common  temperature,  depending  alone  upon  the  temper- 
atures,  masses,  and  specific  heats  of  the  bodies  employed. 
If,  for  example,  500  grams  of  water  at  100°  be  mixed 
with  500  grams  of  water  at  0°,  there  will  evidently  be 
1000  grams  of  water  at  50°.  If,  however,  20  grams  at 
50°  be  mixed  with  100  grams  at  10°,  calculation  shows 
that  the  resulting  120  grams  of  water  will  liave  a  temper- 
ature of  nearly  17°.  And  further,  if  100  grams  of  water 
at  0°  be  mixed  with  100  grams  of  mercury  at  100°,  there 
will  result  200  grams  of  the  mixture  at  a  temperature  of 
3'2°.  In  general,  if  m  grams  of  one  substance,  of  specific 
heat  c,  be  mixed  with  mf  grams  of  another  substance,  of 
specific  heat  c',  then  mc  and  mV  will  represent  the  ther- 
mal capacities  of  the  two  ;  i.e.,  the  number  of  heat-units 
required  to  raise  these  masses  one  degree.  As  this 
product  represents  also  the  number  of  grams  of  water 
which  would  be  heated  one  degree  by  this  number  of 
heat-units,  it  is  often  called  the  water-equivalent  of  the 
mass  in  question.  Suppose  now  the  first  mass  be  heated 
to  T°,  and  be  then  mixed  with  the  second  mass  at  <°. 
The  former  will  be  cooled  and  the  latter  will  be  heated, 
till  some  common  temperature,  6  say,  is  reached.  The  hot 
body  will  have  been  cooled  through  {T  ^  (f)  degrees,  the 
cold  body  will  have  been  heated  through  {6  —  t)  degrees ; 
and  the  total  heat-change  will  be  in  the  case  of  the  former 
mc{T  —  &)  units,  and  in  the  case  of  the  latter  'mfc\9  —  t) 
units.  But  since  the  loss  on  the  one  side  is  obviously 
equal  to  the  gain  on  the  other,  provided,  of  course,  that 
no  heat  has  entered  the  apparatus  or  has  escaped  from 
it,  we  may  equate  these  values ;  and  we  have 


mc{T-ff)  =  m'c\d  -  €) ;  whence  f>  =  !??^±^^,  [40] 


Digitized  by  LjOOQ IC 


282  PHYSICS. 

by  which  formula  the  resulting  temperature  may  always 
be  calculated.  Evidently  c  and  </  represent  the  mean 
specific  heats  of  the  substances  between  the  limits  of 
temperature  stated. 

To  employ  the  method  of  mixtures  for  the  measure- 
ment of  specific  heats,  a  known  mass  of  the  substance 
whose  specific  heat  is  required  is  heated  to  a  known 
temperature — say  to  100°,  in  the  vapor  of  boiling  water 
— and  is  then  placed  in  a  known  mass  of  water,  say  at 
10°.  The  water  is  contained  in  a  suitable  calorimeter 
— a  thin  copper  vessel,  preferably  polished  exteriorly, 
suspended  by  non-conducting  supports  in  a  second  ves- 
sel polished  on  its  interior  surface.  The  temperature  of 
the  water  is  equalized  by  means  of  a  stirrer  and  is  noted 
by  a  thermometer  as  soon  as  it  ceases  to  rise.     From 

the  equation  just  given  we  get  c  =  — TjrU'et^  which  is 

true  whatever  the  substances  employed.  In  the  above 
case,  water  is  used  and  c'  is  unity.  The  specific  heat  of 
the  substance  is  obtained  therefore  simply  by  dividing 
the  product  of  the  water-mass  into  its  temperature- 
change,  by  the  product  of  the  substance-mass  into  its 
temperature-change. 

A  portion  of  the  heat  lost  by  the  hot  body,  however, 
has  been  expended  in  raising  the  temperature  of  the 
containing  vessel,  of  the  thermometer,  and  of  the  stirrer; 
and  this  must  be  allowed  for.  If  m"  be  the  mass  and  c" 
the  specific  heat  of  the  vessel,  m'"  and  c"'  the  same  quan- 
tities for  the  thermometer  taken  as  a  whole,  and  m"" 
and  c""  the  mass  and  specific  heat  of  the  stirrer,  then 
as  the  total  heat  lost  is  divided  among  these  bodies,  it 
must  evidently  be  the  sum  of  the  losses  to  each ;  and 
hence  we  have 

fnc(T  -  6)  =  (mV  +  m"c"  +  m'^cf''  +  fri^'d'"  +  etcX©  -  <).      [41] 

The  sum  in  brackets  is  simply  the  total  water-equivalent 
of  the  calorimeter.  In  case  the  substance  experimented 
on  is  a  liquid,  so  that  a  containing  vessel  is  made  use 
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of,  the  first  member  of  the  equation  will  require  au  ad- 
ditional term  to  represent  the  heat  lost  bj  this  vesseL 

a — SPECIFIC  HEATS. 

260.  Table  of  Specific  Heats. — By  some  one  of  the 
methods  now  described  the  mean  specific  heats  given  in 
the  following  table  have  been  obtained.  The  values 
represent  the  fractions  of  a  heat-unit  required  to  raise 
the  temperature  of  unit  mass  of  the  substance  through 
one  degree  between  the  limits  of  temperature  given  in 
the  second  column. 

1.  Sfboifio  Hbats  of  SoLms. 

Substance.  Temperature.  Specific  Heat. 

Aluminum 15°  to      97°  02122 

Bromine —  78°  to  —  20°  00843 

Bismuth 9°  to     102°  0-0298 

Brass 15°  to       98°  0-0858 

Carbon  (wood-charcoal).          0°  to      90°  0-1935 

Copper 15°  to     100°  0-0933 

Ice 0°  to  «  20°  0-5040 

Iron 50°  01124 

Lead 19°  to      48°  00315 

Mercury —  78°  to  -  40°  0-0319 

Platinum 0°  to     100°  0-0323 

Silver 0°  to     100°  00559 

JSinc 0°to     100°  0-0935 

2.  Sfboifio  Hsats  of  Liquids. 

Alcohol 0°  to  40°  0-5977 

Bromine 13°  to  45°  0-1071 

Chloroform 0°  to  30°  0-2339 

Carbon  disulphide 0°  to  30°  0-2376 

Ethyl  ether 0°  to  30°  0-5379 

Lead 350°  to  450°  00402 

Mercury 17°  to  48°  0-0335 

Turpentine 0°  to  40°  0-4322 

As  an  example  of  the  use  of  these  tables,  it  may  be  ob* 
served  that  the  amount  of  heat  which  would  raise  a  mass 
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of  water  from  0°  to  100°  would  raise  the  same  mass  of 
iron  from  0°  to  900° ;  or  to  a  bright  red  heat  It  should 
also  be  noted  that  the  specific  heat  is  less  in  the  solid 
than  in  the  liquid  state,  for  the  same  substance.  Water 
for  example,  has  the  specific  heat  1*000,  ice  the  specific 
heat  0*5040.  Liquid  bromine  has  the  specific  heat 
0*1071,  solid  bromine  0*0843.  The  specific  heat  of 
liquid  lead  is  0*0402,  and  of  solid  lead  0*0315.  That  of 
liquid  mercury  is  0*0335,  and  that  of  solid  mercury  is 
00319. 

270.  Variation  of  Specific  Heat  with  Tempera- 
ture.— While  in  general  the  mean  specific  heat  of  solids 
as  well  as  of  liquids  increases  with  the  temperature,  the 
rate  of  increase  is  greater  with  liquids.  The  following 
tables  show  the  character  of  this  increase  for  platinum 
and  for  water : 


PLATINUM  (PouiLLET). 
Temperature        Mean  Specific. 
Limits.                    Heat. 

WATER  (REGNAtILT). 

Temperature         Mean  Speciflo 
Limits.                    Heat. 

Cand    100° 

00335 

0"  and    40" 

1-0013 

0»and    300" 

0-0343 

0"  and    80" 

1-0035 

0°and    500" 

00352 

0°  and  120" 

1-0067 

0"and    700" 

0-0360 

0"  and  160" 

1-0109 

0"  and  1000" 

0-0373 

0°  and  200" 

1-0160 

0"  and  1200" 

0-0382 

0"  and  230" 

1-0204 

This  relation  may  be  put  in  another  form.  Accord- 
ing  to  Kegnault,  the  number  of  units  of  heat  fi*  required 
to  raise  a  unit  mass  of  water  from  0**  to  ^**  is  repre- 
sented by  the  equation 

ir  =  t  +  000002^«  +  0-0000003**.  [42] 

Hence  the  mean  thermal  capacity  of  this  mass  of  water 
between  0®  and  <°,  being  the  quantity  of  heat  divided  by 
the  temperature-change,  is 

H/t=l  +  0*00002^  +  0*0000003^% 
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And  the  actual  thermal  capacity  at  ^°,  which  is  the 
limiting  value  of  the  mean  thermal  capacity  as  the  tem- 
perature-change is  made  smaller,  is 

DtH  =  1  +  0-00004^  +  0-0000009<\  [43] 

By  means  of  this  formula  the  actual  specific  heat  of 
water  at  any  temperature  may  be  calculated. 

Bowland,  however,  has  shown  that,  beginning  at 
about  5°,  the  specific  heat  of  water  decreases  slowly  as 
the  temperature  rises,  reaching  a  n^inimum  at  about  29° 
and  then  slowly  increasing  again. 

271*  Use  of  the  Calorimeter  in  measuring^  Tempera- 
tures.— By  transposing  the  specific  heat  formula  already 
given  we  may  obtain  from  it  the  value  of  T^  thus  : 


r=^ifc±)+ft 


mc 


f-ft  [44] 


Suppose  a  platinum  cylinder  whose  mass  is  200  grams 
to  be  heated  in  a  furnace  and  to  be  placed  in  a  calorim- 
eter containing  1000  grams  of  water  at  13*^,  and  suppose 
further  that  the  temperature  of  the  water  rises  to  20°. 
Assuming  0*0373  for  the  specific  heat  of  platinum,  and 
substituting  numerical  values  in  the  above  formula,  we 
have  958°  as  the  temperature  of  the  furnace.  The  cal- 
culation may  be  simplified  by  taking  a  mass  of  metal 
such  that  the  ratio  of  m'  to  mc  may  be  a  round  number, 
say  100 ;  i.e.,  268*1  grams  of  platinum. 

272.  Atomic  and  Molecular  Heats. — In  1819  Dulong 
and  Petit  measured  the  specific  heat  of  thirty  of  the  ele- 
ments and  observed  that  when  these  specific  heats  are 
multiplied  by  the  atomic  masses  of  these  elements,  the 
products,  called  the  atomic  heats,  are  very  nearly  con- 
stant and  are  approximately  6"4:.  It  follows,  therefore, 
that  the  specific  heat  of  an  element  is  inversely  as  its 
atomic  mass.  But,  as  we  have  seen,  the  product  of  an 
atomic  mass  by  the  specific  heat  is  the  thermal  capacity 
of  the  atom.     Hence    the   law   of   Dulong  and  Petit 
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expresses  simply  the  fact  that  the  thermal  capacity  of 
all  elementary  atoms — or  perhaps  better,  elementary 
molecules — is  the  same.  The  observed  variations  from 
the  law  are  such,  for  the  most  part,  as  can  readily  be 
accounted  for  by  the  differences  in  the  condition  of  the 
elements  used,  or  of  the  temperatures  at  which  the 
specific  heats  are  measured. 

Neumann  has  enunciated  a  similar  law  for  com- 
pounds. He  finds  that  for  compound  bodies  having  a 
similar  chemical  composition  and  an  analogous  constitu- 
tion, the  same  constant  represents  the  product  of  the 
specific  heat  and  the  molecular  mass.  Subsequently 
Woestyn  showed  that  the  elements  retain  their  specific 
heats  unaltered  when  they  enter  into  combination,  and 
that  consequently  the  molecnlar  heat  of  a  compound 
body  is  the  sum  of  the  atomic  heats  of  its  constituent 
elements. 

273.  Specific  Heat  of  Gases. — The  quantity  of  heat 
required  to  raise  a  given  mass  of  gas  through  a  given  tem- 
perature is  greater,  for  reasons  to  be  discussed  later,  when 
the  gas  is  allowed  to  expand  than  when  its  volume  is 
preserved  constant.  Hence  gases  have  two  specific  heats : 
one  when  the  pressure  is  constant  and  the  volume  varies ; 
the  other  when  the  volume  is  constant  and  the  pressure 
varies.  They  are  called  the  specific  heat  at  constant  pressure 
and  the  specific  heat  at  constant  volume,  respectively ;  the 
former  being  the  greater.  The  specific  heat  of  air  at 
constant  pressure  was  determined  with  great  care  by  Reg- 
nault,  by  passing  the  air  first  through  a  coil  placed  in  hot 
oil,  to  heat  it  to  a  known  temperature,  and  then  through 
another  coil  contained  within  the  calorimeter.  Knowing 
the  mass  of  air  employed  and  its  initial  temperature, 
the  specific  heat  is  readily  calculated  from  the  ordinary 
calorimetrical  formula.  With  the  same  apparatus  the 
specific  h^ats  of  thirty-five  other  gases  and  vapors  were 
determined  by  the  same  careful  experimenter.  He  con- 
cludes :  1st,  that,  for  approximately  perfect  gases,  the 
specific  heat  does  not  vary  with  the  temperature  ;  2d, 
that  the  thermal  capacity  of  unit  mass  is  independent  of 
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the  pressure  or  density  of  the  gas,  and  hence  that  the 
thermal  capacity  per  unit  volume  varies  as  its  density ; 
3d,  that  the  thermal  capacities  of  equal  volumes  are  equal 
for  the  simple  and  more  difficultly  condensible  gases,  and 
also  for  compound  gases  formed  without  condensation ; 
and  4th,  that  for  easily  condensible  gases  these  laws  do 
not  hold ;  the  specific  heat,  for  example,  increasing  with 
the  temperature. 

SPECIFIC  HEATS  OP  GASES  AND  VAPORS 

Substance.  Equal  Volume.     Equal  Mass. 

Air 0-2375  0-2375 

Oxygen. 0-2405  0-2175 

Nitrogen 02368  02438 

Hydrogen 0-2359  3-4090 

Chlorine 02964  0-1210 

Carbon  dioxide 0-3307  0-2163 

Marsh  gas 0-3277  0-5929 

Steam 0-2989  0-4805 

Alcohol 0-7171  0-4534 

Ethyl  ether 1-2266  0-4796 

Chloroform 0-6461  0-1566 

Carbon  disulphide 0-4122  01569 

Benzene 10114  0-3754 

Turpentine 2-3776  05061 

In  the  above  table  the  values  headed  "equal  mass'* 
represent  the  specific  heat  proper;  i.e.,  the  thermal 
capacity  of  unit  mass.  In  the  other  column,  the  values 
were  obtained  by  multiplying  the  specific  heats  as  given, 
by  the  specific  gravity  of  the  gas  or  vapor  referred  to  air 
as  unity. 

Section  III. — Effects  of  Heat. 

A. —EXPANSION. 

274.  Action  of  Heat  upon  Matter, — Since  heat  is 
energy,  the  effect  of  expending  heat  upon  a  body  is 
clearly  to  increase  the  total  energy  of  this.  body.  This 
increase  may  be  either  of  potential  energy  or  of  kinetic 
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energy  or  of  both.  The  first  and  most  obvious  effect  of 
expending  heat-energy  upon  a  body  is  to  raise  its  tem- 
perature ;  and  this  increase  of  temperature,  as  we  have 
seen,  is  only  an  increase  in  the  molecular  kinetic  energy 
of  the  body.  The  second  effect  is  to  increase  the  poten- 
tial energy  of  the  mass  heated,  the  work  being  done 
against  cohesion;  and  the  result  is  a  change  in  the 
volume,  or  in  the  elasticity,  or  in  the  viscosity,  etc. 
Again,  heat-energy  may  be  expended  in  doing  work  within 
the  molecule  itself,  either  in  producing  atomic  motion 
therein  or  in  effecting  atomic  rearrangements  against 
chemism.  In  all  these  cases  the  work  is  done  within  the 
body  heated,  and  is  called,  therefore,  internal  work. 
Besides  this,  however,  the  expenditure  of  heat-energy 
upon  a  body  may  enable  it  to  do  external  work,  as  when 
by  heating  a  bar  of  iron  under  stress,  it  expands  and 
overcomes  resistance  through  distance. 

275.  Expansion  of  Solids. — Rise  of  temperature  in 
a  body  is  usually  accompanied  by  an  increase  in  its  size. 
Indeed  the  expansion  produced  by  heat  is  generally 
regarded  as  some  function  of  the  temperature-change. 
In  considering  the  dilatation  of  solids  by  heat,  it  is  con- 
venient to  distinguish  between  length-expansion  and 
volume-expansion. 

Examples.— An  ordinary  clock  runs  faster  in  winter  than  in 
summer,  since  its  pendulum  contracts  by  cold  and  is  therefore 
shorter.  Spaces  must  be  left  between  the  ends  of  rails  and  of  the 
sections  of  tubular  bridges  in  order  to  allow  for  their  expansion  and 
contraction  by  changes  of  temperature.  It  is  calculated  that  a  bar 
of  iron  when  heated  eight  or  nine  degrees  will  produce  in  expanding 
a  pressure  of  140  kilograms  upon  every  square  centimeter  of  its  sec- 
tion. The  tire  of  a  wheel  is  placed  on  it  after  being  heated;  so  that 
on  cooling'  it  shall  contract  and  bind  the  parts  of  the  wheel  firmly 
together.  The  walls  of  buildings  after  having  bulged  outward  have 
been  drawn  together  by  the  contraction  of  heated  iron  rods.  Volume- 
expansion  is  illustrated  in  the  rise  of  the  mercury  column  in  ther- 
mometers, and  in  the  increase  in  bulk  of  alcohol  and  other  liquids 
in  summer. 

276.  Expansion-coefficients. — When  heat  is  applied 
to  a  body,  it  is  found  that  the  expansion  which  takes 
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place  in  It  is  proportioual  not  only  to  the  size  of  the  body 
and  to  the  number  of  degrees  through  which  it  is  heated, 
but  also  to  a  quantity  depending  upon  the  nature  of  the 
body  itself  and  called  its  expansion-coefficient.  Suppose 
a  rod  of  length  l^  at  0°  to  be  heated  to  <°,  so  that  its 
length  becomes  It .  The  difference  of  length  Z,  —  Z^  =  e, 
which  is  evidently  the  expansion.  But,  as  has  just  been 
stated,  e  =  atl^ ;  in  which  a  represents  the  expansion- 
coefficient,  t  the  temperature-change,  and  l^  the  initial 
length.  Consequently  since,  from  this  expression, 
a  =  e/tl^ ,  we  may  define  a  linear-expansion  coefficient  as 
the  amount  of  the  linear  expansion  which  unit  length  of 
the  body  undergoes  for  one  degree  change  in  its  temper- 
ature.    The  volume-coefficient  is  similarly  defined. 

If,  in  the  first  equation  above  given,  we  substitute  for 
6  its  value,  we  have  l^  =  l^-\-  atl^ ,  or 

I,  =  III  +  at).  [45] 

This  expression  1  -J-  ar<  is  called  the  expansion-factor. 
It  is  evidently  the  ratio  of  the  final  to  the  initial  length. 
Dividing  both  sides  by  this  expansion-factor  we  get  also 
l^  =  lt/(i  -\-  at).  Hence  to  obtain  the  length  of  a  solid  at 
a  temperature  t°,  having  its  length  at  zero  we  have  only 
to  multiply  its  length  at  zero  by  the  expansion-factor. 
Conversely,  by  dividing  the  length  at  <°  by  the  expansion- 
factor  the  length  at  zero  is  obtained.  If  the  length  at  t^ 
is  given  and  the  length  at  ^'°  is  required,  then  since 
Z,  =  1^1  -}-  at)  and  l^*  =  1^1  -{-  at'),  we  have  by  division 


lf»  =  If^'V     .;  or  approximately  It'  =  ^t(l+a(<'— O).  [46] 
l-f-  at 


If  a  cube  whose  side  is  unity  be  heated  one  degree,  its 
volume  will  be  (1  +  ^Y  or  1  +  3a  -f-  3a'  +  a\  Since, 
however,  the  linear  coefficient  a  is  a  very  small  quantity, 
the  powers  higher  tlian  the  first  may  in  general  be  neg- 
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lected  and  the  volume-coefficient  y  may  be  taken  as  three 
times  the  linear  a. 

277.    Measurement    of   Expansion-coefficients.  — 

From  the  formulas  just  given,  it  is  evident  that  to  deter- 
mine an  expansion-coefficient,  we  must  know  (1)  the 
total  expansion,  (2)  the  temperature-change,  and  (3)  the 
initial  length  or  volume.  The  experimental  determina- 
tion may  be  conducted  as  follows :  The  rod  whose  linear 
coefficient  is  desired  has  two  marks  made  near  its  ends, 
and  is  placed  within  a  somewhat  wide  glass  tube,  held  in 
the  two  corks  which  close  its  ends.  Through  each  of  these 
corks  passes  a  thermometer  and  a  piece  of  glass  tube.  By 
means  of  micrometer-microscopes  and  a  scale,  the  dis- 
tance between  the  marks  upon  the  rod  is  first  measured, 
and  this  is  taken  as  the  initial  length  of  the  rod.  The  initial 
temperature  is  also  noted.  Steam  is  then  blown  through 
the  apparatus  by  means  of  the  glass  tubes  in  the  corks ; 
and  when  the  temperature  of  the  whole  is  in  equilibrium^ 
the  length  of  the  rod  is  again  measured,  and  the  tem- 
perature noted.  The  difference  between  the  final  and  the 
initial  lengths  is  of  course  the  total  expansion.  That 
between  the  final  and  initial  temperatures  is  the  tem- 
perature-change. Dividing  the  total  expansion  by  the 
temperature-change,  we  have  the  expansion  for  one 
degree.  And  the  quotient  of  this  divided  by  the  initial 
length  is,  by  the  definition,  the  expansion-coefficient. 

Matthiessen  determined  the  volume-coefficient  of  a 
large  number  of  solids,  by  weighing  them  carefully  in 
water  at  different  temperatures.  Since  the  volume  of  a 
given  mass  is  inversely  as  its  density  J,  and  since  Fi  = 
F,(l  +  yt\  we  may  write 


J.  =  J,{l  +  yt);    whence     y  =  ( J,  -  J^)/^^.        [47] 


By  determining  the  density  of  an  alloy  at  0®  and  at  t°, 
therefore,  the  volume-expansion-coefficient  y  can  be  cal- 
culated. 
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TABLE  OP  EXPANSION  COEFFICIENTS. 

Mean  coefficient  between  0"  and  lOO*. 
Substance.  Linear.  Volume. 

Glass 8-37  x  10-*  25-4  x  10-* 

Copper 17-16  x  10-*  513  x  lO** 

Lead 28-82  x  lO"'  88-0  x  lO'* 

Tin 19-59  x  10-*  69-0  x  10-* 

Zinc 29-76  x  lO"*  89-0  x  10-* 

Iron 12-04X10-*  35-5  X  lO'* 

Platinum 8-57  X  lO"*  26-6  X  lO"' 

278.  Non-isotropic  Expansion. — In  what  has  been 
said  above,  we  have  assumed  the  substances  to  be  iso- 
tropic, i.e.,  to  have  identical  properties  in  all  directions. 
Crystalline  bodies,  however,  are  non-isotropic  and  have 
therefore  different  expansions  along  different  axes.  Of 
course  there  are,  in  consequence,  in  crystals  having  three 
unequal  axes,  three  linear  expansion-coefficients  in  these 
directions.  The  volume-coefficient  is  the  sum  of  the 
three  linear  coefficients.  The  case  of  Iceland  spar  is 
specially  interesting.  This  substance  when  heated  ex- 
pands parallel  to  its  principal  axis,  but  contracts  at  the 
same  time  equally  in  all  perpendicular  directions. 

279.  Variation  of  the  Expansion-coefficient  with 
I'emperature. — It  has  been  experimentally  proved  that 
the  expansion-coefficients  of  solid  bodies  increase  slowly 
with  the  temperature.  Thus  the  volume-coefficient  of 
glass,  which  is  25*4  X  10'*  between  0°  and  100°,  becomes 
30-4  X  10-«  between  0^  and  300°.  The  coefficient  of  cop- 
per  similarly  increases  from  513  X  10"*  to  56-5  X  10"*; 
and  that  of  iron  from  355  X  10"*  to  44-1  X  lO"*.  Hence 
the  coefficients  given  in  the  above  table  are  mean  co- 
efficients between  the  temperatures  stated.  The  actual 
coefficient  at  any  temperature  is  the  limiting  value  of 
the  expansion  per  unit  length  or  unit  volume  as  the 
temperature-change  is  indefinitely  diminished. 

280.  Expansion -coefficients  of  Liquids.  —  Since 
liquids  require  a  containing  vessel,  their  expansion  is 
somewhat  masked  by  that  of  the  vessel   itself.     It  is 
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common,  therefore,  to  speak  of  liquids  as  having  two 
expansion-coefficients :  a  real  coefficient,  which  is  that 
of  the  liquid  itself ;  and  an  apparent  coefficient,  which 
represents  the  difference  between  the  real  expansion  of 
the  liquid  and  the  volume-expansion  of  the  vessel.  Thus 
if  a  large  thermometer  filled  with  water  be  suddenly 
heated,  the  column  will  at  first  fall,  and  then  begin  to 
rise  ;  the  glass  envelope  in  expanding  increasing  the 
interior  volume  of  the  bulb. 

The  real  expansion  of  mercury  has  been  directly  de- 
termined with  great  care  by  Kegnault.  The  principle 
of  his  method  is  as  follows  :  A  U-tube  is  filled  with  this 
metal  and  one  of  its  branches  is  surrounded  with  melt- 
ing ice  while  the  other  is  kept  at  a  temperature  t^.  The 
two  columns  balance  each  other  hydrostatically,  but 
since  that  on  the  hot  side  has  expanded,  it  is  higher  than 
the  other.  If  H^  and  H^  are  the  heights  and  ^^ ,  Jf  the 
densities  of  the  columns,  we  have  H^^^  =  Ht^t ,  since 
the  heights  are  inversely  as  the  densities.  But  (277) 
^,  =  J,(l  +  Vr^) ;  whence  substituting  and  reducing 
yr  =  {Ht  —  H^/ Hji,  Hence  by  dividing  the  difference  in 
the  heights  of  tlie  columns  by  the  height  of  the  column 
at  0°  and  by  the  temperature-difference,  the  mean  real 
coefficient  of  expansion  of  mercury  y^  is  obtained. 

The  apparent  expansion  of  mercury  is  directly  de- 
termined by  filling  with  it  at  0°  a  large  thermometer 
having  a  recurved  stem,  and  then  heating  the  whole  to  ^°. 
The  mercury  and  glass  both  expand,  but  the  greater 
expansion  of  the  mercury  forces  some  of  the  metal  out  of 
the  tube.  This  is  collected  and  weighed.  If  its  mass  be 
m,  that  of  the  mercury  originally  filling  the  instrument 
being  J!f^,  that  left  in  the  bulb  will  be  M^  —  m\  and  we 
have  m/{M^  —  m)t  as  the  apparent  expansion-coefficient 
per  unit  of  mass ;  or,  since  volumes  of  the  same  liquid 
are  proportional  to  their  masses,  v/{  V^  —  v)t  is  the  coeffi- 
cient of  expansion  per  unit  of  volume.  Knowing  the 
value  of  Yaj  the  coefficient  of  apparent  expansion,  we 
may  use  this  apparatus  as  a  weight-thermometer.  For 
the   formula   gives   us  f"  =  m/(M^  —  m)Yc, ;   so  that  by 
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heating  the  instrument,  after  filling  at  0°,  to  an  unknown 
temperature  <°,  we  may  determine  this  temperature  by 
dividing  the  mass  of  the  mercury  which  has  escaped  by 
that  of  the  mercury  left  in  the  bulb,  multiplied  by  the 
expansion-coefficient. 

Since  the  coefficient  of  real  expansion  of  a  liquid  is 
the  sum  of  the  coefficients  of  apparent  expansion  of  this 
liquid  and  that  of  the  glass  envelope  in  which  it  is  con- 
tained, either  of  these  three  coefficients  may  be  deter- 
mined if  the  other  two  be  known.  If,  for  example,  the 
coefficient  of  real  expansion  of  mercury  be  181*5  X  10"* 
and  the  coefficient  of  apparent  expansion  in  a  given 
glass  bulb  be  154*3  X  10"*,  then  the  diflference  of  these 
values,  or  27*2  X  10"*,  represents  the  coefficient  of  volume- 
expansion  of  the  glass. 

281.  Anomalous  Expansion  of  Water. — When  water 
at  0°  is  heated  it  contracts  instead  of  expanding ;  and 
this  exceptional  result  con- 
tinues until  its  temperature 
reaches  4°  (Fig.  100).  Then 
expansion  commences  and  at 
about  8°  the  liquid  has  the 
same  volume  as  at  (f.  The 
temperature  of  4°,  therefore, 
which  is  the  point  of  mini- 
mum volume,  is  also  the 
point  of  maximum  density 
of  water.  By  means  of  a 
water  -  thermometer  with  a 
large  bulb  this  relation  be- 
tween the  volume  and  the 
temperature  of  water  near 
the  zero  point  may  be  easily 
obtained.  If  the  degrees  of 
temperature  thus  obtained  be  plotted  as  abscissas  and 
the  heights  of  the  column  in  the  tube  as  ordinates  (Fig. 
100),  the  curve  of  variation  may  be  drawn.  In  the  figure 
the  curve  abc  shows  the  results  of  experiment  and  there- 
fore represents  also  the  variation  due  to  the  glass  of  the 
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thermometer.  Correcting  for  this  the  curve  ad/  is  ob- 
tained which  shows  the  maximum  density  of  water  to 
be  at  4°. 

Experiment. — This  fact  is  experimentally  illustrated  usually  by 
means  of  a  cylinder  of  glass  filled  with  water  and  having  two  ther- 
mometers inserted  horizontally  into  it,  one  near  the  top,  the  other 
near  the  bottom.  On  placing  a  freeziui?  mixture  in  a  metal  jacket 
which  surrounds  its  middle  portion,  the  water,  at  first  becoming 
denser  as  it  cools,  sinks  to  the  bottom  and  the  lower  thermometer 
falls,  until  it  reaches  4^.  Then,  on  further  cooling,  the  water  ex- 
pands and  rises  to  the  top;  and  the  upper  thermometer,  which  has 
thus  far  been  stationary,  begins  to  fall,  continuing  to  do  so  until 
the  water  upon  the  surface  is  frozen.     (Hope.) 

The  expansion-coefficient  of  water  was  accurately 
determined  by  Matthiessen  by  weighing  in  it  at  different 
temperatures  a  block  of  glass  whose  coefficient  wa& 
known. 

282.  Increase  of  the  Coefficient  with  Temperature»^ 
— ^With  most  liquids,  the  expansion-coefficient  steadily 
increases  as  the  temperature  rises.  This  is  shown  in  the 
following  table  for  several  well-known  liquids  (Pierre) : 

Liquid.  Volume  at  0*.   Volume  at  10^  Volume  at  40*. 

Water 1  1-000146  1007492 

Alcohol 1  1-010661  1-044882 

Carbon  disulphide.  1  1-011554  1-049006 

Wood-spirit 1  1012020  1-050509 

Ethyl  ether 1  1-015408  1-066863 

For  some  liquids  the  expansion  may  be  represented  by 
a  formula  containing  but  two  constants ;  but  for  those 
which  are  most  expansible  three  constants  are  required. 
Thus  for  the  volume  of  mercury  at  <^  the  formula 
adopted  by  the  International  Committee  of  Weights  and 
Measures  is 

Ft  =  1  +  000181792^  4-  •000000000175(«  +  0000000000351 16<».    [48] 

For  water  between  4°  and  3°,  Matthiessen  found  the 
volume  to  be  represented  by  the  formula 

Ft  =  1  -  •00000253(<-4H-0000008389(<-4)»+00000007173(^-4)».  [49] 
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For  ether,  at  <°,  Pierre  gives  the  formula 

Ft  =  1  +  •0015182<  -f  •0000023592(»  +  •000000040051<».         [50] 

Liquefied  gases  are  remarkable  for  their  great  expansi- 
bility with  heat.  Thilorier  has  shown  that  liquid  carbon 
dioxide  is  four  times  as  expansible  as  air,  and  Drion  has 
confirmed  the  general  statement  for  liquid  sulphurous 
oxide  and  ethyl  chloride.  According  to  Wroblewsky, 
the  expansion-coefficient  of  liquid  oxygen  at  —  139°  is 
001 706 ;  and  that  of  liquid  nitrogen  at  —  1537°  is  0-0311. 

283.  Expansion  oi  Gases. — The  effect  of  heat  upon 
a  gas  may  be  measured  either  by  noting  the  change  in 
its  volume  when  the  pressure  upon  it  is  constant,  or  the 
change  in  its  pressure  when  its  volume  is  preserved  un- 
changed. This  change,  either  of  pressure  or  of  volume, 
like  the  corresponding  temperature- 
change,  is  due  simply  to  a  change  in 
the  molecular  kinetic  energy ;  and 
consequently  the  coefficient  of  vol- 
ume-change in  a  perfect  gas,  as  meas- 
ured by  the  temperature-change, 
should  be  numerically  equal  to  the 
coefficient  of  pressure-change.  Since, 
however,  no  actual  gas  is  a  perfect 
gas,  these  coefficients  have  values 
which  differ  from  each  other  to  an 
extent  depending  upon  the  compressi- 
bility of  the  gas. 

284.  Measurement  of  Coeffi- 
cients.— We  owe  to  Regnault  the 
most  accurate  determination  of  these 
gas-coefficients.  The  apparatus  which 
he  used  is  essentially  an  air-thermom-  * 
eter  (Fig.  101).  The  volume-coeffi- 
cient was  obtained  by  placing  the 
bulb  a  first  in  melting  ice  and  then 
in  the  vapor  of  boiling  water,  and  noting  the  difference 
in  the  volume  of  the  gas  as  measured  by  the  height  of 
the  mercury  column  in   the   tube  A  in  the  two  cases  ; 


Fig.  101. 
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the  diflference  in  height  between  A  and  B  being  made 
zero  in  both  experiments.  Knowing  the  volume  of  the 
bulb  and  of  the  tube,  it  is  easy  to  calculate  the  ratio 
of  the  increase  of  volume  under  constant  pressure  to  tlie 
original  volume,  for  100^  In  ascertaining  the  pressure- 
coefficient,  the  tube  B  was  raised  until  the  mercury  in  A 
stood  at  the  same  point  when  the  bulb  was  at  100°  as 
when  it  was  at  0^  The  volume  being  constant,  the  in- 
creased height  of  the  mercury  column  in  the  second 
experiment  gave  the  increased  pressure  for  100°.  The 
ratio  of  this  increase  of  pressure  to  the  original  pressure 
is  the  pressure-coefficient. 

285.  Law  of  Charles. — The  results  of  Eegnault's  in- 
vestigations fully  confirm  a  law  first  stated  by  Charles 
in  1787,  and  subsequently,  with  more  accuracy,  by  Gay 
Lussac.  This  law  asserts  that  not  only  are  the  volume- 
and  pressure-coefficients  the  same  for  any  one  gas,  but 
they  have  approximately  the  same  value  for  all  gases 
between  0°  and  100°.  Gay  Lussac  obtained  the  value 
0*00375  for  the  mean  volume-coefficient  for  1°,  within 
this  range.  But  Rudberg  by  drying  the  air  more  care- 
fully obtained  0*003665,  a  value  comparable  with  that  of 
Regnault;  as  appears  from  the  following  table,  giving 
both  coefficients  for  different  gases  : 

VOLUME-  AND  PRESSURE-COEFFICIENTS. 

Gas.  Pressure  constant.  Volume  constant. 

Hydrogen 0*003661  0*003667 

Atmospheric  air 0*003670  0*003665 

Nitrogen 0*003668 

Carbon  monoxide 0003669  0*003667 

Carbon  dioxide 0*003710  0003688 

Nitrogen  monoxide 0*003719  0*003676 

Sulphur  dioxide 0*003903  0*003845 

Cyanogen 0.003877  0003829 

280.  Combination  of  the  Law  of  Charles  with  that 
of  Boyle. — By  the  law  of  Boyle,  the  product  of  the 
pressure  and  the  volume  for  a  given  mass  of  gas  i»  «on. 
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stant ;  i.e.,  pv  =  C.  But  since  by  the  law  of  Charles 
the  changes  of  pressure  and  of  volume  are  propor- 
tional to  the  expansion-factors,  we  have  pv/{\  +  yt) 
=  (7 ;  ox  pv  =  (7(1  +  xO>  where  y  is  the  coeflScient 
0*003665.  If  we  assume  this  equation  to  hold  good  at 
all  temperatures,  an  important  conclusion  follows.  For 
if  ^  be  made  equal  to  —  1/;^,  then  jtw  =  0,  and  of  course, 
either  the  gas  will  no  longer  have  any  volume,  or  it  will 
no  longer  exert  pressure  upon  the  containing  vessel. 
Since  y  is  0*003665,  the  temperature  at  which  jtw  =:  0 
is  that  at  which  t  =  —  1/0-003665  ;  ie.,  —  273^  very 
nearly.  This  is  therefore  called  the  absolute  zero  of  tem- 
perature, since  there  is  reason  to  believe  that  at  this  tem- 
perature all  bodies  are  entirely  deprived  of  heat.  As- 
suming now  this  new  zero  point,  we  may  write  the  above 
equation  thus :  pv/d  z=  K\  in  which  6  is  now  the  abso- 
lute temperature,  and  iT  is  a  constant.  From  this  it 
follows  that  at  constant  pressure  v  :  v'  ::  0  :  0^ ;  and  at 
constant  volume  p  :  p'  : :  0  :  ^'.  Or  in  other  words,  the 
volume  of  a  gas  at  constant  pressure,  or  the  pressure  of 
a  gas  at  constant  volume,  is  directly  proportional  to  the 
absolute  temperature. 

287.  Applications  of  the  Laws  of  Expansion. — Nu- 
merous applications  of  the  use  of  expansion-coefficients 
in  practice  might  be  mentioned.  The  primary  standard 
of  length  of  the  metric  system,  adopted  in  1799,  is  a  bar 
of  platinum  formerly  deposited  at  the  Palais  des  Archives 
in  Paris  and  hence  known  as  the  "metre  des  Archives." 
This  bar  is  rectangular  in  section,  25  mm.  wide  and  3*5 
mm.  thick,  the  distance  between  the  planes  perpendicular 
to  its  axis,  which  constitute  its  ends,  being  the  true  length 
of  the  meter,  at  tlie  temperature  of  melting  ice.  For 
comparison  at  other  temperatures,  the  maker  of  this  bar, 
Lenoir,  determined  its  coefficient  of  expansion  for  1°  to 
be  3*1  microns  per  meter ;  that  for  certain  provisional 
brass  meter  bars  being  9*2/i  per  meter  and  that  for  cer- 
tain iron  meters  made  at  the  same  time  being  6*3/y. 
Rogers's  indirect  comparisons  of  this  platinum  bar  with 
the   Imperial  yard   have   shown   that   the  "metre  des 
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Archives"  is  3*37012  inches  longer  than  the  Imperial 
yard,  both  being  at  0°.  Moreover,  he  finds  for  bronze 
(Baily*s  metal)  the  coefficient  17*17)w  for  one  meter ;  for 
steel  (Jessup's)  10-246yu ;  and  for  plate  glass  (Chance  & 
Sons)  7*428)Li ;  these  substances  being  used  by  the  British 
Board  of  Trade  for  constructing  standards.  A  pendu- 
lum may  be  compensated  or  made  independent  of  tem- 
perature, by  making  its  shaft  of  two  diflferent  metals,  so 
arranged  that  their  directions  of  expansion  are  opposite  ; 
as  in  the  gridiron  and  mercurial  pendulums.  Since  the 
expansion  for  1°  is  al  for  the  one  metal  and  aT  for  the 
other,  and  the  length  of  the  pendulum  will  remain  invari- 
able if  these  two  expansions  are  equal  and  opposite, 
al  —  a'l  =  0,  or  al  =  aT  ;  whence  I  :  V  :  :  a^  :  a.  Or  the 
lengths  of  the  metallic  rods  must  be  inversely  as  their 
expansion-coefficients.  Metallic  thermometers  are  con- 
structed containing  a  curved  compound  bar  made  of  two 
strips,  one  of  brass  and  the  other  of  iron.  Since  the 
brass  expands  more  than  the  iron,  the  bar  will  increase 
in  curvature  with  a  rise  in  temperature,  if  the  brass  is 
upon  the  outside ;  and  so  by  moving  an  index,  indicate 
the  temperature  upon  a  suitable  scale.  The  balance- 
wheels  of  watches  are  made  compensa'ting,  upon  the  same 
principle.  In  weighing  gases,  since  their  coefficient  is 
so  considerable,  it  is  important  to  make  suitable  cor- 
rections  for  temperature. 


B. — CHANGE   OF  STATE. 

(a)  Liquefaction, 

288.  Fusion. — Besides  change  of  temperature  and  of 
volume,  heat  produces  change  of  state.  When  a  solid 
body  is  exposed  to  heat,  not  only  does  its  temperature 
rise  and  its  volume  increase,  but  it  liquefies ;  provided 
of  course  that  it  is  not  previously  decomposed.  More- 
over when  a  liquid  body  is  thus  heated  it  is  vaporized, 
and  becomes  a  gas  or  vapor.  The  former  process  is 
called  liquefaction  or  fusion ;  the  latter  vaporization. 
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289.  Laws  of  Fusion. — Certain  solids,  when  sub- 
jected to  heat,  change  their  state  abruptly;  as  in  the 
case  of  ice,  sulphur,  tin,  etc.  Others  again  pass  gradu- 
ally into  the  liquid  state,  becoming  viscous  or  pasty 
during  the  process.  Such  solids  are  sealing-wax,  glass, 
and  wrought-iron.  For  solids  of  the  first  class  the  fol- 
lowing laws  of  fusion  have  been  found  to  hold : 

I.  Every  substance  begins  to  melt  at  a  per- 
fectly definite  point  of  temperature,  called  its 
fusing  point,  which  is  always  the  same  for  the 
same  substance  under  the  same  pressure. 

II.  After  fusion  commences,  the  temperature 
of  the  mass  remains  constant  at  the  fusion  point, 
in  whatever  way  the  heat  may  be  applied,  until 
the  liquefaction  process  is  complete. 

TABLE  OF  FUSING  POINTS. 


Substance.  Temperature. 

Alcohol -130-5° 

Sulphurous  oxide.  —    78*9' 


Substanceu  Temperature. 

Camphor. 175° 

Tin 235^ 


Mercury -    39  5°  Antimony 440° 

Water 0°    I  Silver 954° 

OalHum 30°    |  Palladium 1500° 

Phosphorus 44-2°  Platinum 1775° 

Sodium 96°    llridium 1950° 

The  last  four  of  the  above  values  are  given  on  the 
authority  of  VioUe. 

Example.— If  a  piece  of  ice  cooled  to  —10"  be  gradually  heated, 
its  temperature  will  rise  until  it  reaches  zero,  the  fusing  point 
Then  it  will  begin  to  melt,  and  so  long  as  any  ice  remains  the  ther- 
mometer will  remain  constant  at  zero.  When  all  the  ice  has  been 
liquefied,  the  thermometer  will  again  begin  to  rise. 

290.  Change  of  Volume  on  Fusion, — In  general, 
solids  expand  on  melting;  so  that  the  volume  of  the 
liquid  is  greater  and  its  density  less  than  that  of  the 
solid.  There  are,  however,  certain  notable  exceptions 
to  this  rule.     Water,  bismuth,  type-metal,  and  cast-iron, 
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Phosphorus. 


for  example,  contract  during  liquefaction ;  and  in  conse- 
quence the  lighter  solid  floats 
on  the  denser  liquid.  More- 
over, as  already  stated,  the 
change  in  volume  may  be  sud- 
den or  gradual.  In  the  accom- 
panying figures  the  character  of 
this  change  is  shown  graphically. 
Phosphorus  (Fig.  102)  suddenly  expands  when  heated 
to  44*2°,  and  water  (Fig.  103)  suddenly  expands  when 
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cooled  to  0° ;  their  respective  melting  points.    While  wax 
(Fig.  104),  beginning  to  soften  below  20°,  gradually  ex- 
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pands  and  does  not  reach  complete  liquefaction  until  the 
temperature  rises  to  64°.  The  practical  importance  of 
this  gradual  change  lies  in  the  fact  that  only  such  bodies 
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as  pass  through  this  pasty  condition  on  fusion  are  capa- 
ble of  being  welded.  Wrought-iron  and  platinum,  for 
example,  are  readily  welded,  while  copper,  which  passes 
suddenly  from  the  solid  to  the  liquid  condition,  cannot 
be  welded. 

291.  Effect  of  Pressure  on  the  Fusing  Point. — Since, 
when  a  solid  expands  on  melting,  external  work  is  done 
by  the  heat  in  addition  to  that  required  to  change  the 
state  of  the  body,  it  follows  that  by  increasing  the  press- 
ure upon  the  solid,  the  external  work,  and  hence  the 
heat  required  to  do  it,  will  be  increased  also.  In  conse- 
quence the  fusing  point  of  such  a  solid  is  raised  by  sub- 
jecting the  solid  to  pressure.  On  the  other  hand,  a  solid 
like  ice,  which  contracts  on  melting,  requires  less  heat  to 
melt  it  under  pressure  ;  since  then  the  pressure  acts  in 
the  same  direction  as  the  heat.  Thus  the  melting  point 
of  paraffin  is  raised  3*5°  by  a  pressure  of  100  atmospheres ; 
and  that  of  wax  10°  by  a  pressure  of  500  atmospheres. 
The  fusing  point  of  ice,  however,  is  lowered  0*0075°  for 
each  atmosphere  of  pressure  (Thomson).  So  that  to 
reduce  the  melting  point  of  ice  one  degree  requires  a 
pressure  of  140  kilograms  upon  each  square  centimeter. 
Mousson  liquefied  ice  at  —  20°  by  means  of  a  pressure 
of  13000  atmospheres. 

Experiment. — Boil  water  in  a  flask  and,  after  the  air  is  expelled, 
close  the  flask  tightly  with  a  cork.  When  cold  place  it  in  a  freezing 
mixture  until  a  portion  of  the  water  is  frozen.  If  now,  after  the  ice 
inside  is  partly  melted  again,  the  flask  be  placed  in  water  containing 
fragments  of  ice,  the  water  inside  will  be  seen  to  freeze  at  the  tem- 
perature at  which  the  ice  outside  is  melting.     (Von  Helmholtz.) 

292.  Regrelation. — When  two  pieces  of  ice  at  0°  are 
pressed  together,  they  unite  at  the  point  of  contact. 
This  phenomenon,  to  which  Faraday  gave  the  name 
regelation,  is  a  simple  consequence  of  the  efi'ect  of  press- 
ure in  lowering  the  fusing  point  The  pressure  lique- 
fies the  ice  at  the  plane  of  contact;  but  as  the  water 
produced  is  below  the  fusing  point,  it  freezes  again  as 
soon  as  it  is  relieved  from  pressure,  and  joins  the  whole 
together. 
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Experiment. — Support  a  block  of  ice  horizontally,  and  place 
across  it  a  loop  of  wire  to  the  ends  of  which  considerable  weights 
are  attached.  The  wire  will  be  observed  gradually  to  sink  into  the 
ice  and  eventually  to  cut  its  way  through  it  and  fall  upon  the  floor 
(Bottomley).  But  the  ice  itself  will  not  be  divided,  and  will  remain 
as  solid  as  at  first.  The  pressure  of  the  wire  liquefies  the  ice  imme- 
diately beneath  it,  and  the  resulting  water  flows  round  the  wire  to 
its  upper  side  ;  there,  being  relieved  from  the  pressure,  it  re-solidi- 
fies and  unites  again  the  separated  portions. 

Regelation  can  take  place  only  when  the  temperature 
is  at  the  melting  point  Faraday  floated  a  number  of 
pieces  of  ice  in  water  and  by  causing  them  to  come  into 
contact  successively,  formed  them  into  a  train.  By  tak- 
ing hold  of  the  end  piece  the  entire  train  may  be  lifted 
from  the  water.  The  effect  is  more  striking  when  the 
experiment  is  made  in  hot  water.  The  same  principle  is 
illustrated  in  the  making  of  a  snowball.  It  is  only  when 
the  weather  is  mild  and  the  snow  melting  that  snowballs 
can  be  successfully  made.  The  pressure  of  the  hands  in 
molding  them  liquefies  a  minute  portion  of  the  snow, 
the  water  freezing  again  as  soon  as  the  pressure  disap- 
pears ;  until  finally  the  ball  becomes  a  mass  of  solid  ice. 
Intermittent  pressure  on  a  snow-covered  pavement  or 
roadway  soon  converts  the  snow  into  ice.  And  by  plac- 
ing crushed  ice  in  a  mold  and  submitting  it  to  hydro- 
static pressure,  clear  transparent  ice-masses  may  be  ob- 
tained of  any  form  desired.  This  process  of  regelation 
has  been  applied  to  explain  the  phenomena  of  glacier 
motion,  at  first  supposed  to  be  due  solely  to  viscosity. 
Under  the  superincumbent  pressure  the  glacier  ice  lique- 
fies, the  mass  moves  and  the  pressure  is  relieved.  In- 
stantly the  water  freezes  again  and  the  glacier  is  as  solid 
as  before.  So  too  if  we  suppose  the  materials  compos- 
ing the  earth's  interior  to  expand  on  fusion,  it  is  evident 
that  the  enormous  pressure  above  them — about  500  at- 
mospheres per  kilometer — may  be  quite  sufficient  to 
prevent  their  fusion  even  under  the  very  high  tempera- 
ture which  exists  there.  And  thus  even  though  this 
temperature  be  above  that  of  the  ordinary  fusing  point 
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of  such  materials,  the  earth  may  still  be,  as  Sir  Wm. 
Thomson  supposes,  nearly  as  rigid  as  a  globe  of  steel. 

293.  Solution. — "Solutions,"  says  Ostwald,  "are 
homogeneous  mixtures — mixtures  which  allow  no  sepa- 
ration of  their  components  by  mechanical  means." 
Oases  may  unite  with  each  other  in  all  proportions  to 
form  such  mixtures,  the  pressure  exerted  by  the  mixture 
being  the  sum  of  the  partial  pressures  of  the  constituent 
gases.  The  solution  of  gases  in  liquids  is  well-nigh 
general ;  but  the  amount  dissolved  depends  not  only 
upon  the  nature  of  the  substances  and  upon  the  temper- 
ature, but  is  also  proportional  to  the  pressure.  So  that, 
calling  the  quantity  of  the  gas  contained  in  unit  volume, 
both  of  the  liquid  and  of  the  space  above  it,  the  concen- 
tration, the  law  of  Henry  (1803)  simply  states  that  the 
ratio  of  the  two  concentrations  is  constant  and  indepen- 
dent of  the  pressure.  This  ratio  is  called  the  coefficient 
of  solnbility.  Evidently  at  first,  more  molecules  of  the 
gas  enter  the  liquid  than  leave  it ;  but  the  ratio  decreases 
as  the  liquid  becomes  saturated,  and  equilibrium  is 
reached  when  this  ratio  is  unity.  The  solution  of  a  solid 
in  a  liquid  is  also  dependent  upon  the  nature  of  the  sub- 
stances and  upon  the  temperature ;  the  process  continu- 
ing until  a  definite  concentration  is  reached,  determined 
by  these  conditions.  Since  osmotic  pressure  (192)  cor- 
responds to  vapor^pressure,  a  definite  solution-pressure 
must  be  exerted  by  every  solid  with  respect  to  a  given 
solvent  at  a  given  temperature ;  and  Nernst  has  shown 
that  solution  like  vaporization  will  go  on  until  the  op- 
posing pressure  has  become  equal  to  the  solution-press- 
ure. Thus,  to  saturate  100  grams  of  water,  35*7  grams 
of  sodium  chloride  are  required  at  0°,  36  grams  at  20°, 
and  39*7  grams  at  100° ;  while  of  potassium  nitrate,  13*3 
grams  are  required  at  0°,  31*7  grams  at  20°,  and  246 
grams  at  100°.  Solubilities  are  best  represented  graphi- 
cally. 

Solution,  however,  has  a  chemical  side  as  well  as  a 
physical  one.  While  17  grams  of  ammonia-gas  evolves 
only  4400   heat-units  in  assuming   the   liquid   state,  it 
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evolves  7535  heat-units  in  dissolving  in  18  grams  of 
water ;  so  that  the  formation  of  the  solution  NH,.H,0 
evolves  3135  heat-units  more  than  is  due  simply  to 
change  of  state.  To  fuse  124  grams  sodium  thiosulphate 
9700  heat-units  are  required ;  while  only  5700  heat-units 
are  absorbed  when  it  dissolves  in  water ;  showing  that 
about  4000  heat-units  must  be  evolved  in  the  act  of  the 
chemical  combination  of  the  salt  with  water,  notwith- 
standing the  cooling  effect  due  to  the  solution  itselL 
Hence  MendeMeff  regards  solutions  as  "  fluid,  unstable, 
definite  chemical  compounds  in  a  state  of  dissociation." 

294.  Solidification. — Just  as  a  solid  may  be  melted 
by  the  addition  of  heat,  so  conversely,  a  liquid  may  be 
solidified  by  its  subtraction.  Hence  for  every  liquid 
there  is  a  definite  solidifying  point,  the  temperature  of 
which  is  constant  so  long  as  the  solidifying  process  is 
in  progress.  Moreover,  this  solidifying  point  is  identical 
with  the  fusing  point  of  the  solid  substance.  Substances 
like  bismuth  and  antimony,  which  expand  on  solidifying, 
give  sharp  castings;  while  gold,  silver,  and  copper, 
which  contract,  cannot  be  cast  into  coins  but  must  be 
stamped  in  a  die.  In  the  case  of  water  under  pressure, 
solidification  takes  place  only  at  the  instant  when  the 
pressure  is  relieved.  Hagenbach  submitted  closed  bomb- 
shells containing  water  to  severe  cold  and  observed 
that  the  ice  which  protruded  from  the  openings  after 
the  shell  had  burst  had  the  forms  of  solidified  water-jets. 
Williams  filled  a  12-inch  shell  with  water,  closed  it  with 
a  wooden  stopper,  and  exposed  it  to  a  temperature  of 
—  28°.  When  the  water  froze,  the  stopper  was  projected 
to  a  distance  of  more  than  270  meters  and  a  solid 
cylinder  of  ice  20  centimeters  long  protruded  from  the 
opening. 

When  solidification  takes  place  very  slowly,  either 
from  fusion  or  from  solution,  the  resulting  solid  may 
take  a  regular  geometrical  form,  called  a  crystal.  Under 
these  conditions  the  molecules  are  free  to  move,  and 
therefore  may  arrange  themselves  in  accordance  with 
the  law  of  symmetry. 
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295.  Surfusion. — Supersaturation. — ^Altliough  under 
normal  conditions,  solids  cannot  be  heated  above  their 
fusing  points  without  melting,  liquids  as  such  can  be 
cooled  below  their  solidifying  points.  This  phenomenon 
is  called  snrfasion ;  or  snpersaturation,  when  the  liquid  is 
a  solution.  If  some  water  previously  freed  from  air  by 
boiling  be  placed  in  a  closed  cylinder  provided  with  a 
thermometer,  and  if  the  cylinder  be  placed  in  a  freezing 
mixture,  the  water  may  be  cooled  several  degrees  below 
zero  without  solidifying.  On  agitating  the  vessel,  how- 
ever, the  water  will  at  once  freeze  and  the  thermometer 
will  rise  to  zero.  Despretz  cooled  water  contained  in 
capillary  tubes  to  —  20°  without  freezing ;  and  Dufour 
obtained  the  same  result  with  globules  of  water  floating  in 
a  mixture  of  almond-oil  and  chloroform  of  the  same  den- 
sity as  the  water.  Phosphorus,  which  melts  at  44*2"^,  has 
in  this  way  been  cooled  to  —  5°  witliout  becoming  solid. 
And  Gernez  has  cooled  melted  sulphur,  whose  fiising 
point  is  115°,  to  the  ordinary  temperature  in  a  liquid  of 
the  same  density,  without  solidification.  Upon  droppinec 
into  such  a  liquid,  either  surfused  or  supersaturated,  a 
fragment  of  the  solid,  solidification  begins  at  once.  And 
Gernez  has  observed  that  surfused  sulphur,  obtained  by 
heating  the  fused  mass  to  170°  and  then  cooling  to 
between  90°  and  100°,  crystallizes  in  the  octahedral 
form  on  introducing  a  fragment  of  octahedral  sulphur, 
in  the  prismatic  form  if  a  fragment  of  prismatic  sulphur 
be  introduced,  and  in  a  third  crystalline  form  if  the 
bottom  of  the  vessel  be  rubbed  with  an  iron  rod.  The 
phenomenon  of  supersaturation  is  well  shown  by  hot 
saturated  solutions  either  of  sodium  sulphate  or  sodium 
acetate.  After  cooling,  the  excess  of  the  salt  may  be 
made  to  crystallize  by  adding  a  solid  fragment  of  the 
proper  salt  to  the  supersaturated  solution. 

290.  Heat-changes  on  Fusion  and  Solidification. 
— By  the  second  law  of  fusion  above  given,  change  of 
state  is  not  accompanied  by  any  temperature-change. 
Consequently  since  the  heat-energy  which  enters  a 
body  in  order  to  melt  it  does  not  increase  its  kinetic 
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energy,  it  must  be  stored  up  in  the  body  as  potential 
energy,  this  heat  being  all  expended  in  doing  internal 
work.  When  re-solidified,  this  potential  energy  reappears 
as  heat  and  causes  a  rise  in  temperature.  Since  a  liquid 
contains  more  energy  than  the  corresponding  solid,  the 
process  of  liquefaction  must  evidently  be  a  cooling 
operation,  and  that  of  solidification  a  warming  one. 

Experiment. — The  phenomenon  of  surfusion  is  well  shown  by 
melting  forty  or  fifty  grams  of  sodium  thiosulphate  in  a  flask,  corking 
the  flask,  and  then  allowing  the  whole  to  cool  to  the  ordinary 
temperature.  The  salt  will  remain  in  the  liquid  condition,  in  the 
suffused  state.  But  upon  dropping  in  a  fragment  of  thiosulphate, 
the  whole  will  become  solid,  evolving  a  surprising  amount  of  heat. 
An  analogous  experiment  made  with  sodium  sulphate  or  acetate  in 
saturated  or  nearly  saturated  solution  in  much  the  same  way,  will 
show  the  production  of  heat  in  connection  with  the  phenomenon  of 
supersaturation. 

297.  Heat  of  Lique$Action. — The  heat  of  liquefac- 
tion of  a  solid  substance  is  the  amount  of  heat,  measured 
in  heat-units,  which  is  required  to  change  unit  mass  of 
that  substance  into  a  liquid  under  the  atmospheric 
pressure  without  alteration  of  its  temperature.  This 
constant  has  its  highest  value  in  the  case  of  water ;  and 
therefore  careful  experiments  have  been  made  to  deter- 
mine it  accurately.  According  to  Bunsen,  the  heat  of 
liquefaction  of  ice  is  80*025  heat-units ;  i.e.,  one  gram  of 
ice  at  0°,  in  changing  to  water  at  0°,  absorbs  suflScient 
heat  to  raise  80*025  grams  of  water  one  degree  between 
0°  and  4^ 

Experiment.— Mix  500  grams  of  ice  at  0'  with  500  grams  of  water 
at  80^  When  the  ice  has  all  melted,  the  temperature  of  the  liquid 
will  be  still  zero,  provided  that  no  heat  be  lost.  In  this  case  500 
grams  of  water  has  cooled  through  80',  losing  40000  heat-units,  by 
which  500  grams  ice  has  been  melted.  Hence  80  heat-units  has 
been  required  to  melt  one  gram  of  ice  without  altering  its  tempera- 
ture.   This  is,  therefore,  the  heat  of  liquefaction  of  ice. 

Liquefaction  by  solution  is  also  attended  with  ab- 
sorption of  heat.  If  ammonium  nitrate  be  dissolved  in 
an  equal  mass  of  water,  both  at  10°,  the  temperature  falls 
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to  — 15°.  If  three  parts  of  sodium  sulphate  at  10°  be 
dissolved  in  two  parts  of  dilute  nitric  acid  also  at  10°, 
a  temperature  of  —  19°  is  obtained.  If  six  parts  sodium 
sulphate,  five  parts  ammonium  nitrate,  and  four  parts 
dilute  nitric  acid,  all  at  10°,  be  mixed,  a  temperature  of 

—  26°  results.  Nine  parts  sodium  phosphate  and  one 
of  dilute  nitric  acid  mixed  at  10°  produce   a   cold  of 

—  29°.  Hence  such  solutions  have  been  frequently 
used  as  freezing  mixtures. 

298.  Fusing  Point  of  Mixtures. — Mixtures  of  two 
or  more  solid  substances  have  fusing  points  which  are 
frequently  much  below  that  of  either  of  their  constitu- 
ents. Thus  an  alloy  of  five  parts  of  tin  and  one  of  lead 
melts  at  194°.  An  alloy  of  one  part  of  cadmium,  one  of 
tin,  two  of  lead,  and  four  of  bismuth  melts  at  70°.  A 
mixture  of  potassium  and  of  sodium  chlorides  fuses  at  a 
lower  temperature  than  either  salt  alone.  The  use  of  a 
mixture  of  potassium  and  sodium  carbonates  as  a  flux 
in  mineral  analysis  depends  upon  this  principle.  A 
mixture  of  ice  and  salt  fuses  at  —  22°;  and  hence  liquefies 
with  great  absorption  of  heat  at  all  temperatures  above 
this ;  whence  its  use  as  a  freezing  mixture.  Guthrie  has 
shown  that  for  every  salt  there  is  a  minimum  tempera- 
ture below  which  no  aqueous  solution  of  that  salt  can 
exist.  And  he  calls  that  particular  strength  of  solution 
which  requires  this  lowest  temperature  for  its  solidifica- 
tion a  cryohydrate.  Sodium  chloride  cryohydrate,  the 
body  formed  in  a  mixture  of  ice  and  salt,  solidifies  as  a 
whole  at  -  22°. 

HEATS  OF  LIQUEFACTION. 


Substance.  Heat-units. 

Water 80-025 

Sodium  nitrate 63*0 

Potassium  nitrate . .  474 

Zinc 28-1 

Silver 24-7 

Tin 14-25 


Substance.  Heat-units. 

Bismuth 12*6 

Iodine   11-7 

Sulphur 9-4 

Lead 5*4 

Phosphorus 5*0 

Mercury 2*82 
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299.  Molecular  Depression  of  the  Freeziiigr  Point. 

— ^Although  Blagden  observed  in  1788  a  relation  between 
the  strength  of  a  solution  and  its  solidifying  tempera- 
ture, it  was  not  until  1882  that  Eaoult  discovered  the 
general  law  that  all  equimolecular  solutions  have  the 
same  point  of  solidification.  If  n  molecular  masses  of 
any  substance  be  dissolved  in  w  grams  of  a  given  solvent, 
and  if  A  be  the  depression  of  the  freezing  point  of  this 
solvent  thence  resulting,  we  have  J  =  m/io ;  where  r  is 
a  constant  depending  only  on  the  solvent  employed.  If 
p  grams  of  a  substance  be  thus  dissolved,  then  p  =  nm, 
in  which  m  is  the  molecular  mass ;  and  A  =  rp/mw  or 
m  =  rp/Axo.  So  that  since  />  and  lo  are  known,  the 
molecular  mass  of  the  substance  may  be  obtained  by 
determining  A  and  r.  A  thermometer  graduated  to 
0*01°  serves  to  ascertain  the  freezing  point  of  the  solu- 
tion. And  by  observing  the  depression 
produced  by  a  substance  of  known  molec- 
ular mass,  we  obtain  r  from  the  equation 
r  =  Aw/n. 

Beckmann's  form  of  apparatus  for 
determining  the  freezing  point  is  shown 
in  the  figure  (Fig.  105).  A  hard  glass 
tube  A  two  or  three  centimeters  in  diam- 
eter is  provided  with  a  lateral  branch  JF, 
which  can  be  closed  with  a  cork.  In 
this  tube  is  placed  the  thermometer  Z>, 
and  a  wire  of  platinum  for  a  stirrer.  The 
lower  half  of  this  tube  is  enclosed  in  a 
wider  tube  By  and  is  held  in  its  place  by 
a  cork.  The  whole  is  placed  in  a  beaker 
C  containing  the  freezing  mixture.  About 
15  or  20  grams  of  the  solvent  is  placed  in 
the  tube  A^  and  its  freezing  point  is 
ascertained.  A  known  mass  of  the  sub- 
Fio.  105.  stance  is  then  added  and  a  second  deter- 
mination is  made.  The  diflference  is  the  depression  of 
the  freezing  point  due  to  the  known  mass  dissolved. 
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(6)   Vaporization. 

300.  Vaporization  of  Solids.— Sublimation. — ^When- 
ever the  boilii^g  point  of  a  substance  is  below  its  fnsing 
point,  it  gublimes ;  that  is  to  say,  it  passes  directly  into  the 
condition  of  vapor  without  previously  becoming  a  liquid. 

The  pressure  at  which,  for  any  substance,  the  boiling 
point  of  its  liquid  and  the  melting  point  of  its  solid  coin- 
cide,  is  called  the  fdsing-point  pressure  for  that  substance. 
Since  a  liquid  can  exist  at  any  temperature  only  when 
the  pressure  upon  it  is  greater  than  the  pressure  of  its 
vapor  at  that  temperature,  it  is  clear  that  a  fusible  solid 
under  a  less  pressure  than  the  vapor  pressure  at  the 
fusing  point  cannot  be  melted,  but  on  heating  will  sub- 
lime ;  i.e.,  will  pass  directly  into  the  state  of  vapor.  So 
that  a  solid  body  will  evaporate  without  fusing  when- 
ever the  pressure  upon  it  is  less  than  the  vapor  pressure 
at  the  fusing  point.  If  the  fusiug-point  pressure  of  a 
substance  is  greater  than  the  atmospheric  pressure,  it 
sublimes  on  heating ;  and  in  order  to  fuse  it  the  pressure 
upon  it  must  be  increased.  Arsenic,  arsenous  oxide, 
and  carbon  dioxide  are  examples.  The  vapor  pressure 
of  carbon  dioxide  at  its  fusing  point  (—  65°)  is  three  at- 
mospheres ;  and  hence  under  any  less  pressure  it  sub- 
limes. Conversely,  if  the  f  using-point  pressure  is  below 
the  atmosphere  pressure,  non-fusibility  is  secured  only 
by  reducing  the  pressure.  Thus  the  fusing-point  press- 
ure of  mercuric  chloride  is  420  mm.,  that  of  iodine  is 
90  ram.,  that  of  benzene  is  35*6  mm.,  and  that  of  ice  is 
4*6  mm.  Ice,  therefore,  cannot  be  melted  if  the  press- 
ure upon  it  is  less  than  4*6  mm.  of  mercury. 

301.  Vaporization  of  Liquids. — The  process  of  con- 
verting a  liquid  into  a  vapor  is  also  called  vaporization. 
The  production  of  vapor  may  take  place  solely  from  the 
surface  of  the  liquid,  or  it  may  take  place  throughout  its 
mass.  In  the  former  case  the  vaporization  is  eflfected  by 
evaporation;  in  the  latter,  by  ebullition.  Liquids  which 
evaporate  readily  are  called  volatile  liquids ;  in  distinc- 
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tion  from  those  which  do  not,  which  are  said  to  be  fixed. 
Alcohol,  for  example,  is  a  volatile  liquid,  olive-oil  is  a 
fixed  one. 

When  a  volatile  liquid  is  placed  in  a  vessel  devoid 
of  air,  at  ordinary  temperatures,  the  production  of  vapor 
begins  at  once.  The  space  above  the  liquid  is  rapidly 
filled  with  the  rectilinearly  moving  molecules,  the  total 
kinetic  energy  of  which  causes  a  pressure  upon  the  walls 
of  the  vessel  and  so  partially  destroys  the  vacuum. 
Equilibrium  will  of  course  be  reached  when  the  num- 
ber of  molecules  which  pass  out  of  the  liquid  in  a  given 
time  is  the  same  as  the  number  which  pass  into  it.  The 
pressure  above  the  liquid  thus  produced  by  the  evapora- 
tion depends  only  upon  the  volatility  of  the  liquid  used 
and  upon  the  temperature  at  which  the  experiment  is 
performed.  Thus  if  water  be  the  liquid  and  20°  the 
temperature,  the  pressure  exerted  by  the  vapor  would 
be  about  23000  dynes  upon  each  square  centimeter,  and 
would  support  a  mercury  column  17*4  millimeters  high. 

Experiment. — Fill  a  barometer- tube  with  mercury,  invert  it  in 
its  reservoir,  and  by  means  of  a  curved  pipette  pass  a  few  drops  of 
ether  up  into  the  vacuum  above  the  mercury.  The  ether  will  at 
once  evaporate,  its  vapor  will  produce  pressure,  and  this  pressure 
will  depress  the  column  of  mercury.  If  the  ether  be  in  excess  and 
be  pure,  and  if  no  air  be  present,  this  depression  at  20"  will  be  about 
432  millimeters. 

By  preparing  four  such  tubes,  and  by  passing  ether,  alcohol,  and 
water  into  three  of  them  respectively,  leaving  the  fourth  for  com- 
parison, the  differences  in  the  vapor-pressures  of  these  liquids,  a» 
measured  by  the  depressions  produced,  even  at  the  same  temper- 
ature, may  be  clearly  noted. 

302.  Point  of  Ebullition. — A  vapor  thus  continually 
in  contact  with  its  liquid  is  called  a  saturated  vapor.  As 
the  temperature  is  increased,  the  pressure  of  a  saturated 
vapor  increases  until  finally  it  attains  the  pressure  of 
the  atmosphere.  The  point  of  temperature  at  which  the 
saturated  vapor  of  a  liquid  exerts  a  pressure  equal  to 
that  of  the  atmosphere  is  the  normal  boiling  point,  or 
point  of  ebullition  of  that  liquid.     Since  at  this  temper- 
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airare  the  elasticity  of  the  vapor  is  the  same  as  that  of 
the  atmosphere,  the  production  of  vapor  can  go  on 
throughout  the  entire  mass,  and  thus  give  rise  to  the 
active  escape  of  bubbles  characteristic  of  ebullition. 

303.  Pressure  of  Aqueous  Vapor. — On  account  of 
its  importance  water-vapor  has  generally  been  taken  as 
the  typical  vapor,  and  has  been  carefully  studied.  The 
most  accurate  investigations  upon  the  pressure  of  aque- 
ous vapor  have  been  made  by  Kegnault,  who  studied 
separately  the  value  of  this  pressure  (1)  at  temperatures 
between  -  32°  to  +  50°  and  (2)  between  +  50°  and 
230°.  For  the  low  temperatures,  he  employed  a  couple 
of  barometer-tubes  enclosed  in  a  jacket  by  means  of 
which  they  might  be  heated.  One  of  these  had  the 
usual  vacuum  in  its  upper  part,  the  other  contained 
water  above  the  mercury.  So  that  by  noting  the  de- 
pression of  the  column  and  the  temperature,  the  press- 
ure was  at  once  obtained.  For  high  temperatures 
Regnault  made  use  of  the  principle  that  the  vapor- 
pressure  of  a  liquid  at  its  boiling  point  is  equal  to  the 
air-pressure  to  which  the  liquid  is  subjected.  A  cylin- 
drical boiler  was  connected,  by  means  of  a  long  neck 
kept  cool  by  water,  with  a  spherical  reservoir  into 
which  air  could  be  compressed.  The  temperature  of 
the  water  in  the  boiler  was  measured  by  thermometers 
and  the  pressure  in  the  balloon  by  a  manometer.  The 
results  were  carefully  corrected  for  latitude  and  for 
height  above  the  level  of  the  sea,  and  were  then  plotted 
graphically.  They  are  usually  given  in  tabular  form 
expressing  the  pressure  in  millimeters  of  mercury  or 
in  dynes  per  square  centimeter  at  the  latitude  of  Paris 
for  each  degree  of  temperature  between  the  extremes 
above  noted. 

304  Pressure  of  other  Vapors. — Begnault  experi- 
mented with  other  vapors  also,  and  the  results,  expressed 
in  dynes  per  square  centimeter,  in  the  latitude  of 
Paris,  are  given  in  the  following  table,  for  alcohol,  ether, 
carbon  disulphide,  and  chloroform  ;  that  of  water  being 
added  for  comparison. 
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VAPORPRESSURE  OF  VOLATILE  LIQUIDS. 
Tempera.    ^^^^^  ^^^h^,  Ether.  dSflptlde.    Chloroform. 

-20  1236                4455  919    X  10*  6-31    X  10*         

-10  2790                8630  153    X  10»  1  a58  X  10»          

0  6133              16940  2  46    X  10»  1706  X  10»          

10  12220              32310  3  826  X  10»  2  648  X  10»          

20  23190              59310  5  772  X  10*  8-975  X  10*  2H1  X  10* 

30  42050  1048  X10»  8  648X10*  5*799x10*  3  301x10* 

40  73200  1-783x10*  1*210  X  10«  8*240x10*  4*927  X  10» 

50  1*226X10*  2-932x10*  1687x10*  1144x10*  7*14    X  10* 

60  1*985X10*  4*671X10*  2-301x10*  1*554x10*  1007x10* 

80  4*729  X  10*  1*084  X  10*  4031  X  10*  2  711  X  10*  1*878  X  10* 

100  1014X10*  2*265X10*  6*608x10*  4*435x10*  3-24    X  10* 

120  1-988x10*  4  31    X 10*  1029x10'  6*87    X  10*  5*24    X  10* 

305.  Vapor-pressure  of  Solutions. — The  vapor-press- 
ure of  a  solution  is  less  than  that  of  the  pure  solvent 
Babo  (1848)  showed  that  this  lowering  of  vapor-pressure 
is  proportional  to  the  amount  of  the  dissolved  sub- 
stance ;  and  further  that  for  a  given  solution  and  a 
given  temperature,  the  depression  is  always  the  same 
fraction  of  the  vapor-pressure  of  the  solvent  at  this 
temperature.  Raoult  (1887)  further  proved  that  the 
relative  depression  varies  inversely  as  the  molecular 
mass.  Whence  he  deduced  the  following  laws  :  (1)  The 
molecular  lowering  of  vapor  pressure  produced  by 
all  substances  in  the  same  solvent  is  constant;  and 
(2)  The  relative  lowering  of  vapor-pressure  of  any 
solution  is  equal  to  the  ratio  of  the  number  of 
molecules  of  the  dissolved  substance  to  the  total 
number  of  molecules  in  the  solution.     (Ostwald.) 

306.  Evaporation  into  Air.— DaltonVs  Law. — Experi- 
ments made  by  Dalton  led  him  to  conclude  that  the 
amount  of  evaporation  is  the  same  whether  the  space 
above  the  liquid  contains  air  or  is  void  of  it;  and 
hence  that  the  vapor  pressure  is  the  same  in  a  space 
filled  with  air  as  in  a  vacuum,  at  the  same  temperature. 
This  statement,  which  is  known  as  Dalton's  law,  has 
been  modified  by  Regnault,  who  has  shown  the  joint 
pressure  to  be  slightly  less  than  the  sum  of  the  press- 
ures, owing  to  the  attraction  between  the  vapor  and  the 
air. 
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Experiment.— Introduce  into  a  closed  space  filled  with  dry  air  a 
few  drops  of  a  volatile  liquid.  The  liquid  will  evaporate  and  the 
pressure  in  the  space  will  be  nearly  the  sum  of  the  pressures  of  tho 
air  and  the  vapor.  Thus  if,  for  example,  the  air-pressure  is  76  centi- 
meters, and  water  be  introduced  at  the  temperature  of  20',  its 
vapor-pressure  being  then  1*74  centimeters,  the  total  pressure 
within  the  space  will  be  77*74  centimeters  nearly. 

The  same  principle  applies  to  the  mixture  of  two 
vapors  provided  that  they  have  no  mutual  action  upon 
each  other.  Thus  a  mixture  of  benzene  and  water  or  of 
carbon  disulphide  and  water  gives  a  vapor  whose 
pressure  is  the  sum  of  the  vapor-pressures  of  the  con- 
stituents; but  a  mixture  of  ether  and  water  gives  a 
vapor-pressure  scarcely  greater  than  that  of  ether 
alone. 

307.  Saturated  and  Unsaturated  Vapors. — ^A  vapor 
in  contact  with  its  liquid  is  called  a  saturated  vapor, 
because  under  these  circumstances  evaporation  goes  on 
until  the  maximum  pressure  for  that  temperature  is 
reached.  If,  however,  the  liquid  be  not  in  excess,  it 
may  wholly  evaporate  without  producing  sufficient 
vapor  to  exert  the  maximum  pressure  within  the  space 
it  occupies.  Such  a  vapor  is  called  an  unsaturated 
vapor ;  or  if  the  pressure  which  it  exerts  is  but  a  small 
part  of  the  maximum  pressure  for  that  temperature,  it 
is  called  a  gas.  A  vapor  may  therefore  be  defined  as  a 
gas,  existing  at  a  temperature  at  which  the  maximum 
pressure  is  but  slightly  greater  than  the  actual 
pressure  upon  it.  A  gas  may  be  defined  as  a  vapor, 
existing  at  a  temperature  such  that  the  actual 
pressure  upon  it  is  very  much  less  than  the  maxi- 
mum pressure.  Thus  we  call  sulphur  dioxide  a  gas 
because  the  pressure  under  which  we  ordinarily  see  it, 
which  is  the  atmospheric  pressure,  is  greatly  less  than 
the  maximum  pressure  for  the  same  temperature  were 
it  saturated ;  i.e.,  about  four  and  two-thirds  atmospheres 
at  20^  We  call  steam  a  vapor  because  the  maximum 
pressure  at  ordinary  temperatures,  0*023  of  one  atmos- 
phere, is  much  less  than  the  atmospheric  pressure. 
Evidently  if  an  unsaturated  vapor  be  compressed,  the 
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pressure  exerted  by  it  will  continually  increase  until  the 
maximum  pressure  is  reached.  Subsequent  compression 
will  diminish  the  volume  only  by  reducing  a  correspond- 
ing amount  of  vapor  to  the  state  of  liquid.  Moreover, 
an  unsaturated  vapor  may  be  converted  into  a  saturated 
one  by  a  change  of  temperature  as  well  as  by  a  change 
of  pressure.  Since  the  vapor-pressure  is  a  function  of 
the  temperature,  we  may  cool  the  unsaturated  vapor 
or  gas  down  to  a  temperature  at  which  the  pressure 
upon  it  is  equal  to  or  exceeds  the  maximum  pressure. 
Thus  the  maximum  pressure  for  ammonia  at  20^  is 
nearly  nine  atmospheres,  while  at  5^  it  is  only  about  five 
and  a  half  atmospheres.  A  mass  of  this  gas  under  a 
pressure  of  seven  atmospheres  would  be  unsaturated  at 
20'',  would  be  saturated  at  about  12^,  and  if  cooled  to  5° 
would  deposit  as  liquid  a  quantity  of  vapor  represented 
by  the  excess  of  one  and  a  half  atmospheres  (321). 

308.  Continuity  of  the  Gaseous  and  Liquid  States.— 
Critical  Temperature. — Andrews  has  thrown  much  light 
upon  the  relation  existing  between  the  liquid  and  the 
gaseous  states  of  matter  by  showing  that  there  is  for 
every  vapor  a  definite  point  of  temperature  above  which 
no  pressure  however  great  can  convert  it  into  a  liquid. 
This  point  is  called  the  critical  temperature.  For  exam- 
ple, the  critical  temperature  for  carbon  dioxide  is  30*92°. 
And  Andrews  found  that  while  no  liquefaction  was  possi- 
ble at  Sl-l"*,  the  gas  liquefied  at  21-5®  under  a  pressure 
of  sixty  atmospheres,  and  at  13*1*'  under  forty-mne  atmos- 
pheres. Moreover,  at  the  temperature  of  30*92°  and 
under  a  pressure  of  73  atmospheres  the  gas  is  said  to  be 
in  the  critical  state.  Heated  a  little  it  is  certainly  gas- 
eous ;  cooled  a  little  it  is  as  certainly  liquid,  since  it  is 
far  less  compressible.  But  if  the  pressure  be  maintained, 
the  transition  from  one  to  the  other  is  not  recognizable. 
There  is  a  perfect  continuity  between  the  liquid  and 
gaseous  states  at  all  temperatures  above  the  critical 
point  Vapors  above  the  critical  temperature  are,  there- 
fore, permanent  gases. 
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309.  Density  of  Gases  and  Vapors. — The  density  of 
a  gas  or  a  vapor  is  defined  as  the  amount  of  matter 
which  is  contained  in  the  unit  of  volume.  But  since 
gases  and  vapors  are  highly  susceptible  to  heat  and 
stress  it  is  important  in  stating  the  densitj^  to  fix  accu- 
rately the  temperature  and  pressure.  For  gases  the  mass 
in  grams  of  one  cubic  centimeter  at  0°  and  under  a  mega- 
dyne  pressure  is  called  the  absolute  density.  Belative 
density  is  the  ratio  of  the  absolute  density  of  a  gas  or  va- 
por to  that  of  air  or  of  hydrogen.  The  most  accurate  de- 
terminations of  gas-density  are  those  of  Kegnault  The 
gas  to  be  examined  was  contained  in  a  glass  globe  of 
known  capacity,  suspended  to  one  arm  of  a  sensitive  bal- 
ance. To  the  other  arm  was  hung  a  similar  globe  having 
the  same  displacement  and  serving  as  a  tare.  The  former 
globe  was  exhausted  to  a  known  point,  then  filled  with 
the  gas  and  weighed.  By  dividing  the  known  mass  of 
the  gas  by  its  known  volume  the  mass  of  one  unit  of  vol- 
ume, Le.,  the  absolute  density,  was  obtained.  Obviously 
the  quotient  of  the  absolute  density  of  any  gas  divided 
by  that  of  air  or  of  hydrogen,  is  the  relative  density  of 
this  gas  referred  to  the  air  or  to  the  hydrogen  standard. 

DENSITY   OF  GASES. 

Name  of  G«.  ^^^_  ^^''^'l^^^.. 

Air -0012759  1  14-44 

Oxygen -0014107  1-1057  15-96 

Nitrogen -0012393  09713  1402 

Hydrogen -00008837  0-0693  1 

Carbon  dioxide -0019509  1-5291  2208 

Carbon  monoxide -0012179  0-9545  1378 

Marsh-gas -0007173  0-5622  8-117 

Chlorine -0030909  2-4225  34.98 

Nitrogen  monoxide....  -0019433  1-5231  21.99 

"       dioxide -0013254  10388  14-99 

Sulphurous  oxide....  -0026990  2-115  3054 

Cyanogen -0022990  1-8019  2601 

defiant  gas -0012520  0-9819  14-17 

Ammonia. -0007594  05952  8.59 


Digitized  by  VjOOQIC 


316 


PHYSICS, 


It  will  be  observed  that  the  ratio  of  the  above  densi- 
ties, referred  to  hydrogen,  is  also  the  ratio  of  the  molec- 
alar  masses  of  the  gases  mentioned ;  in  accordance  with 
Avogadro*s  law. 

Relative  vapor-densities  are  of  importance  for  fixing 
molecular  masses,  since  in  the  condition  of  vapor  the 
molecular   mass  is    twice    the    density.      The    experi- 
mental method  consists  in  determining  either  the  vol- 
ume occupied  by  a  known  mass  of  the  vapor,  or  the  mass 
of  the  vapor  which  occupies  a  known  volume.     In  Hof- 
mann*s  modification  of  Gay  Lussac's  method  a  known 
mass  of  the  liquid,  contained  in  a  small  stoppered  bulb, 
is  passed  up  a  barometer-tube  into  the  vacuum  above  the 
mercury  (Fig.  106).     The  upper  portion  of  the  tube  is 
surrounded  with  a  jacket  into  which  the  vapor  of  a 
liquid  of  definite  boiling  point  may  be 
blown,  so  as  to  maintain  the  tube  at 
a  sufficiently  high  temperature.     The 
liquid  in  the  bulb  vaporizes  and  de- 
presses the  mercurial  column,  the  vol- 
ume occupied  by  the  vapor  being  read 
off  on  the  graduated  tube.     The  tem- 
perature and  the  atmospheric  pressure 
being   noted,  the   relative   density   is^ 
easily   calculated,   being    the   inverse 
ratio  of  the  volume  of   the  vapor  to 
that  of  the   same   mass  of  air  or  of 
hydrogen   at    the   same    temperature 
and  pressure. 

In  Victor  Meyer's  method,  the  vol- 
ume of  vapor  produced  from  a  known 
mass  of  the  substance  is  determined 
from  that  of  the  air  which  this  vapor 
displaces.  His  apparatus  consists  of 
a  cylindrical  bulb  a  (Fig.  107)  having 
a  long  stem  c,  provided  with  a  lateral 
delivery-tube  and  closed  at  top  by  a 
rubber  stopper  d.  This  bulb  is  placed  in  the  outer 
vessel  6,  containing  the  vapor  of  a  liquid  of  definite 
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boiling  point.  After  equilibrium  of  temperature  is 
attained  and  air-bubbles  cease  to 
escape  from  the  delivery-tube,  the 
stopper  is  removed  and  a  known  mass 
of  the  substance  is  dropped  in.  The 
vapor  produced  expels  an  equal  vol- 
ume of  air  at  its  own  temperature ; 
and  this  cooled  to  that  of  the  outer  air 
is  collected  in  the  graduated  tube  e. 
The  quotient  of  the  mass  of  the  sub- 
stance divided  by  the  volume  of  the  air 
expelled,  reduced  to  normal  pressure 
and  temperature,  is  the  mass  of  unit 
volume ;  i.e.,  is  the  density. 

For  high  temperatures  the  method 
of  Dumas  is  usually  employed.  A 
glass  globe  of  known  volume  whose 
neck  is  drawn  out  to  a  fine  point,  is 
w^armed,  and  the  point  immersed  in 
the  liquid  to  be  vaporized.  The  liquid 
which  is  thus  drawn  into  the  globe  on 
cooling  is  converted  into  vapor  by 
placing  the  whole  in  a  suitably  heated 
bath.  When  vapor  ceases  to  issue 
from  the  globe,  the  point  of  the  neck 
is  sealed,  the  temperature  and  press- 
ure being  noted.  The  increase  in  the 
weight  of  the  globe  gives  the  mass  of 
the  vapor  it  contains ;  and  the  ratio  of  this  mass  to  that 
of  the  same  volume  of  air  at  the  given  temperature  and 
pressure  is  the  relative  vapor-density. 


Pio.  107. 


RELATIVE  VAPORDENSITIES. 

Substance.                               To  Air.  To  Hydrogen. 

Water 0-6225  8-989 

Alcohol 1-6138  23-302 

Acetic  acid 20800  30-035 

Ether 2-5860  37342 

Benzene 27290  39-436 
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Relativx  YLTfmimssiTms— Continued, 
Bubstance.  To  Air.  To  Hydrogen. 

Carbon  disulphide 26447  38190 

Phosphorus 4*35  62-814 

Sulphur 2-23  32*201 

Mercury   6-86  99-059 

Iodine 8-72  125-92 

310.  On  the  Law  of  Watt.— Distillation. — When  two 
vessels  containing  the  same  liquid  at  different  temper- 
atures are  connected  together,  the  vapor-pressure — 
which  is  identical  in  both  of  them — is  the  pressure 
corresponding  to  the  lower  temperature.  This  fact, 
which  is  known  as  the  law  of  Watt,  is  capable  of  im- 
portant applications.  If  one  of  the  vessels  be  exposed 
to  a  source  of  heat,  continual  evaporation  will  take  place 
within  it,  since  the  vapor-pressure  will  never  reach  its 
normal  maximum.  If  the  other  vessel  be  kept  at  a  low 
temperature,  the  pressure  within  it  will  be  less,  vapor 

will  flow  into  it  from  the  first 
vessel  to  equalize  this  pressure, 
and  will  be  condensed  within 
it.  In  this  way  by  evaporation 
on  the  one  side  at  a  higher 
temperature  and  condensation 
on  the  other  at  a  lower,  the 
whole  of  a  volatile  liquid  may 
be  transferred  from  one  vessel 
to  another.  This  process  is 
called  distillation  and  it  is 
generally  made  use  of  for  the 
purpose  of  separating  a  volatile 
substance  either  from  a  non- 
volatile  or  from  a  less  volatile 
one.  Since  at  the  same  tem- 
perature the  vapor-pressure  of 
a  liquid  is  proportional  to  its 
volatility,  a  mixture  of  two  or 

Fio.  108.  1  J  J 

more  vapors   when  condensed 
will  yield  a  liquid  richer  in  the  more  volatile  constituent 
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311.  liiquefaction  of  Gases  In  CtoneraL — ^Since  a 
gas  is  only  a  vapor  at  a  temperature  higher  or  at  a 
pressure  lower  than  the  critical  point,  it  is  evident  that 
by  increasing  the  pressure  or  by  diminishing  the  tem- 
perature, or  both,  a  gas  may  be  converted  into  a  satu- 
rated vapor ;  which  of  course,  by  a  continuation  of  the 
process,  will  become  a  liquid.  The  pressure  required 
to  liquefy  a  gas  may  be  obtained  either  by  generating 
it  in  a  confined  space,  as  in  the  methods  of  Faraday  and 
Thilorier,  or  by  compressing  it  by  means  of  a  condens- 
ing pump,  as  in  that  of  Natterer  (Fig.  108). 

CRITICAL  TEMPERATURES  AND  PRESSURES. 

Name  of  Gas.  rr.   ^"^^^?^ 

Temperature. 

Sulphur  dioxide 155*4° 

Ammonia 130° 

Cyanogen 124° 

Carbon  dioxide 30-92° 

Marsh-gas -    73-5° 

Nitrogen -  146*0° 

Oxygen —140° 

Hydrogen  (calculated).. . .  —  240 

312.  liiquefaction  ofOxygen,  Nitrogenyand  Hydro- 
gen. — Until  oxygen,  nitrogen,  and  hydrogen  gases  had 
been  cooled  to  the  critical  temperature,  no  amount  of 
pressure  could  liquefy  them.  Hence  they  were  called 
permanent  gases.  Air,  for  example,  had  been  compressed 
until  its  density  far  exceeded  that  of  water,  without  a 
trace  of  liquefaction.  Faraday  expressed  the  opin- 
ion that  the  critical  temperature  for  air,  oxygen,  hydro- 
gen, nitrogen,  carbon  monoxide,  and  marsh-gas  must  be 
below  —  166°.  In  1877,  Cailletet  in  Paris  and  Pictet  in 
Geneva  succeeded  in  reaching  the  critical  temperature 
for  several  of  these  gases,  and  hence  in  liquefying  them. 
In  Cailletet's  apparatus  the  gas  was  contained  in  a  glass 
tube  surrounded  with  a  freezing  mixture  and  cooled  to 
—  29°,  and  was  compressed  by  means  of  mercury  forced 


Critical 
Pressure. 

78-9  a 

tm. 

1150 

« 

61-7 

(( 

73 

« 

56-8 

<( 

35-0 

(( 

320 

<c 

13-3 

(( 

Digitized  by  VjOOQ IC 


320  PHYSICS. 

in  by  hydraulic  pressure  at  three  hundred  atmospheres; 
so  that  when  this  great  pressure  was  suddenly  relieved 
by  opening  a  tap,  the  rapid  expansion  caused  such  a  de- 
pression of  temperature  that  condensation  into  liquid 
drops  took  place,  the  gas  becoming  opake  like  a  fog. 
Pictet,  however,  operated  on  a  larger  scale  and  em- 
ployed three  series  of  compression-pumps,  the  first  of 
which  compressed  sulphur  dioxide  to  a  liquid  at  three 
atmospheres  when  cooled  by  water,  the  second  com- 
pressed carbon  dioxide  to  a  liquid  at  four  to  six  atmos- 
pheres when  cooled  in  the  boiling  sulphur  dioxide  to 

—  60°,  and  the  third  compressed  the  gas  experimented 
on  to  two  hundred  or  more  atmospheres  when  cooled  to 

—  140°  by  immersion  in  the  boiling  dioxide.  By  sur- 
rounding the  gas  under  experiment  with  concentric 
tubes,  the  inner  one  containing  liquid  oxygen  boiling  at 

—  181°  under  atmospheric  pressure,  and  the  outer  one 
liquid  ethylene,  temperatures  were  obtained  low  enough 
to  solidify  nitrogen,  carbon  monoxide,  marsh-gas,  and 
nitrogen  dioxide.  (Olzewski.)  Solid  nitrogen  evaporating 
under  a  pressure  of  4  mm.  gives  a  temperature  of  —  225°. 
Hydrogen  does  not  liquefy  at  —  200°  under  a  pressure 
of  200  atmospheres ;  although  sudden  expansion  under 
these  conditions  produces  a  dense  fog. 

313.  Laws  of  Ebullition. —  Ebullition,  or  boiling, 
takes  place  when  vaporization  goes  on  throughout  the 
entire  mass  of  liquid.  This  happens  at  a  temperature 
at  which  the  vapor-pressure  is  equal  to  the  air-pressure 
which  the  liquid  supports ;  so  that  the  boiling  point  is 
a  function  of  the  air-pressure  upon  the  liquid.  When- 
ever  a  liquid  is  heated  in  an  open  vessel,  more  rapid 
evaporation  goes  on  from  its  surface  as  the  temperature 
rises.  Soon  vapor  is  also  formed  on  the  walls  of  the 
vessel  beneath  the  surface ;  but  as  soon  as  the  bubbles 
begin  to  rise  they  are  at  once  condensed  by  the  cooler 
liquid,  and  thus  the  noise  called  "  singing  '*  is  produced. 
Finallv  the  liquid  becomes  so  hot  that  the  bubbles 
reach  the  surface  without  condensing  and  then  the 
liquid  boils.     It  is  found  that  for  a  given  pressure,  such 
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for  instance  as  that  of  the  atmosphere,  (1)  every  liquid 
has  a  definite  boiling  point,  and  (2)  this  point  re- 
mains constant  after  ebullition  commences,  until 
all  the  liquid  has  been  vaporized.  These  are  the  two 
laws  of  ebullition. 


NORMAL  BOILING  POINTS  OP  VARIOUS  LIQUIDS. 

Liquid.  Boiling  Point. 

Sulphur  dioxide —  800^ 

Ethyl  chloride 11-00 

Ethyl  oxide  (ether) 34 

Carbon  disulphide 48-05° 

Bromine 63-00° 

Wood-spirit 6550° 

Alcohol 78-39° 

Benzene 8044° 

Water 10000° 

Acetic  acid 117*28° 

Silicon  bromide 153*33° 

Phosphorus  tribromide 175-28° 

Sulphuric  acid 337-77° 

Mercury 35000° 


o 


These  boiling  points  are  correct  for  an  atmospheric 
pressure  of  760  millimeters  of  mercury. 

314.  Causes  affecting  the  Boiling  Point. — Since  the 
boiling  point  is  a  direct  function  of  the  pressure,  it  is 
evident  that  the  boiling  point  of  a  liquid  may  be  raised 
by  increasing  the  pressure  and  lowered  by  diminishing 
it 

Experiments. — (1)  Place  a  tall  beaker-glass  containing  ether 
under  the  bell-glass  of  an  air  pamp  and  exhaust  the  air.  The 
ether  will  boil  at  the  ordinary  temperature. 

(2)  Place  a  similar  beaker-glass  containing  water  at  30°  in  the 
exhausted  bell-glass.  The  water  will  boil  actively,  under  a  pressure 
of  38  mm. 

(3)  Boil  water  in  a  long-necked  flask  until  the  air  is  expelled 
from  the  flask  and  its  place  is  taken  by  steam.     Cork  the  flask 
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tightly  while  the  water  is  boiling  and  invert  it  with  the  mouth 
beneath    wat«r    in    a   suitable    jar,    as    shown    in    the    figure 

(Fig.  109).     As  the  apparatus  cools 
the  boiling  will  continue.     By  pour- 
ing cold  water  on  the  flask,  the  boil- 
.•i"'^        .  >X.  ing  is  made  very  active;  by  pouring 

^Tuzwl  ^^^  water  upon  it,  the  boiling  ceases. 

rfvP. !  I  The  apparent  fact  that  water  is  thus 

made  to  boil  by  cold  and  to  cease  to 
boil  by  heat  has  caused  the  name 
"  culinary  paradox'*  to  be  given  to 
this  experiment. 

The  explanation  of  this 
phenomenon  is  very  simple. 
As  the  flask  cools,  the  vapor- 
pressure,  which  is  a  func- 
tion of  the  temperature,  di- 
minishes ;  and  of  course  the 
boiling  point,  which  is  a  func- 
tion  of  the  pressure,  also 
diminishes.  The  liquid, 
therefore,  continues  to  boil  at 
the  continually  decreasing  temperature.  If  now  the 
vapor-pressure  be  markedly  decreased  by  pouring  on 
cold  water,  active  ebullition  takes  place  to  restore  the 
initial  pressure ;  while  if  the  vapor-pressure  within  the 
flask  be  increased  by  pouring  on  hot  water,  the  tempera- 
ture of  the  water  inside  is  not  sufficient  to  cause  ebulli- 
tion at  this  pressure.  On  the  top  of  Mont  Blanc,  for 
example,  water  boils  at  85**  and  at  Quito  at  90°  ;  so  that 
many  culinary  operations  can  be  successfully  carried  on 
there  only  under  pressure.  Another  application  of  this 
principle  is  found  in  the  so-called  vacuum-pan,  in  which 
sugar-sirup  is  concentrated  to  the  crystallizing  point  at 
a  temperature  below  that  at  which  it  begins  to  char  and 
become  discolored. 

An  increase  of  pressure,  on  the  other  hand,  raises  the 
boiling  point.  Under  a  pressure  of  two  atmospheres 
water  boils  at  120*6°,  and  of  ten  atmospheres,  at  180*3°. 
Use  is  made  of  this  fact  in  the  arts  in  the  apparatus 


Fig.  109. 
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known  as  a  digester.  This  is  essentially  a  strong  boiler, 
in  which,  along  with  water,  substances  are  placed  which 
are  io  be  subjected  to  the  action  of  steam  at  high  tem- 
peratures ;  such  as  bones  for  the  extraction  of  gelatin. 

Experiment. — Franklin's  **  pulse-glass"  consists  of  a  glass  tube 
bent  twice  at  right  angles,  and  having  a  bulb  on  each  end.  It  is 
partly  filled  with  a  colored  liquid,  say  alcohol,  which  is  then  boiled 
until  the  vapor  expels  the  air,  when  the  apparatus  is  sealed.  When 
cold,  if  one  of  the  bulbs  be  held  in  the  hand,  the  vapor  in  that  bulb 
is  expanded  and  drives  the  liquid  into  the  other  bulb,  afterward 
passing  through  it  in  bubbles,  as  if  it  were  boiling.  Of  course  the 
phenomenon  is  entirely  independent  of  the  pulse. 

315.  Use  of  Boiliug:  Point  to  measure  Heiglits.— 
Hypsometry. — It  is  evident  that  by  noting  the  tempera- 
ture of  ebullition  of  a  liquid  whose  normal  boiling  point 
is  known  we  may  determine  the  pressure  to  which  it  is 
subjected.  The  measurement  of  heights  by  means  of  the 
boiling  point  is  also  called  hypsometry,  and  a  hypsometer 
is  simply  a  compact  and  easily  transportable  apparatus 
in  which  water  may  be  boiled.  It  is  furnished  with  a 
delicate  thermometer — reading,  say,  to  O'Ol*^*— to  indicate 
the  temperature,  the  range  of  the  thermometer  being 
small,  say  10°  or  20°  only.  The  change  of  temperature 
is  roughly  one  degree  for  every  293  meters  of  vertical 
ascent  above  the  sea  level. 

316.  Eflfect  of  Cohesion. — The  boiling  point  of  a 
liquid  is  affected  also  by  cohesion.  The  nature  of  the 
vessel  in  which  the  liquid  is  contained  and  the  character 
of  the  substances  which  it  holds  in  solution  have  a 
marked  influence.  Water  which  boils  in  a  copper  ves- 
sel at  100°  was  found  to  have  a  boiling  point  of  101°  in  a 
glass  one  ;  and  if  the  glass  vessel  had  been  carefully 
cleansed  with  acid,  the  boiling  point  rose  even  to  105°  or 
106°.  A  saturated  solution  of  sodium  chloride  boils  at 
102°,  one  of  potassium  nitrate  at  116°,  one  of  potassium 
carbonate  at  135°,  and  one  of  calcium  chloride  at  179°; 
the  effect  of  salts  being  in  general  to  raise  the  boiling- 
point.  This  result  is  obviously  due  to  the  consumption 
of  additional  energy  in  order  to  overcome  the  cohesive 
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attractions  inyolved  in  the  above  solutions.  In  all 
cases,  however,  the  vapor  from  a  saline  solution  has  the 
same  temperature  as  if  evolved  from  pure  water  at  the 
same  pressure. 

The  effect  of  dissolved  air  upon  the  boiling  point  is 
very  remarkable.  Donny  has  ascertained  that  water 
when  deprived  of  air  by  prolonged  boiling  can  be 
heated  in  a  closed  glass  vessel  to  135°  without  boiling  ; 
and  Grove  has  expressed  the  opinion  that  since  water 
still  contains  traces  of  nitrogen  even  after  the  most  pro- 
longed boiling,  no  one  has  yet  seen  the  phenomenon  of 
pure  water  boiling.  By  placing  water  in  a  liquid  of  the 
same  density  with  which  it  does  not  mix,  but  which  has 
a  higher  boiling  point,  Dufour  was  able  to  heat  it  to  high 
temperatures.  In  a  mixture  of  oil  of  cloves  and  linseed- 
oil,  for  example,  globules  of  water  10  mm.  in  diameter 
were  heated  to  120°  to  130° ;  and  smaller  globules  1  to  3 
mm.  reached  a  temperature  of  175°,  a  condition  under 
which  the  vapor-pressure  on  a  free  surface  is  8  or  9  at- 
mospheres. Contact  with  a  solid  body  or  the  evolution 
of  gas  in  the  hot  liquid  caused  an  almost  explosive  ebul- 
lition, with  a  hissing  sound  like  that  produced  by  a  hot 
iron. 

When  one  liquid  is  mixed  with  another  of  lower 
boiling  point,  the  boiling  point  of  the  former  is  generally 
lowered  ;  and  vice  versa.  A  mixture  of  two  parts  of 
alcohol  and  one  of  water  boils  at  83°,  a  mixture  of  two 
parts  of  carbon  disulphide  and  one  of  ether  at  38°.  In 
some  cases,  however,  the  boiling  point  of  the  mixture  is 
below  that  of  either  constituent.  Thus  a  mixture  of 
water  and  carbon  disulphide  boils  at  43°.  Hence  if 
these  two  liquids  are  mixed  at  45°,  the  mixture  at  once 
begins  to  boil. 

317.  EflTect  of  Chemical  Composition  on  Boiling 
Point.— Homologous  Series. — Not  only  has  every  liquid 
a  definite  boiling  point,  depending  upon  its  chemical 
character,  but  a  series  of  liquids  alike  in  composition 
though  progressively  differing  in  molecular  mass  has 
a  series  of  boiliug  points  also  progressively  differing. 
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Thus,  for  example,  Kopp  has  shown  that  in  the  series  of 
normal  alcohols,  of  acids,  and  of  compound  ethers  of  the 
fatty  class,  the  members  of  which  differ  progressively  by 
CH,  in  composition,  there  is  a  progressive  difference  of 
19®  in  their  boiling  points  for  each  CH,  added.  Such  a 
series  of  compounds  is  called  a  homologous  series. 

318.  Thermal  Changes  accompanying  Vaporiza- 
tion.— Since  a  liquid  and  its  vapor  may  have  the  same 
temperature,  that  portion  of  the  heat-energy  which  is 
imparted  to  a  liquid  to  vaporize  it  is  expended  in  doing 
internal  work  and  is  stored  up  in  the  vapor.  A  vapor 
consequently  possesses  more  potential  energy  than  its 
liquid.  We  owe  to  Regnault  the  most  accurate  determi- 
nation of  the  heat  absorbed  in  vaporizing  water;  or 
what  is  the  same  thing,  the  heat  which  is  set  free  when 
steam  is  condensed.  He  found  that  one  gram  of  satu- 
rated steam  at  0®  evolves  606*5  calories  in  condensing  to 
water  at  0°.  If  the  temperature  of  the  steam  is  not  0® 
but  <°,  then  the  heat  evolved  is  606-5  +  0-305^.  Thus, 
for  example,  if  the  steam  be  at  100°,  the  heat  set  free 
will  be  606*5  +  30*5  or  637  calories  or  water-gram-de- 
grees, in  passing  to  water  at  0°.  If  the  water  be  at  100°, 
the  heat  set  free  will  evidently  be  100  calories  less,  or 
537.  The  following  table  gives  the  results  obtained  by 
Andrews  for  several  of  the  more  common  liquids : 

HEAT  OP  VAPORIZATION. 


Liquid.  Calories. 

Water 535-9 

Methyl  alcohol....  263*7 

Ethyl  alcohol 202*4 

Ethyl  acetate 92*68 


Liquid.  Calories. 

Ether.. 90*45 

Carbon  disulphide . .  86*67 

Bromine 45*60 

Stannous  chloride . .  30*53 


In  this  table,  the  temperature  of  both  liquid  and  vapor 
is  supposed  to  be  that  of  the  boiling  point  of  the  liquid. 

Experiment. — Place  in  a  beaker-glass  a  weighed  quantity  of 
water  at  0"  and  conduct  into  it  a  jet  of  steam  from  a  boiler.  The 
steam  will  condense  and  the  water  will  rise  in  temperature  until  the 
boiling  point  is  reached.  If  the  operation  be  then  stopped  and  the 
beaker  be  again  weighed,  it  will  be  observed  that  the  water  which 
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it  contained  has  been  raised  from  0"  to  100°  by  the  condensation  in 
it  of  less  than  one  fifth  of  its  mass  of  steam. 

319.  Production  of  Cold  from  Change  of  State. — 

Whenever  a  solid  changes  into  a  liquid,  or  a  liquid 
changes  into  a  vapor,  the  heat  required  to  produce  this 
change  of  state  must  be  supplied  from  surrounding 
sources.  When  ice  is  exposed  at  any  temperature  above 
0''  it  melts,  takes  heat  from  all  surrounding  bodies,  and 
thus  becomes  a  source  of  cold.  When  a  volatile  liquid 
like  ether  is  allowed  to  evaporate,  the  heat  necessary  to 
convert  it  into  vapor  is  taken  from  the  objects  with 
which  it  is  in  contact  and  they  are  thereby  cooled. 
Upon  facts  such  as  these  depend  the  various  methods 
in  practical  use  for  the  production  of  cold  artificially. 
A  mixture  of  ice  and  salt,  as  we  have  seen,  fuses  at  —  22°. 
Hence  if  exposed  to  any  temperature  above  this,  it  melts 
and  produces  cold.  A  glance  at  the  tables  already  given, 
however,  will  show  that  the  heat  absorbed  in  vaporiza- 
tion is  far  greater  than  that  required  for  liquefaction ; 
one  gram  of  ice  requiring  only  80  calories  to  melt  it, 
while  one  gram  of  water  requires  537  calories  to  vapo- 
rize it.  Freezing-machines  therefore  are  generally  con- 
structed to  make  use  of  volatile  liquids,  such  as  ether,  car- 
bon disulphide,  or  ammonia.  The  ammonia  ice-machine 
of  F.  Carre  is  perhaps  the  best  known.     One  form  of  it 

consists  (Fig.  110)  of  a 
strong  wrought-iron  cylin- 
der containing  a  saturated 
solution  of  ammonia  in 
water.  Connected  with  this 
is  a  wrought-irou  annular 
condenser  conical  in  form. 
Upon  placing  the  condenser 
in  cold  water  and  the  cylin- 
der in  a  charcoal-furnace, 
the  ammonia-gas  is  expelled 
j.^^  j^Q  from  the  water ;  and  being 

in  a   closed   space,  is  con- 
densed by  its  own  pressure  until  the  saturation-point  is 
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reached  for  that  temperature.  Then  liquefaction  begins 
and  continues  until  most  of  the  ammonia-gas  has  been 
expelled  from  the  water.  The  apparatus  is  now  reversed, 
the  cylinder  being  immersed  in  the  cold  water.  The 
ammonia-gas  is  re-absorbed  by  the  water  in  this  cylinder 
and  the  liquefied  ammonia  evaporates  to  maintain  the 
saturation-pressure,  of  course  absorbing  heat  in  the  pro- 
cess. If  a  vessel  containing  water  be  placed  in  the  cylin- 
drical space  in  the  condenser,  and  the  whole  be  wrapped 
in  a  non-conducting  jacket,  this  heat  is  abstracted  from 
the  water,  which  is  soon  frozen  ;  the  apparatus  reverting 
again  to  its  original  condition. 

Water  is  cooled  by  its  own  evaporation  in  hot  cli- 
mates by  placing  it  in  vessels  of  porous  earthenware, 
under  conditions  favoring 
evaporation  from  the  sur- 
face. In  some  parts  of 
India  ice  is  said  to  be  pro- 
duced by  exposing  water 
during  the  night  in  shal- 
low vessels  of  porous  ware 
placed  upon  rice-straw. 
Leslie  froze  water  by  its 
own  evaporation  by  plac- 
ing it  under  the  receiver  of 
an  air-pump,with  some  sul- 
phuric acid  to  absorb  the 
vapor.  And  E.  Carr^  has 
utilized  this  experiment 
in  the  production  of  domestic  ice-machines  (Fig.  111\ 
With  a  good  exhaustion,  these  machines  exhibit  the  ap- 
parent paradox  that  water  will  boil  even  under  a  surface 
of  ice. 

It  should  here  be  noted  that  while  the  amount  of 
heat  abstracted  by  the  evaporation  of  a  given  quantity 
of  a  liquid  is  constant,  being  always  the  product  6l  its 
mass  by  its  heat  of  vaporization,  yet  that  the  tempera- 
ture  produced  is  in  general  lower,  in  proportion  as  the 
evaporation  is  the  more  rapid  ;  since  under  these  cir- 
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cumstances  more  heat  is  removed  from  the  bodies  con- 
cerned than  is  supplied  to  them.  Hence  the  greater 
cold  produced  by  the  evaporation  of  more  volatile 
liquids,  such  as  ether  and  alcohol,  which  evaporate 
faster  than  water.  And  hence  also  the  advantage  of 
hastening  the  evaporation  by  blowing  upon  the  liquid 
surface  or  by  exhausting  the  air  above  it.  By  a  mix- 
ture of  solid  carbon  dioxide  and  ether  in  vacuo,  Faraday 
obtained  a  cold  of  —  110°  ;  and  by  a  similar  mixture  of 
liquid  nitrogen  monoxide  and  carbon  disulphide,  Nat- 
terer  produced  a  temperature  of  —  140°.  By  evapo- 
rating liquid  air,  Olzewski  produced  a  temperature  of 
—  210°.  The  cold  produced  by  the  evaporation  of 
liquid  carbon  dioxide  in  the  air,  when  it  is  relieved 
from  pressure,  is  sufficient  to  freeze  the  greater  part  of 
it,  producing  a  solid  mass  like  snow,  which  evaporates 
slowly  producing  a  temperature  of  —  90°. 

3J50.  Spheroidal  State. — When  a  drop  of  water  is 
placed  on  a  highly  heated  surface,  it  does  not  come  in 
contact  with  the  surface  but  rolls  about  upon  it,  oscil- 
lating and  gradually  evaporating.  It  is  said  to  be  in  the 
spheroidal  state.  This  phenomenon  has  been  studied  by 
Leidenfrost  and  by  Boutigny,  who  have  shown  (1)  that  the 
temperature  at  which  it  is  produced  is  higher  the  more 
elevated  the  boiling  point  of  the  liquid  used,  and  (2)  that 
the  temperature  of  the  liquid  spheroid  is  always  below 
that  of  its  point  of  ebullition.  Thus  for  water  the  heated 
surface  must  not  be  below  200°,  for  alcohol  134°,  and  for 
ether  61°.  When  in  the  spheroidal  state,  water  has  a 
temperature  of  95°,  alcohol  of  75°,  ether  of  34°,  and 
sulphur  dioxide  of  —  11°.  This  last  fact  enabled  Bou- 
tigny to  perform  a  curious  experiment.  Since  sulphur 
dioxide  in  the  spheroidal  state  has  a  temperature 
below  zero,  he  found  that  by  placing  this  liquid  in  a 
red-hot  platinum  dish  it  assumed  the  spheroidal  condi- 
tion and  slowly  evaporated.  On  introducing  now  some 
water  into  the  mass,  it  was  immediately  frozen  by  the 
abstraction  of  its  heat  to  the  sulphur  dioxide ;  and  a 
piece  of  ice  was  thus  produced  in  and  throwu  from  the 
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red-hot  vessel.  In  the  same  way  Faraday,  by  using  a 
mixture  of  solid  carbon  dioxide  and  ether,  in  the  sphe- 
roidal state,  succeeded  in  freezing  mercury  in  a  red-hot 
crucible  of  platinum. 

In  all  these  cases  the  liquid  spheroid  is  supported 
upon  a  layer  or  cushion  of  its  own  vapor  which,  being  a 
poor  conductor  of  heat,  allows  only  a  very  slow  transfer 
of  heat  from  the  heated  plate  ;  so  that  the  evaporation 
easily  keeps  the  temperature  below  the  boiling  point 
The  fact  that  there  is  no  contact  is  easily  observed  if 
the  surface  be  but  very  slightly  convex.  The  light  of  a 
candle  on  the  other  side  can  be  seen  beneath  the  drop. 
The  layer  of  vapor  which  has  to  support  the  drop  is 
called  a  Crookes  layer ;  i.e.,  a  layer  of  molecules  whose 
mean  free  path,  in  the  language  of  the  kinetic  theory  of 
gases,  is  greater  than  the  distance  between  the  solid  and 
liquid  surfaces  (372).  This  active  molecular  bombard- 
ment it  is,  then,  which  supports  the  spheroidal  mass 
above  the  surface. 

321.  Dew-point.— Hygrometry. — If  air  containing  a 
given  quantity  of  aqueous  vapor  be  cooled,  it  will  con- 
tinually approach  and  finally  reach  saturation  ;  since 
the  lower  the  temperature,  the  less  the  maximum  vapor^ 
pressure.  Hence  if  into  such  moist  air  a  solid  be  intro- 
duced, whose  temperature  is  below  that  of  saturation 
for  the  given  vapor- pressure,  a  condensation  of  the 
moisture  will  take  place  and  it  will  be  deposited  upon 
the  solid  in  the  form  of  dew.  If  the  solid  is  below  zero, 
the  dew  freezes  as  it  forms  and  is  then  called  frost.  The 
temperature  to  which  air  must  be  cooled  in  order  that 
the  amount  of  moisture  actually  present  in  it  will  be 
sufficient  to  saturate  it,  is  called  the  dew-point.  The 
ratio  of  the  amount  of  moisture  present  to  that  which 
would  saturate  the  air  at  the  same  temperature,  ex- 
pressed in  percentages,  is  called  the  relative  humidity  of 
the  air.  For  the  purpose  of  these  comparisons,  either 
the  actual  amount  of  moisture  in  the  air,  expressed  as 
grams  per  cubic  meter,  or,  what  is  preferable,  the  vapor- 
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pressure  of  the  moisture,  expressed  in  dynes  per  square 
centimeter,  may  be  taken. 

Examples.— Suppose  the  vapor-pressure  in  a  given  mass  of  air 
at  20*  to  be  15000  dynes  per  square  centimeter,  and  that  a  mass 
of  iron  maintained  at  10"  be  introduced  into  it.  The  air  in  contact 
with  the  iron  will  be  cooled  to  10**  and  dew  will  be  deposited  upon 
it,  since  at  10**  the  saturation-pressure  is  only  12220  dynes.  Since 
23190  —  12220  =  10970  ;  and  since  15000  -  12220  =  2780,  we 
have  10970  :  2780  :  :  10  :  2*5 ;  whence  the  dew-point  under  these 
circumstances  is  about  12*5**  and  the  relative  humidity  HfB  = 
64-68  per  cent. 

Hygrometry  is  the  science  of  measuring  the  state  of 
the  air  as  regards  its  moisture,  and  is  of  very  consider- 
able meteorological  importance.  Several  methods  of  de- 
termining atmospheric  moisture  are  in  use.  In  the 
simplest  or  chemical  method,  a  known  volume  of  air  is 
drawn  over  calcium  chloride  or  other  hygroscopic  sub- 
stance previously  weighed  carefully.  The  increase  in 
weight  gives  of  course  the  absolute  amount  of  moisture 
in  this  volume  of  air,  whence  the  absolute  humidity  or 
the  number  of  grams  in  a  cubic  meter  may  be  calculated. 
Daniell's  hygrometer  determines  the  dew-point ;  i.e.,  the 
temperature  at  which  the  amount  of  moisture  actually 
present  in  the  air  would  saturate  it ;  whence  the  amount 
in  absolute  measure  is  also  known.  It  consists  of  a  glass 
tube  bent  twice  at  right  angles,  each  end  terminating  in 
a  bulb.  The  apparatus  contains  only  ether  and  its  vapor. 
One  of  the  bulbs  is  of  black  glass  and  contains  a  delicate 
thermometer.  The  other  is  covered  with  muslin.  If 
now  ether  be  poured  on  the  muslin,  its  evapora- 
tion cools  the  bulb  and  condenses  the  vapor  within  it. 
And  as  a  result,  the  liquid  in  the  dark  bulb  evaporates 
and  cools  this  bulb.  It  is  carefully  watched  and  the  tem- 
perature  within  it  is  noted  the  instant  its  surface  is  be- 
dewed. The  application  of  the  ether  is  suspended,  and 
the  temperature  again  noted  at  the  instant  of  the  disap- 
pearance of  the  dew.  The  mean  of  these  two  tempera- 
tures is  the  dew-point.  Modifications  of  this  instrument 
have  been  made  by  several  observers ;  notably  by 
Begnault,  Crova,  and  AUuard. 
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The  form  of  hygrometer  in  use  for  meteorological 
purposes  was  devised  by  August  and  is  known  as  a 
psychrometer.  It  is  quite  simple  in  its  construction, 
consisting  only  of  two  accurate  thermometers  one  of 
which  has  its  bulb  covered  with  cotton  in  communica- 
tion with  a  reservoir  of  water.  Obviously  when  there  is 
no  evaporation,  i.e.,  when  both  bulbs  are  dry  or  when 
the  air  is  saturated,  both  thermometers  will  read  the 
same.  And  in  proportion  as  the  air  is  dry  and  evapora- 
tion consequently  more  active,  the  difference  in  the 
readings  will  be  the  greater.  By  means  of  the  empirical 
formula 

p  =  p'-  0-00077(«  -  t,)h,  [51] 

in  which  p'  is  the  maximum  vapor-pressure  at  ^j°,  the 
temperature  of  the  wet-bulb  thermometer,  ^^  is  the 
temperature  of  the  dry-bulb  thermometer,  and  h  the  ba- 
rometer-reading, the  actual  vapor-pressure  p  of  the 
aqueous  vapor  may  be  calculated,  and  the  dew-point 
thus  obtained. 

322,  Mass  of  Aqueous  Vapor  present  in  Air. — Hav- 
ing obtained  the  dew-point  and  therefore  the  actual 
vapor-pressure  in  the  air,  the  absolute  humidity  may 
readily  be  computed.  Since  a  cubic  meter  of  dry  air 
weighs  1275*9  grams  at  0°  and  under  a  megadyne  press- 
ure, the  mass  M oi  this  volume  at  a  temperature  t^  and 
a  pressure  p  dynes  per  square  centimeter  will  evidently 
be 

J!f=  1275-9  Xi^.X 


10''^l+00367«' 

And  since  aqueous  vapor  has  a  relative  density  of  0*6225 
as  compared  with  air,  the  mass  M'  of  this  volume  of 
vapor  is 

i/'=0-6225  X  1275-9  x  ^y^^^^t'      ^^^^ 
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Example. — Required  the  mass  of  aqueous  vapor  in  a  cubic  meter 
of  air,  at  the  temperature  of  15**,  the  barometer  standing  at  750  mm. 
and  the  dew-point  being  10*.  The  vapor-pressure  p  in  dynes,  cor- 
responding to  10%  is  '9165  X  980  x  18*596.    Hence  we  have  M'= 

^  «««.      .«,,.  r.      '^l^S  X  ^8^  X  13-596  1  ^  ^^^ 

0-6225  X  1275-9  x  j^. X  ^  ^(.oo367  x"ir)=  ^*^^^ 

grains. 


Section  IV. — Transference  of  Heat. 


A. — CJONDUCnON. 

323.  Definition  of  Heat-conductivity. — Since  heat 
is  molecular  motion,  it  is  evidently  capable  of  ready 
transfer  from  one  portion  of  matter  to  another.  Pre- 
cisely as  mass  motion  is  transferred  when  two  bodies 
whose  speeds  are  different  come  into  contact,  so  molec- 
ular motion,  or  heat,  is  transferred  when  two  bodies  of 
different  temperatures  are  made  to  touch.  Heat  always 
tends  to  estabh'sh  equilibrium  of  temperature  ;  and 
hence  under  these  circumstances  there  is  always  a  flow 
of  heat  either  from  the  hotter  to  the  colder  body,  or 
from  the  hotter  to  the  colder  portions  of  the  same  body. 
This  transference  of  heat  from  molecule  to  molecule  is 
called  conduction.  Those  substances  which  allow  a  ready 
transfer  of  heat  through  them  are  called  good  conduc- 
tors ;  such  are  copper,  brass,  iron,  and  the  metals  in 
general.  Those  substances  which  transmit  heat  im- 
perfectly are  called  bad  conductors;  such  are  wood, 
glass,  horn,  and  also  liquids  and  gases.  One  end  of  a 
copper  rod  if  placed  in  a  flame  becomes  scarcely  red 
before  the  other  end  is  too  hot  to  hold  in  the  hand ; 
while  a  much  shorter  glass  rod  may  be  melted  at  one 
end  without  becoming  even  warm  at  the  otlier. 

Experiment.  —Place  along  a  rod  of  copper  and  along  a  similar 
rod  of  iron  a  series  of  marbles  fastened  by  wax.  Support  both  rods 
horizontally  with  their  ends  in  contact,  and  heat  the  junction  with 
a  gas-flame.    The  heat  will  be  transferred  along  the  bars  by  conduc- 
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tion  and  the  marbles  will  successively  fall.  They  will  not  only  fall 
more  rapidly  on  the  copper  rod,  but  the  last  one  to  fall  on  this  rod 
will  be  at  a  greater  distance  from  the  source  of  heat;  showing  the 
better  conductivity  of  the  copper. 

If  a  series  of  rods  of  different  substances,  say  of  silver,  copper, 
iron,  steel,  brass,  lead,  glass,  and  wood,  all  of  the  same  diameter 
and  length,  be  passed  through  corks  closing  openings  in  the  side  of 
a  rectangular  metal  trough,  and  if  the  portions  outside  the  openings 
be  covered  with  a  thin  layer  of  wax,  then  it  will  be  found  on  filling 
the  trough  with  hot  water,  that  the  gradual  transfer  of  heat  along 
the  rods  by  conduction  can  be  followed  by  the  melting  of  the  wax. 
If  the  temperature  of  the  water  be  maintained  constant,  it  will  be 
observed  that  after  a  certain  time  all  the  heat  transferred  to  the 
rods  is  lost  by  cooling ;  so  that  they  cease  to  rise  in  temperature. 
On  examining  them  now,  it  will  be  observed  that  the  wax  has  melted 
io  the  greatest  distance  on  the  silver  rod  ;  and  next  in  order  on  those 
of  copper,  brass,  iron,  steel,  lead,  glass,  and  wood.  Hence  their 
conductivities  are  in  the  order  given. 

In  such  experiments  as  the  above,  care  should  be 
taken  to  distinguish  between  thermometrical  and  calori- 
tnetrical*  conductivity ;  i.e.,  between  a  transference  of 
temperature  and  a  transference  of  heat.  Obviously,  the 
desired  temperature  will  reach  a  given  point  on  a  rod 
the  sooner,  the  lower  the  specific  heat  of  the  rod  and 
the  higher  the  conductivity.  Indeed  if  one  of  two 
substances  be  actually  a  better  conductor  than  the  other, 
and  yet  the  second  have  a  proportionally  smaller  specific 
heat,  it  may  happen  that  the  time  required  for  a  given 
temperature  to  reach  a  given  distance  may  actually  be 
less  in  the  poorer  conductor.  Thus  Tyndall  placed  two 
cubes,  one  of  bismuth  and  the  other  of  iron,  whose 
upper  surfaces  were  coated  with  wax,  upon  the  top  of  a 
heated  plate.  The  wax  melted  soonest  upon  the  bis- 
muth cube,  although  the  iron  cube  was  much  the  better 
conductor  of  heat.  Though  a  less  amount  of  heat  had 
entered  the  bismuth,  it  had  raised  its  temperature 
higher,  its  specific  heat  being  less. 

Thermometrical  conductivity  therefore  is  simply  the 
ratio  of  calorimetrical  conductivity  to  the  specific  heat 
of  unit  volume.  It  is  called  thermal  diffiiiivity  by  Thorn- 
son. 
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324.  Coefficient  of  Calorimetrical  Conductivity. — 

We  owe  to  Fourier  the  first  satisfactory  investigation  of 
conductivity.  It  is  found  that  the  quantity  of  heat 
which  is  transferred  through  a  solid  cube  depends 
directly  (1)  upon  the  difference  of  the  temperatures 
upon  its  two  sides  J^,  (2)  upon  its  surface-area  -4,  (3) 
upon  the  time  T^  and  (4)  upon  the  material  used,  K ; 
and  inversely  upon  the  distance  between  its  faces  d. 
Whence  we  have 


q  =  e^Ut. 


[63] 


From  which  the  Talne  ot  Kia  obtamed : 
K=  Qd/MAT. 

• 

If  rf,  -4,  r,  and  /It  be  made  unity,  K  will  equal  Q.  In 
other  words,  the  coefficient  of  conductivity  K  may  be 
defined  as  the  quantity  of  heat  which  passes  in  a  unit 
of  time  through  unit  of  surface  of  an  infinite  layer  of  a 
substance,  of  unit  thickness,  when  the  difference  of 
temperature  between  its  sides  is  unity.  In  the  C.  G.  S. 
system  this  coefficient  represents  the  number  of  therms 
or  calories  passing  per  second  between  the  two  faces  of 
a  plate  of  any  given  substance,  one  square  centimeter  in 
area  and  one  centimeter  in  thickness ;  these  two  faces 
being  maintained  at  a  difference  of  temperature  of  one 
degree.  Thus,  for  example,  Neumann  obtained  the  fol- 
lowing absolute  conductivities :  for  copper  1*108,  zinc 
0-307,  iron  0163,  german-silver  0109,  ice  0*0057.  So 
that  if  the  two  faces  of  a  plate  of  zinc  one  centimeter 
thick  were  kept  at  a  difference  of  1^  in  temperature 
there  would  be  transferred  through  each  square  centi- 
meter of  its  area  in  each  second  sufficient  heat  to  raise 
0*307  gram  of  water  one  degree  in  temperature. 
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325.  Temperature-gradient. — If -4  (7  (Kg.  112)  rep- 
resent the  temperature  on  one  side  of  an  indefinite 
wall,  and  BD  the  temperature  on  the 
other  side,  AE  will  represent  the 
difference  of  temperature,  or  M ;  and 
the  limiting  ratio  of  AE  to  EB,  rep- 
resented by  M/d  in  the  preceding 
formula,  which  is  the  tangent  of  the 
angle  of  slope  ABE^  and  which  rep- 
resents the  rate  of  temperature- 
change  with  the  thickness,  is  called 
the  temperature-gradient.  If  the  time 
and  the  area  of  the  plate  be  both 
unity,  the  coefficient  of  conductivity 
is  Qi/At ;  i.e.,  is  the  quotient  of  the 
flow  of  heat  by  the  temperature- 
gradient  Evidently,  therefore,  K  may  be  ascertained 
by  measuring  (1)  the  flow  of  heat  across  unit  section  of 
a  given  bar  in  unit  of  time ;  and  (2)  the  temperature- 
gradient 

326.  Method  of  measuring  Condnctiyity. — The  ap- 
paratus used  by  Forbes  for  measuring  conductivity  con- 
sisted of  a  square  iron  bar  about  2^  meters  in  length 
and  3  centimeters  on  a  side,  one  end  of  which  was  main- 
tained at  a  constant  high  temperature  by  immersion  in 
a  bath  of  melting  lead.  Holes  were  drilled  into  the  bar 
at  intervals,  into  which  accurate  thermometers  were 
inserted,  a  little  mercury  being  poured  in  to  secure  good 
contact.  After  the  lapse  of  six  or  eight  hours  a  perma- 
nent state  of  temperature  was  reached,  the  reading  of 
each  thermometer  being  constant.  Under  these  condi- 
tions, the  heat  which  flows  into  the  bar  by  conduction 
through  any  cross-section  of  it  is  dissipated  by  the 
cooling  of  the  bar  beyond  this  point  So  that  the 
thermometers  will  show  a  gradually  decreasing  temper- 
ature along  the  bar.  Laying  off  these  differences  of 
temperature  between  the  points  of  the  bar  and  the  sur- 
rounding air  as  ordinates,  the  distances  of  the  thermom- 
eters from  the  source  of  heat  being  plotted  as  abscissas 
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a  temperature-curve  may  be  drawn  (Fig.  113)  and  the 
temperature-gradient  obtained.  By  means  of  an  auxil- 
iary and  shorter  bar,  provided  with  a  thermometer  and 
originally  heated  to  the  highest  temperature  of  the 
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main  bar  and  then  allowed  to  cool  in  the  air  of  the 
room,  readings  being  taken  every  minute,  the  amount 
of  heat  lost  by  this  shorter  bar  per  unit  of  length  per 
second  may  be  calculated  for  any  of  the  observed  tem- 
peratures. And  by  summing  these  values,  the  whole 
heat  lost  by  the  main  bar  beyond  a  given  cross-section, 
i.e.,  the  flow  of  heat  through  this  section,  may  be  cal- 
culated. 

327.  Relative  Conductivity* — By  assuming  a  value 
for  some  given  substance,  the  relative  conductivity  of 
other  substances  may  be  obtained  in  terms  of  this. 
Thus  Wiedemann  and  Franz,  using  a  thermo-electric 
pair  to  measure  the  temperature  of  the  bars,  obtained 
the  following  values  for  the  relative  conductivity  of  the 
metsJs  given,  assuming  that  of  silver  to  be  one  hundred  : 

RELATIVE  CONDUCTIVl'llES. 


Silver 100 

Copper 73-6 

Gold 53-2 

Brass 231 


Iron 11-9 

Steel 11-6 

Lead 8*5 

Platinum 8*4 


Zinc 19-0    Bismuth 18 

328.  Isothermals. — If  heat  be   propagated  from  a 
point  in  an  isotropic  medium,  the  temperature  will  be 
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the  same  at  the  same  distance  in  all  directions.  So  that 
these  points  of  equal  temperature  will  all  lie  on  a  spher- 
ical surface,  which  for  this  reason  is  called  an  isothermal 
surface.  The  lines  of  flow  of  the  heat  are  radii,  and  are 
of  course  perpendicular  to  the  isothermal  surface. 
Hence  there  is  no  lateral  propagation  of  heat  over  such 
a  surface.  If,  however,  the  medium  be  not  isotropic, 
i.e.,  if  it  have  a  different  conductivity  in  different  direc- 
tions, the  isothermal  surface  willi^iot  be  a  sphere  and  a 
plane  section  of  it  will  not  be  a  cirvle.  De  Senarmont 
used  this  principle  to  show  that  crystals  are^not  isotropic 
unless  belonging  to  the  isometric  system  (Fig.  114).  If 
a  plate  of  quartz  be  cut  parallel 
to  the  principal  axis,  and  its 
center  be  heated  by  means  of  a 
wire  passed  through  it,  a  layer  of 
wax  spread  upon  the  surface  will 
be  found  to  melt  over  an  elliptical 
area  ;  the  maximum  conductivity 
being  along  the  principal  axis. 
If  a  section  be  cut  perpendicular 
to  this  axis,  however,  then  the 
area  of  the  melted  wax  will  be 
circular ;  the  conductivity  along  the  lateral  axes  being 
the  same  for  all.  In  a  quartz  crystal,  then,  the  isother- 
mal surface  is  a  prolate  spheroid.  Wood  is  found  to 
conduct  heat  less  well  in  a  radial  direction  than  along 
the  fibers ;  a  fact  which  acts  to  preserve  the  interior  of 
a  tree  from  sudden  changes  of  temperature. 

329.  Conductivity  of  Liquids  and  Gases. — The  con- 
ductivity of  liquids  is  exceedingly  small.  The  following 
values  have  been  obtained  by  Weber,  for  the  absolute 
conductivity  of  the  liquids  given,  at  the  temperature  of 
r  to  15° : 

CONDUCTIVITY  OF  LIQUIDS. 


V 


FlO.  114. 


Water -001360 

Alcohol -000423 

Ether -000303 

Acetic  acid -000472 


Chloroform -000288 

Glycerin -000670 

Carbon  disulphide  -000343 
Sulphuric  acid ....   -000765 
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In  gases  the  condactivity  is  even  less.  Stefan  found 
the  value  in  hydrogen,  which  conducts  seven  times  as 
well  as  air,  to  be  only  0  0000558.  This  is  only  about  one 
twenty-thousandth  of  the  conductivity  of  copper  and  one 
three-thousandth  of  that  of  iron. 

330.  Applications. — Abundant  application  of  the  prin- 
ciples above  stated  can  be  made.  Metal  or  stone  feels 
colder  to  the  hand  than  wood  or  cloth» 
even  when  they  are  shown  by  the  ther- 
mometer to  have  the  same  temperature. 
Hot  bodies  are  readily  handled  by  in- 
terposing non-conductors  between  them 
and  the  hand.  Water  at  52°  is  too  hot 
to  be  borne,  while  it  is  quite  possible  to 
remain  in  air  having  a  temperature  near 
that  of  boiling  water.  The  extended  use 
of  porous  substances  as  non-conductors 
depends  upon  the  air  which  is  enclosed 
in  them.  The  use  of  furs  for  clothing,  of 
sawdust  for  packing  ice,  and  of  asbestus 
for  covering  steam-pipes  may  be  cited  as 
examples.  Silica  in  the  form  of  rock- 
crystal  is  a  better  conductor  than  lead ; 
but  when  finely  divided  it  conducts  only 
very  slightly.  Lava  has  been  known  to 
flow  over  a  layer  of  ashes  underneath 
which  was  a  bed  of  ice,  without  melting 
it.  Double  windows  are  efl5cacious  only  because  of  the 
layer  of  air  between  them.  The  Davy  safety-lamp 
(Fig.  115)  depends  upon  the  fact  that  flame  is  cooled  and 
extinguished  by  the  high  conductivity  of  metal  gauze, 
and  therefore,  although  the  explosive  gaseous  mixture 
may  burn  within  the  gauze,  the  flame  cannot  pass  through 
it  to  the  gas  outside. 


Fio.  115. 


B. — CONVECTION. 


331.  Mass-transference  of  Heat. — While  in  solids, 
heat  is  transferred  from  one  point  to  another  mainly  by 
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conduction,  in  fluids  this  transfer  is  effected  chiefly  by 
convection.  When,  for  example,  the  temperature  of  a 
mass  of  water  is  uniform  throughout,  all  parts  of  it  are 
in  equilibrium.  But  now  if  the  lower  portion  be  heated 
or  the  upper  cooled,  the  former  will  expand  and  become 
rarer,  the  latter  will  contract  and  become  denser  than 
the  rest  of  the  liquid ;  thus  destroying  the  equilibrium 
and  causing  a  current.  The  rise  of  the  warmer  liquid 
carrying  with  it  its  heat,  effects  a  transference  of  this 
heat  from  the  warmer  to  the  colder  portions  of  the  mass ; 
this  circulation  being  maintained  until  all  parts  of  the 
fluid  are  at  the  same  temperature.  This  process  of 
transferring  heat  by  transferring  the  matter  possessing 
it  is  called  convection.  The  effect  is  the  greater  tlie  more 
expansible  the  fluid  employed;  since  in  this  case  the 
greater  is  the  difference  in  its  density  produced  by  a 
given  temperature-change.  For  this  reason  the  phe- 
nomenon of  convection  is  much  more  decided  in  gases 
than  it  is  in  liquids. 

Examples.— Convection-currents  in  heated  air  are  well  shown  by 
placing  a  candle-flame  in  a  cloud  of  smoke.  The  upward  movement 
is  intensified  if  a  vertical  tube  be  held  just  above  the  flame,  thus 
illustrating  the  action  of  a  chimney  in  producing  a  draft.  In  the 
same  way,  if  water  containing  solid  particles  of  about  the  same 
density  be  heated  by  a  small  flame,  the  convection-currents  which 
are  thus  established  will  be  rendered  visible  by  the  moving  particles. 
332.  Applications  of  Convection. — This  subject  is 
one  of  great  importance  not  only  meteorologically,  on 
the  broad  scale  of  nature's  operations,  but  also  commer- 
cially, as  in  artificial  ventilation.  The  air  of  the  tropics, 
powerfully  heated  by  the  sun,  rises,  while  the  surround- 
ing air  from  the  north  and  south  temperate  zones  rushes 
in  to  take  its  place.  This  motion,  combined  with  that  o\ 
the  earth's  rotation,  produces  what  are  known  as  the 
trade  winds ;  blowing  in  the  northern  hemisphere  from 
the  north-east,  and  in  the  southern  from  the  south-east. 
Meanwhile  the  heated  air  from  the  equator  divides  into 
a  northern  and  a  southern  portion  moving  toward  the 
poles,  and  producing,  in  consequence  of  the  rotation  of 
the  earth,  what  are  known  as  the  return   trades ;  i.e., 


Digitized  by  VjOOQ IC 


840 


PHYSICS. 


currents  at  high  altitudes  having  a  direction  from  the 
south-west  in  the  northern  and  from  the  north-west  in 
the  southern  liemisphere. 

The  ocean  currents  are  also  convection  currents.  But 
as  to  produce  currents,  the  surface  must  be  cooled,  it  is 
clear  that  the  polar  cold  has  to  do  with  the  ocean  circu- 
lation much  more  than  the  tropical  heat.  The  upper 
surface  of  the  water,  therefore,  like  that  of  the  air,  flows 
from  the  equator ;  and  modified  in  its  direction  by  the 
earth's  rotation,  produces  the  south-west  ocean-currents 
of  the  nortbern  hemisphere  such  as  the  Japan  current 
and  the  Gulf  Stream ;  and  the  north-west  currents  of  the 
southern  hemisphere. 

The  sea  breeze  at  the  shore  is  due  to  the  movement 
of  the  sea  air  toward  the  land  to  supply  the  place  of  the 
heated  air  which  has  risen  from  the  land  previously 
heated  by  the  sun.     The  land  breeze  results  from  the 
more  rapid  cooling  of  the  earth  producing  an  inverse 
convection  current.     The  land  breeze  rises  just  before 
morning,  as  the  sea  breeze  comes  just  before  night. 
Joule  made  use  of  convection  currents  for  the  purpose 
of  fixing  the  temperature  of  maximum  den- 
sity of  water.     Two  upright  metal  cylinders 
each  1*35  meters  long  and  12*5  cm.  in  diam- 
eter (Fig.  116),  placed  side  by  side,  were  con- 
nected at  top  by  a  shallow  trough  and  at 
bottom  by  a  tube  provided  with  a  tap.     On 
filling  the  cylinders  with  water  nearly  to  the 
top  of  the  trough,  and  on  placing  a  small 
floating  glass  bulb  in  this  trough,  the  direc- 
tion of  flow  of  the  current,  on  opening  the 
tap,  due  to  a  difference  of  density,  could  be 
determined.     If  the  temperature  in  one  cyl- 
inder was  as  much  above  that  of  maximum 
density  as  that  in  the  other  was  below  it,  the 
density  would  be  the  same  in  both  cylinders 
and  no  current  would  flow.    By  fixing  several 
such  pairs  of  temperatures,  Joule  found  the  maximum 
density  of  water  to  be  about  at  3'{)4:'^, 
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333.  Cooling  by  Convection  Currents. — ^The  law  ac- 
cording to  which  a  heated  body  cools  in  consequence  of 
convection  has  been  studied  by  Dulong  and  Petit 
According  to  these  experimenters,  the  speed  of  cooling  is 

(1)  independent  of  the  nature  of  the  surface  of  the  body ; 

(2)  proportional  to  the  excess  of  temperature  raised  to 
the  power  1-233 ;  and  (3)  dependent  not  upon  the  density 
of  the  gas  but  upon  its  pressure.  Hence  the  speed  of 
cooling  due  solely  to  the  contact  of  a  gas  may  be  repre- 
sented by  the  expression 

8  =  wp-^^-^s,  [54] 

in  which  m  is  a  constant  depending  upon  the  size  of  the 
body  and  the  nature  of  the  gas,  p  is  the  pressure  in  mil- 
limeters, a  is  an  index,  determined  by  Dulong  and  Petit 
to  be  for  hydrogen  0*38,  for  air  0*45,  for  carbon  dioxide 
0-517,  and  for  ethylene  0*501,  and  t  is  the  excess  of  tem- 
perature. 

Section  V. — Transformations  op  Heat. 

334.  Conversion  of  Mechanical  Energy  into  Heat- 

— Experience  shows  that  heat,  which  is  molecular  kinetio 
energy,  may  be  produced  from  mass  kinetic  energy. 
When  a  rifle-ball  strikes  a  target,  or  two  railway  trains 
collide,  the  energy  which  they  possess  as  mass  motion 
entirely  disappears.  But  since  energy  is  indestructible, 
its  form  only  is  changed  in  these  cases.  The  molecular 
motion  of  the  impinging  bodies  is  increased  by  the  colli- 
sion and  they  are  heated.  In  general,  whenever  moving 
masses  are  brought  to  rest,  either  suddenly  as  in  the 
case  of  impact,  or  slowly  as  in  the  case  of  friction,  the 
kinetic  energy  of  the  moving  masses  is  transformed  into 
kinetic  molecular  energy  and  they  are  thereby  heated. 

335.  Meclianical  Equivalent  of  Heat. — The  first  ac- 
curate experiments  made  to  determine  the  number  of 
units  of  work  which  must  be  expended  in  order  to  pro- 
duce one  unit  of  heat  were  those  of  Joule,  completed  in 
1849      In  one  form  of  his  apparatus,  a  known  weight  by 
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falling  through  a  known  distance  caused  a  paddle-wheel 
to  revolve  in  water,  and  thus  raised  the  temperature  of 
the  water  by  a  known  amount     Becentlj,  Bowland  has 
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repeated  this  experiment  on  a  more  extended  scale. 
The  vessel  containing  the  water  was  suspended  by  a 
wire  (Fig.  117),  and  prevented  from  rotating  by  weights 
attached  to  cords  upon  the  circumference  of  a  pulley 
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carried  upon  the  axis  of  the  vessel.  The  paddle  was 
driven  by  an  engine.  The  work  expended  is  evidently 
proportional  to  the  product  of  the  moment  of  the  couple 
into  the  number  of  revolutions  made  in  unit  time.  The 
mass  of  water  used  multiplied  by  the  rise  of  temperature 
gives  the  heat-units  produced.  And  the  ratio  of  the 
former  product  to  the  latter  is  the  number  of  units  of 
work  required  to  produce  one  unit  of  heat ;  i.e.,  is  the 
mechanical  equivalent  of  heai 

Another  method  employed  by  Joule  depends  upon 
the  production  of  heat  by  the  compression  of  a  gas ;  or, 
conversely,  upon  the  amount  of  work  done  by  the  ex- 
pansion of  a  gas  when  heated  through  a  known  range  of 
temperature.  Suppose,  for  example,  a  rectangular  ves- 
sel (Fig.  118)  one  meter  on  a  side  and  two  meters  in 
height,  having  a  piston  placed  midway. 
One  cubic  meter  of  air  will  thus  be  en- 
closed below  the  piston,  and  the  atmos- 
pheric pressure  upon  its  surface  will  be 
about  10000  megadynes.  Let  the  temper- 
ature of  this  air  be  raised  273°;  its  volume 
will  be  doubled,  the  piston  will  be  raised 
one  meter,  and  so  will  do  10000  meter- 
megadynes  (i.e.,  10"  ergs)  of  work.  Since 
one  cubic  meter  of  air  has  a  mass  of  1*2759        ^    ,,, 

Fio.  118. 

kilograms  at  the  temperature  of  0°  and  the 
pressure  of  one  megadyne,  and  since  the  specific  heat  of 
air  at  constant  pressure  is  0*2375,  the  heat  expended  in 
raising  its  temperature  273°  is  of  course  12759  X  '2375 
X  273  =  82726  gram-degrees.  This  amount  of  heat 
has  accomplished  two  results;  it  has  not  only  raised 
the  piston,  and  thus  performed  10000  meter-megadynes 
of  work,  but  it  has  also  raised  the  temperature  of  a  cubic 
meter  of  air  through  273°.  The  amount  of  heat  re- 
quired for  the  latter  purpose  is  12759  X  '1691  X  273  = 
58900  gram-degrees.  The  diflFerence,  23826  gram-de- 
grees, is  the  heat  expended  in  doing  10000  meter-mega- 
dynes or  10"  ergs  of  work.  Hence  one  unit  of  heat 
(gram-degree)  can  do  10000/23826  or  -41971  meter-mega- 
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dynes  of  work ;  i.e.,  41971  X  10'  ergs ;  which  obviously 
represents  the  mechanical  equivalent  of  heat. 

MECHANICAL  VALUE  OF  ONE  HEATUNIT. 
Authority.      Gram-meters.        Ergs.  3Iethod. 

Joule 424-7  41624  X  10'  Water-friction. 

"    435-4  4-267    X  10'  Electric  current. 

Hirn 425-2  4167    X  10'  Compression  of  lead. 

"    441-6  4-3277x10'  Sp.  heat  of  air. 

VioUe 435-2  4-265    X  10'  Ind.  curr.  in  copper. 

"     437-4  4-286    X  10'        "       "      "lead. 

Begnault ....  437-0  4-282    X  10'  Velocity  of  sound. 

Eowland 4264  4179    X  10'  Water-friction. 

In  Bowland's  experiments,  an  expenditure  of  half  a 
horse-power  upon  the  calorimeter  gave  a  rise  of  temper- 
ature of  35°  per  hour.  This  rise  was  recorded  chrono- 
graphically  by  noting  the  time  required  for  a  given 
increase  of  temperature.  His  results  in  some  cases  are 
the  means  of  as  many  as  12000  distinct  observations. 
They  show  a  variation  in  the  value  of  the  mechanical 
equivalent  with  temperature.  Thus  at  5°,  he  obtained 
429*8  gram-meters,  and  at  20%  426*4  gram-meters  for  the 
latitude  of  Baltimore ;  or  in  absolute  units  4*212  X  10' 
and  4-179  X  10'  ergs  respectively. 

The  value  4*2  X  10'  ergs,  which  is  generally  as- 
sumed as  the  mean  value,  in  units  of  work,  of  one  water- 
gram-degree  is  the  true  value  at  10°  according  to 
Bowland.  It  is  known  as  Joule's  equivalent  and  is 
represented  in  mathematical  expressions  by  J,  Since  a 
joule  is  10'  ergs,  and  a  water-gram-degree  is  a  therm,  the 
above  relation  may  be  stated  thus :  One  therm  is  equal 
to  4*2  joules. 

836.  Conversion  of  Heat  into  Work. — Since  heat  is 
the  lowest  form  of  energy,  the  conversion  of  other  forms 
of  energy  into  heat  is  much  more  readily  and  much  more 
completely  eflFected  than  the  conversion  of  heat  into 
other  forms  of  energy.  Indeed,  while  heat  is  a  prod- 
uct in   all  energy-transformations,  and  sometimes  the 
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sole  product,  the  fraction  of  Leat  which  it  is  possible  to 
convert  into  any  higher  form  of  energy  is  exceedingly 
small.  The  principle  of  this  conversion  is  quite  simple. 
It  is  effected  through  the  agency  of  some  substance, 
like  the  steam  in  a  steam-engine,  which  is  called  the 
working  substance,  and  whose  function  is,  while  trans- 
ferring most  of  the  heat  from  a  source  at  a  higher  tem- 
perature to  a  refrigerator  at  a  lower  one,  to  transform  a 
fraction  of  it  into  mechanical  energy  or  work, 

337.  Carnot's  Cycle.— We  owe  to  Sadi  Camot  (1824) 
the  conception  which  lies  at  the  basis  of  all  discussion 
concerning  heat-engines.  This  conception  is  that  of  a 
hypothetical  engine  performing  a  cycle  of  operations, 
which  is  completely  reversible  in  all  respects.  The  ad- 
vantage of  a  cycle  in  studying  the  operations  of  the 
working  substance  is  found  in  the  fact  that  at  the  end 
of  the  cycle  this  substance  is  found  in  its  primitive  con- 
dition, no  internal  work  having  been  done  either  by  or 
upon  it  during  these  operations. 

The  diagram  of  work  has  been  already  described  (95). 
If  a  gas  be  compressed  at  constant  temperature,  the 
work  done  is  represented  by  the  area  enclosed  between 
the  curve,  the  ordinates  at  its  ends,  and  the  axis  of 
abscissas.  Thus  by  Boyle's  law,  the  product  of  the 
volume  by  the  pressure  is 
constant ;  i.e.j J9V  =  C,  The 
curve  representing  the  va- 
riations of  volume  and 
pressure  is  consequently 
an  equilateral  hyperbola. 
Thus  if  a  gas  under  the 
pressure  jo,  has  the  volume 
V  (Fig.  119),  the  work  done 
in  compressing  it  until  the 
pressure  is  p  and  the  vol- 
ume v, ,  is  represented  by 
the  area  vbav^.    In  the  case 


Fio.  119. 


supposed  work  has  been  done  upon  the  gas  and  the  curve 
has  been  drawn  from  6  to  a ;  ie.,  in  the  negative  direc- 


Digitized  by  VjOOQIC 


346 


PHYSICS. 


tion.  If  the  gas  itself  does  work  by  expanding,  the  curve 
will  be  described  from  a  to  &  and  the  work  is  called 
positive. 

Obviously  for  different  temperatures  the  value  of 
the  product  pv  will  vary  for  the  same  mass  of  gas  ;  and 
hence  the  curve  will  represent  a  different  hyperbola  for 
each  temperature.  Moreover,  since  along  each  hyper- 
bola the  temperature  is  constant,  the  line  is  called  an 
isothermal  line.  If  the  compression  of  a  gas  be  so  con- 
ducted, therefore,  that  the  heat  produced  is  continually 
abstracted,  its  temperature  will  remain  constant,  and  the 
coordinates  p,  v,  will  constantly  represent  points  on  the 
same  isothermal.  If,  however,  the  heat  be  prevented 
from  escaping  during  the  compression,  it  will  raise  the 

temperature  of  the  gas,  the 
volume  will  diminish  less 
rapidly  than  before  for  the 
same  increase  of  pressure, 
and  the  point  p,  v,  will  de- 
scribe a  curve  called  an 
adiabatic  or  isentropic  curve 
(Fig.  120)  more  steep  than 
the  isothermal  curve. 

We  are  now  prepared  to 
consider  Carnot's  cycle.  It 
consists  of  four  distinct 
operations.  In  the  first  the 
working  substance  expands  isothermally  from  A  to  B 
(Fig.  121).  But  since  this  expansion  would  cool  it,  heat 
must  be  supplied  from  the  source  to  maintain  the  tem- 
perature constant.  In  the  second  operation  the  gas  is 
still  allowed  to  expand,  but  no  heat  is  permitted  to  flow 
into  or  out  of  it.  This  expansion  is  therefore  an  isen- 
tropic  one  along  the  line  BC.  During  the  third  opera- 
tion the  gas  is  compressed  isothermally,  from  C  to  Z>, 
the  heat  thus  generated  escaping  to  the  refrigerator. 
Lastly,  the  compression  is  continued  isentropically  from 
I)  to  Ay  the  working  substance  arriving  finally  at  the 
same  condition  of  temperature,  pressure,  and  volume  as 
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Fio.  121. 


at  first.  The  diagram  has  been  described  in  the  order 
A  BCD;  i.e.,  more 
work  has  been  done 
by  the  working  sub- 
stance than  has  been 
done  upon  it,  and  the 
excess  of  work  is  posi- 
tive. In  the  first  and 
second  operations  work 
is  done  by  the  working 
substance ;  in  the  third 
and  fourth,  work  is 
done  upon  it  The 
work  done  by  it  is 
represented  by  the  area  ABCv^v  ;  that  done  upon  it,  by 
the  area  ADCvjo.  The  difference  ABCD  represents, 
therefore,  the  excess  of  external  work  which  has  been 
done  during  the  cycle  by  the  working  substance.  The 
positive  work  done  during  the  first  operation,  repre- 
sented by  the  area  ABv^Vy  has  been  done  at  the  expense 
of  the  heat  supplied  from  the  source.  That  during  the 
second,  represented  by  BCv^v^^  has  been  done  at  the  ex- 
pense of  the  gas  itself,  no  heat  being  supplied  from 
without.  The  negative  work  done  in  the  third  opera- 
tion, represented  by  CDv^v^y  transferred  heat  to  the  re- 
frigerator corresponding  in  amount.  And  that  done  in 
the  fourth  operation  appeared  as  heat  in  the  working 
substance.  Heat  corresponding  to  the  area  ABv^v  has 
been  taken  from  the  source  during  the  cycle,  and  heat 
corresponding  to  the  area  CDv^v^  has  been  given  to  the 
refrigerator.  The  difference,  represented  by  the  area 
ABCD,  is  therefore  the  heat  which  has  been  converted 
into  work.*    The  ratio 

Area.  ABCD/AxeA  ABv.v,  or  {H-H,)/H,       [55] 

♦  The  areas  BCv%Vi  and  ADv^v  are  evidently  equal,  since  they  rep- 
resent in  units  of  work  the  heat-change  in  the  working  substance  when 
its  temperature  is  altered  by  the  same  amount;  i.e.,  between  the  isother* 
mals.     As  the  signs  of  these  areas  are  opposite,  their  sum  is  zero. 
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represents  the  fraction  of  the  heat  taken  from  the  source 
which  the  engine  has  converted  into  work  during  one 
revolution.     This  is  called  the  efficiency  of  the  engine. 

The  value  of  this  ratio  may  be  obtained  from  the 
proposition  that  the  work  done  upon  a  gas  in  compress- 
ing it,  and,  conversely,  the  work  done  by  the  gas  in 
expanding  again  to  its  original  volume,  the  temperature 
remaining  the  same,  is  the  continued  product  of  the  ini- 
tial volume,  the  initial  pressure,  and  the  logarithm  of  the 
ratio  of  the  final  to  the  initial  volume.  That  is,  W= 
^oPo  ^^S  ^lAo  •  ^^  ^he  above  diagram,  if  we  call  v  and  p 
the  initial  volume  and  pressure,  and  v^  the  final  volume, 
the  work  represented  by  the  area  ABv^v  is  vp  log  vjv. 
That  represented  by  the  area  CDv^v^  is  v^p^  log  v,/t;,. 
Since  the  heat  received  is  vp  log  vjv  and  that  given  up 
is  v^p^  log  vjv^  the  difference  vp  log  vjv  —  vjp^  log  vjv^ 
represents  that  utilized ;  and  the  ratio  of  the  heat  uti- 
lized to  the  whole  heat  taken  from  the  source,  or 

vp  log  vJv  -  vjp^  log  vjv^ 

vp  log  v^/v  '  *■    ■* 

represents  the  efficiency.  Now  if  the  area  ABCD  be 
made  indefinitely  small,  it  can  be  shown  that  the  above 

yp  —  V  p  V  V 

expression  becomes  --^  since  then  -  =  - .     But 

^  vp  V,       V 

vp  —  RO  and  v^p,  =  Ji0^,  where  0  and  6^  are  the  absolute 

temperatures  of  the  isothermals.    Whence  {B0—R8^/Re^ 

or  {d  —  6^/6^  represents  the  fraction  of  the  energy  utilized ; 

or  in  other  words,  the  efficiency  of  the  engine.     It  will  be 

seen  that  the  function  of  the  working  substance  is  solely 

to  receive  the  heat  from  the  source  and  to  divide  it  into 

two  portions,  one  of  which  goes  to  the  refrigerator,  while 

the  other  is  converted  into  work.     The  heat  is  received 

at  the  higher  temperature  0  and  is  given  up  at  0^ ;  and 

we  have  proved  that  the  efficiency  of  such  an  engine, 

which  is  the  fraction  of  the  total  heat  received  which  is 

converted  into  work,  is  represented  by  {d  —  6^/0 ;   or  in 

other  words,  is  a  function  only  of  the  temperatures  be- 


Digitized  by  VjOOQ IC 


MOLECULAR  KINETIC  ENBROT^—HEAT,  349 

tween  which  the  engine  is  worked.  Carnot's  principle 
asserts,  therefore,  that  the  quantity  of  heat  which  can  be 
converted  into  work  is  entirely  independent  of  the  nature 
of  the  working  substance  and  is  determined  solely  by  the 
range  of  temperatures  between  which  the  conversion  is 
effected. 

This  important  generalization  teaches  us  that  under 
any  conditions  attainable  in  practice  the  efficiency  of  a 
heat-engine  must  necessarily  be  low.  Thus  suppose  the 
boiler  of  a  Carnot's  engine  to  have  a  temperature  of  130® 
(403°  abs.)  and  the  condenser  one  of  0°  (273°  abs.) ;  then 
only  a  fraction  of  the  whole  heat-energy  supplied,  rep- 
resented by  (403  -  273)/403,  or  130/403,  can  be  con- 
verted into  work.  This  is  only  about  32*25  per  cent. 
Working  even  at  six  atmospheres  pressure,  the  absolute 
temperature  of  the  source  would  be  only  429**.  And 
since  a  lower  temperature  than  about  316°  is  not  attain- 
able in  the  condenser,  the  efficiency  of  the  engine  would 
be  only  26*34  per  cent.  Commercially,  however,  it  is 
rare  to  attain  half  this  efficiency.  Moreover,  the  formula 
shows  that  complete  conversion  is  unattainable,  since 
(J)  -  6^/6  is  equal  to  unity  only  when  0^  is  zero ;  i.e., 
when  the  condenser  is  at  the  absolute  zero  of  tempera- 
ture ;  an  impossible  condition  practically. 

But  this  engine  of  Carnot's,  since  it  is  a  completely 
reversible  engine  is  a  perfect  engine.  In  other  words,  its 
efficiency  is  a  maximum,  and  the  amount  of  conversion 
which  it  eflFects  is  greater  than  that  which  can  be  pro- 
duced by  any  other  engine.  For  if  not,  suppose  a  revers- 
ible engine  A  geared  to  a  non-reversible  one  5,  both 
working  between  the  same  temperatures.  Suppose  the 
efficiency  of  B  higher  than  that  of  A  ;  then,  since  it  is 
more  perfect,  the  engine  B  will  produce  more  work  than 
A  from  the  same  quantity  of  heat ;  and  the  expenditure 
upon  the  reversible  engine  -^  of  a  part  only  of  this  work 
will  suffice  to  restore  this  entire  amount  of  heat  to  the 
source.  If  now  B  working  forward  be  employed  to 
drive  A  backward,  then  the  work  produced  by  B  from 
a  given  quantity  of  heat  will  be  sufficient  not  only  to 
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drive  A  backward  and  thus  restore  all  this  heat  to  the 
source,  but  will  in  addition  drive  some  form  of  machine. 
This  excess  of  work  has  not  come  from  heat  yielded  by 
the  source ;  since  the  exact  amount  taken  by  engine  B 
has  been  restored  by  engine  A.  It  must  therefore  be 
derived  from  the  heat  which  A  takes  from  the  refriger- 
ator in  excess  of  that  given  to  it  by  B.  If  we  assume  the 
temperature  of  all  surrounding  bodies,  except  the  refrig- 
erator, to  be  the  same  as  that  of  the  source,  we  have  here 
a  result  contrary  to  all  experience;  namely,  the  production 
of  work  by  means  of  heat  taken  from  a  body  colder  than 
all  surrounding  bodies.  Hence  the  hypothesis  that  there 
can  be  an  engine  having  a  higher  efficiency  than  a 
reversible  engine  is  incorrect.  Moreover,  it  follows  that 
all  reversible  engines  have  the  same  efficiency  whatever 
the  working  substance  employed,  provided  that  they 
work  between  the  same  temperature-limits. 

338.  Tliermodynamics. — The  name  thermodynamics 
is  given  to  that  department  of  physics  which  considers 
the  relations  of  heat-energy  to  mechanical  energy,  and 
which  treats  of  the  conditions  of  their  mutual  converti- 
bility. The  first  law  of  thermodynamics  states  the 
equivalence  of  heat  and  work.     It  is  as  follows : 

"When  equal  quantities  of  mechanical  effect 
are  produced  by  any  means  whatever  from 
purely  thermal  sources,  or  are  lost  in  purely 
thermal  effects,  equal  quantities  of  heat  are 
put  out  of  existence  or  are  generated." 
(Thomson.) 

The  second  law  relates  to  the  transformation  of  heat 
into  work.     It  may  be  stated  as  follows  : 

"If  an  engine  be  such  that  when  it  is 
worked  backwards  the  physical  and  mechanical 
agencies  in  every  part  of  its  motions  are  all 
reversed,  it  produces  as  much  mechanical  effect 
as  can  be  produced  by  any  thermodynamic 
engine,  with  the  same  temperatures  of  source 
and  refrigerator,  from  a  given  quantity  of 
heat."     (Thomson.) 
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3H9.  Absolute  Zero  of  Temperature.  —  We  have 
already  seen  that  if  in  the  expression  jw  =  (7(1  +  Yt)y 
t  be  made  —  1/y,  pv  will  be  equal  to  zero,  and  the  kinetic 
energy  of  the  gas  molecules  will  also  be  zero.  Since  y 
is  0-003666,  this  value  of  <  is  —  273** ;  whence  this  point 
was  called  the  absolute  zero  of  temperature.  Sir  Wm. 
Thomson  has  pointed  out  the  fact  that  the  second  law  of 
thermodynamics  furnishes  still  other  data  for  construct- 
ing a  definition  of  temperature  which  shall  be  absolute  ; 
i.e.,  independent  of  any  particular  substance  and  deter- 
mined solely  by  the  laws  of  energy-transformation.  In 
the  Carnot's  cycle  just  referred  to,  we  saw  that  the  eflS- 
ciency  of  the  engine  was  represented  by  the 

AxeAABCn  _  Heat  utilized  _  H—H, 
Area  ABv^v  ""  Heat  supplied  ~      H 

and  also  by  {e-e,)/0.  Whence  HJU^iBje-,  or  in 
other  words, "  the  absolute  values  of  two  temperatures  are 
to  one  another  in  the  proportion  of  the  heat  taken  in  to 
the  heat  rejected  in  a  perfect  thermodynamic  engine  work- 
ing with  a  source  and  refrigerator  at  the  higher  and  lower 
of  the  temperatures  respectively  "  (Thomson).  Hence  if 
6^  —  ^,  represent  the  difference  of  the  areas,  B  and  B^  will 
be  proportional  respectively  to  the  areas  representing 
the  heat  taken  in  and  that  rejected.  The  experiments  of 
Joule  and  Thomson  have  shown  that  the  ratio  of  these 
areas  is  as  1*365  to  1  when  the  heat  is  received  at  the 
temperature  of  boiling  water  and  rejected  at  that  of 
melting  ice.  Calling  x  the  latter  temperature  absolute, 
X  + 100  will  represent  the  former  temperature  also  abso- 
lute ;  and  since  ^  :  6^,  : :  ^ :  J?, ,  we  have  x  +  100  \  x\\ 
1*365  :  1 ;  which  gives  273*9  as  the  value  of  x.  Hence 
the  absolute  temperature  of  melting  ice  is  273*9^ ;  and  the 
temperature  of  the  absolute  zero  is  —  273*9°  ;  the  degrees 
being  of  the  same  value  as  tliose  of  which  one  hundred 
measures  the  difference  between  the  freezing  and  the 
boiling  points  of  water. 
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Section  VI. — Sources  of  Heat. 

340.  Terrestrial  Sources. — Since  heat  is  only  a  form 
of  energy,  and  since  all  forms  of  energy  are  to  a  greater 
or  less  extent  mutually  convertible,  it  is  plain  that  the 
terrestrial  sources  of  heat  must  be  as  numerous  as  the 
forms  of  energy  upon  the  earth's  surface.  Moreover, 
the  energy  which  provides  us  with  heat  exists  previously 
in  both  kinetic  and  potential  forms.  The  energy  of  mov- 
ing air  and  water,  as  in  winds,  tidal  waves,  and  ocean 
currents,  exists  in  the  first  form,  that  of  stored  water  and 
of  fuel  exists  in  the  second.  By  friction,  by  compression, 
by  percussion,  or  by  any  process  by  which  motion  is 
gradually  or  suddenly  arrested,  heat  is  mechanically 
produced. 

341.  Chemical  Action. — The  most  general  method 
of  heat-production  upon  the  earth  is  combustion ;  by 
which  is  meant  chemical  combination  in  general.  Chem- 
ical union  is,  in  by  far  the  greater  number  of  cases, 
exothermic  ;  that  is,  attended  with  the  evolution  of  heat. 
Moreover,  when  a  definite  mass,  say  of  carbon  or  of 
hydrogen,  is  burned,  the  quantity  of  heat  produced  is 
perfectly  definite,  also. 

Extended  calorimetric  experiments  on  the  heat  pro- 
duced by  combustion  have  been  made  by  Andrews, 
Favre  and  Silbermann,  Berthelot,  Thomsen,  and  others. 
The  calorimeter  employed  by  Andrews  for  gases  con- 
sisted of  a  cylinder  revolving  on  trunnions,  containing  a 
second  cylinder  closed  at  the  ends,  within  which  was  a 
third  cylinder  filled  with  water.  Inside  of  this  was  a 
thin  copper  vessel  containing  the  gaseous  mixture.  The 
calorimeter  was  revolved  for  some  minutes  in  order  to 
bring  the  whole  to  a  uniform  temperature.  By  means  of 
two  wires  leading  in  to  the  inner  vessel  a  spark  was 
passed  and  the  gaseous  mixture  was  fired.  After  a 
second  rotation  the  temperature  was  again  determined. 
Knowing  the  mass  of  the  water,  the  water-equivalent  of 
the  calorimeter,  and  the  rise  of  temperature,  the  total 
heat  in  water-gram-degrees  is  easily  calculated.     The 
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quotient  of  this  value  by  the  mass  of  the  gas  burned 
gives  the  calorific  equivalent.  By  such  a  process  as  this 
or  one  not  diflFering  from  it  in  principle,  the  following 
values  have  been  obtained : 

COMBUSTIONEQUIVALENTS. 


Substance. 

Compound 

Water-gram- 

formed. 

degrees. 

Hydrogen. . . 

H,0 

34000 

Carbon 

CO. 

8000 

Sulphur 

SO. 

2300 

Phosphorus. 

P.O. 

5747 

Zinc 

ZnO 

1301 

Iron 

Fe.O. 

1576 

Carbon  mon- 

oxide  

CO. 

2420 

Marsh-gas. . . 

CO.  and  H.0 

13100 

Olefiant  gas. 

CO.  and  H,0 

11900 

Alcohol 

CO.  and  H.0 

6900 

Ergs.      1 

Observer. 

1-43  X 10" 

A.F 

3-36  X 10" 

A,F 

9-66  X 10" 

A,F 

2-41x10" 

A 

5-46x10" 

A 

6-62x10" 

A 

102x10"  A 

5-50x10"  A,F 

5-00x10"  A,F 

2-90x10"  A,F 


For  example,  one  gram  of  carbon  in  combining  with 
oxj^gen  to  form  carbon  dioxide  will  set  free  8000 
water-gram-degrees  of  heat,  equivalent  to  3*36  X 10"  ergs 
in  mechanical  value,  according  to  Andrews  and  to  Favre 
and  Silbermann.  A  similar  table  can  be  constructed 
giving  the  units  of  heat  evolved  by  the  union  of  such  a 
series  of  substances  with  any  other  electronegative  ele- 
ment such  as  chlorine,  sulphur,  or  phosphorus. 

342.  Calorific  Intensity. — The  temperature  which  is 
attained  in  combustion  depends  not  alone  upon  the 
quantity  of  heat  produced  as  measured  in  the  calorimeter, 
but  also  upon  the  mass  and  the  specific  heat  of  the  prod- 
ucts of  combustion.  Thus,  for  example,  one  gram  of  hy- 
drogen in  combining  with  oxygen  produces  34000  water- 
gram-degrees  of  heat,  while  one  gram  of  carbon  pro- 
duces only  8000  such  units.  This  one  gram  of  carbon  in 
burning  yields  3-67  grams  of  carbon  dioxide  ;  and  we  may 
assume  that  the  heat  of  combustion  is  all  expended  in 
raising    the   temperature   of   this   combustion-product. 
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Since  the  specific  heat  of  carbon  dioxide  is  0-2163,  one 
unit  of  beat  will  raise  the  temperature  of  one  gram  4*6% 
and  of  3-67  grams  1-26** ;  so  that  8000  units  would  raise 
its  temperature  10078°,  were  no  heat  lost  One  gram  of 
hydrogen  in  burning  produces  9  grams  of  water- vapor. 
In  the  calorimeter  this  water-vapor  is  condensed;  so 
that  the  above  34000  heat-units  represents  the  heat  of 
vaporization  as  well  as  that  of  combustion.  As  the 
former  quantity  has  the  value  536  heat-units  for  one 
gram  of  water-vapor,  or  4824  units  for  nine  grams,  the 
latter  quantity  must  be  34000  -  4824  or  29176  heat-units. 
Since  the  specific  heat  of  water-vapor  is  0*4805,  one  heat- 
unit  will  raise  the  temperature  of  nine  grams  of  this 
vapor  0-2313°  and  29176  such  units  will  raise  it  6747% 
supposing  that  all  the  heat  is  expended  in  raising  the 
temperature  of  the  water-vapor  produced.  So  that 
under  these  conditions  the  temperature  of  combustion, 
Le.,  the  calorific  intensity,  is  higher  in  the  case  of  carbon 
than  in  that  of  hydrogen,  although  the  heat  of  combus- 
tion is  greater  in  the  latter  case.  In  general  the  calorific 
intensity  is  obtained  by  dividing  the  heat  of  combustion 
by  the  product  of  the  mass  of  the  combustion-product 
into  its  specific  heat. 

When  the  combustion  takes  place  in  the  air,  however, 
the  calorific  intensity  is  less,  since  a  part  of  the  heat 
produced  goes  to  raise  the  temperature  of  the  nitrogen. 
As  unit  mass  of  hydrogen  combines  with  eight  units  of 
mass  of  oxygen,  and  as  in  air  8  mass-units  of  oxygen  are 
mixed  with  268  mass-units  of  nitrogen,  it  follows  that  to 
raise  this  26*8  grams  of  nitrogen  1°,  since  the  specific  heat 
of  nitrogen  is  02438,  the  heat  required  is  26-8  X 0*2438 
or  6-534  water-gram-degrees.  Inasmuch  as  4-324  heat- 
units  are  required  to  raise  the  products  of  combustion 
1^,  it  is  evident  that  10*858  heat-units  will  be  required 
to  raise  both  1°.  Whence  the  combustion-temperature 
under  these  circumstances  is  29176/10*858  or  2687°.  The 
temperature  of  the  oxy-hydrogen  flame  is  estimated  to 
be  from  2200°  to  2400°  ;  so  that,  owing  to  loss  of  heat  by 
communication  to  surrounding  bodies,  by  convection  and 
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by  radiation,  these  theoretical  temperatures  are  never 
obtained  in  practice.  A  greatly  increased  calorific  inten- 
sity, however,  may  be  obtained  by  previously  heating  the 
air  used  for  combustion  to  a  high  temperature;  as  is 
seen  in  the  hot-blast  iron-furnace,  the  Siemens-Martin 
regenerative  furnace,  and  the  Siemens  regenerative  gas- 
lamp. 

343.  Heat- value  of  Fuels. — Carbon  unites  with  oxy- 
gen in  two  stages :  in  the  first,  one  gram  unites  with  1^ 
grams  of  oxygen  to  form  carbon  monoxide ;  and  in  the 
second,  this  2^  grams  of  carbon  monoxide  unites  with 
an  additional  1^  grams  of  oxygen  to  form  3f  grams  of 
carbon  dioxide.  In  the  first  operation,  2400  heat-units, 
i.e.,  water-gram-degrees,  are  produced ;  in  the  second, 
5600  heat-units.  It  is  upon  this  high  heat  of  combus- 
tion of  carbon  monoxide  that  its  value  in  the  blast-fur- 
nace depends.  Again,  four  grams  of  marsh-gas  consists 
of  three  grams  of  carbon  and  one  of  hydrogen ;  so  that  its 
heat  of  combustion  should  be  one  fourth  of  (8000  X  3)  -j- 
(34000  Xl)  or  14500  heat-units,  if  it  is  simply  the  sum  of 
the  combustion-heats  of  its  constituents.  Experimen- 
tally, however,  the  heat  of  combustion  of  marsh -gas  is 
found  to  be  only  13100  heat-units.  A  moment's  consid- 
eration shows  that  before  the  carbon  and  the  hydrogen 
can  unite  with  oxygen,  they  must  be  separated  from  each 
other  ;  and  that  this  separation  requires  the  expenditure 
of  energy  in  the  form  of  heat.  Hence  of  the  14500  heat- 
units  produced,  1400  are  expended  in  separating  the 
carbon  and  hydrogen;  leaving  13100  available  as  the 
heat  of  combustion.  Evidently  this  1400  heat-units  rep- 
resents also  the  heat  of  combination  when  marsh-gas  is 
formed.  From  the  analysis  of  a  fuel,  then,  such  as  a 
coal-gas,  a  wood,  or  a  coal,  the  heat  of  combustion  may 
be  readily  calculated.  If  oxygen  be  present,  the  hydro- 
gen necessary  to  form  water  with  it  must  be  subtracted 
from  the  total  hydrogen.  It  is  usual  to  calculate  the 
rest  of  the  hydrogen  as  marsh-gas,  taking  the  necessary 
quantity  of  carbon;  the  rest  of  the  carbon  being  re- 
garded as  free.    In  fact,  however,  the  calculated  heat  of 
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combustion  of  a  fuel  varies  considerably  from  that  de- 
termined experimentally  in  the  calorimeter ;  so  that  the 
latter  method  is  generally  preferred.  In  a  general  way 
the  heat  of  combustion  may  be  taken  as  20000  heat- 
units  for  coal-gas,  10000  for  petroleum,  8200  for  bitumi- 
nous coal,  6000  for  anthracite  coal,  and  3600  for  wood.  By 
dividing  these  numbers  by  536,  the  number  of  units  of 
mass  of  water  evaporated  from  100**  by  the  combustion 
of  one  unit  of  mass  of  the  combustible  is  obtained. 
Evidently  the  efficiency  of  a  boiler  may  be  determined 
in  this  way  by  measuring  the  quantity  of  water  evapo- 
rated per  unit  mass  of  a  standard  fuel. 

344.  Thermo-chemlstry. — All  changes  in  matter  ap- 
pear to  involve  corresponding  energy -changes  (7);  and 
since  the  energy-change  generally  takes  the  form  of  heat, 
thermo-chemistry,  which  **  treats  of  the  measurement  of 
chemical  energy  in  thermal  units,"  has  become  an  im- 
portant branch  of  chemical  science.  Although  the 
fundamental  law  of  thermo-chemical  processes  was  first 
stated  as  early  as  1840  by  Hess,  yet  it  is  to  the  more 
recent  researches  of  Thomsen  and  of  Berthelot  that  we 
owe  most  of  our  present  knowledge.  In  addition  to  ex- 
pressing  simply  the  mass-changes  taking  place,  chemical 
equations  are  now  required  to  express  the  heat-changes 
also.     Thus  the  equation 

P6  -f  /,  =  P6/,  +  39800  heat-units 

expresses  not  only  the  fact  that  206*9  units  of  mass  of 
lead  and  253*8  units  of  mass  of  iodine  combine  to  form 
460-7  mass-units  of  lead  iodide,  but  also  the  fact  that  these 
masses  of  lead  and  iodine  together  contain  39800  heat- 
units  of  energy  more  than  the  mass  of  lead  iodide  result- 
ing (Ostwald).  The  heat-changes  which  take  place  in 
chemical  reactions  have  been  classified  by  Berthelot  as 
exothermic  when  there  is  an  evolution  of  heat  and  en- 
dothermic  when  heat  is  absorbed.  And  he  has  stated 
the  three  underlying  principles  of  thermo-chemistry  as 
follows:    (1)    The    amount    of    heat    set    free    in 
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any  chemical  reaction  is  a  measure  of  the 
total  work  accomplished  in  the  reaction;  (2) 
Whenever  changes  are  produced  in  a  system 
without  causing  an  external  mechanical  effect, 
the  evolution  or  absorption  of  heat  thence 
resulting  depends  only  on  the  initial  and 
final  states  of  the  system;  (3)  Every  chemical 
change  effected  in  a  system  without  the  aid 
of  outside  energy  tends  to  the  production  of 
that  body  or  system  of  bodies  the  formation 
of  which   evolves  the   maximum   heat. 

345.  Cosmical  Sources. — The  chief  source  of  supply 
of  energy  to  the  earth,  however,  is  the  sun,  whose  radia- 
tion, when  it  reaches  us,  is  for  the  most  part  converted 
into  heat.  The  amount  of  heat-energy  thus  received  by 
the  earth  was  first  measured  in  1838  by  Pouillet  by 
means  of  his  pyrheliometer,  which  consists  of  a  hollow 
disk  of  steel  containing 
mercury,  in  which  is 
placed  the  bulb  of  a  deli- 
cate thermometer,  and 
which  is  so  mounted  on 
a  stand  that  the  face  of 
the  disk,  which  is  cov- 
ered with  lampblack,  can 
be  placed  normally  to 
the  sun's  rays.  The  in- 
strument is  first  exposed 
to  clear  sky  for  five 
minutes  in  the  shade  and 
the  fall  of  temperature  is 
noted.  It  is  then  ex- 
posed to  the  sun  for  five 
minutes  and  the  rise  of 
temperature  is  noted. 
A  second  exposure  to 
the  clear  sky  is  made  and  the  cooling  observed.  From 
the  data  thus  obtained  Pouillet  calculated  that  the 
amount  of  heat  which  reaches  each  square  centimeter 
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of  the  earth's  surface  in  one  minute,  supposing  the 
atmosphere  absent,  would  raise  the  temperature  of  1*76 
grams  of  water  one  degree.  In  1877,  VioUe  made  a 
much  more  accurate  series  of  experiments  with  a  globe 
actinometer  (Fig.  122)  devised  for  the  purpose;  from 
which  he  deduced  2*54  as  the  value  of  the  solar  constant. 
In  1881  Langley  improved  this  instrument  and  used  it  in 
his  researches  made  upon  Mi  Whitney  at  an  altitude  of 
14500  feet.  He  says:  "My  conclusion  is  that  in  view 
of  the  large  limits  of  error,  we  can  adopt  three  calories  as 
the  most  probable  value  of  the  solar  constant ;  by  which 
I  mean  that  at  the  earth's  mean  distance,  in  the  absence 
of  its  absorbing  atmosphere,  the  solar  rays  would  raise 
one  gram  of  water  three  degrees  centigrade  per  minute 
for  each  normally  exposed  square  centimeter  of  its  sur- 
face." This,  he  points  out,  is  "  approximately  126  550  000 
ergs  per  square  centimeter  per  minute ; "  and  it  implies 
"  a  solar  radiation  capable  of  melting  an  ice-shell  64-45 
meters  deep  annually  over  the  whole  surface  of  the 
earth."  Measured  as  energy,  every  square  meter  of  the 
earth's  surface  under  a  vertical  sun  receives  2*1  kilowatts 
continuously  ;  this  being  reduced  to  about  1*6  kilowatts 
by  the  atmospheric  absorption.  Of  this,  0*2  kilowatt  ap- 
proximately can  be  utilized  practically.  In  Ericsson's 
solar  engine,  enough  solar  heat  was  collected  by  means 
of  a  reflector  3 -35  meters  by  4*87  meters,  to  work  a  two 
and  a  quarter  kilowatt  engine  satisfactorily.  On  an  av- 
erage, the  earth's  surface  receives  annually  upon  each 
square  meter  an  amount  of  energy  which  if  it  were  all 
utilized  would  raise  1056'5  metric  tons  to  the  height  of 
a  kilometer  (Young). 

If  we  may  assume  that  the  radiation  varies  inversely 
as  the  square  of  the  distance,  the  radiation  at  the  solar 
surface  for  an  equal  area  must  be  46000  times  that  re- 
ceived by  the  earth ;  which  is  equal  to  about  1380  mil- 
lion calories  per  square  meter  per  minute,  or  equal  to 
more  than  90000  kilo\Catts  continuously  in  action.  If 
the  sun  were  frozen  over  to  a  depth  of  fifteen  meters,  this 
layer  of  ice  would  be  melted  in  one  minute.     To  produce 
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this  heat  by  the  combustion  of  anthracite  coal  wpuld  re- 
quire the  hourly  consumption  of  eleven  metric  tons  upon 
every  square  meter  of  the  sun's  surface,  equivalent  to 
a  layer  of  such  coal  5  or  6  meters  thick  over  his  entire 
area.  At  this  rate  the  sun  if  made  of  coal  would  be 
entirely  consumed  in  less  than  6000  years  (Toung). 

346.  Solar  Origin  of  Terrestrial  £uergy. — Moreover 
it  is  to  the  solar  radiation,  absorbed  and  transformed 
upon  the  earth's  surface,  that  we  are  indebted  not  only 
for  the  phenomena  called  thermal,  but  also  for  all  the 
other  energy-phenomena  which  we  witness.  The  water 
which  falls  upon  and  turns  the  water-wheel  of  the  mill 
was  raised  by  solar  energy.  The  wood  which  we  use  as 
fuel  and  the  grain  which  we  consume  as  food  are  valua- 
ble to  us  only  because  of  the  energy  which  they  have 
stored  up  from  the  sunlight  in  which  they  grew.  Even 
the  coal  which  is  mined  from  the  depths  of  the  earth 
evolves  on  burning  the  energy  of  past  ages  gathered 
when  the  plants  of  the  carboniferous  epoch  drank  in  the 
sunlight  of  those  days.  Both  food  and  fuel  owe  their 
value  to  the  potential  energy  which  they  contain  ;  and  this 
energy  is  all  stored  sunlight.  Von  Helmholtz  has  shown 
that  the  earth  receives  only  one  twenty-three-hundred- 
millionth  part  of  the  whole  solar  radiation.  It  is  only 
this  small  fraction  of  the  emitted  solar  energy  which  im- 
pinges upon  the  earth  on  its  way  into  space.  But  this 
small  fraction  suffers  many  and  wondrous  transforma- 
tions during  its  brief  residence  upon  our  planet  It 
turns  the  wheel  of  the  mill,  it  drives  the  steamship,  it 
moves  the  train.  It  lifts  the  blacksmith's  hammer,  it 
guides  the  farmer's  plow,  it  transmits  the  merchant's 
commands.  It  appears  in  the  song  of  the  poet,  the  life- 
like creations  of  the  sculptor,  the  symphony  of  the  mu- 
sician. And  then  having  vivified  and  beautified  our 
earth  it  speeds  on  its  way  again,  to  encounter  new  worlds 
possibly  and  to  suffer  in  them  also  still  other  transfor- 
mations. 

347.  Dissipation  of  Energ^y. — Since  we  cannot  create 
energy  and  can  only  transform  it,  it  is  apparent  that  a 
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given  quantity  of  one  form  of  energy  can  be  produced 
only  at  the  expense  of  an  equivalent  quantity  of  some 
other  form ;  whence  it  follows  that  a  perpetual  motion 
is  impossible.  Moreover,  since  no  known  natural  proc- 
ess is  completely  reversible,  and  since  heat  is  the  form 
of  energy  which  most  readily  escapes  conversion,  it  fol- 
lows that  every  transformation  which  is  effected  by  an 
imperfect  process  must  result  in  the  simultaneous  pro- 
duction of  a  certain  quantity  of  heat ;  which  heat  tends 
to  diffusion  and  to  the  consequent  production  of  a  uni- 
form temperature.  Inasmuch  as  heat  is  the  lowest  form 
of  energy,  there  is  in  every  energy-transformation  a  deg- 
radation of  energy ;  i.e.,  a  conversion  of  energy  into  a  ' 
less  available  form,  a  form  less  capable  than  before  of  j 
being  transformed.  As  time  goes  on,  therefore,  there  is/ 
a  continual  increase  in  the  unavailable  energy  and,.& 
continual  decrease  in  the  available  energy  of  the^  uni- 
verse ;  albeit  the  total  energy  remains  unchanged.  Or  as 
it  is  stated  by  Tait :  "The  entropy  of  the  universe  tends 
to  a  minimum  " ;  using  the  term  entropy  to  denote  availa- 
ble energy.  Ultimately,  therefore,  a  uniform  tempera- 
ture will  be  reached,  all  the  energy  of  the  universe  will 
become  unavailable,  and  all  motion  and  change  of  every 
kind  will  cease.  This  is  Thomson's  doctrine  of  the  Dis- 
sipation of  Energy. 

348.  Origin  of  the  Solar  Euergry. — If  it  be  granted 
that  the  radiation  of  energy  from  the  sun  is  as  enor- 
mous as  has  now  been  stated,  it  becomes  an  interesting 
question  to  ask  by  what  agency  this  tremendous  ex- 
penditure is  maintained.  That  it  cannot  be  due  to 
combustion  follows  from  Thomson's  statement  that 
were  the  sun  composed  entirely  of  those  substances 
which  evolve  the  maximum  heat  on  burning,  his  entire 
mass,  at  the  present  rate  of  emission,  would  be  consumed 
in  about  5000  years.  The  meteoric  theory,  proposed 
by  Waterston  and  at  one  time  quite  in  favor,  supposes 
the  solar  heat  to  be  due  to  the  impact  of  meteorites  upon 
his  surface.  In  support  of  this  view  Nordenskjold  esti- 
mates that  half  a  million  tons  of  meteoric  matter  fall  on 
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the  earth  every  year ;  and  Thomson  calculates  that  a 
fall  of  only  0*3  of  a  gram  of  matter  per  second  upon 
each  square  meter  of  the  solar  surface  would  furnish 
energy  sufficient  to  maintain  his  present  radiation. 
Moreover,  Toung  computes  that  a  quantity  of  meteoric 
matter  equal  to  0*01  of  the  earth's  mass  striking  the  sun's 
surface  annually  with  a  speed  of  600  kilometers  per 
second  would  develop  heat  sufficient  to  cover  his  total 
emission.  It  would  seem  hardly  possible,  however, 
that  even  one  per  cent  of  the  sun's  emitted  radiation  can 
be  accounted  for  in  this  way.  The  theory  now  gener- 
ally accepted  is  that  of  von  Helmholtz.  He  considers 
that  the  energy  emitted  by  the  sun  is  due  to  his  contrac- 
tion in  volume.  Lane  had  shown,  in  1870,  that  a  gaseous 
sphere  losing  heat  by  radiation  and  contracting  under 
its  own  gravity,  must  rise  in  temperature  and  actually 
grow  hotter,  until  it  ceases  to  be  a  perfect  gas;  the 
kinetic  energy  developed  by  the  shrinkage  of  a  gaseous 
mass  being  more  than  sufficient  to  replace  the  loss  of 
heat  which  caused  the  shrinkage.  Von  Helmholtz  has 
calculated  that  a  contraction  of  only  38  meters  in  the 
solar  radius  would  account  for  the  whole  annual  output  of 
energy.  To  reduce  the  sun's  diameter  by  one  second  at 
this  rate  would  require  9000  years.  If  the  sun  were  to 
contract  to  one  half  his  present  diameter  and  therefore 
to  one  eighth  of  his  present  volume,  his  density  \fould 
be  only  twice  that  of  the  earth,  but  the  work  done  in 
the  contraction  would  supply  the  energy  of  the  solar 
radiation  for  more  than  four  million  years. 
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CHAPTER  I. 

ENEBGT  OF  iETHER- VIBRATION.— RADIANT 
ENERGY. 

Section  I. — Nature  of  Radiation. 

349.  Definition  of  Radiation. — The  name  radiation 
is  giyen  to  the  transference  of  energy  by  means  of  peri- 
odic disturbances  in  a  special  medium  filling  all  space 
and  called  the  aether.  The  precise  nature  of  these  dis- 
turbances is  unknown  to  us,  although  the  laws  according 
to  which  they  take  place  are  those  of  wave-motion. 
They  are  not  due,  howeyer,  to  changes  of  position  in  the 
ffither  necessarily,  but  may  arise  from  changes  in  its 
stress,  in  its  electric  condition,  or  in  some  other  of  its 
properties.  "The  essential  character  of  the  theory  of 
undulations,**  says  Maxwell,  "  would  remain  the  same  if 
we  were  to  substitute  for  ordinary  motion  to  and  fro  any 
other  succession  of  oppositely  directed  conditions." 

350.  Characteristics  of  the  JEther. — Like  other 
forms  of  matter,  the  »ther  is  known  to  us  only  by  its 
properties.  Since  the  vibrations  which  are  assumed  to 
constitute  radiant  energy  are  transverse  vibrations,  that 
is,  are  vibrations  perpendicular  to  the  direction  along 
which  the  energy  is  transmitted,  it  follows  that  the  me- 
dium in  which  these  waves  are  propagated  must  pos- 
sess rigidity ;  i.e.,  must  in  so  far  be  a  solid.  Thomson 
has  assigned  to  it  the  density  9*36  X  10" '• ;  so  that,  in 
other  words,  the  mass  of  one  cubic  centimeter  is  only 
•000000  000000  000000  936  gram .     Tliis  density,  although 
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about  the  same  as  that  of  the  atmosphere  at  the  height 
of  340  kilometers,  is  yet  enormously  great  as  compared 
with  that  which  air  would  assume  in  interstellar  space. 
The  rigidity  of  the  sether,  according  to  the  same  author- 
ity, is  approximately  one  thousand-millionth  of  that  of 
steel ;  so  that  masses  of  ordinary  matter  can  pass 
through  it  readily.  In  its  structure  the  aether  is  as- 
sumed to  be  continuous  and  unlike  that  of  ordinary  mat- 
ter, which  is  granular.  As  a  whole,  perhaps  it  may  be 
regarded  as  "  a  perfectly  continuous,  subtle,  incompress- 
ible substance  pervading  all  space  and  penetrating  be- 
tween the  molecules  of  all  ordinary  matter,  which  are 
embedded  in  it  and  connected  with  one  another  by  its 
means"  (Lodge).  Through  this  aether  are  constantly 
passing  in  all  directions  the  vibrations  which  we  may 
assume  to  constitute  radiation ;  these  vibrations  or  waves 
being  of  all  possible  lengths  and  having  all  conceivable 
amplitudes. 

351.  Mechanism  of  Radiation. — The  phenomenon  of 
radiation  involves  two  correlative  processes,  called  re- 
spectively emission  and  absorption.  The  former  term 
refers  to  the  communication  of  disturbances  to  the 
aether,  the  latter  to  the  reception  of  disturbances  from  it 
Since  the  intermolecular  spaces  in  all  matter  are  filled 
with  this  aether,  it  is  clear  that  the  vibrating  molecules 
must  communicate  their  motion  to  it;  and  that  thus 
periodic  disturbances  must  be  originated  in  it,  which  are 
propagated  through  it  with  a  speed  depending  upon  its 
density  and  its  rigidity.  Conversely,  these  aether-dis- 
turbances,  on  reaching  a  body,  may  communicate  their 
energy  to  its  molecules,  and  thus  increase  the  total 
energy  which  the  body  possesses. 

It  should  be  observed,  however,  that  it  is  to  the 
energy  of  vibration  of  the  molecules,  rather  than  to  their 
energy  of  translation,  that  the  energy  of  the  resulting 
aether- waves  is  due.  Any  increase  in  the  total  vibratory 
molecular  energy  of  a  body  increases  its  total  radiation ; 
while  any  increase  in  the  rapidity  of  the  vibrations  in- 
creases of  course  the  number  of  disturbances  produced 
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in  a  unit  of  time,  and  therefore  affects  the  wave-fre- 
quency. There  is  a  considerable  analogy,  consequently, 
in  this  respect,  between  the  phenomenon  of  radiation 
and  that  of  the  propagation  of  sound  in  air. 

362.  Wave-lengrth  and  Wave-frequency. — Theory, 
at  present,  can  assign  no  limit  to  the  possible  length  of 
8Bther-waves.  The  longest  wave  yet  recognized  is  30)m  or 
3000  X  lO"*  centimeter  (Langley) ;  the  shortest  0-185)m 
or  18-5  X  lO"'  centimeter  (Cornu).  These  values  corre- 
spond to  vibration-frequencies  (216)  of  10  million  million 
•  and  1622  million  million,  respectively. 

Badiant  energy  may  or  may  not  affect  the  eye  and 
produce  vision.  Investigation  teaches  us  that  those 
waves  which  are  competent  to  excite  the  optic  nerve  are 
comprised  within  somewhat  narrow  limits,  the  longest 
according  to  Angstrom  being  7*6  X  10"*,  and  the  short- 
est 3*9  X  10"*  centimeter;  corresponding  to  vibration- 
frequencies  of  392  million  million  and  757  million  million, 
respectively.  That  portion  of  radiant  energy  whose 
vibration-frequencies  lie  between  these  limits  is  called 
light.  Its  phenomena  differ  in  no  respect  from  those  of 
radiation  in  general,  and  hence  need  not  be  separately 
studied. 

353.  Color. — Evidently  between  the  limits  of  vibra- 
tion-frequency above  mentioned,  there  must  be  an  indefi- 
nitely large  number  of  radiations  competent  to  produce 
vision.  Each  of  these  separate  vibration-frequencies 
represents  a  particular  kind  of  light ;  and  therefore  the 
number  of  kinds  of  light  must  also  be  indefinitely  great.' 
The  eye  recognizes  many  of  these  separate  vibration-fre- 
quencies as  distinct.  Each  of  them  produces  a  sensation 
peculiar  to  itself  which  is  called  the  sensation  of  color. 
When  the  eye  recognizes  the  color  of  a  flame  containing 
salt  as  yellow,  it  does  so  simply  because  sether-vibrations 
impinge  upon  the  retina  having  vibration-frequencies  of 
about  508  and  510  million  million,  respectively.  Color  is 
defined  objectively,  therefore,  simply  by  the  vibration- 
frequency  required  to  produce  it.  It  is  consequently 
analogous  to  pitch  in  music.     Moreover,  it  is  found  that 
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waves  of  the  minimum  vibration-frequency  produce  the 
sensation  of  red,  and  those  of  the  maximum  frequency 
that  of  violet.  So  that  if  waves  of  intermediate  frequency 
be  made  to  enter  the  eye,  in  the  inverse  order  of  their 
vibration-frequencies,  we  shall  perceive  the  colors 
red,  orange-red,  orange,  orange-yellow,  yellow,  green, 
blue-green,  cyan-blue,  blue,  violet-blue,  violet.  Such  a 
succession  of  colors,  shading  insensibly  from  one  to  the 
other,  is  called  a  spectrum.  The  following  table  gives 
the  wave- lengths,  in  centimeters  in  air,  and  the  vibration- 
frequencies,  for  the  colors  above  mentioned.  (Bood» 
Thomson.) 

CONSTANTS  OF  LIGHT- WAVES. 

Color.  Vibration-frequency.  Wave-length. 

Ultra  red 370  million  million        -00008100 

Ked 428  "  "  -00007000 

Orange-red 483  "  "  -00006208 

Orange 502  «  "  -00005972 

Orange-yellow....  510  "  "  -00005879 

Yellow 516  "  "  -00005808 

Green 569  «  "  -00005271 

Blue-green 590  "  "  -00005082 

Cyan-blue 604  "  "  00004960 

Blue 634  «  «  -00004732 

Violet-blue 684  "  "  -00004383 

Violet 739  "  «  -00004059 

Ultra-violet. 833  "  "  -00003600 

If  a  given  portion  of  light  be  made  up  of  waves  all 
of  the  same  length,  it  is  called  simple,  homogeneous, 
or  monochromatic  light.  If  a  portion  of  light  contains 
a  mixture  of  waves  diflfering  in  length,  it  is  called  com- 
pound light;  and  if  the  wave-lengths  present  are 
distributed  with  considerable  uniformity  through  the 
specti-um,  the  compound  light  is  white.  Ordinary  white 
light  therefore  is  only  a  mixture  of  long  and  short 
fiether-waves.  Obviously,  colored  light  which  is  simple 
and  colored  light  which  is  compound  may  produce  the 
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same  color-sensation  and  therefore  may  not  be  dis- 
tinguishable from  each  other  by  the  eye. 

Again,  since  white  light  contains  a  variety  of  colors 
these  colors  may  conveniently  be  regarded  as  balanced 
in  pairs.  Thus  if  we  assume  that  the  colors  making 
white  are  red,  yellow,  green,  and  blue,  for  example,  we 
observe  that  if  yellow  be  abstracted  from  white,  the  re- 
maining light  is  blue.  If  red  be  removed,  green  light  is 
left  Hence  green  and  red,  yellow  and  blue,  are  called 
complementary  colors ;  since  the  two  colors  of  each  pair 
taken  together  make  white.  But  white  may  also  result 
from  the  simultaneous  action  of  monochromatic  pairs. 
Thus  red  and  greenish  blue,  orange  and  cyan-blue, 
yellow  and  ultramarine  blue,  greenish  yellow  and  violet, 
are  in  this  sense  complementary  colors.  So  green  and 
purple  are  complementary,  though  purple  is  a  com- 
pound color.  Sunlight,  the  type  of  white  light,  contains 
in  1000  parts,  according  to  Eood,  54  of  red,  140  of 
orange-red,  80  of  orange,  114  of  orange-yellow,  54  of 
yellow,  206  of  greenish  yellow,  121  of  yellowish  green, 
134  of  green  and  blue-green,  32  of  cyan-blue,  40  of 
blue,  20  of  ultramarine  and  blue-violet,  and  5  of  violet. 

354.  Change  of  Vibration-frequency.  —  Fluores- 
cence.— Solutions  of  certain  substances  such  as  quinine 
and  sesculin  are  observed  to  emit  an  opalescent  blue 
light  when  placed  in  radiations  of  wave-frequency  too 
great  to  excite  vision.  Stokes  has  shown  that  these 
substances  are  capable  of  emitting  light  of  a  less  wave- 
frequency  than  corresponds  to  the  energy  which  falls 
upon  them,  and  hence  have  the  property  of  rendering 
visible  these  invisible  radiations.  To  this  property- 
Stokes  has  given  the  name  flnoresoenoe ;  a  name  derived 
from  fluor  spar,  a  substance  possessing  it  to  a  marked 
degree.  The  organic  substances  fluorescein,  eosin,  and 
uranin  are  markedly  fluorescent ;  as  is  also  the  hydro- 
carbon thallene,  whose  fluorescent  spectrum  has  been 
described  by  Morton. 

Becquerel,  in  studj'ing  the  phenomena  of  phospho- 
rescence, observed  that  in  this  case  also  the  exciting 
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radiations  are  invisible.  A  phosphorescent  substance 
is  one  which,  after  exposure  to  light,  continues  to  shine 
in  the  dark.  By  means  of  his  phosphoroscope,  Becque- 
rel  measured  with  great  accuracy  the  duration  of  the 
phosphorescence  after  insolation;  and  he  found  that 
in  fluorescent  substances  the  emission  of  light  has  a 
finite  duration.  Fluorescence  and  phosphorescence 
therefore  must  be  regarded  as  identical  in  essence,  dif- 
fering from  each  other  only  in  degree. 

355.  Form  of  ^ther-motion.— Polarization. — If  we 
imagine  a  single  row  of  particles  engaged  in  propagating 
a  linear  transverse  wave  (62),  we  may  suppose  that  any 
one  of  these  particles,  while  always  vibrating  perpen- 
dicularly to  the  direction  of  transmission,  may  describe 
any  one  of  a  variety  of  paths.  In  one  case  the  particle 
may  oscillate  along  a  straight  line  parallel  to  the  wave- 
front.  In  other  cases  it  may  oscillate  in  a  circular  or 
elliptic  orbit  whose  plane  is  also  parallel  to  the  wave- 
front.  If  we  suppose  that  all  the  particles  of  the  above 
row,  when  concerned  in  propagating  the  wave,  vibrate 
successively  along  lines  lying  in  the  same  plane,  the 
wave  made  up  of  such  rows  of  particles  vibrating  in 
parallel  planes  is  called  a  plane-polarized  wave  and  the 
radiation  is  said  to  be  plane-polarized.  If,  however,  the 
particles  all  describe  circles  or  ellipses  whose  planes 
are  parallel  to  the  wave-front,  the  radiation  is  said  to  be 
cironlarly  or  elliptically  polarized.  Moreover  when  the 
direction  of  motion  of  the  particles  is  that  of  the  hands 
of  a  watch,  the  polarization  is  said  to  be  left-handed ;  and 
when  it  is  in  the  inverse  direction,  the  polarization  is 
said  to  be  right-handed. 

We  have  discussed  in  Kinematics  (58)  the  resolution 
and  composition  of  simple  harmonic  motions.  And  from 
this  discussion  it  is  clear  that  if  the  path  described  by 
the  vibrating  particles  be  circular  or  elliptical  in  form, 
it  may  be  resolved  into  two  plane-polarized  portions, 
the  vibrations  in  these  two  portions  being  in  planes  per- 
pendicular to  each  other,  and  the  phase  in  one  of  these 
portions  differing  from  that  in  the  other  by  one  quarter 
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of  a  period.  So,  conversely,  two  plane  waves  of  equal 
period  and  amplitude,  one  a  quarter  of  a  vibration  behind 
the  other,  may  be  compounded  to  produce  a  resultant 
circularly  polarized  radiation.  If,  however,  the  differ- 
ence of  phase  be  more  or  less  than  a  quarter  period,  the 
radiation  produced  will  be  elliptically  polarized.  More- 
over, in  case  the  vibrations  in  the  two  planes  be  of  varia- 
ble amplitude  and  the  periods  be  neither  commensura- 
ble nor  constant,  the  radiation  is  ordinary  aether-energy ; 
and  this,  in  the  case  of  those  vibrations  which  affect  our 
organs  of  vision,  is  called  common  light.  Clearly,  there- 
fore, light-energy  in  the  form  in  which  we  are  most 
familiar  with  it  is  highly  complex  in  its  character.  It  is 
made  up,  not  only  of  an  indefinite  number  of  waves  of 
different  lengths,  but  also  of  an  indefinite  number  of 
modes  of  vibration  assumed  by  these  waves.  The  mono- 
chromatic light  of  a  sodium  flame  plane-polarized  con- 
stitutes one  of  the  simplest  forms  of  radiant  energy. 
The  white  light  emitted  by  an  incandescent  solid  con- 
stitutes one  of  the  most  complex  forms. 

356.  Energy  of  Radiation. — The  kinetic  energy  of  a 
moving  mass  is  proportional  to  the  square  of  its  speed; 
and  in  the  case  of  radiant  energy  as  in  that  of  sound,  this 
energy  is  proportional  to  the  square  of  the  speed  with 
which  the  vibrating  particle  passes  its  position  of  equi- 
librium. Further,  since  this  speed  determines  the 
amplitude,  it  is  also  proportional  to  the  square  of  the 
amplitude  of  the  wave.  Moreover,  as  in  all  motions  of 
vibration,  the  energy  is  all  kinetic  at  its  middle  point  and 
all  potential  at  the  extreme  points  of  the  excursion.  The 
mean  or  average  energy  of  a  vibrating  particle,  therefore, 
if  a  be  the  amplitude  and  aco  the  maximum  speed,  is 
found  to  be  ima'co' ;  or  since  oj  =  27r/T,  the  energy  is 
mTt'a^ /T*,  and  the  energy  per  unit  time  is  mn^a^/T'y  to 
which  the  activity  is  proportional.  Since  a'o?'  =  «', 
J^na'ft?*  =  im«' ;  or  the  mean  kinetic  energy  of  a  vibrat- 
ing particle  is  one  half  of  its  maximum  kinetic  energy.. 
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Section  II. — Sources  of  Radiation. 

367.  Matter- vibration. — Whatever  can  excite  peri- 
odic disturbances  in  the  aether  may  evidently  be  a 
source  of  radiation.  A  candle-flame,  a  heated  stove,  an 
electric  spark,  may  originate  such  aether-vibrations ; 
which  being  perceived  by  our  senses  are  interpreted 
either  as  heat  or  light.  Since  the  emission  of  radiant 
energy  by  a  body  is  simply  the  production  of  aether- 
disturbances  by  its  vibrating  molecules  or  atoms  which 
this  aether  surrounds,  and  since  absorption  of  this 
energy  is  simply  the  production  of  these  vibrations 
again  by  the  aether-displacements,  it  is  clear  that  in 
general  the  sources  of  radiation  are  to  be  found  in  the 
molecular  or  atomic  vibrations  of  ordinary  matter. 

358.  Effect  of  Temperature. — Let  the  temperature 
of  a  platinum  wire  be  gradually  raised  by  means  of  an 
electric  current.  At  first,  its  radiations  are  capable  of 
affecting  the  nerves  of  general  sensation  only ;  i.e.,  of 
producing  heat.  But  at  a  temperature  of  about  525**, 
the  eye  perceives  the  wire  as  a,  dark  red  line,  the  radia- 
tions becoming  now  just  visible  and  the  wave-frequency 
having  the  minimum  value  necessary  to  this  end.  As 
the  temperature  continues  to  rise,  the  wire  appears 
successively  orange,  yellow,  and  finally  white,  when  it 
is  said  to  be  white  hot.  That  is,  wave-frequencies  of 
higher  and  higher  orders  are  continually  added,  the  light 
emitted  by  the  wire  being  the  sum  of  them  all ;  until 
finally,  when  all  the  wave-frequencies  of  the  spectrum 
are  emitted  by  the  wire,  the  light  reaches  its  maximum 
of  complexity.  In  proportion,  then,  as  a  body  is  heated, 
do  the  wave-frequencies  which  it  emits  increase,  both  in 
number  and  in  amplitude ;  shorter  and  shorter  waves 
being  successively  added,  while  those  previously  emitted 
acquire  an  increased  amplitude. 

359.  Theory  of  Exchanges.— Prevost's  Law.— -When 
a  heated  body  is  placed  in  the  vicinity  of  another  body 
of  lower  temperature,  the  former  loses  and  the  latter 
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gains  heat  by  radiation  until  both  have  acquired  the 
same  temperature.  But  this  is  not  a  complete  state- 
ment of  the  case.  Prevost,  about  the  close  of  the  last 
century,  suggested  that  all  bodies  continually  radiate 
heat  whatever  their  temperature,  provided  this  tempera-^ 
ture  be  above  the  absolute  zero.  According  to  this 
theory,  the  hotter  body  radiates  to  the  colder  one  and 
the  colder  body  also  radiates  to  the  hotter  one  ;  but  as 
the  former,  owing  to  its  higher  temperature,  radiates 
to  the  latter  more  than  it  receives  from  it,  its  tempera- 
ture falls.  While,  as  the  latter  receives  more  energy 
than  it  radiates,  its  temperature  rises.  This  theory  (1) 
that  at  all  temperatures  above  zero  all  bodies  produce 
aether-disturbances ;  and  (2)  that  in  consequence  all 
bodies  are  continually  exchanging  radiations,  is  known 
as  Prevost's  theory  of  exchanges. 

360.  Radiating  aud  Absorbing  Power. — Suppose  a 
thermometer,  having  its  bulb  silvered,  to  be  placed  in  an 
enclosure  of  any  form,  whose  walls  are  covered  with 
lampblack  on  their  interior  surfaces,  and  which  is  main- 
tained at  a  temperature  of  100°.  The  thermometer  will 
indicate  100°  in  any  part  of  the  enclosure ;  and  by  the 
theory  of  exchanges,  since  its  temperature  is  constant 
it  must  radiate  as  much  heat  as  it  receives.  Suppose 
further  that  of  the  entire  radiation  emitted  by  the  lamp- 
black and  received  upon  the  thermometer-bulb  80  per 
cent  is  reflected.  This  leaves  only  20  per  cent  to  be  ab- 
sorbed in  order  to  heat  the  bulb.  But  the  bulb  is  not 
rising  in  temperature  ;  and  hence  it  must  radiate  20  per 
cent  of  the  energy  falling  upon  it;  i.e.,  the  radiation 
and  the  absorption  must  be  equal.  Again,  let  the  bulb 
be  covered  with  lampblack,  a  substance  of  minimum 
reflecting  power.  Since  the  reflection  is  practically 
nothing,  the  absorption  must  be  100  per  cent.  But  to 
maintain  the  temperature  constant,  the  radiation  in  this 
case  also  must  equal  the  absorption.  We  see  then  (1) 
that  absorption  and  emission  of  radiant  energy  go  hand 
in  hand,  good  absorbers  being  good  emitters  and  vioe 
versa  ;  and  (2)  that  good  reflectors  are  bad  radiators. 
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Experiments. — 1.  Take  two  plates  of  iron,  one  tinned  and  the 
other  untinued,  and  solder  to  the  center  of  each  of  them  a  short 
piece  of  stout  copper  wire  normal  to  the  surface.  Hang  these  plates 
up  ten  or  fifteen  centimeters  apart,  and  attach  a  marble  by  means 
of  wax  to  the  end  of  each  rod.  Place  a  highly  heated  iron  ball 
between  the  plates  and  observe  that  the  marble  attached  to  the 
black  plate  drops  off  first,  showing  that  this  plate  is  the  better 
absorber. 

2.  Coat  one  bulb  of  a  differential  thermoscope  with  lampblack 
by  smoking  it,  and  cover  the  other  with  tinfoil.  Place  between  the 
bulbs  and  equidistant  from  them  a  tin  cube  containing  boiling 
water,  one  of  whose  faces  is  also  smoked.  If  the  smoked  side  of  the 
cube  face  the  metal-covered  bulb  of  the  thermoscope,  the  liquid 
column  will  remain  stationary,  the  greater  radiation  from  the  former 
being  compensated  by  the  less  absorption  of  the  latter. 

361.    Quantity    and    Quality   of   Radiation.  —  By 

quantity  of  radiation  is  understood  the  total  heating 
eflfect  of  the  radiant  energy  as  measured  by  the  rise  of 
temperature  of  a  surface  such  as  lampblack  which  ab- 
sorbs it  entirely.  Quality  of  radiation  refers  to  specific 
differences  existing  in  it,  such  as  wave-length  and  po- 
larization, even  when  its  total  heating  effect  is  the  same. 
When  two  radiations  are  the  same  in  quality,  the  mix- 
ture of  wave-lengths  in  the  one  is  the  same  as  in  the  other, 
and  the  polarization  is  the  same  for  both.  The  word, 
intensity,  as  applied  to  radiation,  is  intended  to  apply  to 
the  ratio  of  quantity  to  surface ;  i.e.,  to  the  radiation  per 
unit  of  surface. 

Thus  a  beam  of  direct  light  may  have  the  same  in- 
tensity as  one  of  reflected  light ;  or  one  of  pure  green 
light  the  same  as  one  of  pure  yellow  light ;  as  measured 
by  their  effects  produced  on  absorption.  But  they  differ 
obviously  in  quality  since  in  the  first  case  the  refiected 
beam  is  polarized,  at  least  in  part,  while  the  direct  beam 
is  not ;  and  in  the  second  case  the  radiation  in  the  two 
beams  differs  in  wave-length. 

Now  the  experiments  of  Balfour  Stewart  and  others 
have  shown  that  the  law  of  exchanges  holds  alike  for 
quantity  and  for  quality  of  radiation.  Suppose,  for 
instance,  that  the  thermometer-bulb  referred  to  above 
be  covered  with  a  layer  having  selective  absorption ;  i.e.. 
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absorbing  radiations  of  a  particular  wave-length  only. 
Since  under  these  conditions  the  thermometer-tempera- 
ture remains  constant,  this  experiment  proves  that  its 
emissive  power  for  this  particular  wave-frequency  must 
be  the  same  as  its  absorbing  power  for  the  same  radia- 
tion. 

Examples. — Thus,  for  example,  a  piece  of  green  glass  appears 
green  because  it  absorbs  the  complementary  color  red,  from  the 
white  light  incident  upon  it.  If,  therefore,  it  be  a  good  absorber  of 
this  particular  quality  of  light,  it  should  be  a  good  radiator  of  the 
same  quality,  under  suitable  conditions.  And  it  is  found  that  a 
piece  of  green  glass  heated  to  a  high  temperature  and  viewed  in  the 
dark  emits  a  light  which  is  distinctly  reddish.  For  the  same  reason 
a  colored  glass  loses  all  its  color  when  placed  in  a  coal  fire.  For  the 
color  which  it  emits,  being  that  which  it  absorbs,  must  be  comple- 
mentary to  that  which  it  transmits.  And  hence  the  sum  of  the 
emitted  and  the  transmitted  light  must  be  white. 

Again,  a  plate  of  tourmalin  is  known  to  absorb  all  radiations 
whose  vibration-plane  is  perpendicular  to  the  crystal-axis.  Stokes 
has  shown  that  if  such  a  plate  be  placed  in  an  iron  bomb  and  heated 
to  a  high  temperature,  the  light  which  it  emits,  when  viewed  through 
an  aperture  made  for  the  purpose,  is  polarized  in  this  principal 
plane  ;  the  quality  of  the  radiation  now  emitted  being  the  same  as 
that  of  the  radiation  previously  absorbed.  It  follows  that  if  through 
an  opening  on  the  opposite  side  ordinary  light  be  sent  through  the 
plate,  the  emergent  light  will  be  composed  of  a  transmitted  and  of 
an  emitted  portion,  both  polarized,  their  polarization-planes  being 
at  right  angles;  consequently  this  emergent  light  will  be  itself  un- 
polarized. 

The  truth  of  the  law  of  exchanges  as  to  quantity  of  radiation  is 
readily  shown  by  heating  a  piece  of  platinum  foil  having  an  ink-mark 
upon  it,  as  suggested  by  Tait.  The  black  ink-mark  is  a  better  ab- 
sorber than  the  platinum  at  ordinary  temperatures.  But  if  the  foil 
be  heated  till  it  emits  light,  the  better  absorber  at  the  low  temperature 
will  become  the  better  radiator  at  the  high  temperature  and  the  mark 
will  appear  brighter  than  the  surrounding  platinum.  So  a  chalk.mark 
on  a  poker  becomes  darker  than  the  poker  when  highly  heated.  A 
black  pattern  on  a  white  earthenware  tile  is  reversed  when  the  tile 
is  highly  heated,  becoming  a  bright  pattern  on  a  darker  ground,  the 
quantity  of  emission  being  proportionate  to  the  quantity  of  absorp- 
tion. 

362.  Intensity  of  Radiation. —  The  intensity  of  ra- 
diation is  the  amount  emitted  or  received  per  unit  of 
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surface.  It  is  therefore  a  function  (1)  of  the  distance 
which  separates  the  surface  from  the  source  of  radiation 
and  ( 2 )  of  the  inclination  of  the  surface  to  the  radiant 
beam.     The  following  laws  express  these  relations  : 

1st.  The  intensity  of  the  radiation  which  falls 
upon  any  surface  varies  inversely  as  the  square 
of  the  distance  between  this  surface  and  the 
source  of  the   radiation. 

2d.  The  intensity  of  the  radiation  received 
upon  or  emitted  by  any  surface  is  proportional 
to  the  cosine  of  the  angle  which  a  normal  to 
the  receiving  or  emitting  surface  makes  with 
the  direction  of  the  radiation. 

To  illustrate  the 
first  law,  let  a  candle 
be  placed  at  A  (Fig. 
123)  and  let  a  screen 
with  an  opening  a 
decimeter  square  be 
placed  at  B,  one 
Fio.  128.  meter  from   it.      If 

now  a  sheet  of  cardboard  be  placed  at  (7,  two  meters 
from  the  candle,  the  section  of  the  beam  at  this  point 
will  be  two  decimeters  on  a  side,  and  its  area  will  be 
four  square  decimeters.  So,  at  i>,  the  section  of  the 
beam  will  be  nine  square  decimeters,  evidently.  The 
areas  of  the  illuminated  surfaces  at  distances  1,  2,  and 
3  meters  from  the  candle  are  then  1,  4,  and  9  square 
decimeters ;  and  since  the  amount  of  light  spread 
over  these  surfaces  is  the  same,  being  the  light  from  the 
candle,  it  follows  that  the  intensity  of  this  light,  or  the 
amount  of  light  falling  upon  unit  of  surface  in  each 
case,  will  be  in  the  ratio  1 :  ^  :  -J .  Hence  this  experiment 
proves  the  fact  that  the  intensity  varies  as  the  inverse 
square  of  the  distance. 

The  same  fact  may  be  proved  for  invisible  radiations 
by  the  thermopile  (364),  in  the  following  way :  Let  a 
shallow  tin  box  BC  (Fig.  124),  whose  face  is  covered 
with  lampblack,  be  filled  with  boiling  water,  and  let  a 
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thermopile  A^  provided  at  one  end  with  a  cone,  be  ex- 
posed to  its  radiations  at  one  decimeter  distance.  Sup- 
pose the  galvanometer-deflection  to  be  noted.  Let  the 
thermopile  be  moved  to  A\  a  distance  of  two  decimeters, 
and  suppose  the  deflection  to  be  again  noted.    It  will  be 


Fio.  134. 

found  to  be  the  same  as  before.  Obviously  in  the  second 
case  the  radiating  surface  is  the  base  of  a  cone  of  twice 
the  height  and  hence  of  four  times  the  area.  Since, 
therefore,  this  fourfold  radiation  produces  the  same  effect 
at  twice  the  distance,  it  is  evident  that  the  intensity  of 
this  radiation  must  vary  inversely  as  the  square  of  the 
distance. 

The  second  law  is  illustrated  by  the  familiar  fact  that 
if  an  incandescent  surface,  such  as  a  red-hot  iron  plate, 
be  viewed  through  an  aperture  too  small  to  allow  the 
whole  of  it  to  be  seen,  it  will  appear  equally  bright  what- 
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ever  the  angle  of  inclination  to  the  line  of  sight.  To 
prove  the  law  true  for  radiation  in  general,  place  the 
thermogalvanometer  A  G  (Fig.  125)  in  front  of  the  screen 
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ST,  l)ehind  the  opening  in  which  is  a  heated  surface. 
Note  the  deflection  of  the  galvanometer-needle  when  this 
surface  is  in  the  perpendicular  position  ab.  Then  move  it 
into  the  inclined  position  ac  and  again  note  the  deflection. 
It  will  be  found  to  be  the  same  as  before.  Since  the 
surface  of  emission  is  increased  as  the  plate  is  inclined, 
it  is  necessary  in  order  that  the  total  emission  itself  may 
not  be  increased  that  the  radiation  should  diminish  in 
proportion  as  the  surface  increases.  Now  the  surface 
ac,  as  seen  through  the  screen,  is  to  oft,  as  unity  is  to  the 
cosine  of  the  angle  of  inclination.  Since  the  surface  va- 
ries inversely  as  the  cosine  of  the  inclination,  the  radiation 
must  vary  directly  as  this  cosine.  In  other  words,  the 
emission  from  any  surface  or  the  radiation  received  by 
it,  other  things  being  equal,  is  proportional  to  the  cosine 
of  the  angle  between  the  initial  and  the  final  positions  of 
the  surface. 

Experiment.— Provide  a  metal  cube  B  (Fig.  126)  one  of  whose 
faces  is  covered  with  lampblack.  Fill  it  with  boiling  water  and 
place  it  as  shown,  so  as  to  radiate  normally  upon  the  face  of  the 
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thermopile  A^  the  size  of  the  beam  being  regulated  by  the  screens 
ST  and  S'T'.  Note  the  galvanometer  deflection  and  then  rotate 
the  cube  about  the  center  of  the  lampblacked  face  into  the  position 
shown  by  the  dotted  lines,  the  normal  to  the  surface  moving  over 
an  angle  a.  No  change  will  be  observed  in  the  galvanometer 
deflection.  But  here  again  the  radiating  surface  has  been  increased 
in  the  ratio  of  the  cosine  of  the  angle  of  rotation  to  unity ;  and 
hence  the  intensity  of  the  emitted  radiation  must  have  been 
decreased  in  the  same  ratio,  in  order  that  their  product  should  be 
constant,  as  the  experiment  shows  it  to  be. 
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Since  the  intensity  of  radiation  is  simplj'  the  quantity 
emitted  or  received  per  unit  of  surface,  its  value  is 
obtained  by  dividing  the  whole  quantity  of  the  radiation 
by  the  whole  surface.  Or  calling  Q  the  quantity  radi- 
ated, S  the  area  of  the  emitting  surface,  and  /  the 
intensity,  we  have  /  =  Q/8,  Evidently  if  the  surface 
increases  so  as  to  become  /S/cos  or,  the  intensity  will 
become  F  =  Q  cos  a/ 8;  whence  /:/'::!:  cos  a.  Or 
the  intensity  is  proportional  to  the  cosine  of  the  angle 
of  inclination.  Obviously  when  a  =  0,  cosine  a  will  be 
unity ;  and  the  emission,  being  now  normal  to  the  sur- 
face, reaches  its  maximum.  Evidently  this  law  of  the 
cosine  can  be  strictly  true  only  for  substances  which 
like  lampblack  possess  practically  no  reflecting  power. 

363.  Measurement  of  Radiation. — The  total  energy 
of  radiation  is  measured  by  totally  absorbing  it  and 
determining  the  total  heating  effect  produced  by  it.  Of 
all  the  substances  used  for  this  purpose,  lampblack  has 
been  found  to  be  the  most  efficient. 

364.  Thermogalvanometer. — Bolometer. — In  the 
earlier  experiments  on  radiation,  the  receiving  instrument 
was  simply  a  thermometer  the  bulb  of  which  was  coated 
with  lampblack.  Leslie  (1804)  used  in  his  researches  a 
diflferential  thermometer  having  one  of  its  bulbs  thus 
coated.  But  Nobili  and  Melloni  (1833)  showed  that  by 
combining  a  thermopile  with  a  galvanometer,  an  instru- 
ment can  be  constructed  far  more  delicate  than  any 
thermometer  for  measuring  temperatures.  The  thermo- 
pile (632)  consists  of  a  bundle  of  metallic  bars,  generally 
of  bismuth  and  antimony,  connected  together  alternately 
at  their  ends,  each  pair  being  insulated  from  its  fellows 
by  a  slip  of  mica.  When  one  end  of  this  bundle  has  a 
higher  temperature  than  the  other  a  difference  of 
potential  is  developed  between  the  first  and  last  bars 
which  is  proportional  to  the  number  of  bars  and  to  the 
temperature-difference  ;  so  that  on  joining  these  ends  by 
a  conductor  an  electric  current  is  produced  the  strength 
of  which  may  be  determined  by  means  of  a  delicate 
galvanometer.     If    the    faces    of    the     thermopile    be 
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covered  with  lampblack,  so  as  to  absorb  the  energy 
radiated  to  it,  the  heat  of  the  hand  several  feet  away 
may  be  made  to  move  the  galvanometer-needle  through 
twenty  or  thirty  degrees.  It  was  with  this  apparatus 
that  Melloni  made  his  classic  researches  upon  the  laws 
of  radiation. 

Boys  (1887)  increased  greatly  the  sensitiveness  of 
this  apparatus  by  uniting  in  one  instrument  the  thermo- 
pile and  the  galvanometer.  His  radio-micrometer  con- 
sists of  a  square  circuit  one  centimeter  on  a  side,  three 
of  whose  sides  are  made  of  fine  copper  wire  and  the 
fourth  of  a  compound  bar  of  bismuth  and  antimony, 
soldered  end  to  end,  each  piece  being  five  millimeters 
square  and  one  sixth  of  a  millimeter  thick.  This  circuit 
is  supported  by  a  thin  rod  carrying  a  mirror,  the  whole 
being  hung  by  a  torsion  fiber  in  the  field  of  a  strong 
magnet.  When  radiation  falls  on  the  bismuth-antimony 
junction  a  current  is  generated  and  the  circuit  is  de- 
flected. With  a  field  of  strength  100  in  C.  G.  S.  units, 
the  instrument  showed  the  radiation  from  a  candle  at 
350  meters  distance.  With  an  improved  construction 
he  estimated  that  the  instrument  would  indicate  the 
one-hundred-millionth  of  a  degree. 

In  1881  Langley  contrived  another  instrument  of 
very  great  delicacy  for  measuring  radiations,  which  he 
called  a  bolometer.  Two  strips  of  platinum  or  of  iron 
10  mm.  long,  from  0*01  to  0-001  mm.  thick,  and  from  0*4 
to  1  mm.  wide  are  made  two  of  the  sides  of  a  Wheatstone 
electric  balance.  So  long  as  both  are  equally  heated, 
the  balance  is  in  equilibrium;  but  when  one  of  the 
strips  is  exposed  to  a  source  of  radiation  from  which 
the  other  is  protected  the  resistance  of  this  strip  in- 
creases, the  balance  is  disturbed,  and  the  galvanometer- 
needle  is  at  once  deflected.  In  this  way  0*000001  of  a 
degree  may  be  indicated  and  0*00001  of  a  degree  may 
be  measured  with  accuracy.  These  delicate  strips  are 
coated  with  lampblack  and  are  enclosed  in  an  ebonite 
cylinder.  By  using  four  such  strips  placed  in  the  four 
arras  of  the  Wheatstone  balance,  and  by  allowing  the 
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radiation  to  fall  only  on  the  alternate  ones  simultane- 
ously, von  Helmholtz  has  considerably  increased  the 
delicacy  of  this  ingenious  instrument 

365.  Measurement  of  Luminous  Radiations. — Pho- 
tometry.— Total  radiant  energy  is  measured  either  in 
calories  (gram-degrees)  or  in  ergs.  Light,  however,  is 
measured  only  in  terms  of  some  secondary  uni^  arbi- 
trarily selected ;  such  as  a  candle  or  a  Garcel  lamp.  The 
standard  candle  in  use  in  England  and  in  this  country  is 
made  of  spermaceti,  is  cylindrical  in  form,  ^  inch  in 
diameter,  and  is  of  such  a  length  that  six  weigh  a  pound. 
It  burns  120  grains  (7*776  grams)  per  hour.  The  Carcel 
burner,  which  is  used  in  France,  burns  42  grams  of 
colza  oil  per  hour.  The  light  of  one  carcel  is  equal  to 
that  of  about  9*5  standard  caudles.  The  unit  adopted 
by  the  International  Congress  of  Electricians  at  its 
meeting  in  Paris  in  1884:  is  the  light  emitted  by  a  square 
centimeter  of  melted  platinum  at  the  temperature  of 
solidification.  According  to  VioUe,  this  unit  is  equal  to 
2*08  carcels  or  19*75  standard  candles.  In  1889  this 
Congress  adopted  one  twentieth  of  this  unit  as  a  prac- 
tical secondary  standard. 

For  comparing  a  given  light  with  the  standard  unit, 
various  forms  of  photometer  have  been  suggested,  all 
depending  on  the  fact  that  the  eye,  while  not  able  to 
compare  together  accurately  two  illuminations  of  dif- 
ferent intensities,  can  pronounce  with  considerable  ex- 
actness upon  equality  of  illumination.  For  such  a 
comparison  two  portions  of  a  screen  are  illuminated,  the 
one  by  the  standard  source  of  light,  the  other  by  the 
source  which  is  to  be  compared  with  it;  and  the 
brighter  light  is  moved  away  until  the  two  illuminations 
on  the  screen  are  equaL  Since  the  intensity  of  illumina- 
tion diminishes  according  to  the  square  of  the  distance 
between  the  light  and  the  screen,  the  amount  of  light 
emitted  by  the  two  sources  will  be  proportional  to  the 
squares  of  these  distances.  Thus  if  one  of  the  lights  be 
a  centimeters  from  the  screen  and  the  other  b  centi- 
meters, when  the  illuminations  are  equal,  the  quantity 
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of  light  emitted  in  the  first  case  is  to  that  emitted  in 
the  second  as  a*  :  6'.  If  the  former  be  a  standard  unit, 
the  quantity  of  light  given  by  the  latter  is  fe'/a'  standard 
units,  either  carcels  or  candles. 

One  of  the  simplest  photometers  is  that  proposed  by 
Count  Kumford.  It  consists  simply  of  a  rod  of  wood  or 
metal,  and  a  white  screen.     The  rod  B  (Fig.  127)  is  so 
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placed  that  its  shadow  b  cast  by  the  lamp  B  is  near  its 
shadow  a  cast  by  the  standard  A.  By  moving  the 
brighter  light  away  until  the  shadows  are  equal  in 
intensity,  and  squaring  the  distances  of  the  two  lights 
from  the  screen,  the  value  of  the  light  emitted  by  the 
lamp  is  obtained  as  above.  It  will  be  noticed  (Fig.  128) 
that  the  shadow  b  is  illuminated  only  by  light  from  A 


and  the  shadow  a  only  by  light  from  B.  By  this  device, 
we  are  able  to  compare  together  two  portions  of  the 
screen  each  of  which  is  illuminated  by  only  «•  m'ncrlA 
source. 


single 


Digitized  by  LjOOQ IC 


ENERQ  T  OF  jETUER-  VIBRATIOK—RADIANT  ENERQ  T.  383 

The  photometer  used  in  FrancQ  was  originally  de- 
vised by  Bouguer,  but  has  been  subsequently  modified 
by  Foucault.  A  semi-transparent  screen,  of  porcelain 
or  ground  glass,  has  an  opaque  partition  placed  at  right 
angles  to  it,  the  lights  to  be  compared  being  placed  so 
as  to  illuminate  each  its  own  half  of  the  screen.  The 
partition  may  be  moved  to  and  from  the  screen  so  that 
the  illuminated  portions  may  be  brought  into  contact 
and  their  intensities  more  accurately  compared.  When 
the  brighter  light  has  been  removed  until  the  illumi- 
nations are  equal,  the  distances  are  measured.  The 
observer  is  stationed  on  the  other  side  of  the  screen 
from  the  lights  and  views  the  screen  normally  from  a 
point  opposite  the  line  between  the  two  illuminations. 

The  Bunsen  form  of  photometer  is  the  form  more 
generally  used  in  practice.  Its  important  element  is  a 
disk  of  paper,  one  portion  of  which  is  made  more  trans- 
lucent than  another,  originally  by  applying  paraffin  to 
it,  but  now  more  frequently  by  making  it  thinner.  In 
this  form  the  disk  usually  consists  of  three  layers ;  the 
middle  one,  which  is  continuous,  being  of  thin,  and  the 
two  outer  ones,  which  have  a  central  star-shaped  open- 
ing, being  of  thick  paper.  If  such  a  disk  be  viewed  by 
reflected  light,  the  central  spot  will  appear  darker  than 
the  rest,  since  a  portion  of  the  incident  light  is  trans- 
mitted by  it,  and  so  less  light  is  reflected.  If  it  be 
viewed  by  transmitted  light  the  central  spot  will  appear 
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brighter  than  the  surrounding  portions,  since  more 
light  comes  through  it.  If,  therefore,  a  source  of  light 
B  be  placed  on  one  side  of  the  disk  S  (Fig.  129)  and  a 
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standard  candle  A  on  the  other,  their  distances  being 
adjusted  until  the  central  spot  either  disappears  or 
appears  alike  on  the  two  sides,  the  two  lights  are 
directly  proportional  in  illuminating  power  to  the 
squares  of  these  distances.  To  facilitate  simultaneous 
comparison  of  the  two  sides  of  the  disk,  two  plane 
mirrors  are  placed  behind  it,  so  inclined  that  they 
reflect  to  the  eye  situated  in  front  of  its  edge,  these  two 
sides  at  the  same  time. 

366.  Spectre-photometer. — A  considerable  difficulty 
arises  when  the  lights  to  be  compared  are  different  in 
quality  as  well  as  quantity.  If  they  differ  in  color,  as 
when  an  electric  arc  light  is  to  be  compared  with  a 
standard  candle,  the  most  satisfactory  results  are  ob- 
tained by  limiting  the  comparison  to  two  or  more 
definite  colors  or  wave-frequencies  for  each  source. 
This  may  be  done  by  interposing  colored  glasses  between 
the  source  of  light  and  the  screen  or  disk.  If  a  piece  of 
red  glass  be  thus  interposed  in  each  case,  the  result  will 
be  the  relative  illumination  for  this  component  of  the 
original  light.  And  if  the  experiment  be  repeated  with 
green  or  blue  glass,  the  relative  illumination  for  these 
wave-frequencies  may  be  ascertained. 

A  more  accurate  method,  however,  is  to  arrange  the 
two  beams  of  light  to  be  compared  so  that  they  shall 
pass  simultaneously  through  a  prism ;  one  of  them 
through  its  upper  and  the  other  through  its  lower 
portion.  Two  closely  superposed  spectra  will  be  thus 
obtained,  one  given  by  each  source  of  light.  And  by 
limiting  the  field  to  any  given  color,  by  an  adjustable 
slit,  and  then  moving  the  brighter  source  away  until 
the  intensity  is  the  same  in  the  two  portions,  the  data 
are  obtained  for  a  comparison  of  the  lights  for  this  par- 
ticular color.  Such  an  instrument  is  called  a  spectro- 
photometer. 

367.  Selective  Radiation  and  Absorption.— rlladi^ 
ation,  however,  depends  not  only  upon  temperature,  but 
also  upon  the  nature  of  the  radiating  body  itself  and 
especially  upon  the  condition  of  its  surface.     Leslie,  in 
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his  early  experiments  on  radiation,  made  a  hollow  cube 
of  tin  plate,  leaving  one  of  its  sides  in  its  natural  condi- 
tion, roughening  the  second,  and  covering  the  third  and 
fourth  with  lampblack  and  with  white  lead  respectively. 
When  filled  with  boiling  water,  he  observed  that  the 
radiation  from  the  roughened '  surface  exceeded  that 
from  the  polished  metal,  but  was  in  its  turn  very  far 
exceeded  by  that  from  the  two  other  surfaces,  which, 
though  so  diflferent  in  color,  had  approximately  the 
same  radiating  power. 

Selective  emission  with  rise  of  temperature  is  prac- 
tically important,  since  for  illuminating  purposes  it  is 
desirable  that  the  largest  possible  fraction  of  the  energy 
expended  shall  be  emitted  in  the  form  of  visible  radia- 
tions. Langley  has  shown  that  while  only  2*4  per  cent 
of  luminous  waves  are  contained  in  the  radiation  from  a 
gas-flame,  only  10  per  cent  in  that  of  the  electric  arc,  and 
only  35  per  cent  in  that  of  the  sun,  the  radiation  of  the 
fire-fly  {Pyrophorus  noctilvcus)  consists  wholly  of  visible 
wave-frequencies.  The  distribution  of  the  energy  in  the 
spectra  of  the  three  sources  of  radiation  first  named, 
according  to  Langley,  is  shown  in  Fig.  130.     The  total 


energy  is  the  same  for  each  of  these  curves,  the  portion 
which  is  luminous  being  represented  by  the  area  to  the 
left  of  the  vertical  dotted  line.  The  ordinates  represent 
heat-energy  and  the  abscissas  wave-lengths  in  microns. 
Moreover,  the  researches  of  Nichols  have  proved  that 
magnesium  oxide  and  zinc  oxide  have  a  greater  efficiency 
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as  radiators  than  carbon  ;  calling  e£Sciency  the  ratio  of 
the  light-giving  radiation  to  the  total  radiation.  In  the 
figure  (Fig.  131)  his  radiation-curves  are  given  for  several 

sources  of  illumination,  all  for 
lights  of  the  same  candle-power, 
gas  being  taken  as  the  standard 
of  comparison.  The  ordinates 
represent  multiples  of  the  gas- 
value  and  the  abscissas  wave- 
lengths in  terms  of  the  spectrum. 
It  will  be  noticed  that  while  in  the 
red  (C)  the  flame  of  magnesium 
is  but  little  more  than  half  as 
strong  as  the  gas-flame,  in  the 
blue  {F  to  O)  it  is  about  ten 
times  brighter ;  and  further,  that 
everywhere  beyond  the  yellow 
except  in  the  extreme  violet,  it 
surpasses  even  the  electric  arc. 
The  radiant  efficiency  of  magne- 
sium has  been  recently  deter- 
mined by  Eogers  to  be  as  high  as  13*5  per  cent. 

The  absorptive  power  of  lampblack  is  general  and 
not  special.  The  fact  that  it  is  black  proves  that  it 
absorbs  all  luminous  radiations  alike.  This  also  it 
appears  to  do  for  invisible  radiations,  although  Langley 
has  shown  that  it  transmits  certain  radiations  of  great 
length.  Hence  by  the  law  of  exchanges  lampblack 
should  radiate  waves  of  all  lengths,  when  incandescent; 
and  this  it  is  found  to  do. 

But  there  are  other  substances  which  exercise  not  a 
general  but  a  special  or  selective  absorption  upon  the 
radiations  which  fall  upon  them,  reflecting  or  trans- 
mitting the  rest.  This  is  the  cause  of  the  color  of 
pigments.  Eed  lead,  Prussian  blue,  chrome-yellow, 
Paris  green  exert  selective  absorption  upon  light,  and 
reflect  to  the  eye  the  color  complementary  to  that  ab- 
sorbed. Red,  green,  yellow,  and  blue  glass  also  absorb 
selectively ;  but  here  the  complementary  color  is  trans- 
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mitted,  not  reflected.  In  all  cases,  the  sum  of  the 
reflected,  the  absorbed,  and  the  transmitted  portions 
must  equal  the  initial  incident  radiation.  Melloni  ob- 
served that  bodies  act  in  the  same  way  with  reference 
to  invisible  radiations.  Thus  using  four  sources  of  heat, 
a  Locatelli  lamp,  a  platinum  spiral,  a  copper  plate  at  400°, 
and  a  cube  at  100^  rock  salt  was  found  to  transmit  the 
same  proportion  of  the  incident  radiation,  whatever  the 
temperature  of  the  source ;  thus  acting  toward  invisible 
radiations  as  it  acts  toward  visible  ones,  and  exercising 
no  selective  absorption  upon  either.  Plate  glass,  how- 
ever, though  equally  transparent,  transmitted  only  39 
per  cent  of  the  radiation  from  the  lamp,  24  per  cent  of 
that  from  the  heated  spiral,  6  per  cent  from  the  copper 
plate  at  400°,  and  none  of  that  from  the  copper  cube  at 
100®.  Alum  transmitted  only  9  per  cent  of  the  radiation 
from  the  lamp,  2  per  cent  of  that  from  the  wire,  and  none 
from  either  of  the  other  sources.  Hence  alum  absorbs 
selectively  the  longer  invisible  radiations  as  green  glass 
does  the  visible  ones.  Although  black  glass  transmits 
only  26  per  cent  of  the  lamp-radiation,  it  transmits  55 
per  cent  of  that  of  the  platinum  wire. 

368.  Loss  of  Energy  by  Radiation^— Law  of  Coolingr. 
— For  a  given  body,  the  total  emission  is  evidently  a 
function  of  its  temperature  only.  Suppose  a  thermom- 
eter whose  bulb  is  covered  with  lampblack,  to  be  enclosed 
in  a  spherical  chamber  exhausted  of  air,  having  its  walls 
blackened  interiorly.  If  the  absolute  temperature  of  the 
thermometer  be  T^  and  that  of  the  walls  of  the  chamber 
be  Tc ,  then  since  the  cooling  effect  will  be  the  difference 
between  the  radiation  emitted  and  that  received — both 
of  which  are  functions  of  the  respective  temperatures — 
we  have  for  this  effect  f{Ti)'-f{T^.  Newton  supposed 
that  a  cooling  body  loses  an  amount  of  heat  which  is 
proportional  simply  to  the  difference  of  temperature 
between  it  and  the  surrounding  medium.  Dulong  and 
Petit,  however,  have  shown  that  an  expression  of  the 
form/(<)  =  Aa*-\-  B  represents  satisfactorily  the  results 
of  their  experiments,  in  which  A  and  B  are  constants. 
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the  former  depending  on  the  nature  of  the  surface  only, 
and  in  which  a,  which  is  practically  the  same  for  all 
bodies,  has  the  value  1*0077.  Hence  for  the  cooling 
effect  of  the  thermometer  above 

/{T,)  -ATc)  =  AaF'  -  ^o.'^o  or  Aa^oia^r^c  - 1).  [57] 

Substituting  the  value  of  a,  we  have  -4(1*0077)''« 
(l-0077''<-''<^  — 1).  It  therefore  appears  (1)  that  for  a 
given  temperature-difference,  the  cooling  effect  is  pro- 
portional to  (l'0077)^c ;  and  (2)  that  for  a  given  tempera- 
ture of  the  enclosure-walls,  the  cooling  effect  is  pro- 
portional to  (1'0077)*  —  1,  where  0  is  the  temperature- 
difference.  Hence  the  speed  of  cooling  of  a  thermometer 
in  vacuo  for  a  constant  excess  of  temperature  increases 
in  a  geometrical  progression  when  the  temperature  of 
the  surrounding  medium  increases  in  an  arithmetical 
progression,  the  ratio  of  this  progression  being  the  same 
w^hatever  be  the  excess  of  temperature.  Obviously  these 
results  can  be  approximate  only  since  they  ignore  the 
composite  nature  of  the  radiations  themselves.  As  to 
the  absolute  value  of  the  constant  A  the  experiments  of 
Hopkins  give  as  the  value  for  glass  about  0'126  gram- 
degrees  per  second  per  square  decimeter  of  surface ; 
whence  it  follows  that  the  radiation  from  glass  at  100°, 
the  enclosure  being  at  0°,  would  be  about  16*8  gram- 
degrees  per  second  per  square  decimeter. 

869.  Law  of  Stokes. — According  to  the  law  of  Pre- 
vost,  the  radiating  power  and  the  emitting  power  of  any 
substance  are  precisely  equivalent,  both  as  to  the 
quantity  and  the  quality  of  the  radiation.  In  1817, 
Fraunhofer  noticed  that  in  the  spectrum  of  a  candle- 
flame  a  double  yellow  line  occupied  the  position  of  a 
double  dark  line,  which  he  called  J),  in  the  solar  spec- 
trum. In  1849  Foueault  passed  sunlight  through  the 
electric  arc  and  observed  the  double  line  Z>  to  be  darker 
than  before.  He  then  reflected  the  light  from  the  car- 
bon  points  back  through  the  arc,  and  noticed  that  then 
the  spectrum  contained  dark  lines  in  the  precise  posi- 
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tion  of  the  bright  lines  given  by  the  arc  itself.  These 
phenomena  were  explained  by  Stokes  upon  considera* 
tions  flowing  from  the  law  of  Prevost,  and  illustrated,  in 
the  case  of  sound,  by  sympathetic  resonance.  It  is  well 
known  that  if  a  musical  note  be  emitted  near  an  open 
piano-forte,  those  strings  only  will  vibrate  whose  periods 
are  the  same  as  the  components  of  the  note.  Suppose  a 
series  of  strings  or  of  tuning-forks,  all  tuned  to  the 
same  note.  If  this  note  be  sounded  on  one  side  of  them 
they  all  will  be  thrown  into  vibration;  and  hence  a 
listener  on  the  other  side  will  receive  less  sound  in  con- 
sequence of  this  absorption.  If  a  number  of  notes  each 
of  different  pitch  were  sounded  simultaneously  on  one 
side  of  these  strings,  an  observer  on  the  other  would 
hear  all  the  sounds  with  their  normal  intensities,  save 
that  one  only  which  is  in  unison  with  the  strings.  The 
strings  therefore,  in  consequence  of  their  taking  up  the 
air-vibrations  of  the  same  period,  would  appear  to  be 
opake  to  such  sounds. 

When  sodium,  for  example,  is  heated  until  its  vapor 
becomes  luminous,  it  emits  yellow  light  of  wave-frequen- 
cies  509  and  510  million  million  respectively.  Since  the 
vibrations  which  it  emits  are  precisely  those  whicTi  it  ab- 
sorbs, it  follows  that  one  sodium  flame  must  be  opake  to 
light  from  another  similar  flame.  And  this  is  found  to 
be  the  fact.  If  a  small  non-luminous  gas-flame  colored 
yellow  by  sodium  be  placed  in  front  of  a  larger  flat  flame 
similarly  colored,  the  edges  of  the  smaller  flame  will 
appear  smoky,  upon  the  background  of  the  larger  one  ; 
since  they  are  cooler  than  it,  and  hence  absorb  more  of 
that  particular  light  than  they  transmit.  This  point  is 
evidently  essential ;  for  if  the  temperature  of  both  flames 
is  the  same,  both  will  radiate  equally ;  and  the  smaller 
one  will  emit  precisely  the  same  amount  of  light  that  it 
absorbs  from  the  other  and  larger  one.  If  the  smaller 
one  has  the  higher  temperature,  it  will  evidently  radiate 
more  than  it  absorbs ;  if  the  lower  temperature,  it  will 
radiate  less  than  it  absorbs  and  will  appear  dark. 

But  it  is  when  the  spectrum  is  examined  that  the 
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most  satisfactory  proof  is  given  of  the  equality  of  radi- 
ating and  absorbing  power.  The  spectrum  of  luminous 
sodium  vapor  at  a  moderately  high  temperature  consists 
only  of  the  two  yellow  lines  of  the  wave-frequencies 
above  given ;  the  same  that  were  noticed  by  Fraunhofer 
in  the  spectrum  of  a  candle-flame.  The  spectrum  of 
white  light,  since  such  light  is  made  up  of  an  uninter- 
rupted number  of  wave-frequencies,  is  of  course  contin- 
uous ;  i.e.,  consists  of  an  indefinite  number  of  lines,  so 
that  there  is  no  break  in  the  colors.  Suppose  now  white 
light  from  an  electric  lamp  be  passed  through  a  sodium 
flame  before  forming  a  spectrum.  The  sodium  flame 
will  absorb  the  vibrations  of  the  frequencies  509  and 
510  million  million  from  the  electric  light,  and  the  spec- 
trum of  the  white  light  will  appear  without  these  con- 
stituents ;  in  other  words,  there  will  be  two  gaps  in  it, 
corresponding  to  these  vibration-rates.  Fraunhofer 
observed  these  gaps  in  the  solar  spectrum,  and  Foucault 
succeeded  in  producing  them  at  will  in  the  spectrum  of 
the  electric  arc. 

Stokes  in  1850  recognized  as  true  for  radiation  what 
had  long  been  known  for  sound.  Hence  the  law  of 
equivalence  for  emitted  and  absorbed  radiations  is  called 
the  law  of  Stokes.  It  was  developed  for  invisible  radia- 
tions by  Stewart  in  1858,  and  for  visible  ones  by  Kirch- 
hoflf  in  1859.  Defining  the  emissive  power  of  a  body  for 
a  particular  wave-length  as  the  ratio  of  that  part  of  its 
radiation  to  the  corresponding  part  of  the  radiation  of  a 
black  body  at  the  same  temperature ;  and  defining  the 
absorbing  power  as  the  fraction  expressing  the  portion 
of  incident  radiation  of  that  wave-length  which  is  ab- 
sorbed at  a  given  temperature,  Tait  enunciates  the  law 
of  Stokes  as  follows  :  The  emissive  power  of  a  body  for 
any  radiation  is  equal  to  its  absorptive  power  for  the 
same  radiation  at  any  one  temperature.  It  follows  from 
this  law  that  to  produce  a  dark  line  in  a  continuous 
spectrum  by  absorption,  the  absorbing  body  must  be  at 
a  temperature  so  low  that  a  black  body  at  that  tempera- 
ture will  not  emit  the  particular  radiation  concerned  as 
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strongly  as  does  the  source.  For  if  the  radiation  from 
the  source  be  R,  that  from  the  black  body  R'  at  the 
temperature  of  the  flame,  and  r  the  absorbing  or  emit- 
ting power  of  the  flame,  then  the  flame  will  absorb  a 
portion  Rr  of  the  radiation  and  will  itself  emit  R'r. 
Whence  the  total  radiation  passing  the  flame  is  R—  Rr 
+  R'r,  or  -B(l  -  r)  +  Rr.  Putting  this  in  the  form 
R  +  t{R  —  R)  it  appears  that  the  flame  will  increase  or 
diminish  the  radiation  from  the  source  according  as  R' 
is  greater  or  less  than  R ;  that  is,  according  as  the  radia- 
tion from  the  source  is  below  or  above  that  from  a  black 
body  radiating  at  the  temperature  of  the  flame.  Stewart 
admirably  illustrated  this  by  placing  a  piece  of  red  glass 
in  a  coal  fire.  When  its  temperature  is  the  same  as 
that  of  the  coal  behind  it,  it  loses  all  color.  But  when 
it  is  cooler  than  the  coal,  it  appears  red,  and  when 
hotter  than  the  coal,  it  appears  of  the  complementary 
color,  green.  It  emits  radiations  of  precisely  the  same 
quality  as  those  which  it  absorbs. 

370.  Radiation  f^om  Solids  and  Gases. — We  have 
already  seen  that  radiation  increases  with  temperature, 
from  the  absolute  zero  upward,  and  that  this  increase 
for  a  black  body  is  partly  increased  amplitude  in  exist- 
ing wave-lengths,  partly  a  progressive  increase  in  the 
upper  limit  of  the  wave-lengths,  so  that  shorter  and 
whorter  waves  are  continually  added.  The  experiments 
of  J.  W.  Draper  led  him  to  the  conclusion  that  the  tem- 
perature at  which  luminous  radiations  are  emitted  is  the 
same  for  all  solid  bodies  and  is  about  525°;  these  radia- 
tions containing  continually  shorter  wave-lengths  as  the 
temperature  increases.  He  found  that  at  1400°  the  light 
radiated  from  a  strip  of  platinum  is  thirty-six  times 
that  radiated  at  1000°;  and  that  the  total  energy  ra- 
diated at  1300°  is  17-8  times  that  emitted  at  525°. 
Weber  has  shown  that  these  conclusions  require  some 
modification.  He  finds  that  the  first  visible  radiations 
of  an  incandescent  lamp-carbon  are  emitted  at  about  390°, 
and  are  of  a  spectral  gray  color ;  the  spectrum  increas- 
ing equally  toward  the  red  and  toward  the  violet.    More- 
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over,  the  first  radiations  perceptible  to  the  eye  come  from 
the  same  part  of  the  spectrum  that  emits  the  maximum 
energy  at  the  highest  temperature.  He  notes  that  an 
iron  plate  begins  to  send  forth  gray  light  at  378°,  a  plat- 
inum plate  at  391°,  and  a  gold  plate  at  417°.  Evidently 
the  question  of  visibility  is  one  largely  dependent  on  the 
sensitiveness  of  the  observer's  eye. 

As  to  the  quality  of  the  radiation  from  incandescent 
solids,  Stewart  has  shown  that  bodies  which  are  not 
black  obey  the  laws  connecting  quantity  and  quality  of 
radiation  with  temperature  for  a  black  body,  provided 
they  are  sufficiently  thick.  And  hence  that  the  radia- 
tion from  all  solids  at  a  high  temperature  contains  an 
indefinite  number  of  wave-lengths,  and  aflfords  a  con- 
tinuous spectrum  (358).  Such  are  the  radiations  from 
the  incandescent  carbon  of  the  electric  light,  those  from 
a  coal  fire  and  those  of  the  lime-light. 

In  the  case  of  gases,  however,  owing  to  their  sim- 
pler constitution,  the  phenomena  of  radiation  are  much 
simpler.  The  general  absorption  of  light  by  air  is 
trifling ;  and  Melloni  has  shown  that  heated  air  has  a 
correspondingly  low  radiating  power.  Gases,  however, 
including  vapors  at  high  temperatures,  exert  for  the 
most  part  a  strong  selective  absorption.  Thus  a  column 
of  air  1600  meters  long  produces  absorption-bands  in  a 
lime-light  spectrum,  corresponding  to  the  solar  groups 
Aj  a,  and  B  (418) ;  these  groups  themselves  being  pro- 
duced,  as  Egoroff  has  shown,  by  the  absorption  of  the 
oxygen  in  the  atmosphere.  Keeler  has  rendered  it 
probable  that  the  great  band  D,  observed  by  Langley 
in  the  ultra-red  invisible  spectrum  is  due  to  an  absorp- 
tion exerted  by  the  carbon  dioxide  existing  in  our  at- 
mosphere. But  by  the  law  of  Stokes,  the  radiations 
absorbed  are  those  which  the  same  substance  emits; 
and  hence  a  cooler  gas  should  be  opake  to  radiations 
from  a  hotter  one.  Keeler's  experiments  show  that  a 
column  of  carbon  dioxide  3*4  meters  long  absorbs  36 
per  cent  of  the  radiation  from  a  Bunsen  flame.  And 
Tyndall  has  proved  that  a  thirtieth  of  an  atmosphere  of 
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this  gas  cuts  off  the   entire   radiation  from  a  carbon 
monoxide  flame. 

Moreover,  Tyndall's  researches  show  that  the  absorb- 
ing power  of  gases  and  vapors  at  ordinary  temperatures 
for  invisible  radiations  is  very  variable.  Using  the 
radiation  from  a  copper  plate  heated  to  270°,  he  found 
that  at  a  pressure  of  only  one  thirtieth  of  an  atmosphere, 
the  absorption  produced  by  ammonia-gas  was  over  five 
thousand  times,  that  by  olefiant  gas  over  six  thousand 
times,  and  that  by  sulphur  dioxide  six  thousand  four 
hundred  and  eighty  times  that  of  air.  Ammonia  in  a 
tube  a  meter  long,  while  perfectly  transparent  to  light, 
is  absolutely  black  to  radiations  from  copper  at  270°. 
The  vapor  of  acetic  ether,  under  a  pressure  of  only  one 
thirtieth  of  an  atmosphere,  produces  the  same  absorp- 
tion as  ammonia-gas  at  one  atmosphere.  And  the  vapor 
of  boric  ether  absorbs  the  same  radiations  186000  times 
more  powerfully  than  air  at  the  same  pressure.  The 
odors  of  plants,  too,  are  powerfully  absorptive.  Even 
the  aqueous  vapor  in  the  atmosphere,  as  the  same  author 
has  shown,  produces  an  absorption  from  60  to  70  times 
as  great  as  that  of  the  air  itself.  Langley  concludes 
from  his  Mt.  Whitney  observations  that  the  atmosphere 
as  a  whole  exerts  a  powerful  selective  absorption.  If 
all  the  solar  radiation  were  of  the  wave-length  0*0020  mm. 
the  earth  would  receive  90  per  cent  of  it ;  but  if  these 
radiations  were  of  wave-length  0*0004  the  earth  would 
receive  but  40  per  cent  of  it.  "  The  temperature  of  the 
earth's  surface,"  he  says,  "  is  not  due  principally  to  this 
direct  radiation,  but  to  the  quality  of  selective  absorp- 
tion in  our  atmosphere  without  which  the  temperature 
of  the  soil  in  the  tropics  under  a  vertical  sun  would 
probably  not  rise  above  —  200°."  "  The  temperature 
of  this  planet  and  with  it  the  existence  not  only  of  the 
human  race  but  of  all  organized  life  on  the  globe  ap- 
pears, in  the  light  of  the  conclusions  reached  by  the  Mt 
Whitney  expedition,  to  depend  far  less  on  the  direct 
solar  heat  than  on  the  hitherto  too  little  regarded 
quality  of  selective   absorption    in    our  atmosphere." 
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This  selective  absorption  of  the  atmosphere  appears  in 
the  terrestrial  lines  of  the  visible  solar  spectrum,  which 
are  directly  traceable,  as  we  have  seen,  to  its  carbon 
dioxide,  its  aqueous  vapor,  and  its  oxygen.  But  the 
selective  absorption  which  renders  the  earth  habitable 
has  to  do  with  radiations  of  far  too  great  length  to  affect 
the  eye ;  radiations  such  as  those  from  the  soil  at  tem- 
peratures between  0°  and  100°,  whose  wave-lengths,  as 
Langley  himself  has  shown,  are  probably  not  far  from 
0*015  mm. ;  being  therefore  twenty  times  as  long  as  the 
longest  wave-length  visible  to  the  eye. 

The  aether-disturbances  which  are  produced  by 
gaseous  vibrations,  however,  are  not  due  to  molecular 
but  to  atomic  motions.  That  is,  they  do  not  originate 
in  the  motions  of  molecular  translation  assumed  by 
the  kinetic  theory  of  gases,  but  in  the  intra-molecular 
vibrations  of  the  constituent  atoms.  This  is  proved  by 
the  fact  that  these  eether-disturbances,  these  radiations, 
are  characteristic  only  of  the  atoms  concerned.  Thus  if 
hydrogen  be  raised  by  an  electric  spark  to  a  sufficiently 
high  temperature,  it  emits  a  crimson  light  composed 
of  radiations  whose  wave-lengths  are  '000656,  '000486, 
•000434,  and  -000410  mm.  Together  these  four  lines 
constitute  the  visible  spectrum  of  hydrogen ;  and  these 
four  wave-frequencies,  whether  found  in  radiations  of 
terrestrial  origin  or  received  from  the  sun,  the  fixed 
stars,  or  the  remotest  nebula,  indicate  the  presence  at 
the  source  of  the  radiation  of  the  element  hydrogen. 
In  order  to  determine  the  presence  of  a  chemical  ele- 
ment anywhere,  we  have  only  to  examine  the  spectrum 
given  by  the  radiations  from  that  source.  A  bit  of  salt 
heated  in  a  Bunsen  flame  is  vaporized  and  its  vapor  is 
raised  to  the  temperature  at  which  it  becomes  luminous. 
Its  spectrum  then  consists  of  the  two  bright  lines 
already  spoken  of,  of  wave-lengths  -0005895  and  -0005889 
millimeter  respectively.  But  these  lines  constitute  the 
spectrum  of  sodium,  the  chlorine  not  becoming  lumi- 
nous at  this  temperature.  This  method  for  detecting 
chemical   elements  by  means  of  the  spectra  given  by 
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their  incandescent  vapors  is  called  Bpectmin  analysis,  and 
will  be  more  fully  considered  later. 

371.  Chemical  £ffeets  of  Radiation.— Photography. 

— ^Besides  the  luminous  and  heating  effects  produced 
when  radiation  is  incident  upon  matter,  there  are  also 
chemical  eflfects.  These  effects  may  be  of  the  nature  of 
combination  or  of  decomposition.  Thus  under  the  ac- 
tion of  light,  chlorine  unites  with  hydrogen  and  the  car- 
bon dioxide  of  the  air  is  decomposed  in  the  leaves  of 
plants,  the  energy  of  the  radiation  appearing  as  stored 
energy  in  the  plant  Certain  of  these  chemical  changes 
are  exceedingly  prompt,  as  in  the  case  of  the  darkening 
of  the  silver  halides  by  light ;  a  fact  underlying  the  art 
of  fixing  the  image  produced  by  the  camera,  called  pho- 
tography. It  is  found  that  while  a  great  variety  of  sub- 
stances are  sensitive  to  light,  the  radiations  which  effect 
the  reduction  of  the  salts  of  silver  are  of  short  wave-length, 
lying  in  or  beyond  the  violet  of  the  spectrum.  Eder, 
however  (1881),  showed  that  the  addition  of  a  minute 
proportion  of  certain  coloring  matters,  such  as  eosin,  for 
example,  renders  silver  bromiodide  sensitive  to  a  much 
greater  range  of  the  spectrum.  Photographic  plates  thus 
prepared  are  called  orthochromatic  plates ;  and  by  their 
means  Abney  has  obtained  photographs  even  of  ultra-red 
invisible  radiations.  Tyndall  has  shown  the  power  of  the 
electric  light  to  decompose  the  vapors  of  organic  liquids 
such  as  amyl  nitrite  and  allyl  and  isopropyl  iodides. 

372.  Radiometer.— Radiophone. — In  1873,  Crookes 
observed  that  when  radiation  is  allowed  to  fall  on  the 
blackened  surface  of  a  disk  of  pith  suspended  in  an  ex- 
hausted glass  tube,  there  is  attraction  when  the  pressure 
is  above  7  mm.  and  repulsion  when  below  it ;  this  criti- 
cal pressure  varying  for  different  substances.  In  1875, 
he  devised  the  radiometer  for  showing  this  action  of  ra- 
diation. It  consists  of  a  globe  of  glass,  suitably  ex- 
hausted, carrying  a  steel  needle,  upon  the  point  of  which 
rests  a  cap  to  which  are  attached  the  four  arms  of  a 
vane  or  fly  made  of  aluminum,  these  arms  terminating 
in  four  disks  or  squares  of  mica  blackened  on  one  side. 
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When  radiation  falls  upon  the  instrument,  it  is  absorbed 
more  completely  by  the  blackened  surface  than  by  the 
unblackened  surface ;  and  so  raises  its  temperature  to  a 
higher  point.  The  molecules  of  the  enclosed  gas  com- 
ing in  contact  with  the  former  surface  become  more 
heated  and  so  move  away  from  it  more  rapidly  than  from 
the  latter  surface;  thus  causing  a  greater  pressure  on 
the  blackened  side,  which,  since  this  surface  is  mova- 
ble, acts  by  reaction  to  move  it  away  from  the  radiant 
source.  At  ordinary  atmospheric  pressure,  this  increase 
of  pressure  causes  a  flow  of  the  molecules  round  the 
edge  to  the  other  surface ;  thus  producing  equilibrium. 
But  as  the  globe  is  exhausted  the  mean  free  path  of  the 
molecules  increases,  until  finally  the  heated  molecules, 
in  place  of  losing  their  motion  to  other  molecules  very 
near  the  blackened  surface,  impinge  upon  the  walls  of 
the  globe  and  produce  a  counter-pressure  there.  Then 
the  maximum  eflfect  occurs,  the  excess  of  pressure  upon 
the  blackened  surface,  according  to  Crookes,  being 
11*5  X  10"*  gram  per  square  centimeter.  Evidently  this 
pressure  will  cause  rotation  of  the  fly,  as  the  blackened 
surfaces  all  face  in  the  same  direction.  So  that  the 
radiometer  is  an  actual  heat-engine  in  which  the  vanes 
act  as  the  heater  and  the  glass  as  the  refrigerator.  That 
this  explanation  is  the  true  one  was  proved  by  Schuster 
(1876)  by  suspending  the  globe  bifilarly  and  showing 
that  it  tended  to  rotate  in  the  opposite  direction  to  that 
of  the  fly. 

Since  the  rapidity  of  the  rotation  is  proportional  to 
the  intensity  of  the  radiation,  it  may  be  used  to  measure 
this  intensity;  whence  the  name  radiometer.  Crookes 
showed  that  with  a  candle  50  cm.  distant,  a  certain  ra- 
diometer made  one  revolution  in  182  seconds ;  while  at 
25  cm.  it  rotated  in  45  seconds  and  at  12*5  cm.  in  11  sec- 
onds; thus  following  the  law  of  the  inverse  squares. 
With  a  candle  at  12*5  cm.  distance  behind  green  glass, 
one  rotation  was  eflfected  in  40  seconds;  with  blue 
glass  in  38  seconds,  with  purple  in  28,  with  orange  in 
26,  with  yellow  in  21,  and  with  light  red  in  20  seconds. 
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By  balancing  this  molecular  bombardment  against  grav- 
ity, Grookes  showed  that  the  radiation  of  a  candle  at  15 
cm.  distance  exerts  a  pressure  of  one  hundredth  of  a 
milligram  upon  each  square  centimeter ;  so  that  if  sun- 
light is  equivalent  to  1000  candles  at  30  centimeters  dis- 
tance, the  Crookes  pressure  exerted  by  it  is  about  22 
metric  tons  upon  each  square  kilometer. 

Every  heated  surface  therefore  is  surrounded  by  a 
layer  of  molecules  actively  engaged  in  bombarding  ex- 
ternal molecules  away  from  it;  the  thickness  of  this 
layer  being  dependent  on  the  exhaustion.  Water  upon 
a  hot  surface  of  iron,  for  example,  is  supported  upon 
such  a  Crookes  layer;  it  does  not  wet  the  iron  but  as- 
sumes what  is  known  as  the  spheroidal  state  (320). 

In  1880-81,  Bell  and  Tainter  showed  that  sonorous- 
ness under  the  influence  of  intermittent  radiation  is  a 
property  common  to  all  matter.  Using  a  beam  of  sun- 
light rapidly  interrupted  by  means  of  a  rotating  perfo- 
rated disk,  sounds  were  obtained  when  the  light  fell  on 
various  substances  enclosed  in  a  conical  receiver  pro- 
vided with  a  hearing  tube.  Lampblack  gave  the  best 
eflfect.     The  instrument  is  called  the  radiophone. 

Section  III. — Propagation  of  Eadiation. 

A. — RECTILINEAR   PROPAGATION. 

373.  Speed  of  Propagration. — The  speed  with  which 
a  disturbance  is  propagated  through  any  medium  is 
directly  proportional  to  the  square  root  of  the  elasticity 
of  this  medium  and  inversely  proportional  to  the  square 
root  of  its  density  (155) ;  i.e.,  S  =  V'E/A.  In  the  case 
of  radiation,  however,  we  are  obliged  to  invert  this  for- 
mula and  to  determine  the  properties  of  the  aether  from 
the  speed  of  radiation  independently  determined.  The 
methods  which  have  been  used  for  ascertaining  the 
speed  of  light  are  four  in  number,  two  of  them  astro- 
nomical in  principle  and  two  physical. 

I.  Boemer'B  method. — In  1675,  Roemer,  a  Danish  as- 
tronomer, then  an  observer  i^.  the  Paris  Observatory, 
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noticed  that  the  intervals  between  the  successive  eclipses 
of  the  inner  satellite  of  Jupiter  were  shorter  than  the 
true  value  when  the  earth  was  approaching  the  planet 
and  longer  than  this  when  it  was  receding  from  it. 
Careful  study  proved  that  this  discrepancy  between 
theory  and  observation  was  due  to  the  time  taken  by  the 
light  to  cross  the  intervening  spaces ;  the  distances  in- 
creasing in  length  between  successive  eclipses  when  the 
earth  was  receding  from  Jupiter  and  diminishing  when 
it  was  approaching  it.  The  extreme  difference  was 
observed  between  conjunction  and  opposition ;  and  this 
difference  was  16  minutes  36  seconds.  Obviously,  there- 
fore,  this  was  the  time  required  by  the  light  to  pass  over 
the  maximum  distance ;  i.e.,  the  diameter  of  the  earth's 
orbit.      Calling  this   299270000   kilometers,   we   have 

299  270000  onn.^n  i  m 

tof  o/?//  V.  ^A  =  300470  kilometers  per  second, 
lb  oo    X  oU  ^ 

II.  Bradley*B  method. — In  consequence  of  the  earth's 
motion  in  its  orbit,  certain  stars  appear  displaced  in 
advance  of  their  real  positions ;  just  as  rain  which  falls 
vertically  when  viewed  from  a  train  at  rest,  appears  to 
come  from  a  point  in  advance  of  the  train  when  it  is  in 
motion.  The  angle  of  displacement  is  the  greater,  the 
greater  the  speed  of  the  train,  and  its  tangent  is  always 
the  ratio  of  the  two  speeds.  In  1728,  Bradley,  the  Eng- 
lish Astronomer  Royal,  not  only  observed  this  displace- 
ment of  the  stars  but  measured  it  accurately,  assigned 
the  true  cause  of  it,  and  gave  it  the  name  aberration  of 
light.  The  angular  displacement  from  the  mean  posi- 
tion observed  by  Bradley  was  20*26"  of  arc ;  and  this  is 
called  the  constant  of  aberration.  The  tangent  of  tiiis 
angle  is  of  course  the  ratio  of  the  speed  8  of  the  earth  in 
its  orbit  to  the  speed  of  light  S\  i.e.,  tan  a  =  s/S. 
Whence  the  speed  of  light  is  equal  to  the  speed  of  the 
earth  in  its  orbit  divided  by  the  tangent  of  the  angle  of 
aberration.  Since  the  tangent  of  20-26"  is  about  0*0001, 
and  the  speed  of  the  earth  is  about  30  kilometers  per 
second,  we  have  5  =  ^  tan  a  =  30  -r-  -0001  or  300000 
kilometers  per  second  as  the  speed  of  light. 
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III.  Fizeau*8  method. — In  1849,  the  speed  of  light  over 
terrestrial  distances  was  measured  for  the  first  time. 
The  space  traversed  was  that  from  Suresnes  to  Mont- 
martre,  near  Paris,  the  distance  being  8663  meters. 
Since  a  speed  is  a  distance  divided  by  a  time,  it  re- 
mained only  to  determine  accurately  the  time  required 
to  pass  over  this  distance  and  back  again.  The  device 
employed  by  Fizeau  for  measuring  the  time  consisted  of 
a  revolving  toothed  wheel,  whose  rate  of  rotation  could 
be  accurately  observed  and  which  was  placed  in  the 
path  of  the  light.  When  at  rest,  the  light  passed  out- 
ward through  a  space  between  two  teeth  to  the  distant 
station,  where  it  was  reflected  back  over  its  path,  passing 
through  the  same  space  on  its  return.  If  now  the  wheel 
be  rotated  with  a  gradually  increasing  speed,  a  time  will 
come  when,  during  the  interval  required  for  the  light  to 
go  from  the  first  station  to  the  second  and  back,  the 
wheel  will  have  revolved  so  far  that  a  tooth  will  have 
taken  the  place  of  a  space,  and  on  its  return  the  light 
will  be  eclipsed.  Since  what  is  true  for  any  one  space  is 
true  for  all,  it  follows  that  when  this  speed  of  rotation 
is  reached  the  returning  light  will  be  entirely  cut  off. 
Knowing  this  speed  of  the  wheel  and  the  number  of 
teeth,  the  time  required  for  a  tooth  to  move  into  the 
position  of  a  space  may  be  calculated.  But  this  is  the 
time  which  the  light  takes  to  pass  over  twice  the  dis- 
tance between  the  stations.  The  wheel  used  by  Fizeau 
had  720  teeth,  and  of  course  therefore  the  distance  from 
a  tooth  to  the  next  space  was  1/1440  of  the  entire  cir- 
cumference. It  was  found  that  the  light  was  eclipsed 
when  the  wheel  was  revolving  12*6  times  a  second.  One 
circumference  was  described  consequently  in  1/12*6  of  a 
second  and  1/1440  of  a  circumference  in  1/(1440 X  126) 
or  1/18144  of  a  second.  If  the  light  moved  over  17*326 
kilometers  in  1/18144  of  a  second,  its  speed  is  evidently 
17-326  X 18144  or  314000  kilometers.  In  1874,  Cornu  re- 
peated this  experiment  and  obtained  a  speed  of  300400 
kilometers. 

IV.  Foucault's  method. — In  1851,  Foucault  proposed  a 
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much  more  delicate  method  of  measuring  time,  in  conse- 
quence of  which  he  was  able  to  measure  with  remarkable 
accuracy  the  interval  required  for  light  to  pass  over  a 
distance  of  only  four  meters.  This  method  was  based 
upon  the  use  of  a  revolving  mirror  M  (Fig.  132)  upon 
which  the  light  from  the  opening  0  fell,  and  by  which  it 


Fio.  182. 


was  reflected  to  a  fixed  concave  mirror  m.  When  the 
revolving  mirror  is  in  the  proper  position  and  at  rest, 
the  light  returned  from  the  fixed  mirror  is  reflected  to 
the  starting  point.  But  if  it  is  in  motion,  so  that  during 
the  time  required  by  the  light  to  go  from  M  to  m  and 
back,  it  has  moved  into  the  position  shown  by  the  un- 
shaded  section,  the  light  will  be  reflected  not  to  0  but  to 
D.  Knowing  the  speed  of  the  mirror,  the  time  required 
to  produce  the  deviation  OMD  is  easily  calculable ;  and 
as  this  is  the  time  during  which  the  light  moves  over 
twice  the  distance  rwJf,  the  speed  of  light  may  thus  be 
ascertained.  In  1862,  Foucault  made  the  experiment 
and  obtained  298574  kilometers  as  the  speed  of  light. 

In  1878,  Michelson  improved  the  Foucault  apparatus 
by  employing  a  plane  fixed  mirror ;  thus  permitting  the 
use  of  any  distance  between  the  mirrors.  The  arrange- 
ment of  his  apparatus  is  shown  in  the  figure  (Fig.  133), 
in  which  S  is  a  division  of  a  scale  ruled  on  glass,  Jf  a 
revolving  plane  mirror,  L  an  achromatic  lens,  and  >S"  a 
fixed  plane  mirror.     The  point  S  is  so  situated  that  its 
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image  /S"  reflected  in  the  mirror  if  is  in  one  focus  of  the 
lens  Z,  while  the  image  of  S'  coincides  with  the  mirror 
8'\  which  is  placed  at  the  conjugate  focus.  When  M 
turns  slowly,  the  light  from  S"  is  reflected  back  through 
the  lens,  the  image  formed  coinciding  with  S,  When  the 
mirror  rotates  rapidly,  however,  the  position  of  M  will 
have  changed  while  the  light  travels  from  M  to  S'^  and 


Fie.  188. 

back  again,  and  the  image  will  be  displaced  in  the  direc- 
tion of  rotation  of  the  mirror.  As  finally  arranged  the 
revolving  mirror  was  8*58  meters  from  the  slit,  and  the 
fixed  mirror  605  meters  from  the  revolving  one.  With  a 
speed  of  257  rotations  per  second,  the  observed  deviation 
was  113  millimeters.  This  gives  299828  kilometers  for 
the  speed  of  light  in  air  and  299910  kilometers  in  vacuo. 
A  second  set  of  experiments  made  in  1882  gave  for  the 
speed  of  light  in  vacuo  299853  kilometers. 

Newcomb  in  1882  made  a  similar  series  of  experi- 
ments, using  as  the  revolving  mirror  a  square  prism  of 
steel  with  polished  faces.  The  distance  between  the  two 
mirrors  was  3720  meters.  His  result  is  299860  kilo- 
meters, for  the  speed  of  light  in  vacuo. 

SPEED  OP  VISIBLE  RADIATION  IN  VACUO. 

Experimenter.           Method.             Year.          Place.  Speed. 

Foucault Foucault    1862    Paris  298574 

Cornu Fizeau    1872    Paris  298731 

«   "       1874     "  300028 

Listing (Calculated  from  above)  299990 

Michelson Foucault         1879    Annapolis  299910 

«                1882    Cleveland  299853 

Newcomb "                   "    Washington  299810 

"         (Using  selected  determinations)  299860 
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The  latter  number  2*99860  x  10'*  centimeters  per  second 
may  be  accepted  as  the  most  probable  value  for  the  speed 
of  light  in  vacuo. 

These  physical  methods  have  been  so  much  improved 
in  recent  years  that  their  result  may  be  accepted  with 
entire  confidence.  And  hence  the  speed  of  light  thus 
obtained,  when  combined  with  an  accurate  determination 
of  the  time  required  for  it  to  cross  the  earth's  orbit,  or 
with  the  aberration-constant,  may  be  expected  to  furnish 
a  more  exact  determination  of  the  sun's  distance  than  can 
be  obtained  directly  by  any  purely  astronomical  meas- 
urement. 

The  speed  in  vacuo  of  all  waves  is  the  same  and  is 
therefore  independent  of  the  wave-length.  Were  this 
not  the  fact,  then,  inasmuch  as  the  light  of  different 
wave-lengths  is  different  in  color,  it  is  evident  that  one 
of  the  satellites  of  Jupiter,  for  example,  on  reappearing 
from  behind  the  planet  after  an  eclipse,  would  be  seen 
first  of  the  color  which  traveled  fastest,  the  other  colors 
subsequently  appearing.  Nothing  of  this  sort  being  per- 
ceptible, the  inference  is  that  in  space  all  waves  have  the 
same  speed,  whatever  their  length. 

Lord  Rayleigh  has  pointed  out  that  in  cases  where 
the  speed  of  wave -propagation  depends  upon  the  wave- 
length, there  is  a  difference  between  the  speed  of  a  single 
wave  and  that  of  a  group  of  waves.  While  the  aberra- 
tion method  above  described  would  give  the  actual  wave- 
speed,  the  method  founded  on  the  observation  of  Jupiter's 
satellites  and  the  method  of  Fizeau  would  give  the  group- 
speed  ;  and  the  method  of  Foucault  would  give  a  value 
proportional  to  V^/U,  in  which  V  represents  the  wave- 
speed  and  U  the  group-speed.  As  no  such  differences 
have  been  actually  observed,  the  conclusion  is  that  in 
air  as  in  vacuo  all  waves  have  the  same  speed  whatever 
their  length. 

374.  Rectilinear  Propagation. — Badiations  in  the 
same  medium  whether  visible  or  invisible  are  propa- 
gated only  in  practically  straight  lines.  But  how  is  this 
accounted  for  on  the  wave-hypothesis  ?    If  radiant  energy 
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consist  of  the  motion  of  material  particles  shot  out  from 
the  radiating  body,  then  obviously  these  particles  should 
move  in  straight  lines.  But  if  radiation  is  a  wave- 
motion  in  an  elastic  medium,  why  does  not  this  motion 
spread  in  all  directions ;  just  as  sound  does,  which  is  a 
wave -motion  ?  A  sheet  of  paper  intercepts  the  light  from 
a  candle  if  placed  between  it  and  the  eye ;  but  it  does 
not  perceptibly  diminish  the  sound  of  a  bell,  when  held 
between  it  and  the  ear.  The  importance  of  this  question 
appears  from  the  fact  that  Newton  considered  it  fatal  to 
the  hypothesis  of  wave-motion,  and  Huyghens,  the  father 
of  the  wave-hypothesis,  was  unable  to  explain  it. 

In  the  section  on  composition  of  wave-motions  (60),  it 
was  shown  that  the  disturbance  at  any  point  in  an  elastic 
medium  is  to  be  considered  the  resultant  of  all  the  wave- 
motions  simultaneously  acting  there.  Moreover,  it  has 
been  shown  that  when  two  wave-fronts  act  simultaneously 
upon  a  particle,  this  resultant  is  dependent  also  upon 
the  phases  in  which  the  waves  reach  this  particle.  If 
the  waves  are  equal  in  amplitude,  the  resultant  will  be 
either  zero  or  a  wave  of  twice  this  amplitude,  according 
as  the  two  waves  are  in  opposite  phases  or  are  in  the 
same  phase.  Suppose,  for  example,  the  wave-front  AB 
(Fig.  134)  is  advancing  from  left  to  right.     We  may  in- 


Fio.  131. 


quire  what  portions  of  this  wave  will  be  eflfective  at  the 
point  P.  Draw  the  lines  PO,  PS,  PS, ,  PS, ,  and  also  the 
lines  PB,  PB, ,  PJi^ ,  so  that  each  of  these  lines  differs 
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from  the  preceding  one  by  half  a  wave-length.  Then  the 
radiation  from  S  will  be  opposite  in  phase  to  that  from 
Oy  that  from  S^  will  be  similar  in  phase,  that  from  S^ 
opposite,  and  so  on.  And  in  general  the  radiation  from 
the  portion  SO  of  the  wave-front  will  be  opposite  in  phase 
to  that  from  the  portion  SS^ ,  and  that  from  S^S^  similar 
to  it.  The  same  will  be  true  for  the  portions  RR^  and 
i?,i?, .  Since  the  effectiveness  of  the  radiation  from  any 
portion  of  the  wave-surface  is  proportionate  jointly  to 
the  area  of  that  surface  and  to  the  angle  of  emission,  then 
as  the  elements  of  surface  are  made  smaller,  and  as  these 
elements  are  farther  and  farther  from  0,  it  is  clear  that 
ultimately  the  oblique  radiations  from  the  wave-front 
will  mutually  destroy  each  other ;  leaving  only  the  por- 
tions near  0  to  act  upon  the  point  P.  In  other  words, 
the  effective  waves  are  those  only  which  are  propagated 
along  the  normal  to  the  wave-front. 

The  construction  which  we  have  now  given  becomes 
possible  only  when  the  wave-length  is  very  small  in 
comparison  with  the  wave-front.  So  that  as  in  the  case 
of  sound,  the  greater  wave-length  results  in  the  greater 
lateral  divergence  of  the  wave  and  sound-shadows  are 
quite  ill-defined. 

375.  Formation  of  Shadows. — One  of  the  results  of 
the  rectilinear  propagation  of  radiation  is  the  produc- 
tion of  shadows ;  a  shadow  being  defined  as  the  space 
behind  an  object  which  is  itself  incapable  of  transmitting 
the  radiations.  Such  an  object,  with  reference  to  lumi- 
nous radiations,  is  called  opake.  If  a  disk  be  held 
opposite  a  candle-flame,  and  straight  lines  be  drawn 
from  the  flame  tangent  to  the  edge  of  the  disk,  the 
conical  space  behind  the  disk  which  is  un-illuminated  is 
called  the  shadow.  If  the  source  of  light  be  a  point,  the 
edges  of  a  plane  section  of  the  shadow  are  sharp.  If  it 
have  an  appreciable  surface,  the  edges  of  the  shadow 
shade  off  gradually.  Thus  suppose  three  luminous 
points  A,  By  C  to  be  taken  (Fig.  135)  and  suppose  MN 
to  be  the  opake  object;  say  a  cardboard  disk.  Let 
OP  be   an  intercepting  screen.     The   portion   of  this 
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screen  at  a  receives  no  light  whatever  from  either  of  the 
three  sources.  It  is  therefore  absolutely  dark  and  is 
called  the  umbra.  The  portion  h'c'  receives  light  from 
the  two  points  5,  (7,  and  the  portion  he  from  the  two  points 
Ay  B ;  the  portions  ah  and  oft'  receiving  light  only  from 


Fio.  185. 

the  points  A  and  C  respectively.  The  former  two  portions 
receive  light  from  two  of  the  three  sources,  the  latter 
from  only  one.  Hence  the  umbra  is  surrounded  with  a 
dark  ring  having  one  third  of  the  light  upon  it,  and  with 
a  second  dark  ring  having  two  thirds  the  light  upon  it. 
This  surrounding  region  through  which  the  umbra 
gradually  shades  off  is  called  the  penumbra.  It  is 
always  seen  whenever  the  source  of  light  has  an  ap- 
preciable size  and  the  opake  object  is  not  too  remote 
from  it 

The  camera  obscnra  depends  upon  the  fact  that  light 
is  propagated  in  straight  lines.  It  consists  of  a  dark 
room  having  an  opening  in  the  window-shutter.  On  the 
wall  opposite  the  opening  is  seen  an  image  of  outside 
objects  in  an  inverted  position.  This  image  is  sharper 
in  proportion  as  the  opening  is  smaller.  But  as  this 
reduces  the  brightness  of  the  image,  it  is  necessary  to 
make  some  sacrifice  of  sharpness  in  order  to  obtain  a 
bright  image.  The  camera  obscura  was  invented  by 
Baptista  Porta  in  1590.  On  the  same  principle  Lord 
Bayleigh  has  constructed  his  pin-hole  camera. 

B.— REFLECTION. 

376.  Change  of  Direction  with  Change  of  Medium. 

— Rectilinear  propagation  of  radiation  is  true  only  so 


Digitized  by  LjOOQ IC 


406  PHYSICS, 

long  as  the  medium  traversed  remains  unchanged  in 
character.  When  incident  upon  the  surface  of  a  second 
medium,  the  radiation  is  divided  into  two  portions,  one 
of  which  is  turned  back  into  the  medium  from  which  it 
comes,  or  is  reflected;  and  the  other  enters  the  medium 
or  is  refracted ;  in  general  changing  its  direction  in  both 
cases.  When  reflected,  it  may  be  regularly  reflected  so 
as  to  form  an  image;  or  irregularly  reflected  or  scat- 
tered. When  refracted,  that  portion  which  enters  the 
second  medium  is  also  divided  into  two  parts,  one  of 
which  is  transmitted  and  the  other  absorbed.  For  con- 
venience of  discussion  it  is  desirable  to  fix  the  attention 
not  alone  upon  the  wave-front,  but  also  upon  the  normal 
to  the  wave-front,  which  is  called  a  ray.  Hence  a  ray  is 
defined  simply  as  the  line  along  which  the  energy  is 
propagated.  A  bundle  of  such  rays  when  parallel  is 
sometimes  called  a  beam;  and  when  convergent  or 
divergent,  a  pencil.  That  part  of  the  subject  which  dis- 
cusses upon  geometrical  principles  the  change  of  direc- 
tion which  rays  undergo  in  reflection  and  refraction  is 
called  Oeometrical  Optics. 

377.  Reflection  of  Radiation. — The  laws  of  reflec- 
tion are  two  in  number :  1st,  The  angle  of  reflection 
is  equal  to  the  angle  of  incidence;  and  2d,  The 
plane  which  contains  the  incident  ray  and  the  nor- 
mal contains  also  the  reflected  ray.  Let  CO  (Fig. 
136)   be   the    normal    to    the    reflecting    surface    Iili\ 

AO  the  incident  and  OB  the 
reflected  ray.  Then  the  angle 
AOC  is  called  the  incident 
angle  and  BOC  the  angle  of 
reflection.  The  first  law,  which 
asserts  the  equality  of  these 
angles,  must  be  true  kinetically ; 
Fio.  186.  since  if  we  resolve^^^  into  two 

components,  one  parallel  and  the  other  perpendicular 
to  the  surface,  we  see  that  it  is  the  latter  only  which  is 
affected ;  and  further  that,  for  perfect  elasticity  in  the 
medium,  this  is  completely  reversed ;   whence  the   re- 
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fleeted  ray  is  the  resultant  of  the  original  component 
along  OR  and  of  the  reversed  component  along  OC ;  and ' 
consequently  the  angle  BOG  is  equal  to  AOG.  Again, 
since  the  incident  ray  A  0  lies  wholly  in  the  plane  con- 
taining the  normal,  i.e.,  the  plane  of  the  paper,  it  has 
no  component  in  a  perpendicular  plane;  hence  the 
resultant  OB  will  have  no  such  component  and  will 
therefore  lie  in  the  same  plane. 

A  similar  proof  may  be  given  by  considering  the 
wave-front.  Let  a  beam  of  radiant  energy  AOG' A' 
(Fig.  137)  be  incident  upon  a  reflecting  surface  BB'  \ 


then  FO  will  be  the  wave-front  After  the  ray  A  has 
reached  the  point  0  an  interval  of  time  will  elapse 
before  the  ray  A'  reaches  0'.  During  this  time,  the  ray 
A  reflected  at  0  and  traveling  with  the  same  speed  as 
before,  will  liave  passed  over  a  distance  OF'  equal  to 
the  distance  F0\  So  that  if  we  draw  a  line  F'  0\  this 
will  represent  the  new  wave-front  at  the  instant  the  ray 
A'  reaches  0\  Lines  perpendicular  to  -F'O'  drawn 
through  0  and  O'  represent  the  reflected  beam.  Since 
in  the  triangles  OFO'  and  OF'O'  the  side  00'  is  com- 
mon, the  angles  at  F  and  F'  are  right  angles,  and  the 
side  FO'  is  equal  to  F'O,  the  triangles  are  themselves 
equal  and  the  angle  FO'O  is  equal  to  F'00\  Hence 
the  angles  of  incidence  and  reflection,  which  are  the 
complements  of  these  angles,  are  also  equal. 

Experimentally  the  law  of  reflection  may  be  proved 
thus :  By  means  of  a  theodolite  measure  the  angle  SOG 
which  the  direct  ray  SO  (Fig.  138)  from  a  star  makes 
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with  the  horizontal  CO,  as  compared  with  the  angle 
HOC  which  a  parallel  ray  S'B  reflected  from  a  surface 
of  mercury  at  J?  makes  with  CO.  These  angles  will  be 
found  to  be  equal.     Hence  their  complements  CRO  and 


Fio.  188. 

CDO  are  equal;  and  because  S'BD  is  alternate  with 
a  DO,  and  is  equal  to  it,  the  angle  of  reflection  OBD  is 
equal  to  the  angle  of  incidence  S'B  D.  A  mercury  sur- 
face thus  used  is  often  called  an  artificial  horizon. 

378.  Law  of  Ferniat. — In  passing  directly  from  one 
point  to  another,  light  passes  in  a  straight  line  and  there- 
fore pursues  the  shortest  course.  Ptolemy  is  said  to 
have  discovered  the  fact  that  in  reflection  from  a  plane 
surface  the  line  formed  by  the  incident  and  reflected 
rays  is  shorter  than  any  other  bent  line  having  the  same 
extremities  and  having  its  point  of  bending  on  the 
mirror;  a  fact  which  follows  from  the  geometrical 
theorem  that  of  all  triangles  having  the  same  base  and 
equal  areas,  that  which  is  isosceles  has  the  minimum 
perimeter.  In  1667,  Fermat  enunciated  the  opinion, 
based  on  a  cosmological  necessity  arising  from  the 
simplicity  of  the  universe,  that  in  all  cases  light  takes 
the  course  which  it  can  traverse  in  the  shortest  time. 
This  statement,  which  is  known  as  Fermat's  law,  is 
evidently  true  for  reflection,  since  the  shortest  course  is 
traversed  in  the  least  time.     We  shall  see  that  it  is  true 
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also  for  refraction.  As  modified  by  Maupertuis,  Enler, 
and  Lagrange,  it  constitutes  the  celebrated  law  of  least 
action  which  has  played  so  important  a  part  in  all  subse- 
quent investigations  in  mathematical  physics. 

379.  Reflection  f^om  Plane  Surl*aces. — Mirrors. — 
From  these  two  laws,  the  conditions  of  formation  of 
images  in  plane  or  curved  mirrors  can  readily  be 
deduced.    Let  AB  (Fig.  139)  be  a  plane  reflecting  sur- 
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face  upon  which  a  ray  from  a  point  at  S  is  incident  at  0. 
By  the  first  law  it  will  be  reflected  to  J?,  the  rays  RO 
and  SO  making  equal  angles  with  the  normal  at  0,  But 
the  eye  sees  an  object  always  in  the  direction  of  the  ray 
which  enters  it ;  and  will  therefore  see  the  object  /S'  at  aS', 
in  the  direction  RO  prolonged ;  i.e.,  as  much  behind  the 
mirror  as  the  object  itself  is  in  front  of  it  and  upon  a 
perpendicular  let  fall  from  the  object  upon  the  mirror 
prolonged.  The  ray  will  therefore  appear  to  come  from 
a  point  S^  as  much  behind  the  mirror  as  the  object 
itself  is  in  front  of  it  To  prove  this  let  a  second  ray 
SO'R  be  incident  on  the  surface  of  the  mirror  at  0'. 
The  triangles  SOO'  and  S'OO'  have  the  angles  at  0' 
equal,  since  they  are  both  equal  to  A  0'R\  They  also 
have  the  angles  at  0  equal,  since  each  is  the  supplement 
oi  ROA.  Moreover,  the  side  00'  is  common.  Hence 
these  triangles  are  equal  and  the  side  SO  is  equal  to 
S'O.     Since   the    triangles    SOC  and  S'OC  have   the 
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angles  SOC  and  S'OC  respectively  equal,  both  being 
equal  to  AORy  and  since  the  side  SO  =  S^O  and  the 
side  CO  is  common,  they  are  equal  and  therefore  the 
side  CS'  is  equal  to  CS  and  the  angle  OCS'  =  OCS 
=  90°. 

If  instead  of  a  point  an  object  be  taken  such  as  an 
arrow,  for  example,  the  construction  is  the  same,  using 
the  two  extreme  points  as  sufficient.  Let  fall  a  per- 
pendicular upon  the  mirror  RR'  (Fig.  140)  from  each  of 


the  points  A  and  By  continuing  them  till  the  distance 
below  the  mirror  is  the  same  as  that  to  the  correspond- 
ing point  above.  The  image  A'B'  is  obtained  by  con- 
necting these  points,  as  shown  in  the  figure.  From  A 
and  B  let  fall  the  rays  AO'  and  BOy  incident  upon  the 
mirror  at  0'  and  0,  respectively.  Draw  through  these 
points  the  lines  CB'  and  CA' ;  they  represent  the  rays 
entering  the  eye  at  C.  In  this  case  AB'  is  called  the 
image  of  AB.  It  is  of  the  same  size  as  the  object,  is 
symmetrical  with  it,  it  is  reversed  in  position  though 
not  inverted,  and  being  behind  the  mirror  is  a  virtual 

image. 

380.  Effect  of  Angular  Motion  of  Mirror, — Let  a 

ray  ^a  be  incident  perpendicularly  upon  a  reflecting 
surface  RR'  (Fig.  141).  The  incident  angle  being  zero, 
the  reflecting  angle  is  also  zero  and  the  ray  returns 
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along  its  previous  path,  as  shown  in  the  upper  figure. 
Let  the  mirror  be  now  rotated  forty-five  degrees  about 
an  axis  through  the  point  of  incidence.  The  incident 
ray  will  now  be  reflected  to  B  through  a  right  angle,  as 
is  shown  in  the  lower  figure ;  since  BaN  is  equal  to  AaN^ 


by  the  law  of  reflection.  The  mirror  has  turned  through 
AaN  or  45^  by  hypothesis ;  and  the  ray  has  turned 
through  AaN  plus  BaN,  i.e.,  through  ^AaN^  or  90°. 
The  angular  motion  of  the  ray  is  therefore  double  that 
of  the  mirror.  This  principle  is  illustrated  in  the  sex- 
tant, in  the  goniometer,  in  the  heliostat,  and  in  reflecting 
instruments  generally. 

381.  Multiple  Mirrors. — Two  cases  are  here  to  be 
considered,  one  where  the  mirrors  are  parallel,  the  other 
where  they  are  inclined  to  one  another.  In  the  first 
case  let  a  luminous  point  A  (Fig.  142)  send  two  rays  to 
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the  two  parallel  mirrors  RR'  and  S8\  incident  on  these 
mirrors  at  the  points  0  and  0\    To  the  eye  placed  at 
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B  there  will  be  two  images  a  and  a\  the  distance 
between  them  being  twice  the 
distance  separating  the  mirrors. 
For  Aa  is  twice  Ah ;  and  Aa'  is 
twice  Ab\  Hence  Aa  -j-  Aa^  or 
aa'  is  twice  Ah  +  Ah\  or  hb\  the 
distance  between  the  mirrors. 
In  Fig.  143  Aa  is  twice  Ah  and 
Aa'  is  twice  Ah'  as  before. 
Hence  Aa'  —  Aa,  or  axi',  is  twice 
-46'  —  J.6,  or  hh' ;  the  same  re- 
sult. 

If  the  mirrors  are  inclined  to 
each  other,  similar  constructions 
may  be  made.  In  the  first  place, 
suppose  the  angle  between  the  mirrors  to  be  a;  required 
the  change  in  the  direction  of  the  ray  after  reflection 
from  both  successively.  Let  a  ray  from  a  luminous 
point  A  (Fig.  144)  be  incident  on  the  mirror  SS'  at  O 
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and  be  reflected  to  0'  on  the  mirror  BH',  and  again 
reflected  to  the  eye  at  B.  Originally  the  object  ap- 
peared in  the  direction  BA  ;  it  now  appears  at  /,  its 
direction  having  changed  through  the  angle  AB/,  which 
we  may  call  d.  The  angle  u,  exterior  to  the  triangle 
COO  J  is  evidently  equal  to  a'\-v;  whence  a  =  w  —  v. 
So  the  angles  u-]-  x,  exterior  to  the  triangle  BO'O,  are 
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equal  to  2i;  +  rf ;  whence  cJ  =  «  +  a;  —  2t;.     But  x  =:p, 
being  opposite ;    and  p=z  u,hj  the  law  of  reflection ; 


whence  x  =  u  and  d  =  2m  —  2v.     But  a 


=  «  — 


v:  hence 


d  =  2a ;  or  the  deviation  of  the  ray  is  twice  the  angle 
between  the  mirrors. 

Again,  suppose  the  mirrors  to  be  at  right  angles  and 
the  source  of  light  to  be  between 
them.  Let  BJi'  and  SS'  (Fig. 
145)  be  the  mirrors,  and  A  the 
luminous  point.  By  the  method 
given  above,  the  image  A  in  BB^ 
will  be  at  a,  and  the  image  in  SS ' 
at  a'.  By  a  third  reflection  from 
both  mirrors,  a  third  image  will 
be  produced  at  a'\  these  three 
images  and  the  object  being  sym- 
metrically placed  with  reference 
to  the   mirrors.     If  the  mirrors 
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W/is! 


are  inclined  at  an  angle  of 
60°  (Fig.  146)  there  will  be 
Ave  images ;  and  in  any  case 
there  will  always  be  n  —  1 
images,  where  n  is  the  number 
of  times  the  angle  between 
the  mirrors  is  contained  in 
the  whole  circumference. 
Upon  this  principle  depend 
the  kaleidoscope  of  Sir  David 
Fio.  146.  Brewster  and  the  debuscope 

of  Debus. 

382.  Amount  of  Reflection— Reflecting  Power. — 
The  amount  of  radiation  reflected  from  a  surface  depends 
(1)  on  the  nature  of  the  reflecting  body,  (2)  on  the  state 
of  its  surface,  and  (3)  upon  the  angle  of  incidence.  As  an 
illustration  of  the  effect  of  the  reflecting  material,  it  may 
be  shown  tliat  of  light  incident  normally,  water  reflects 
3>jj^,  plate  glass  ^y,  crown  glass  ^,  and  flint  glass  about 
^y.  Opake  bodies  have  a  much  higher  reflecting  power ; 
thus  mercury  reflects  }  and  speculum  metal  \  of  the  in- 
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cident  light.  Evidently  the  more  highly  polished  the 
surface  the  higher  its  reflecting  power.  But  no  artificial 
surface  can  equal  the  natural  surface  in  reflecting  power. 
The  amount  of  reflection  increases  with  the  incident  angle. 
Thus  water,  which  reflects  only  0-018  per  cent  of  the 
incident  light  falling  upon  its  surface  perpendicularly 
and  only  0-0i9  at  an  incident  angle  of  30°,  reflects  0*034 
per  cent  at  50°,  0145  at  70°,  0-333  at  80°,  0-503  at  85°, 
and  0-639  per  cent  at  88°.  Glass,  which  at  0°  incidence 
reflects  only  0-043  per  cent,  reflects  at  88°,  0-819  per 
cent  Fresnel  from  theoretical  considerations  has  given 
the  following  equation  representing  the  ratio  of  the  re- 
flected radiation  J'  to  the  incident  radiation  I  for  glass  : 

r__l     sin'(i-r)       1    tanXf  -  r) 

I  ■~2'sin'(t  +  r)"^2  'tanXt  +  r)'  ^^^^ 

In  this  equation  i  and  r  are  the  incident  and  refraction- 
angles. 

The  measurement  of  reflecting  power  is  made  by 
placing  the  reflecting  surface  in  line  with  the  radiation, 
and  receiving  the  reflected  beam  upon  a  photometer 
disk,  or  upon  a  bolometer  or  thermopile,  placed  upon  an 
arm  moving  about  the  support  of  the  reflector  as  a 
center.  In  the  absence  of  any  reflecting  body,  this  arm 
is  in  line  with  the  radiation  and  measures  it  directly. 
The  ratio  of  the  reflected  energy  to  the  direct  energy  is 
the  reflecting  power. 

383.  Diffusion  of  RadiatioD. — Besides  regular  or 
specular  reflection,  radiation  may  be  irregularly  reflected 
or  scattered.  It  is  then  said  to  be  difEuBed.  It  is  by  dif- 
fused light  that  we  see  non-luminous  objects,  since  a 
perfectly  reflecting  surface  is  itself  invisible.  Difi^usion 
is  therefore  due  to  roughness  of  surface,  the  irregularly 
reflected  rays  not  forming  an  image.  Moreover  difl'usion 
may  be  selective.  A  red  ribbon  in  the  red  of  the  spec- 
trum is  most  brilliant,  while  it  is  black  in  the  green 
region.     By  means  of  his  thermo-galvanometer  Melloni 
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showed  that  diffusion  both  general  and  selective  exists 
also  for  non-luminous  radiations. 

384.  Keflection  from  Curved  Surfaces. — ^A  curved 
reflecting  surface  is  said  to  be  convex  if  the  radiations  fall 
on  the  side  opposite  to  its  center  of  curvature ;  concave, 
if  upon  the  same  side.  Curved  mirrors  are  in  general 
spherical,  although  parabolic  and  cylindrical  mirrors  are 
used  for  special  purposes.  The  center  of  curvature  of  a 
mirror  is  the  center  of  the  sphere  of  which  it  is  a  seg- 
ment ;  the  center  of  figure  is  the  center  of  the  mirror  itself. 
The  field  of  the  mirror  is  the  angle  included  between  two 
radii  drawn  to  the  extremities  of  one  of  its  diameters. 
An  axis  is  any  line  passing  through  the  center  of  curva- 
ture and  incident  upon  the  mirror.  The  principal  axis  is 
an  axis  passing  also  through  the  center  of  figure  of  the 
mirror.  The  other  axes  are  called  secondary  axes.  A 
plane  containing  the  principal  axis  is  called  a  principal 
section.  If  rays  Aa  and  Bb  (Fig.  147)  parallel  to  the 
principal  axis  fall  upon  a  concave  mirror,  they  will  be 
reflected  so  as  to  intersect  that  axis  at  the  point  F^  which 
is  called  the  focus  for  parallel  rays  or  the  principal  focus. 
Since  a  radius  is  normal  to  a  spherical  surface  and  since 


Fio.  147. 

O  is  the  center  of  curvature,  the  path  of  the  reflected  ray 
is  obtained  simply  by  making  the  angle  of  reflection  i^a  6? 
equal  to  the  angle  of  incidence  AaO.  In  the  triangle  FOa, 
FOiOa::  sin  OaF :  sin  OFa.  But  sin  OFa  =  sin  aFC— 
sin  2i ;  since  the  angle  OaF  is  equal  to  the  angle  OaA 
by  the  law  of  reflection,  and  the  angle  aFC  is  equal  to 
AaF,  being  alternate.     Hence  FO  =^  -ff  (sin  i/sin  2i). 
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As  the  aperture  of  the  mirror — in  this  case  the  angle 
aOb — grows  smaller,  the  angle  of  incidence,  which  is  one 
half  that  angle,  decreases  also.  In  consequence  the 
angle  of  reflection  will  decrease  and  the  point  ^will 
move  out  toward  0.  The  limiting  position  of  ^  is 
reached  when  the  incident  angle  is  indefinitely  small. 
In  this  case  we  may  write  the  arc  for  the  sine,  and  the 
above  expression  becomes  FO  =  Ii{i/2i)  =  ili  =  FC. 
In  other  words,  the  principal  focal  distance  of  a  concave 
mirror  of  small  aperture  is  one  half  its  radius  of  cur- 
vature. 

885.  Coujusrate  Fooi. — In  order  that  the  rays  inci- 
dent upon  the  mirror  shall  be  parallel  they  must  come 
from  an  object  at  an  indefinite  distance.  Suppose  now 
(Fig.  148)  the  two  rays  Aa  and  Ab  come  from  a  point  A  on 
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the  principal  axis  at  a  finite  distance  from  the  mirror. 
Evidently  the  angle  of  incidence  AaO  being  less  than 
before,  the  angle  of  reflection  /aO  will  be  less  also,  and 
the  point  of  intersection  of  the  reflected  rays  /  will  be 
nearer  the  center  of  curvature,  0.  Since  the  radius  Oa 
bisects  the  angle  Aa/,  we  have  Aa  :/a  ::  AO  :  fO.  If 
the  aperture  of  the  mirror  is  small,  we  may  write  AC  tor 
Aa,  and  fO  for  fa.  If  we  represent  A  C  by/,  and  fC  by 
/',  r  being  the  radius  Oa,  we  have  A 0  :  fO  wAC  \  fC  or 
f-rxr^fy.f'.f.  Whence/V+/r  =  2//'.  Divid- 
ing  hjffr,  we  obtain 

1,1        2 

7+/ =  7  [5^3 
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the  usual  form  of  the  expression.  In  words  it  states 
simply  that  the  sum  of  the  reciprocals  of  the  conjugate 
focal  distances  is  equal  to  the  reciprocal  of  the  principal 
focal  distance;  since  2/r  =  l/F^  as  has  been  shown 
above.  The  distances  -d[(7  and  fC  or  /  and/'  are  called 
conjugate  focal  distances  because  of  their  mutual  depend- 
ence.    Thus   if  we   put   the  above  equation  into  the 

form   /=;r rx,  we  see  that  when/'  is  equal  to  Jr. 

i.e.,  when  the  inner  conjugate  focus  concides  with  the 
principal  focus,  the  denominator  of  the  fraction  is  0  and 
/  has  an  infinite  value  ;  the  incident  rays  are  parallel. 
As/'  increases/ diminishes,  becoming  equal  to  r  when 
/'  is  also  equal  to  r.  Both  the  incident  and  the  reflected 
rays  now  pass  along  the  normal.  As/'  continues  to  in- 
crease, the  two  conjugate  foci  change  places,  /'  being 
now  greater  and/ smaller  than  r,  until  when/ reaches 
the  value  ^r,  /'  is  indefinitely  distant  These  conju- 
gate foci,  like  the  principal  focus,  are  called  real  foci, 
since  they  are  formed  by  the  intersection  of  the  reflected 
rays  themselves  and  can  evidently  be  received  on  a 
screen. 

386.  Virtual  Foci  of  Concave  Mirrors. — Suppose 
the  distance  represented  by/ should  continue  to  diminish 
after  it  has  reached  the  value  Jr.     Evidently  the  rays 
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from  this  focus  would  diverge  after  reflection,  since  the 
angle  of  incidence  would  be  greater  than  is  required  for 
parallel  rays.     There  can  now  of  course  be  no  focus  con- 
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jugate  to/  in  front  of  the  mirror.  But  by  prolonging  the 
reflected  rays  backward  (Fig.  149)  these  produced  rays 
will  be  found  to  intersect  on  the  principal  axis  at/'. 
Such  a  focus  is  called  a  virtual  focus  since  it  is  wholly 
subjective,  being  formed  by  the  projection  of  the  rays 
by  the  eye  to  a  point  behind  the  mirror.  The  point  f 
is  called  the  virtual  conjugate  focus  of  the  mirror.  Since, 
when  both  foci  are  on  the  same  side  of  the  mirror  as  the 
center  of  curvature,  their  distances  from  the  mirror  are 
all  reckoned  positive,  we  have  only  to  change  the  sign 
of/''  to  adapt  the  general  formula  to  the  present  case. 

112        1 

Making/'  negative  we  have  -  —  —  =  —  or  — ,  as  the  ex- 
pression for  virtual  conjugate  foci  in  concave  mirrors. 

387.  Couvex  Mirrors. — Since  all  rays  reflected  from 
a  convex  mirror  are  divergent,  the  foci  of  such  mirrors 
are  always  virtual.    If  rays  Aa  and  Bh  (Fig.  150)  be 
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incident  on  such  a  mirror,  they  are  reflected  to  a'  and  6'; 
and  these  reflected  rays  if  produced  backward  will  ap- 
pear to  intersect  the  principal  axis  produced  at  a  point 
F'  behind  the  mirror.  The  point  F'  is  called  the  principal 
virtual  focus  of  the  convex  mirror.  As  the  luminous 
points  A  and  B  approach  or  recede  from  each  other, 
the  incident  angles  increase  or  diminish,  and  the  conju- 
gate focus  /'  approaches  or  recedes  from  C  (Fig.  151). 
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In  the  case  of  convex  mirrors  i^and/'  are  both  negative ; 
and  the  general   formula  becomes  -  —  -  =  — ^  ;  or 

i  —  -  =  -^,  which  is  preferable. 
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388.  Experimental   Determination   of  Foci,  —  (1) 

The  radius  of  curvature  of  a  mirror  can  be  calculated  from 
the  value  of  its  versed  sine,  which  may  be  measured  di- 
rectly by  the  spherometer.  If  R  is  the  desired  radius,  r 
the  radius  of  the  spherometer,  and  A  the  versed  sine  meas- 
ured, the  figure  (Fig.  152)  gives  1?  = 
r*+(^  -  hy ;  whence  i?  =  (r'  +  A')/2A. 
(2)  A  beam  of  sunlight  consists  of 
nearly  parallel  rays.  By  placing  a 
concave  mirror  in  sunlight,  its  princi- 
pal focus  may  be  obtained  on  a  piece 
of  card;  and  the  measured  distance 
of  the  card  from  the  mirror  is  the 
principal  focal  distance.  Or  (3)  a  candle-flame  may  he 
placed  in  front  of  the  mirror  and  moved  along  the  axis 
until  the  flame  and  its  image  coincide.  Both  are  then 
at  the  center  of  curvature.  Again,  (4)  place  a  candle- 
flame  at  a  known  distance /from  the  mirror  and  on  its 
principal  axis,  and  measure  the  distance  /'  between  the 
conjugate  focus  and  the  mirror.  Then  from  the  formula 
given  above  F  =ff'/{f  -\-f^).     If  the  mirror  be  convex, 
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a  parallel  beam  is  allowed  to  fall  on  it  through  an  open- 
ing in  a  screen.  The  screen  is  then  moved  away  until 
the  diameter  of  the  reflected  diverging  beam  is  twice 
that  of  the  original  beam.  Then  we  have  the  principal 
virtual  focus  of  the  mirror  equal  to  the  distance  between 
the  screen  and  the  mirror.  Since  in  all  cases  the  prin- 
cipal focal  distance  is  half  the  radius  of  curvature,  either 
of  these  constants  may  be  determined  from  the  other. 

389.  Formation  of  Images  in  Mirrors. — Since  an 
object  may  be  regarded  simply  as  a  collection  of  lumi- 
nous points,  an  image  can  be  considered  simply  as  the 
conjugate  foci  of  these  points.  The  image  of  each  of  the 
points  of  the  object  is  on  the  same  secondary  axis  as  the 
point  itself.  Hence  to  construct  an  image  of  an  object 
after  reflection  in  a  mirror  it  is  necessary  only  to  take  a 
sufficient  number  of  points  pf  the  object,  to  draw  secon- 
dary axes  through  each  of  these  points,  and  then  to  let 
fall  upon  the  mirror  rays  parallel  to  the  principal  axis, 
continuing  these  after  reflection,  through  the  principal 
focus,  till  they  intersect  the  secondary  axes  previously 
drawn.     Thus  let  the  object  be  an  arrow  AB  (Fig.  153). 


Fio.  153. 


Draw  the  secondary  axes  Ab  and  Ba.  The  image  of  A 
will  be  on  Ab,  and  the  image  of  B  on  Ba,  Let  fall  the 
parallel  rays  Aa'  and  Bb^  on  the  mirror.  After  reflec- 
tion they  will  intersect  the  axis  at  the  principal  focus  F 
and  finally  cut  the  secondary  axes  at  A'  and  B\     Since 
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the  image  of  A  is  on  the  line  Aa'FA\  as  well  as  on  the 
secondary  axis  Ah^  it  must  be  at  the  intersection  of  these 
lines.  The  same  being  true  of  B^  its  image  is  at  B\ 
The  image  thus  formed  by  reflection  in  a  concave  mir- 
ror is  a  real  image,  it  is  inverted  in  position,  and  is 
smaller  than  the  object ;  the  size  of  the  image  being  to 
that  of  the  object  evidently,  as  the  distance  of  the  former 
from  the  center  of  curvature  is  to  the  distance  of  the 
latter. 

Virtual  images  are  obtained  by  similar  constructions. 
For  a  concave  mirror  let  AB  h^  the  object  and  draw 
the  secondary  axes  OA  and  OB  (Fig.  154),  producing 
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them  indefinitely  on  the  other  side  of  the  mirror.  Draw 
also  the  parallel  rays  Aa  and  jffi,  which  after  reflection 
will  intersect  at  the  principal  focus  F,  Produce  these 
rays  backward  to  intersect  the  secondary  axes  at  the 
points  A'  and  B'.  The  image  will  be  A'B'.  Here  the 
image  is  erect,  larger  than  the  object,  and  appears  to  be 
behind  the  mirror. 


Fio.  165. 

If  the  mirror  be  convex,  draw  the  secondary  axes 
OA  and  OB  (Fig.  155)  as  before  and  let  fall  the  parallel 
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rays  Aa  and  Jib  upon  the  mirror.  Evidently  the  re- 
flected rays  will  appear  to  intersect  at  the  virtual  prin- 
cipal focus  F.  But  before  they  intersect  they  cut  the 
secondary  axes  at  A'  and  B\  Hence  the  image  A^B^ 
appears  behind  the  mirror,  is  erect  and  is  smaller  than 
the  object.  If  the  object  is  farther  from  the  mirror  at 
CD,  the  image  is  smaller,  G'D\  Since  in  both  of  these 
cases  the  image  and  object  form  the  base  of  a  larger  or 
a  smaller  isosceles  triangle  whose  sides  are  the  secondary 
axes,  the  size  of  the  one  is  to  the  size  of  the  other  as  the 
height  of  the  one  triangle  is  to  that  of  the  other. 

390.  Spherical  Aberration  of  Mirrors.— Caustics. — 
As  we  have  seen,  when  a  number  of  parallel  rays  fall  on 
a  concave  surface,  the  reflected  rays  intersect  the  princi- 
pal axis  at  points  which  are  more  and  more  distant  from 
the   mirror,  in  proportion   as  the  incidence-points  are 
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nearer  this  axis.  Hence  the  intersections  of  these  rays 
with  each  other  form  a  peculiar  curve  known  as  a  caus- 
tic. The  figure  (Fig.  156)  shows  the  form  of  caustic 
produced  by  rays  parallel  to  the  principal  axis. 

To  trace  it,  draw  a  semi-circumference  within  the  hemispherical 
mirror  (Fig.  \JS^y.  Let  a  ray  A  fall  on  the  mirror  at  a  parallel  to 
the  principal  axis,  and  join  aO.  Upon  ad  as  diameter  describe  a 
circle.  Its  radius  O'd  will  be  one  half  of  Od.  Since  eO'd  =  2ead  = 
2AaO  =  2aOF&nd  since  Od  =  20'd,  the  arc  Fd  must  equal  the  arc 
ed.  If,  consequently,  we  suppose  the  circle  aed  to  roll  upon  the  cir- 
cle Fd,  the  point  e  being  originally  at  Fy  this  point  e  will  trace  out 
the  epicycloidal  curve  MeF  on  one  side  and  FN  on  the  other  of  the 
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axis,  the  casp  being  at  F,  As  the  angle  aed  is  a  right  angle,  de  is 
always  perpendicular  to  the  path 
of  the  moving  point ;  and  the 
reflected  ray  ac,  which  is  perpen- 
dicular always  to  de^  must  always 
be  tangent  to  the  curve  which  is 
the  locus  of  the  moving  point ; 
i.e.,  to  the  epicycloidal  caustic. 
All  such  parallel  rays  reflected 
from  the  mirror  are  tangent  to 
this  curve.  If  the  radiant  point 
be  within  the  circle  of  which  the 
reflecting  mirror  is  a  segment, 
the  caustic  curve  is  still  an  epi- 
cycloid, of  the  form  known  as  fio.  167. 
the  cardioid. 

This  caustic  curve  is  well  seen  by  placing  a  steel 
ring,  polished  interiorly,  upon  a  white  paper  in  sunlight. 
The  appearance  of  this  curve  in  milk,  caused  by  the 
reflection  from  the  walls  of  the  vessel,  is  sometimes 
called  the  cow's  foot  in  the  milk. 

In  the  formation  of  images  in  spherical  mirrors,  the 
non-coincidence  of  foci  produced  by  rays  reflected  from 
different  zones  of  the  surface  is  a  source  of  indistinct- 
ness. Not  only  are  rays  from  the  same  point  of  the 
object  reflected  to  different  positions  according  to  the 
part  of  the  mirror  on  which  they  fall,  but  rays  from  dif- 
ferent points  of  the  object  are  reflected  to  the  same  focus. 
This  indistinctness  of  the  image  is  due  to  what  is  called 
the  spherical  aberration  of  the  mirror,  the  distance  meas- 
ured along  the  principal  axis,  between  the  inner  and  the 
outer  principal  foci,  being  called  the  longitudinal  spheri- 
cal aberration.  Since  the  two  converging  cones  of  re- 
flected rays  intersect  along  this  distance,  there  is  a  point 
where  the  circle  of  intersection  is  a  minimum.  This  is 
called  the  circle  of  least  confusion,  and  its  radius,  the  lateral 
spherical  aberration. 

By  absorbing  the  luminous  rays  of  the  electric  arc 
in  a  solution  of  iodine  in  carbon  disulphide,  Tyndall 
has  shown  not  only  that  non-luminous  rays  may  also  be 
reflected  to  a  focus,  but  also  that  they  may  form  images. 
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At  the  outer  focus  of  a  concave  mirror,  these  rays 
absorbed  by  blackened  platinum  heated  this  platinum 
to  redness  and  produced  an  image  of  the  carbon  points 
placed  at  the  inner  focus.  This  production  of  luminous 
from  non-luminous  radiations  of  greater  wave-length 
he  has  called  calorescence. 

It  is  a  property  of  the  parabola  that  a  line  drawn 
from  the  focus  to  any  point  of  the  curve,  and  a  line 
drawn  from  this  point  parallel  to  its  axis,  make  equal 
angles  with  a  tangent  to  the  curve  at  the  point  of  in- 
cidence. Hence  all  the  rays  from  a  luminous  point 
placed  at  the  focus  are  reflected  strictly  parallel  to  the 
axis  and  to  each  other.  The  reflectors  used  in  light- 
house illumination,  and  the  specula  of  reflecting  tele- 
scopes, are  parabolic  in  form,  securing  in  the  latter  case 
A  sharp  image,  free  from  the  defects  due  to  spherical 
aberration. 


C. — REFRACTION. 

301,  Refraction  of  Homogeneous  Radiation. — Re- 
fraction is  the  change  in  direction  which  takes  place 
when  radiation  passes  from  one  homogeneous  medium  to 
another.  It  is  usual  to  discuss  refraction  (1)  under  the 
condition  that  the  radiation  is  itself  homogeneous,  i.e., 
contains  but  one  wave-frequency ;  and  (2)  under  the  con- 
dition that  it  is  more  or  less  complex  in  this  respect. 

The  laws  of  refraction  are 
two  in  number:  1st,  the  re- 
fracted ray  lies  in  the  plane 
containing  the  incident  ray 
and  the  normal ;  and  2d,  the 
sine  of  the  incident  angle 
bears  to  the  sine  of  the  angle 
of  refraction  a  ratio  which 
is  constant  for  the  s^me  two 
media.  Thus  (Fig.  158)  let 
'^°*  ^^-  the    ray   AO    in    air  be    inci- 

dent upon  a  surface  of  water  IiE\    A  portion  will  be 
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reflected,  as  we  have  seen.  But  a  second  portion  will 
enter  the  water,  suffering  at  the  bounding  surface  a 
change  in  its  direction,  so  that  it  now  passes  on  to  B. 
The  angle  AON  is  the  angle  of  incidence,  BON'  the 
angle  of  refraction ;  the  latter  angle  under  the  circum- 
stances supposed  being  the  smaller.  The  angle  of 
delation  A' OB  is  evidently  the  difference  between  the 
angles  AON  and  BON\  Lay  off  on  J. (?  a  radius  Oa^ 
and  on  BO  An  equal  radius  Ob.  From  a  and  b  let  fall 
the  perpendiculars  anand  bn'  on  the  normal  NN\  These 
lines  represent  the  sines  of  the  angles  of  incidence  and 
refraction  respectively,  calling  the  radii  unity;  and 
hence  by  the  second  law  their  ratio  is  constant  for 
these  two  media,  namely  for  water  1'336  or  roughly  |. 
If  6n'  represents  a  length  of  three  units,  an  will  be  four 
units  long  on  the  same  scale ;  and  so  on  for  all  angles 
of  incidence.  If  jd  represent  this  ratio  for  a  vacuum 
and  a  given  medium,  we  may  write  the  second  law  thus : 
sin  i/nin  r  =  /a;  or  in  the  equivalent  form  sin  i  =  /x  sin  r. 
Again,  if  //,  be  the  ratio  from  a  vacuum  to  a  second 
medium,  the  ratio  /i/yu,  or  n  will  be  the  ratio  from  the 
second  medium  to  the  first  This  ratio  of  the  sines  is 
called  the  index  of  refraction  for  the  two  media.  If  one 
of  these  media  is  a  vacuum,  the  ratio  is  called  an  absolute 
index,  such  as  /i  and  /<,  above.  The  ratio  of  two  absolute 
indices  is  of  course  a  relative  index, 
like  the  n  above  given. 

Since  in  the  diagram  annexed 
(Fig.  159)  sin  i=  OM/AO  and  sin 
r  =  OM/OB\  (as  0AM  ^  AON 
and  OB'M=B'ON=  BON',)  we 
may  write  OB'  =  n{OA);  and,  if 
the  incident  angle  is  small,  MB'  = 
n{MA)  approximately.  Supposing 
the  media  to  be  air  and  water,  MA 
would  be  three  fourths  MB'.  An  X^"Tlr^^^n£^ 
eye  beneath  the  water  would  see  at 
B'  an  object  actually  at  A,  one  third 
farther  above  the  surface.     And  conversely,  an  eye  at  A 
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would  see  an  object  which  is  actually  at  ^  in  the  water, 
at  some  point  A'  one  quarter  less  deep. 

This  change  of  direction  of  a  ray  at  the  surface  sepa- 
rating two  media  is  a  direct  result  of  a  change  of  speed 
at  this  surface.  Let  a  wave  whose  front  is  OF(¥\g. 
160)  be  incident  obliquely  upon  a  bounding  surface  RR\ 


Fio.  160. 


AO  and  A'O'  will  be  the  normals  to  this  wave-front,  ie., 
the  rays.  When  the  ray  AO  has  reached  (9,  the  ray 
A^O'  is  yet  at  F.  So  that  while  this  ray  is  passing  from 
F  to  0\  the  first  ray  has  entered  the  second  medium,  in 
which  by  hypothesis  it  has  a  less  speed,  and  has  ad- 
vanced to  jF'.  Thus  the  new  wave-front  is  0'F'\  and 
normals  to  this  represent  the  direction  of  the  rays  after 
refraction.  Examining  the  triangles  ^^^'i'^and  0'0F\ 
we  observe  that  the  angle  FOO'  is  equal  to  the  incident 
angle,  and  00' F'  to  the  refraction-angle;  and  hence, 
since  00'  is  common,  sin  /  :  sinr  ::  FO'  :  OF',  But 
sin  I'/sin  r  =:n,  the  index  of  refraction ;  and  FO'/OF'= 
8/8^  or  the  ratio  of  the  speeds  in  the  two  media.  The  in- 
dex of  refraction,  therefore,  is  simply  the  ratio  of  the 
speed  of  propagation  of  the  radiation  in  one  medium  to 
that  in  the  other. 

The  direct  proof  of  the  fact  that  the  speed  of  propa- 
gation is  less  in  proportion  as  the  medium  is  more 
highly  refractive,  was  made  an  experimentum  cruds  in  the 
early  days  between  the  wave-theory,  of  which  it  was  a 
necessary  result,  and  the  emission-theory,  which  required 
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exactly  the  contrary.  This  proof  was  made  by  Foucault 
in  1862  by  measuring  the  relative  speed  of  light  in  water 
and  in  air  and  finding  it  less  in  the  water.  Michelson 
in  1883  made  this  experiment  quantitative  and  obtained 
1-330  for  the  ratio  of  the  speeds  in  air  and  water  and 
1*758  for  the  ratio  in  air  and  carbon  disulphide ;  these 
values  being  very  closely  the  indices  of  refraction  of  the 
media  mentioned. 

In  the  above  cases  the  lower  medium  has  been  as- 
sumed as  the  optically  denser  medium  ;  i.e.,  the  more 
highly  refractive.  Under  this  condition  the  angle  of 
refraction  is  less  than  the  incident  angle,  the  ray  being 
refracted  toward  the  normal.  Obviously,  if  the  direction 
of  the  ray  be  reversed,  the  incident  angle  will  be  in  the 
denser  medium  and  the  refraction  will  be  from  the  nor- 
mal. It  is  usual  to  suppose  the  incidence  to  occur  in 
the  less  highly  refractive  medium  ;  so  that  the  sine  of 
the  incident  angle  shall  be  the  larger,  and  the  ratio  of 
the  sines,  i.e.,  the  refractive  index,  shall  be  greater  than 
unity.  The  index  in  the  other  direction  is  of  course  the 
reciprocal  of  this.  Thus  if  the  index  from  air  to  water 
is  J,  that  from  water  to  air  is  f . 

392.  Critical  Angle.— Total  Reflection. — Since  the 
angle  between  the  ray  and  the  normal  is  always  larger 
in  the  less  dense  medium,  it  is  pertinent  to  inquire  what 
will  take  place  when  this 
angle  becomes  90°.  Suppose 
a  ray  from  the  point  B  (Fig. 
161)  within  the  denser  me- 
dium to  be  incident  upon 
the  surface  at  0.  It  will  be 
refracted  to  A,  apparently 
as  if  it  came  from  A\  As 
the  distance  of  the  incident 
point  from  M  increases  the 
angle  of  emergence  increases,  ~  -^~^^^~-"^~ 

until    at    some    point    such  fio.  iw. 

as  0^  this  angle  reaches  90°.  Then  the  emergent  ray 
will  not  issue  from  the  medium,  but  will  pass  along  the 
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surface.  If  the  distance  of  the  incident  point  be  in- 
creased  to  0^ ,  the  ray  from  £  can  no  longer  emerge  but 
is  totally  reflected  back  into  the  medium  from  which  it 
came.  Or,  since  sin  t'/sin  r  =  n,  if  the  angle  in  the  less 
dense  medium  be  90°  its  sine  will  be  unity,  and  the  ex- 
pression becomes  sin  r  =  1/n.  The  value  of  the  angle 
in  the  optically  denser  medium,  when  the  angle  in  the 
less  dense  medium  is  90°,  is  called  the  critical  angle,  since 
it  is  the  limiting  angle  of  emergence.  As  the  equation 
r  =  sin"*l/n  shows,  the  critical  angle  is  the  angle  whose 
sine  is  the  reciprocal  of  the  refractive  index.  In  the 
case  of  water,  for  example,  f  sin  i  =  sin  r.  And  as  the 
maximum  value  which  sin  i  can  have  is  unity,  the  maxi- 
mum value  of  sin  r  is  J.  A  ray  cannot  pass  from  water 
to  air  or  from  air  to  water  so  as  to  make  with  the  nor- 
mal to  the  surface  an  angle  in  the  denser  medium 
greater  than  the  angle  whose  sine  is  f ;  i.e.,  the  critical 
angle.  This  angle  is  48°  35';  and  therefore  the  eye  when 
placed  at  B  above  can  see  through  the  surface  only 
when  the  rays  incident  upon  the  surface  are  included 
within  a  cone  having  an  angle  of  97°  10'.  Outside  of  this 
cone  there  will  be  a  surface  of  total  reflection,  in  which 
the  images  of  objects  at  the  bottom  will  be  visible. 
Since  under  these  circumstances  the  reflection  is  total, 
the  image  is  always  much  brighter  than  that  produced 
by  simple  reflection  under  the  most  favorable  conditions. 
It  should  be  kept  in  mind,  however,  that  total  reflection 
takes  place  only  when  the  incidence  is  within  the  more 
highly  refractive  medium. 

393.  Caustics  by  Refraction. — Suppose  a  radiant 
point  Q  (Fig.  162)  in  an  optically  denser  medium.  The 
rays  issuing  from  it  will  be  refracted  from  the  perpen- 
dicular at  the  surface  of  the  rarer  medium,  the  emergent 
angle  being  the  greater  as  the  point  of  incidence  is 
farther  from  the  normal  QA ;  until  at  some  point  C  or  C^ 
this  angle  becomes  the  critical  angle  and  no  radiation 
emerges.  Prolonging  the  refracted  rays  backward,  they 
will  be  seen  to  intersect  the  normal  QA  at  points  suc- 
cessively nearer   the   surface    as   the    emergent   angle 
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increases.  The  intersections  of  these  prolonged  rays 
form  a  virtual  caustic  curve  which  is  the  evolute  of  an 
ellipse  and  has  a  cusp  at  £ ;  so  that  an  eye  placed  at  A 


will  see  the  point  Q  at  B,  such  that  OQ  =  n{OB),  This 
construction  illustrates  the  apparent  deformation  of 
objects  seen  under  water. 

394.  Refraction  in  Media  bounded  by  Plane  Parallel 
Surfaces. — Since  the  index  of  refraction  from  one  medium 
A  to  another  medium  B  is  the  reciprocal  of  that  from  B 
to  A,  it  follows  that  the  change 
of  direction  which  a  ray  suffers 
on  entering-  the  second  medium 
from  tlie  first  is  exactly  reversed  . 
on  emergence.  Thus  let  BB' 
(Fig.  163)  be  a  portion  of  any 
transparent  medium  with  paral- 
lel sides.  At  the  first  surface 
we  have  sin  A  ON  =  n .  sin  nOO' ; 
and  at  the  second,  sin  OO'v!  = 
n-' .  sin  A'O'N'.  But  the  angles 
nOO*  and  OO'n'  are  equal,  being 

alternate.  Hence  sin  A'O'W  is  equal  to  sin  AON,  the 
angle  of  emergence  is  equal  to  the  angle  of  incidence,  and 
the  emergent  ray  is  parallel  to  the  incident  ray.  A  ray 
passing  through  such  a  medium,  as  for  example  a  plate 
of  glass,  suffers  no  change  in  its  direction  but  is  slightly 
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displaced  parallel  to  itself,  to  an  amount  depending  upon 
the  thickness  of  the  medium  and  the  angle  of  incidence. 
395.  Reft-action  in  Media  bounded  by  Plane  Inclined 
Surfaces.— Prisms. — If  the  plane  surfaces  bounding  the 
transparent  medium  be  inclined  to  each  other,  the 
change  in  direction  of  the  ray,  i.e.,  its  deviation,  instead 
of  being  destroyed  at  the  second  surface,  is  still  further 
increased.  We  may  define  a  prism  as  a  portion  of  a 
transparent  medium  bounded  by  plane  inclined  surfaces. 
The  line  along  which  these  surfaces  meet  is  called  the 
r«firaoting  edge,  and  the  angle  between  them  the  refracting 
angle  of  the  prism.  The  side  opposite  the  refracting  edge 
is  called  the  base  of  the  prism,  and  any  section  through 
it  perpendicular  to  this  edge  is  called  a  principal  section. 
Let  PQS  (Fig.  164)  be  a  principal  section  of  an  equi- 
lateral prism,  P  its  refract- 
ing edge,  and  SQ  its  base. 
Let  a  ray  AO  he  incident 
on  the  surface  PQ  at  O. 
Draw  normals  at  0  and  0\ 
At  0  the  refraction  will  be 
toward  the  normal,  sin  r  = 
n"*  sin  i,  and  the  ray  will  be 
refracted  to  0\  Here  the 
second  refraction  takes 
place,  sin  A'0'N'=  n .  sin  tO^O.  But  since  the  face  P^is 
inclined  to  PQ,  the  second  deviation  is  in  the  same  direc- 
tion as  tha  first ;  i.e.,  toward  the  base  of  the  prism. 
Evidently  the  deviation  of  the  ray  at  the  first  surface  is 
AON-  tOO'y  or  (^  =  i  -  r ;  and  at  the  second  is  A'O'N' 
—  too,  or  6^  =  i'  —  r\  The  total  deviation  is  the  sum 
of  the  partial  deviations  ',ox^'=6-\-6'=.{i  —  r)+(i'-— r'). 
That  is,  the  total  deviation  in  the  figure,  or  the  angle  be- 
tween the  incident  and  emergent  rays  AlB  or  J,  is  equal  to 
the  sum  of  the  partial  deviations  S  -{-6'  or  100'  and  WO ; 
since  the  exterior  angle  of  the  triangle  is  equal  to  the 
sum  of  the  two  interior  angles.  Moreover,  the  deviation 
may  be  obtained  in  terms  of  the  index  and  the  prism- 
angle.     Since  A  —  {1  +  i')  —  (r  +  r')  and  a,  the  prism- 
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angle,  is  equal  to  r-\-r\  the  deyiation  J  =  (i  -|-  t')  —  a. 
If  the  prism  is  thin,  we  may  write  i  =  nr  and  i'  =  nr' ; 
whence  i  +  i'  =  K^  +  O  ^'  ^^ »  ^^^  ^  ^zna-^  a  or 
(n  —  l)a ;  i.e.,  the  deviation  is  equal  to  the  prism-angle 
multiplied  by  the  index  less  one. 

396.  Minimum  Deviatioii. — In  the  last  figure  it  is 
evident  that  the  total  deviation  will  be  the  same  whether 
the  ray  passes  through  the  prism  from  A  to  -4'  or  from 
A^  to  A^  the  same  angle  being  made  between  the  incident 
and  emergent  rays  in  either  case.  Suppose  now  we  let 
the  incident  angle  i  increase  until  it  is  equal  to  the 
emergent  angle  i\  This  will  be  equivalent  simply  to 
reversing  the  direction  of  the  ray,  and  the  deviation  will 
be  the  same  as  before.  The  deviation  is  the  same,  con- 
sequently, for  two  different  angles  of  incidence.  During 
the  change  it  must  therefore  have  passed  through  a 
maximum  or  a  minimum  value,  corresponding  to  equal 
values  of  these  angles ;  i.e.,  when  i  =  i'.  This  result  is 
easily  verified  by  experiment ;  and  the  deviation  is  found 
to  be  a  minimum  when  the  ray  traverses  the  prism 
parallel  to  its  base ;  in  other  words,  when  the  incident 
and  emergent  angles  are  equal. 

397  •  Measurement  of  the  Refractive  Index, — When^ 
therefore,  the  deviation  produced  by  a  prism  is  a  mini- 
mum, the  angles  formed  by  the  ray  with  the  normals 
within  the  prism  are  equal, 
as  are  also  the  angles  without  j» 

it ;  i.e.,  r  =  r'  and  i  =  i\ 
Consequently  we  may  sim- 
plify the  formula  for  devia- 
tion ^  =  (t  +  tO  -  (r  +  r') 
by  writing  it  ^  =  2i  —  2r. 
In  the  diagram  (Fig.  165) 
we  see  that  the  angle  at  t 
formed  by  the  two  normals  p,^  ^^ 

is  for  that  reason  equal   to 

ay  the  angle  of  the  prism.  But,  being  exterior  to 
the  triangle  00't/\i  is  equal  to  the  sum  of  the  two 
interior   angles   r-|-^'   or   2r;  ie.,  a  =  2r  and  r=iar. 
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Hence  J  =  2t  —  a ;  and  i  =  i( J  +  a).  By  the  formula 
for  the  index  we  have 

^^ginj^8ini(J  +  «)^  [60] 

sm  r  sm  ^a  *■    ^ 

To  determine  the  refractive  index  of  a  substance,  there- 
fore, it  is  necessary  only  to  measure  (1)  the  angle  a  of 
the  prism  and  (2)  the  deviation-angle  J  when  this  angle 
has  its  minimum  value. 

These  angles  are  both  measured  with  the  spectrom- 
eter. This  instrument  consists  of  a  horizontal  divided 
circle,  about  the  center  of  which  move  two  radial  arms 
carrying  telescopes.  A  parallel  beam  of  light  from  one 
of  these  telescopes  is  incident  upon  one  face  of  the  prism 
placed  vertically  at  the  center  of  the  circle  and  which  is 
so  adjusted  as  to  reflect  the  beam  into  the  other  telescope. 
The  position  of  the  prism  is  then  read  on  the  circle.  The 
prism  is  now  turned  on  its  axis  until  the  same  beam  is 
reflected  into  the  telescope  from  the  second  face,  and  a 
second  reading  is  taken.  The  distance  through  which 
the  prism  has  been  turned  is  the  supplement  of  a,  the 
angle  of  the  prism. 

To  measure  the  deviation  the  prism  is  adjusted  so 
that  the  homogeneous  beam  from  the  one  telescope  is 
received  by  the  other  after  refraction  by  the  prism ;  this 
prism  being  previously  carefully  set  so  that  the  deviation 
of  the  beam  is  the  least  possible.  If  one  reading  be 
made  when  the  telescopes  are  in  line  and  the  angle  be- 
tween them  zero,  and  a  second  when  the  deviated  beam 
passes  through  them,  the  difference  of  reading  is  J,  the 
angular  deviation.  Whence  by  substitution  in  the  above 
formula  the  index  may  be  calculated. 

The  indices  of  liquids  and  gases  are  obtained  by 
enclosing  them  in  hollow  prisms  with  parallel  plates 
forming  the  sides,  the  same  formula  being  used  as  with 
solids.  In  the  case  of  gases,  the  index  is  so  small  that 
it  may  ordinarily  be  neglected. 
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The  indices  given  in  the  following  table  were  obtained 
with  sodium  light  of  wave-length  'OOOSSQ  mm.  in  air : 

TABLE  OP  REFRACTIVE  INDICES. 

o..K^i«»^^  ri^^o.'t^  Refractive        Tem- 

Subslance.  Density.  ^^^^^  perature. 

Crown  glass  (soft) 2-550  1-5146 

Flint       "     (light) 2-866  1-5410 

"     (ordinary)...  3-658  1-6224 

"     (very  dense).  4421  1-7102 

Rock  salt 1-5442  17° 

Sylvin  (KCl) 1-4903  20° 

Alum ;...  1-4560  21° 

Diamond 24700 

Fluor  spar 1-4339 

Amber  1-5320 

Water 1.000  13324  15° 

Alcohol 0-795  1-3638  15° 

Ether 0-716  1.3536  15° 

Carbon  disulphide 1293  1-6442  0° 

Benzene 14975  105° 

Chloroform 1526  1-4490  10° 

Hydrogen 0-0000896  1-0001387  0° 

Oxygen 0-0014298  1-0002706       0° 

Air 0-0012932  10002923       0° 

Carbon  dioxide 0-0019774  1-0004544  0° 

Cyanogen 0-002440  1-0008216        0° 

By  employing  waves  of  low  vibration-frequency 
Ayrton  and  Perry  found  for  ebonite  the  index  1*66. 
Mayer,  using  a  different  method,  obtained  the  value 
1-568.  And  Kundt,  by  using  thin  layers,  has  deter- 
mined the  index  of  silver  for  red  light  to  be  0*27,  of  gold 
0*38,  of  copper  0*45,  of  platinum  1-76,  of  iron  1*81,  of 
nickel  2*17,  and  of  bismuth  2-61. 

398.  Condition  of  Emergence  in  Prisms. — Evidently 
a  ray  cannot  emerge  from  a  prism  if  it  is  incident  upon 
the  second  face  at  an  angle  greater  than  the  critical 
angle.  We  may  inquire,  therefore,  what  are  the  con- 
ditions of  emergence.  In  the  figure  (Fig.  166)  the  angles 
r -f- r' +  cc  =  180°,   and   x  +  a  =  180°,   since   the   angle 
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externa)  to  x  is  equal  to  a.  Hence  r  +  r'-|-^  =  ^  +  ^» 
and  r'  =  or  —  r ;  that  is,  the  angle  of  incidence  upon  the 
second  surface  is  the  difference  between  the  refracting 
angle  of  the  prism  and  the  angle  of  refraction  at  the  first 
surface.     When  r'  =  y^  the  critical  aAgle,  the  emergent 

ray  will  pass  along  the  face 
of  the  prism.  This,  there- 
fore, is  its  maximum 
value,  the  equation  becom- 
ing r  =z  a  --  y.  If  the 
angle  of  the  prism  be  2y, 
then  r  =  2;^  — •  ;^  or  ;^ ;  i.e., 
when  the  angle  of  the  prism 
is  twice  the  critical  angle, 
the  entering  ray  will  pass 
along  one  face,  traverse  the  prism  symmetrically,  and 
emerge  along  the  other  face.  If  the  angle  be  larger  than 
this,  no  emergence  will  be  possible,  the  ray  being  totally 
reflected  within  the  prism.  It  is  only  when  the  angle 
of  a  prism  is  less  than  twice  the  critical  angle,  there- 
fore, that  a  ray  can  pass  through  the  prism.  If  the 
angle  of  the  prism  be  equal  to  the  critical  angle,  a  ray 
incident  perpendicularly  on  the  first  surface  will  meet 
the  second  at  the  critical  angle.  All  rays  incident  on 
the  prism  between  this  perpendicular  incidence  and  a 
parallel  incidence  will  traverse  the  prism.  Since  for 
crown  glass  of  index  1*5  the  critical  angle  is  41°  48', 
the  maximum  possible  angle  for  a  crown-glass  prism  is 
83°  36' ;  and  no  ray  can  traverse  a  crown-glass  prism 
whose  refracting  angle  is  90°.  Twice  the  critical  angle 
for  water,  however,  is  97°  10' ;  and  hence  a  water  prism 
of  90°  will  transmit  a  ray.  Moreover,  since  sin  i 
=  n  sin  r  we  may  calculate  the  incidence  under  which 
transmission  is  possible,  for  a  given  prism-angle,  say  60°, 
the  prism  being  of  crown  glass  of  index  1*5.  From  the 
equation  r  =  a  -  ;^  we  have  r  =  60°  -  41°  48'  =  18°  12'. 
Whence  sin  i  is  equal  to  0*4685  and  the  angle  of  inci- 
dence is  27°  56'.  That  is,  no  ray  can  traverse  a  crown- 
glass  prism  of  60°  except  those  making  an  angle  of  inci- 
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dence  greater  than  27°  56'.  The  high  refractive  index 
of  the  diamond  makes  its  critical  angle  small,  only  about 
24** ;  consequently  most  of  the  light  incident  upon  it  is 
internally  reflected.     Hence  its  brilliancy. 

399.  Absolute  Refractive  Power, — On  the  hypothe- 
sis that  in  a  vacuum  the  density  of  the  aether  is  unity, 
the  density  in  a  medium  of  refractive  index  /i  is  /i'; 
since  6  varies  inversely  as  (speed)'  and  therefore  directly 
as  /i\  The  difference  /i*  —  1  is  called  the  refractive  power, 
and  the  quotient  of  this  by  the  density  or  (/i*  —  l)/<^,  the 
absolute  refractive  power ;  since  it  was  found  by  Biot  and 
Arago  to  be  constant  for  air  and  other  gases.  Gladstone 
and  Dale  have  given  the  name  refractive  energy  to  the 
value  /^  —  1 ;  and  absolute  refractive  energy  to  the  quotient 
of  this  by  the  density,  or  (/i  —  l)/d.  The  product  of  this 
value  by  the  molecular  mass  is  called  the  molecular  refrac- 
tive energy.  It  is  found  to  be  constant  for  the  same  sub- 
stance. Moreover,  its  value  may  be  calculated  from  the 
chemical  formula  of  an  organic  substance  containing  car- 
bon, hydrogen,  and  oxygen  by  means  of  the  empirical 
expression  5a  + 1*3^  +  3c,  in  which  a,  ft,  and  c  are  the 
number  of  atoms  of  these  three  elements  in  the  molecule. 
It  follows  from  this  that  isomeric  bodies  have  the  same 
refractive  energy. 

400.  Refraction  through  Curved  Surfaces.— Lenses. 
— ^A  lens  is  any  portion  of  a  transparent  medium  bounded 
by  curved  surfaces.  These  limiting  curves  may  be  spheri- 
cal, elliptical,  parabolic,  or  cylindrical  in  form,  tliough 
they  are  generally  spherical.  Lenses  are  divided  into 
two  classes:  converging  lenses,  A,  B,  C'(Fig.  167),  thicker 
at  the  center  than  at  the  edge  ;  and  diverging  lenses,  2>, 
E,  Ff  which  are  thinner  at  the  center.  If,  as  in  i?,  Ej  and 
F^  the  centers  of  curvature  of  the  two  surfaces  are  on 
opposite  sides  of  the  lens  and  are  distant  from  each  other 
by  a  quantity  greater  than  the  sum  of  the  radii,  the  lens 
is  a  concave  one  ;  if  distant  by  a  less  quantity  than  this, 
as  in  Ay  By  and  (7,  a  convex  lens ;  A  being  double  convex 
and  D  double  concave.  .If  one  of  the  centers  is  at  an 
indefinitely  great  distance,  the  corresponding  surface  is 
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plane,  and  the  lens  is  either  plano-conyez  B  or  plano-concaye 
B.  If  both  centers  are  on  the  same  side  of  the  lens  and 
the  radii  are  of  different  values,  the  lens  is  said  to  be  a 


Fio.  167. 

meni80U8;  a  converging  meniscus  (7  if  the  surface  of  least 
curvature  is  farther  from  the  center  than  that  of  greatest 
curvature  ;  and  a  diverging  meniscus  7^  if  the  former  is 
less  distant. 

An  axis  is  any  line  drawn  through  the  optical  center 
of  a  lens.  If  it  passes  through  the  center  of  curvature 
also,  it  is  called  the  principal  axis ;  if  not,  a  secondary  axis. 
The  optical  center  of  a  lens  is  a  point  on  its  principal  axis 
such  that  a  ray  whose  direction  within  the  lens  passes 
through  this  center  suffers  no  angular  deviation.  It 
may  readily  be  found  by  drawing  a  line  connecting  the 
ends  of  two  parallel  radii  until  it  intersects  the  principal 
axis.     Thus  in  the  figure  (Fig.  168)  C^a  is  the  radius  of 

the  outer  and  Cb  that  of 
the  inner  surface,  these 
two  radii  being  parallel. 
Connect  their  ends  with 
the  line  ab  and  produce 
it  to  intersect  the  princi- 
pal axis  at  0.  The  point 
0  is  the  optical  center 
of  the  lens,  and  a  ray  Aa, 
P,^  j^  whose   direction   ab  within 

the  lens  passes  through 
this  center,  is  refracted  along  bB  parallel  to  Aa,  and 
suffers  no  change  in  its  direction ;  evidently  because  the 
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surfaces  at  the  extremities  of  parallel  radii  are  parallel 
tangents.  Similar  constructions  will  show  that  the  opti- 
cal center  of  a  symmetrical  convex  or  concave  lens  like 
A  and  D  above  (Fig.  167)  coincides  with  its  geometrical 
center ;  that  for  the  piano-lenses  B  and  E  the  optical 
center  lies  on  the  curved  surface ;  and  that  it  lies  entirely 
without  the  lens  in  C  and  F,  being  on  the  convex  side  in 
the  former  case  and  on  the  concave  side  in  the  latter. 

401,  Principal  Focus  of  Converging  Lenses, — A 
lens  may  be  considered  as  made  up  of  an  infinite 
number  of  prisms,  the  faces  of  each  being  tangent 
planes  normal  to  the  radius  of  curvature.  Hence,  as 
refraction  always  takes  place  toward  the  base  of  a 
prism,  the  deviation  in  a  lens  is  toward  that  portion  of  it 
which  is  thickest ;  toward  the  center  in  converging  and 
toward  the  edge  in  diverging  lenses.  Let  a  ray  Aa  (Fig. 
169)  be  incident  on  the  plane  face  of  a  plano-convex 
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lens  parallel  to  the  principal  axis  OF,  Since  this  inci- 
dence is  a  normal  incidence,  it  will  not  be  deviated  but 
will  meet  the  second  surface  at  the  angle  OaA,  which 
we  may  call  i.  At  this  surface  it  will  suffer  refraction 
toward  the  axis ;  the  angle  of  emergence  Bao  or  r,  being 
in  air,  is  of  course  larger  than  the  angle  of  incidence  i, 
in  glass.  We  see  that  sin  r  =  w  sin  % ;  and,  since  Bad  or 
the  deviation  S  is  equal  to  Bao  —  oarf,  i.e.,  to  r  —  t,  and 
since,  further,  BC=a (7/tan  S and  aC  =  aO  sin  t  =  r  sin  t, 
we  have  BC  =  r  ain  t'/tan  6  for  the  value  of  the  princi- 
pal focal  distance.  As  the  angle  of  incidence  is  made 
smaller  this  distance  BC  increases  ;  so  that  the  limiting 
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value  of  it  when  this  angle  is  indefinitely  small  is  JFOi 
When  the  aperture  of  the  lens  is  thus  reduced,  we  may 
consider  the  arc  as  equal  either  to  the  sine  or  tangent 
and  may  write  J^C=ri/6=ri/{r—i)=ri/{ni—i)=r/{n—l); 
that  is,  the  principal  focal  distance  of  a  plano-convex 
lens  is  equal  to  its  radius  of  curvature  divided  by  ita 
index  of  refraction  less  one.  Suppose,  for  example,  the 
lens  to  be  made  of  crown  glass  of  index  1'5.  The  value 
of  r/{n  —  1)  is  then  r/(l'5  ~  1)  or  r/0-5  =  2r ;  i.e.,  the^ 
principal  focal  length  is  twice  the  radius  of  curvature. 

A  similar  discussion  in  the  case  of  a  double  convex 
lens  will  show  that  the  principal  focal  distance  ia 
7*/2(n  —  1),  or  one  half  that  in  the  first  case  ;  clearly  the 
result  of  the  two  curved  refracting  surfaces.  If  made 
of  crown  glass,  the  focal  length  will  be  r/2(l*5  —  1)  =  r  ; 
Le.,  the  principal  focus  coincides  with  the  center  of  cur- 
vature. It  is  to  be  noted  that  in  all  cases  the  principal 
focal  distance  of  a  lens  is  a  function  of  its  radius  of  cur- 
vature and  also  of  the  index  of  refraction  of  its  sub- 
stance. 

402.  CoQJugate  Foci  of  Convex  Lenses. — Suppose  a 
ray  /a  (Fig.  170)  to  be  incident  upon  a  concave  surface 
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at  the  point  a.  Since  the  incident  angle  is/aO,  and  the 
angle  of  refraction  f'aOy  we  have  by  the  law  of  refrac- 
tion n  sin  r  =  sin  i  or  n  =  sin  faO/sm  f"aO,  In  the 
triangle /a  (?  we  have  sin/aO  :  sin  fOa  : :  Of  \af\  and  in 
the  triangle/"a^  we  have  sin/"a(?  :  sin/"^a  : :  Of" :  a/'\ 
Dividing  the  first  proportion  by  the  second  we  obtain 
n:l  ::  Of/af\Of"/af"\  and  hence  nOf"/af"  =  Of/af. 
As  the  incident  point  a  approaches  C,  the  position  of/'' 
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approaches  a  limiting  position  0F\  so  that  at  the  limit  we 
may  write  OFn,nA  CF  for  Of"  and  af'\  and  also  Cflov 
af\  and  then  n.  OF/CF'-=.  Qf/Cf,  If  we  represent  the 
outer  conjugate  focal  distance  C/hjf,  the  inner  CFhj 
/",  and  the  radius  COhj  r,  then  Cy  will  be/— r  and  OF 
will  be/"  -  r ;  whence  n .  {f  -  r)//''  =  (/-  r)/f.  This 
readily  reduces  to  the  expression  (n  —  l)/r  =  n/f"--  1/f. 
Now  by  the  principle  of  reversibility  we  may  consider 
the  course  of  the  ray  emerging  from  the  second  surface 
of  the  lens  precisely  as  if  it  entered  the  refracting 
medium  through  this  surface ;  bearing  in  mind  of  course 
that  the  index  is  now  the  reciprocal  of  the  former  index. 
Representing  CO'  (Fig.  171),  the  radius  of  the  second 
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surface,  by  «,  the  distance  C'Fol  the  outer  focus  hjf'\ 
the  distance  C'F^  of  the  inner  focus  by/',  we  have  from 
the  above  formula  (n  — 1)/«  =  n/f—  \/f'\  Since  the 
ray  is  emergent,  the  ray  passes  from  a  denser  to  a  less 
dense  medium  and  the  index  is  \/n.     Substituting  we 

have  -^ =  -4 —  yff  or,  multiplying  both  members 

by  n,  (1  —  ri)/5  =  l/f—  n/f'\  as  the  expression  for  the 
change  of  direction  at  the  second  surface.  The  total 
change  is  of  course  the  sum  of  the  changes  at  the  two 
surfaces ;  and,  adding  the   above  equations,  we   have 

(w  —  1)^ j  =  7>  —  ^  as  the  complete  expression  for 

the  conjugate  focal  distances  in  terms  of  the  radii  of 
curvature  and  the  refractive  index.  It  will  be  seen  that 
the  thickness  of  the  lens  has  been  here  neglected,  /'' 
having  been  used  to  represent  C'F  as  well  as  CF. 
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If  in  the  above  equation  the  distance  /  be  supposed 
infinite,  1//  will  be  zero,  the  rays  from  it  will  be  parallel, 
and  /'  will   be   the   principal   focal    distance.     Hence 

1//'  =  1/F;  and  the  equation  becomes  (n  — 1)( )  ~'r** 

Replacing  now  in  the  general  equation  the  expression 

(n  -  1)(-  - 1)  by  its  value  1/F,  we  have  l/F=zl/f^l//. 

\T         8' 

If,  as  is  frequently  the  case,  the  two  conjugate  foci  are 
on  opposite  sides  of  the  lens,  the  relation  is  \/f -{-!//' = 
\/F\  i.e.,  the  sum  of  the  reciprocals  of  the  conjugate 
focal  distances  is  equal  to  the  reciprocal  of  the  principal 
focal  distance. 

403.  Foci  of  Combined  Leases. — Since  a  positive 
lens  brings  parallel  rays  to  the  principal  focus,  it  must 
evidently  bring  a  convergent  beam  to  a  focus  nearer  the 
lens.     In  this  case  both  foci/  and/'  will  be  on  the  same 
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side  of  the  lens  (Fig.  172)  and  the  formula  connecting 
them  is  \/f'  =  l/i^+  !//•     ^^  ^^^  two  thin  lenses  A 
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and  B  (Fig.  173)  be  placed  at  a  distance  a  from  each 
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other,  the  parallel  rays  falling  on  A  would  be  brought 
to  a  focus  at  F  if  it  were  not  for  the  lens  B,  The  rays 
falling  on  B  therefore  form  a  converging  beam  whose 
virtual  focus  is  at  F^  at  a  distance  F  —  a  from  JB. 
Hence  we  have  l/f  =  1/F'  +  1/{F  -  a),  in  which  F'  is 
the  principal  focus  of  lens  B,  Evidently  if  the  lenses 
are  in  contact,  a  =  0  and  l/f  =  \/F'  +  \/F\  and  if 
they  are  of  the  same  focal  length  /'  =  \F\  or  in  other 
words,  the  focal  length  of  the  combination  is  one  half 
that  of  either  lens. 

404.  Virtual  Foci  of  Lenses. — When  the  point  from 
which  the  rays  emanate  is  nearer  the  lens  than  the  prin- 
cipal focal  distance,  these  rays  diverge  after  refraction 
and  appear  to  come  from  a  point  on  the  same  side  of 
the  lens  as  the  actual  point  but  farther  from  it.  Such  a 
focus  is  of  course  a  virtual  focus,  since  the  rays  do  not 
actually  pass  through  it 

In  the  case  of  a  concave  or  diverging  lens  even 
parallel  rays  are  caused  to  diverge  by  its  action.  And 
the  point  from  which  they  appear  to  diverge  is  again 
the  principal  virtual  focus  of  the  lens.  In  all  cases  the 
general  formula  1/F=-  \/f'  -\- 1//"  applies,  regard  being 
had  to  the  signs  of  the  several  quantities ;  those  direc- 
tions being  considered  positive  which  are  measured 
from  the  lens  in  a  direction  opposite  to  that  of  the 
incident  light 

405.  Gauss's  Method.— Cardinal  Points. — The  treat- 
ment of  the  more  complex  lens-problems  may  be  much 
simplified  by  a  method  devised  by  Gauss  in  1843. 
Every  possible  lens-system,  if  well  centered,  when  taken 
in  connection  with  the  surrounding  media,  is  found  to 
possess  six  characteristic  optical  points  called  cardinal 
points,  arranged  in  three  pairs ;  two  being  called  focal 
points,  two  principal  points,  and  two  nodal  points.  All  rays 
moving  toward  the  lens  and  traversing  the  first  focal 
point  become  parallel  to  the  axis;  and  conversely  all 
parallel  rays  incident  on  the  lens  are  so  refracted  by  it 
as  to  pass  through  the  second  focal  point  The  second 
principal  point  is  the  image  of  the  first ;  so  that  those 
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rays  which  in  the  first  medium  pass  through  the  first 
principal  point,  pass  through  the  second  after  refraction. 
So  of  the  nodal  points ;  a  ray  in  the  first  medium  which 
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is  directed  toward  the  first  nodal  point,  passes  through 
the  second  nodal  point  after  refraction,  the  direction  of 
the  rays  before  and  after  refraction  being  parallel. 
These  points  ard  shown  in  the  diagram  (Fig.  174),  in 
which y,  and/,  are  the  focal  points,  jp,  and p,  the  princi- 
pal points,  and  n,  and  n,  the  nodal  points.  Planes  pass- 
ing through  the  principal  points  are  called  principal 
planes,  and  those  through  the  focal  points  focal  planes. 
The  distance  /,/),  from  the  first  focal  point  to  the  first 
principal  point  is  called  the  first  principal  focal  distance ; 
and  is  positive,  since  the  light  comes  from  A.  The 
distance  /,w,  from  the  first  focal  point  to  the  first  nodal 
point  is  equal  to  the  second  principal  focal  distance /,p,, 
an(i  the  distance  n^^  from  the  second  nodal  point  to 
the  second  focal  point  is  equal  to  the  first  principal 
focal  distance  /i/>,.  Whence  it  follows:  (1)  that  the 
difierence  between  the  two  focal  distances  is  equal  to 
the  distance  between  either  principal  point  and  its 
respective  nodal  point,  or/,p,  — /,jp,  =  njp^  =  nj),;  and 
(2)  that  p^p^  =  n,n, ,  or  the  distance  between  the  two 
principal  points  is  the  same  as  that  between  the  nodal 
points.  Moreover,  the  ratio  between  the  two  principal 
focal  distances  is  the  same  as  that  of  the  refractive 
indices  of  the  first  and  second  media,  or/,;9,//i,  =/,py/^,. 
If  therefore  the  two  media  are  the  same  /i,  =  /i,,  the 
two  principal  focal  distances  are  equal  and  consequently 
the  principal   points   coincide  with   the  corresponding 
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Bodal  points.  To  find,  for  example,  the  image  of  a 
point  P  by  means  of  these  cardinal  points,  draw  the  ray 
Pc  parallel  to  the  axis,  and  the  line  Pn,  through  the 
first  nodal  point.  From  c,  the  point  where  the  ray 
intersects  the  second  principal  plane,  draw  cf^  through 
the  second  focal  point  and  prolong  it  until  it  intersects 
-a  parallel  to  Pn,  drawn  through  the  second  nodal  point. 
The  image  of  P  will  be  at  this  intersection  P'. 

406.  Formation  of  images  by  Lenses, — The  image 
produced  by  a  lens  may  be  constructed  by  taking  as 
many  points  on  the  object  as  may  be  necessary  and 
-constructing  the  images  of  these  points  separately,  each 
on  its  own  secondary  axis.  Thus  for  a  double  convex 
iens  (Fig.  175)  let  the  object  be  AB  at  a  distance 
■jnjreater  than  the  principal  focal  distance.     Draw  from 
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A  and  B  the  two  secondary  axes  Aa  and  J?fe,  passing 
through  the  optical  center  G  of  the  lens.  Let  fall  on 
the  lens  the  parallel  rays  Ac  and  Bd  from  the  points  A 
and  B.  They  will  intersect  the  principal  axis  at  F 
obviously.  Continue  these  refracted  rays  until  each  of 
them  intersects  the  secondary  axis  drawn  from  its  own 
point ;  say  at  the  points  a  and  6.  The  image  cib  will  be 
found  at  this  intersection.  To  complete  the  figure  draw 
the  lines  Ada^  Bcb^  McN  and  MdN,  The  image  is  seen 
to  be  real  and  inverted  ;  and  since  it  is  farther  from  the 
lens  than  the  object,  it  is  larger  than  this  object  By 
the  similar  triangles  GAB  and  Coi,  ofc  is  to  ^^  as  ON 
is  to  CM\  i.e.,  as  the  distance  of  the  image  is  to  the 
distance  of  the  object. 
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A  similar  construction  may  be  made  in  the  case  of 
virtual  images,  the  object  being  now  within  the  principal 
focus  (Fig.  176).     Draw  the  secondary  axes  CA  and  CB 


Fio.  176. 

and  continue  them  indefinitely.  Draw  the  parallel  rays 
Ac  and  Bd.  They  will  apparently  intersect  at  the 
principal  focus  F,  The  eye  placed  there  will  see  the 
image  of  A  on  the  upper  line  prolonged  until  it  inter- 
sects the  secondary  axis  at  a.  The  image  of  B  will  be 
projected  to  6.  Virtual  images  in  converging  lenses  are 
therefore  erect,  are  on  the  same  side  of  the  lens  as,  and 
are  larger  than,  the  object.  Hence  the  use  of  convex 
lenses  as  magnifiers,  the  image  being  as  much  larger 
than  the  object  as  it  is  farther  from  the  lens.  A  similar 
construction  gives  the  image  oh  formed  by  a  diverging 
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lens  (Fig.  177),  which  is  always  virtual,  as  the  annexed 
figure  shows,  and  smaller  than  the  object  AB. 

407.  Spherical  Aberration  of  Lenses. — Caustics. 
— ^Lenses  having  spherical  surfaces  refract  rays  incident 
upon  them  to  different  points  on  the  axis,  when  the 
points  of  incidence  are  at  different  distances  from  this 
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axis.    Thus  the  figure  (Fig.  178)  shows  that  rays  incident 
near  the  circumference  of  the  lens  meet  the  axis  at  a 
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point  F'\  while  when  the  incidence  is  nearer  the  axis,  the 
focus  is  more  distant,  reaching  its  limiting  maximum 
value  at  i^when  the  aperture  of  the  lens  is  indefinitely 
small  This  fact  is  called  the  spherical  aberration  of  a 
lens.  The  distance  FF'  is  called  the  longitudinal  spheri- 
cal aberration ;  the  minimum  cross-section  of  the  refracted 
beam,  as  at  a&,  the  circle  of  least  confusion;  and  the  radius 
of  this  circle,  the  lateral  spherical  aberration.  The  rays 
thus  refracted  at  different  points  of  the  lens  are  tangents 
to  a  curve  which  is  called  a  caustic  by  refraction  (393) 
and  which  is  the  evolute  of  a  conic  section.  Lenses  cor- 
rected for  spherical  aberration  are  called  aplanatic.  The 
form  of  the  lens,  the  ratio  of  the  radii  of  curvature, 
and  the  direction  of  the  incident  light  upon  it  all  affect 
the  spherical  aberration.  The  spherical  aberration  of  a 
plano-convex  lens  along  the  axis  is  4*5  times  the  thickness 
of  the  lens  when  parallel  rays  fall  on  its  plane  side,  but 
only  1'17  this  thickness  when  the  rays  fall  on  the  convex 
side.  That  of  a  double  convex  lens  of  equal  radii  is  1*67 
times  its  thickness.  If  its  r^idii  are  as  2  to  5,  the  result 
is  the  same  as  above  given  for  a  plano-convex  lens,  ac- 
cording as  the  rays  fall  on  the  more  or  on  the  less 
convex  side.  With  radii  as  1  to  6,  the  spherical  aberra- 
tion is  1-07  times  the  thickness  when  the  light  is  incident 
on  the  more  convex  and  3*46  times  when  on  the  less 
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convex  surface.  A  meniscus  lens  refracts  all  rays  in- 
cident on  its  convex  side  to  a  single  focus,  provided  that 
the  ratio  of  the  focal  distance  from  the  first  surface  to  the 
radius  of  that  surface  is  the  refractive  index  of  the  glass 
of  which  it  is  made.  The  result  is  even  better  if  a  com- 
bination of  lenses  be  employed.  Two  plano-convex 
lenses  of  the  same  curvature  placed  with  their  convex 
sides  toward  each  other,  have  an  amount  of  spherical 
aberration  equal  to  only  0*603  of  the  thickness  of  the 
lenses ;  and  if  their  focal  lengths  are  as  2*3  :  1,  the 
lens  of  lesser  curvature  being  turned  toward  parallel 
rays,  the  spherical  aberration  is  only  0*248  times  their 
united  thickness.  According  to  Sir  John  Herschel,  if  a 
double  convex  lens  of  radii  5*833  and  —  35  be  combined 
with  a  meniscus  of  radii  3*688  and  6*291,  the  focal  length 
of  the  former  being  10  and  of  the  latter  17*829,  the  focal 
length  of  the  compound  lens  will  be  6*407  and  the  lens 
will  be  entirely  free  from  spherical  aberration;  pro- 
vided that  the  double  convex  lens  be  turned  toward  the 
object. 

Inasmuch  as  rays  from  the  same  point  are  in  this 
way  brought  to  foci  at  different  distances  on  the  axis, 
and  moreover  as  rays  from  different  points  of  the  object 
are  brought  to  a  focus  at  the  same  point  on  the  axis,  the 
effect  of  spherical  aberration  in  a  lens  is  to  produce 
indistinctness  in  the  image. 

408.  Experimental  Determination  of  Focal  Len^rth. 
— As  a  beam  of  sunlight  may  be  assumed  to  be  com- 
posed of  parallel  rays,  it  is  necessary,  in  order  to  de- 
termine the  focal  length  of  a  converging  lens,  only  to 
place  the  lens  in  such  a  beam  and  to  measure  the 
distance  from  the  lens  to  the  point  where  the  image  is  a 
minimum.  Or,  as  a  second  method,  the  radii  of  curva- 
ture may  be  measured  directly  by  the  spherometer  and 
then,  knowing  the  index  of  refraction  of  the  material, 
the  focal  length  of  the  lens  may  be  calculated  by  the 
general  formula  above  given.  Again,  if  such  a  lens  be 
used  to  form  an  image,  and  the  distances  (1)  of  the 
object  and  (2)  of  the  image  from  the  lens  be  measured, 
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the  focal  length  may  be  calculated  from  the  formula 
F=ff'/{f-\-f') ;  i.e.,  by  multiplying  these  distances 
together  and  dividing  by  their  sum.  .Or,  if  the  image 
and  the  object  be  adjusted  so  that  while  they  are  equi- 
distant from  the  lens,  they  are  the  minimum  distance 
apart,  the  focal  length  is  one  fourth  of  this  minimum 
distance. 

If  the  lens  be  a  diverging  one,  place  it  in  a  beam  of 
sunlight  and  at  such  a  distance  from  a  screen  that  the 
circle  of  light  on  the  screen  is  twice  the  diameter  of  the 
lens.     Then  the  virtual  focal  length  of  the  lens  is  equal 
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to  the  distance  between  the  lens  and  the  screen.-  For 
evidently  from  the  figure  (Fig.  179),  the  diameter  of  the 
illuminated  circle  ^B  is  to  the  diameter  of  the  lens  EE' 
as  the  distance  FMi&  to  the  distance  OF.  Whence  if 
AB  =  2EE\  CF=  CM. 

D. — DISPERSION. 

409.  Refraction  of  Non-homogreneous  Radiation. 
— Dispersion. — The  speed  of  propagation  in  a  vacuum 
appears  to  be  the  same  for  all  wave-frequencies.  But 
Fresnel  suggested,  and  Cauchy  showed  mathematically, 
that  this  cannot  be  true  in  ordinary  matter  unless  the 
sphere  of  action  of  the  molecules  is  indefinitely  small  in 
comparison  with  a  wave-length.  The  constitution  of 
matter  thus  required,  however,  appears  not  to  accord 
with  fact.  The  most  homogeneous  medium,  such  as 
water,  has,  as  we  have  seen,  a  grained  or  heterogeneous 
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structure  whose  dimensions  are  not  incomparably 
smaller  than  the  average  length  of  a  wave  of  light  As- 
suming this,  Cauchy  was  led  to  suggest  a  relation 
between  the  wave-frequency  and  the  speed  of  propaga- 
tion, which  expresses  the  latter  value  as  a  function  of 
the  former. 

Since  the  index  of  refraction  of  any  substance  is  the 
ratio  of  the  speed  of  propagation  of  radiation  in  vacuo 
to  its  speed  in  that  substance,  it  follows  that  if  the  speed 
in  such  a  medium  be  a  function  of  the  wave-frequency, 
the  index  must  be  so  also.  And  this  is  found  experi- 
mentally to  be  the  fact.  Every  wave-frequency  has  its 
own  refractive  index ;  and  since  in  the  case  of  light 
wave-frequency  corresponds  to  color,  every  simple  color 
has  its  special  index.  In  discussing  refraction  thus  far, 
we  have  assumed  the  radiation  to  be  homogeneous ;  i.e., 
made  up  of  vibrations  of  one  rate  only;  using,  when 
necessary  to  specify,  the  mean  visible  wave-frequency 
which  is  about  508  to  510  million  million  vibrations  per 
second. 

Moreover,  since  the  deviation  produced  by  refraction 
through  a  prism  is  a  function  of  the  refractive  index, 
being,  when  the  angle  of  the  prism  is  small,  the  product 
of  this  index,  less  one,  into  the  angle  of  the  prism,  it  fol- 
lows that  the  deviation  produced  by  refraction  must  be 
different  for  every  wave-frequency;  e.g.,  for  every  color. 
From  this  we  may  conclude :  1st,  that  if  homogeneous 
radiation  of  any  one  wave-frequency  be  incident  on  a 
refracting  surface,  it  will  be  deviated  by  an  amount 
special  to  itself ;  and  2d,  that  consequently,  if  complex 
radiation,  containing  many  wave-frequencies,  be  so  in- 
cident, these  wave-frequencies  will  all  be  separated  by 
the  differential  refractive  action  and  will  be  arranged  in 
the  order  of  their  refractive  indices ;  i.e.,  in  the  order  of 
their  refrangibilities.  Such  a  succession  of  wave-fre- 
quencies sorted  out  by  a  prism  and  arranged  in  the 
order  of  their  refrangibilities  is  called  a  prismatic  spec- 
trum; and  the  production  of  such  a  spectrum  by  this 
differential  refractive  action  is  called  dispersion. 
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Illustration.— Thus  if  a  complex  radiant  beam  AC  (Fig.  180) 
be  incident  on  a  refraciing  surface 
RR'  at  the  point  0,  each  of  its  com- 
ponent wave-frequencies  will  suffer 
different  speed-changes,  the  less  rapid 
undergoing  a  less  diminution  in  speed 
and  therefore  being  less  deviated.  For 
visible  rays  the  red  will  appear  at  r, 
the  violet  at  t),  the  intermediate  colors 
completing  the  spectrum. 

Newton  was  the  first  to  dis- 
cover the   true   nature   of  the 

visible    spectrum.      Placing    a  

prism  in  a  beam  of  sunlight  AO  fio.  iso. 

(Fig.  181),  he  produced  a  solar 

spectrum  consisting,  as  he  assumed,  of  seven  primary 
colors,  red,  orange,  yellow,  green,  blue,  indigo,  and  violet, 
in  the  order  given,  the  red  being  the  least  and  the  violet 
the  most  refrangible.     Submitting  these  colors  separately 
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to  the  action  of  a  second  prism,  he  observed  that  they 
were  homogeneous,  and  that  each  had  a  refrangibility 
special  to  itself,  corresponding  to  its  position  in  the 
spectrum.  Hence  his  two  theorems:  "Lights  which 
differ  in  color  differ  also  in  degrees  of  refrangibility ; " 
and  "  The  light  of  the  sun  consists  of  rays  differently 
refrangible." 

410.  Dark  Lines  in  the  Solar  Spectrum. — The  radi- 
ation from  a  black  body  at  the  highest  temperature 
obtainable  artificially,  as,  for  example,  that  from  the 
positive  carbon  of  the  electric  arc,  contains  a  practically 
uninterrupted  series  of  wave-frequencies,  comprised  be- 
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tweeu  10  and  1600  million  million  vibrations  per  second 
(Lauglej).  Hence  its  spectrum  consists  of  a  similar  un- 
interrupted series  of  wave  frequencies,  arranged  side  by 
side  in  the  order  of  their  refrangibilities  ;  thus  forming 
a  continuous  spectrum.  In  1802,  while  WoUaston  was 
observing  a  solar  spectrum  of  especial  purity,  he  noticed 
certain  dark  lines  crossing  it,  perpendicular  to  its  length ; 
thus  proving  solar  light  to  be  deficient  in  certain  wave- 
frequencies.  These  lines  were  more  closely  examined 
by  Fraunhofer  in  1814,  who  mapped  676  of  them.  Eight 
of  the  most  prominent  he  designated  by  the  first  eight 
letters  of  the  alphabet,  the  lines  A  and  B  lying  in  the 
extreme  red,  C  in  the  orange-red,  D  in  the  yellow,  E  in 
the  green,  I^  and  G  in  the  blue,  and  H  in  the  violet. 
Subsequently  he  added  the  line  a  in  the  red  and  the  line 
b  in  the  green. 

The  following  are  the  wave-lengths  in  air  (in  centim- 
eters), and  also  the  wave-frequencies,  of  the  Fraunhofer 
lines: 

WAVE-LENGTHS  AND  WAVE-FREQUENCIES  (Bell). 


Line 

Wave-length. 

A 

7-621x10- 

B 

6-884     " 

C 

6-563     " 

D, 

6-896    " 

D. 

5-890    " 

Wave- 
frequency. 

Line. 

Wave-length. 

Wave- 
frequency. 

3-936x10'* 

^. 

5-269x10-' 

5-694x10 

4-358    " 

^ 

5-183     " 

5-788    « 

4-571     " 

F 

4-861     " 

6-172     '■' 

5-088    " 

0 

4-307    " 

6-965     " 

5-093    " 

H 

3-968    " 

7-560    " 

Since  these  dark  lines  indicate  the  absence  in  solar 
light  of  definite  wave-frequencies,  they  constitute  fixed 
points  of  reference  in  the  spectrum,  which  are  of  great 
use  in  measuring  the  changes  which  the  refractive  index 
undergoes  for  given  variations  in  wave-frequency,  and  also 
the  changes  which  this  index  suffers  in  diflferent  media  foi 
the  same  wave-frequency.  Thus,  for  example,  the  spectra 
of  sunlight  given  by  prisms  of  the  same  angle,  made  of 
flint  glass,  crown  glass,  and  water,  respectively,  as  shown 
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in  Figure  182,  are  quite  different.  For  a  given  deviation 
of  the  Fraunhofer  line  5,  the  differential  refraction  be- 
tween the  lines  B  and  H^  which  measures  the  dispersion, 
is  more  than  twice  as  great  in  flint  glass  as  in  crown,  and 
more  than  three  times  as  great  as  in  water;  thus  indicat- 
ing the  value  of  these  lines  as  fixed  points  of  reference. 


FlirAQlOM 

1 

■   i 

II 

I 

I   c 

J             D 

E               ] 

? 

G 

\                        H 

,    H, 

I 


CrownGUm 


BC      D      R      F  O  H,  Ht 

WaJUr 


mil  I  ti 

BO  J>     B  P       O       H,  ff 


FlO.  182. 

The  indices  of  refraction  given  in  the  table  on  page  433 
are  the  indices  for  the  particular  wave-frequency  rep- 
resented by  the  Fraunhofer  line  D. 

REFRACTIVE  INDICES  FOR  THE  FRAUNHOFER  UNES. 

Sab«Unc«.  A 

Crown  fflaBS 1*5089 

Flint  glass  (dense) 1*6966 

Rock  salt 1-5366 

Alum 1-4506 

Water 1-8284 

Carbon  c»«wlphlde 1*6142 

Air 1*0002893 

411.  Dispersive  Power. — Inasmuch  as  dispersion  is 
simply  the  differential  deviation,  by  refraction,  of  rays  of 
different  wave-frequencies,  it  is  evident  that  we  may 
measure  the  total  dispersion  of  any  substance  in  terms 
of  the  extreme  angular  deviations  produced  ;  or  if  d^  be 
the  deviation  for  the  H  line  and  ^^  that  for  the  A  line, 
dfl— t^xwill  represent  the  total  dispersion.  But  we 
have  seen  above  that  d  =  (n  —  1)^  ;  and  consequently  if 
1^1,  =(w^  —  l)oc  and  Sj^  =(n^  — 1)^>  the  dispersion  d^ — d^ 
in  terms  of  the  refractive  indices  will  be  (n^  —  ^>i)^- 


B 

c 

D 

E 

r 

G 

H 

15109 

1*5119 

1-5146 

1-5180 

1-5210 

1.5266 

1-5814 

1-7010 

1*7034 

1-7102 

1-7191 

1-7272 

1*7482 

1-7565 

1*5392 

15406 

15442 

1-5490 

1-5582 

1.5618 

1-5682 

145.J6 

1*4586 

1*4560 

1-4589 

1*4614 

1-4656 

1*4691 

raw 

1-3807 

1*3824 

1*3347 

1-3366 

1*8402 

1*8481 

1*6207 

1-6240 

1-6338 

1-6465 

1-8584 

1-6886 

1-7090 

2899 

2902 

2911 

2922 

2981 

2948 

2968 

Digitized  by  LjOOQ IC 


452  PHYSICS. 

The  dispersive  power  of  a  body  is  defined  as  the  ratio 
of  the  total  dispersion  to  the  mean  dispersion ;  or  to 
{^B  —  ^a)/^E'  Since  S^  —  d^  ziz{ns  —  w^)«,  and  dg;  = 
{rig  —  l)a,  we  have  for  the  value  of  the  dispersive  power 
{n^  —  Wii)/(^r  ~  1);  in  other  words,  the  dispersive  power 
is  equal  to  the  difference  of  the  extreme  refractive  in- 
dices divided  by  the  mean  index  less  one.  It  is  inde- 
pendent of  the  prism-angle. 

Thus  for  crown  glass  the  dispersion  is  0-0225tr  and 
the  dispersive  power  0*0434;  while  for  carbon  disul- 
pliide  the  dispersion  is  0*0948a  and  the  dispersive  power 
01466.  Hence  for  the  same  mean  deviation  the  spectrum 
})roduced  by  a  prism  of  carbon  disulphide  is  between 
three  and  four  times  as  long  as  the  spectrum  produced 
by  a  prism  of  crown  glass  of  the  same  angle. 

412.  Irrationality  of  Dispersion. — The  differential 
deviation  for  the  intermediate  Fraunhofer  lines  is  called 
partial  dispersion ;  which  for  prisms  of  the  same  angle  is 
proportional  to  the  differences  of  the  refractive  indices 
for  these  lines.  On  comparing  together  the  partial  dis- 
persions of  different  substances  for  the  same  portion  of 
the  spectrum,  it  is  found  that  they  do  not  agree  even 
when  the  total  dispersion  is  the  same  for  both.  Thus 
while  the  difference  between  the  lines  jB  and  C  in  flint 
glass  is  2*562  times  this  difference  in  water,  the  differ- 
ence between  the  lines  G  and  H  is  3*726  times.  Evi- 
dently, therefore,  if  two  spectra  produced  by  different 
refractive  substances  be  superposed,  they  will  not  cor- 
respond in  their  wave-frequencies,  even  if  they  are  made 
to  have  exactly  the  same  total  length.  This  want  of 
proportionality  in  the  spectra  given  by  different  refrac- 
tive media  is  called  irrationality  of  dispersion.  In  its  ex- 
treme form  it  may  even  invert  the  order  of  the  wave- 
frequencies  ;  and  it  is  then  called  anomalons  dispersion. 

413.  Aclironiatism  in  Prisms  and  Lenses. — When 
non-homogeneous  radiation  is  incident  upon  a  refracting 
surface,  it  is  dispersed ;  i.e.,  its  constituent  wave-fre- 
quencies,  being  differently  refracted,  are  separated  from 
one  another.     On  emerging  from  a  second  surface  par- 
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allel  to  the  first,  however,  both  refraction  and  dispersion 
disappear  and  the  ray  emerges  as  it  entered.  If  two 
prisms  of  the  same  material  be  taken  and  one  be  reversed 
in  position,  their  refracting  surfaces  will  be  parallel  and 
there  will  be  no  deviation.  The  deviation,  however,  is 
a  function,  not  only  of  the  excess  above  unity  of  the  re- 
fractive index,  but  also  of  the  prism-angle.  So  that  if 
these  two  quantities  vary  inversely  as  each  other,  their 
product,  i.e.,  the  deviation,  will  be  constant.  A  prism 
of  flint  glass  of  mean  index  1*66  and  angle  20**  will  deviate 
a  ray  (n  —  l)a  or  13'2  degrees ;  while  one  of  water  of  the 
same  angle,  whose  index  is  1-33,  will  deviate  it  only  G-G"^. 
Hence  if  a  flint  prism  of  10°  be  combined  with  a  reversed 
water  prism  of  20**,  the  radiation  will  pass  through  the 
system  without  suffering  any  deviation  of  the  mean  ray. 
Moreover,  if  the  dispersion  were  proportional  to  the 
mean  refraction,  then  the  dispersion  also  would  be  cor- 
rected by  this  arrangement.  But  this  is  not  the  fact 
The  dispersion  of  the  flint-glass  prism  of  10°  above  men- 
tioned  will  be  (wjy  —  n^)a  or  about  0*5° ;  while  that  of 
the  water  prism  of  20°  is  about  0*3°.  Consequently 
under  these  conditions  there  will  be  a  residual  disper- 
sion due  to  the  flint  glass  of  about  0*2°.  That  is,  the 
combination  will  give  a  spectrum  whose  angular  breadth 
between  the  A  and  H  lines  will  be  12  minutes  of  arc. 
Such  a  combination,  therefore,  gives  dispersion  without 
deviation.     It  is  called  a  direot-vision  prism. 

If,  on  the  other  hand,  the  angle  of  the  more  highly 
refractive  prism  be  adjusted  so  as  to  produce,  not  the 
same  mean  deviation,  but  the  same  difference  of  extreme 
deviation,  i.e.,  the  same  dispersion,  as  that  given  by  the 
less  refractive  one,  then  the  dispersion  will  be  corrected 
but  not  the  deviation ;  and  we  shall  have  a  compound 
prism  which  deviates  a  ray  without  dispersing  it.  In  the 
case  of  light,  such  a  combination  is  called  an  achromatic 
prism,  since  its  image  is  devoid  of  color.  The  condition 
required,  which  is  called  the  condition  of  achromatism,  is 
in  theory  a  simple  one,  being  only  that  the  sum  of  the 
dispersions  shall  be  equal  to  zero.     Suppose  two  prisms 
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of  dispersions  (n^  —  n^a  and  {n^  —  n^')a' ;  from   the 
above  condition  we  have  {n^  —  tij^a  -|-  (n^'  —  w^')^'  =  0. 

-- ;  or  the  prism-angles  must  be 


Whence  -~  =  —    ^ 


inversely  as  the  extreme  index-differences  of  the  two 
media  employed  for  the  prisms.  The  two  members  of 
the  equation  are  of  opposite  sign.  This  means  only  that 
the  two  prisms  must  face  opposite  ways.  Owing  to  the 
irrationality  of  dispersion,  however,  correction  for  ex« 
treme  rays  does  not  in  general  correct  for  the  mean 
ones ;  and  there  remains,  therefore,  a  residuum  of  color. 
In  the  case  of  a  lens  there  may  evidently  be  as  many 
foci  as  there  are  wave-frequencies  in  the  incident  radia- 
tion. When  white  light  falls  on  a  converging  lens,  for 
example  (Fig.  183),  the  violet  component  being  most 
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refracted  will  form  its  principal  focus  at  V\  while  the 
focus  of  the  red  will  be  at  R,  The  intermediate  colors 
of  the  spectrum  will  come  to  intermediate  foci.  Hence 
a  cross-section  of  the  beam  at  mm'  will  show  a  violet 
center,  while  at  nn'  the  center  will  be  red.  This  phe- 
nomenon is  called  the  chromatic  aberration  of  a  lens.  In 
place  of  a  single  and  uncolored  image,  a  number  of  over- 
lapping images  appear,  of  various  colors,  producing  a 
confused  and  indistinct  effect. 

By  combining  with  this  converging  lens  a  diverging 
lens  of  such  focal  length  that  the  dispersion  shall  be 
destroyed  without  destroying  the  deviation,  an  achromatic 
lens  (Fig.  184)  may  be  produced.     This  condition  is  at- 
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tained  when  the  focal  lengths  of  the  two  lenses  are 
directly  proportional  to  their  dispersions.  In 
general,  however,  the  dispersion  in  this  case  is 
not  the  differences  of  deviation  of  the  extreme 
rays,  but  those  of  less  refrangibility ;  say  between 
the  greenish  blue  and  the  orange-yellow.  For 
example,  suppose  we  have  a  converging  lens  of 
crown  glass  AA  of  20  centimeters  focal  length. 
To  correct  the  chromatic  aberration  of  this  lens 
so  that  the  lines  C  and  F  shall  be  brought  to 
the  same  focus,  a  flint-glass  diverging  lens  BB' 
of  33  centimeters  focal  length  will  be  required ;  no.  i84. 
assuming  the  dispersions  of  the  flint  and  crown  glass  for 
these  two  lines  to  be  in  the  ratio  of  33  to  20.  The  focal 
length  of  such  an  achromatic  lens  would  be  51  centi- 
meters. 

414.  Experimeutal  Measurement  of  Dispersiou. — 
The  dispersive  power  of  a  substance  may  be  measured 
directly  in  terms  of  that  of  some  standard  substance. 
Water  is  generally  taken  as  the  standard  of  reference. 
To  make  the  comparison,  a  hollow  prism  is  provided, 
whose  glass  sides  are  hinged  near  the  refracting  edge,  so 
that  they  may  be  placed  parallel  to  each  other  or  at  any 
convenient  angle.  The  prism  being  filled  with  water 
and  the  sides  being  made  parallel,  a  ray  sent  through  it 
suffers  no  deviation.  The  substance  to  be  examined  is 
made  into  a  thin  prism  of  known  angle  and  placed  in  the 
water,  its  refracting  edge  being  in  an  inverted  position 
with  reference  to  that  of  the  water  prism.  The  ray 
is  now  deviated,  of  course  toward  the  base  of  this 
prism.  The  angle  of  the  water  prism  is  then  increased 
until  the  ray  emerges  colorless  and  the  angle  of  the 
water  prism  is  read.  The  ratio  of  the  prism-angles  is 
then  the  inverse  ratio  of  the  dispersive  powers  ;  since 
{rtjj  -  n,^)/{nE  —  1)  __  ^g  -  ^x     ^^^    ?'  -  _   ^h  —  '^U 

from  the  principles  of  achromatism  already  discussed. 

415.  Spectrum  Aualysis. — When  non-homogeneous 
radiation  falls   upon  a  prism  its  different  constituent 
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rays  are  differently  refracted,  and  in  this  way  are  sepa- 
rated from  one  another,  so  as  to  form  a  spectrum  made 
up  of  these  wave-frequencies  arranged  in  the  order  of 
their  refrangibilities.  Since  the  length  of  the  spectrum 
is  the  distance  between  the  extreme  rays  as  they  diverge 
from  the  prism,  the  spectrum  is  longer  the  farther  the 
screen  on  which  it  is  received  is  from  the  prism.  It  is 
evident  that  this  spreading  out  of  the  constituents  of  a 
given  radiation  into  a  spectrum  by  a  prism  may  be  util- 
ized to  ascertain  the  wave-frequencies  which  it  contains. 
Thus  if  the  extremely  complex  radiation  from  a  carbon 
rod  at  high  incandescence  be  subjected  to  analysis  by  the 
prism,  its  spectrum  will  be  found  to  consist  of  an  indefi- 
nite number  of  wave-frequencies  extending  uninterrupt- 
edly from  about  10  to  1600  million  million  vibrations 
per  second.  While  on  the  other  hand  if  the  radiation 
from  incandescent  sodium  vapor,  produced  when  a  little 
salt  is  placed  in  a  non-luminous  gas-flame,  be  examined, 
its  spectrum  is  found  to  consist  of  but  two  fine  lines  in 
the  yellow,  having  wave-frequencies  of  about  508*8  and 
509*3  million  million  respectively.  This  analysis  of  a 
composite  radiation  by  means  of  its  spectrum  is  called 
spectrum  analysis. 

416.  The  Spectroscope. — The  instrument  used  in 
spectrum  analysis  is  called  a  spectroscope.  In  its  sim- 
plest form  (Fig.  185)  it  consists  of  a  glass  prism  and  two 
telescopes,  so  adjusted  that  their  axes  make  equal  angles 
with  the  two  sides  of  the  prism.  The  inner  ends  of 
these  telescopes  carry  achromatic  lenses.  At  the  outer 
end  of  one  of  them  is  a  slit,  adjustable  by  means  of  a 
screw  to  any  desired  width,  and  placed  at  the  principal 
focus  of  its  lens.  Such  a  telescope  is  called  a  collimator. 
The  radiation  enters  the  slit,  is  rendered  parallel  by  the 
lens,  traverses  the  prism  at  the  angle  of  mean  minimum 
deviation  (and  so  is  not  distorted),  is  received  after  dis- 
persion on  the  lens  of  the  second  telescope  and  is  by  it 
brought  to  a  focus.  The  spectrum  thus  produced  is 
viewed  by  means  of  the  eyepiece.  This  spectrum  is 
received  in  this  case  directly  upon  the  retina  of  the  eye 
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and  may  thus  be  distinctly  seen  even  when  the  radiation 
is  quite  feeble. 

Where  greater  dispersion  is  required  than  can  be 
given  by  a  single  prism,  a  series  of  prisms  is  used,  up  to 


Fio.  18S. 

ten  or  more ;  these  being  adjusted,  automatically  in  some 
cases,  to  minimum  deviation.  In  such  a  case  the  total 
deviation  of  the  ray  may  amount  to  more  than  an  entire 
circumference. 

Chemists  had  long  known  that  certain  substances 
when  heated  gave  colored  flames.  The  yellow  of 
sodium,  the  crimson  of  lithium,  the  lilac  of  potassium, 
the  red  of  strontium,  and  the  green  of  barium  are 
familiar  to  every  one.  In  1859,  Bunsen  was  led  to 
examine  through  a  prism  the  light  emitted  by  these 
flames  and  to  ma^p  their  spectra.  He  found  that  these 
spectra  were  characteristic  and  hence  could  be  used  for 
the  identification  of  these  elements  either  free  or  in  com- 
bination.  Moreover,  the  quantity  of  material  required 
for  the  purpose  was  found  to  be  exceedingly  minute. 
One  two-thousandth  of  a  milligram  of  barium,  one 
three-thousandth  of  a  milligram  of  potassium,  one 
thirty-thousandth  of  strontium,  one  fifty-thousandth  of 
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calcium,  one  six-hundred-thousandth  of  a  milligram  of 
lithium,  and  one  fourteen-millionth  of  a  milligram  of 
sodium  suffices  to  produce  in  the  spectroscope  the  char- 
acteristic lines  when  the  substance  is  placed  in  the  non- 
luminous  gas-flame.  But  if  the  higher  temperature  of 
the  electric  spark  be  used  to  render  these  vapors  incan- 
descent,  this  extraordinary  delicacy  may  be  increased ; 
so  that  now  one  ten-millionth  of  a  milligram  of  calcium, 
one  forty-millionth  of  a  milligram  of  lithium,  and  one 
hundred-millionth  of  a  milligram  of  strontium  is  suffi- 
cient to  give  the  spectrum  characteristic  of  these  ele- 
ments. This  discovery  placed  in  the  hands  of  the 
chemist  a  method  of  qualitative  analysis  of  far  greater 
power  than  any  hitherto,  in  use.  And  one  of  the  earliest 
of  the  results  obtained  was  the  fact  of  the  extreme 
generality  of  diffusion  of  the  elements  in  nature.  More- 
over,  before  the  new  method  had  left  the  hands  of  its 
discoverer  he  added  two  new  substances  to  the  list  of 
the  chemical  elements,  called  caesium  and  rubidium  re- 
spectively, from  the  characteristic  blue  and  red  lines 
in  their  spectra.  Subsequently  the  elements  thallium, 
indium,  gallium,  and  germanium  were  discovered  by 
Crookes,  Reich  and  Richter,  Lecoq  de  Boisbaudran, 
and  Winkler,  in  consequence  of  peculiarities  in  their 
emission-spectra. 

The  condition  necessary  for  the  production  of  the 
emission-spectrum  is  simply  a  high  temperature.  The 
substance  to  be  examined  must  not  only  be  converted 
into  vapor,  but  this  vapor  must  be  dissociated  and  ren- 
dered luminous.  And  since  the  radiating  power  of  gases 
is  very  feeble,  this  requires  them  to  be  strongly  heated. 
In  some  cases  where  the  substance  is  readily  volatile,  as 
sodium  chloride,  for  example,  a  non-luminous  gas-flame 
suffices  for  the  purpose ;  the  spectrum  obtained  being 
that  of  the  sodium  alone,  the  chlorine  becoming  lumi- 
nous only  at  a  much  higher  temperature.  Strontium 
and  calcium  salts,  however,  are  not  completely  dis- 
sociated in  a  gas-flame  ;  and  their  spectra  consist  of 
bands  due  probably  to  their  oxides  volatilizing  as  such. 
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When,  however,  they  are  subjected  to  the  higher  tem- 
perature of  the  electric  spark,  complete  dissociation 
takes  place  and  the  line  spectra  characteristic  of  the 
metals  are  obtained.  In  the  case  of  gases  they  are 
enclosed  in  glass  tubes  of  a  form  devised  by 
Plucker  (Fig.  186)  consisting  of  enlarged  cylin- 
drical ends  connected  by  a  narrow  capillary 
middle  portion,  in  which  the  electric  discharge 
is  condensed.  In  general  the  emission-spectrum 
of  an  element  becomes  more  complex  as  the  tem- 
perature rises. 

417.  Absorption-spectra. — The  spectrum  of 
an  incandescent  solid  of  high  radiating  power 
consists,  as  we  have  seen,  of  an  uninterrupted 
band  of  color  from  the  extreme  red  on  the  one 
hand  to  the  extreme  violet  on  the  other.  The 
spectrum  of  an  incandescent  gas,  on  the  other 
hand,  consists  of  isolated  bright  lines,  greater 
or  less  in  number  according  to  the  special  gas 
employed.  We  have  now  to  consider  a  third 
class  of  spectra,  consisting  of  dark  lines  upon  a 
bright  and  colored  background;  a  continuous 
spectrum,  in  fact,  from  which  certain  wave-fre- 
quencies have  been  removed,  thus  causing  gaps 
or  dark  spaces.  Such  spectra  are  due  to  ab- 
sorption in  a  medium  which  the  radiation  has  been 
caused  to  traverse.     They  are  called  absorption-spectra. 

In  a  previous  section  attention  has  been  called  to 
the  fact  that  absorption  may  be  general;  that  is,  exer- 
cised equally  upon  all  wave-frequencies  existing  in  the 
radiation  ;  or  it  may  be  special  or  selective ;  i.e.,  confined 
to  particular  wave-frequencies.  Evidently  if  complex 
radiation  be  transmitted  through  a  medium  possessing 
selective  absorption,  it  will  emerge  with  tlie  loss  of  the 
absorbed  wave-frequencies;  and  in  its  spectrum  con- 
sequently there  will  be  dark  spaces  corresponding  to 
the  absorbed  radiations.  Thus  the  absorption-spectrum 
produced  from  white  light  which  has  traversed  a  solu- 
tion of   didymium   is   as   distinct   and  definite  as   any 
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emission-spectrum,  its  dark  lines  being  of  constant 
wave-frequencies.  So,  too,  the  absorption-spectrum  of 
blood  is  perfectly  characteristic,  and  the  indication  is 
so  delicate  that  a  single  blood-corpuscle  is  sufficient  to 
yield  the  spectrum  in  the  micro-spectroscope.  More- 
over, apparently  colorless  liquids  exert  in  some  cases 
selective  absorption  and  give  absorption-spectra.  Bus^ 
sell  and  Lapraik  have  observed  dark  bands  in  the  light 
transmitted  through  columns  about  2  meters  long  of 
water,  alcohol,  ether,  and  chloroform.  And  in  the  case 
of  a  saturated  solution  of  ammonia  in  water,  they  ob- 
served as  many  as  five  absorption-bands.  The  absorp- 
tion-bands due  to  tlie  aqueous  vapor,  the  oxygen,  and 
the  carbon  dioxide  of  our  atmosphere  have  been  already 
mentioned  (370). 

418.  The  Solar  Spectrum. — The  spectrum  of  sun- 
light, as  has  been  stated  (410),  contains  a  large  number 
of  dark  absorption-lines,  which  were  first  observed 
by  WoUaston  (1802)  and  many  of  which  were  mapped 
by  Fraunhofer  (1814),  who  distinguished  eight  of  them 
by  the  letters  of  the  alphabet.  Although  a  few  of  these 
spectrum  lines  are  due  to  absorption  in  the  earth's 
atmosphere,  by  far  the  greater  number  originate  in 
the  selective  absorption  of  the  solar  atmosphere  itself. 
And  since  this  absorption  relates  to  the  same  wave- 
frequencies  as  those  which  the  absorbing  substance 
would  itself  emit  under  suitable  conditions,  it  is  clear 
that  identity  of  absent  wave-frequencies  indicates  iden- 
tity in  the  absorbing  media.  Hence  the  law  of  Stokes, 
developed  in  1859  by  Kirchhoff,  enabled  the  process  of 
spectrum  analysis  to  be  applied  to  the  sun.  The  coin- 
cidence in  position  between  the  double  solar  line  />  and 
the  double  yellow  line  of  sodium,  jis  observed  by  Fraun- 
hofer in  1817,  is  a  proof  that  the  wave-frequencies 
concerned  are  the  same  for  both.  And  therefore,  since 
no  wave-frequencies  are  known  to  be  common  to  two 
different  elements,  this  coincidence  in  position  is  a  proof 
that  the  double  line  D  is  produced  by  sodium  existing 
in  the  sun.     Kiroiihoff  therefore  undertook  an  elaborate 
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investigation  of  the  solar  spectrum,  mapping  with  great 
care  nearly  3000  of  its  lines  by  means  of  a  scale  attached 
to  his  spectroscope.  At  the  same  time  he  undertook  to 
compare  the  position  of  the  bright  lines  of  the  spark 
spectra  of  several  of  the  metals  with  that  of  the  dark 
lines  of  the  sun  spectrum ;  using  for  the  purpose  a  small 
reflection-prism  covering  the  upper  half  of  the  slit.  As 
a  result  of  these  comparisons  he  concluded  that  sodium, 
iron,  calcium,  magnesium,  nickel,  barium,  copper,  zinc, 
and  probably  potassium  are  existent  in  the  sun ;  and  that 
gold,  silver,  mercury,  aluminum,  cadmium,  tin,  lead,  anti- 
mony, arsenic,  strontium,  lithium,  and  silicon  are  not  pres- 
ent there.  In  the  case  of  iron,  for  example,  he  mapped 
no  less  than  460  lines  in  its  emission-spectrum ;  and  to 
every  one  of  .these  bright  lines,  there  corresponded  ex- 
actly in  position  and  width  a  dark  line  in  the  solar  speo- 
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trum.  This  coincidence  of  the  lines  of  iron  with  solar 
lines  is  well  shown  in  Figure  187,  which  is  taken  from  a 
photograph  by  Trowbridge.  That  this  coincidence  of 
460  lines  is  a  mere  chance  is  of  course  possible ;  but  the 
theory  of  probabilities  teaches  us  that  the  chance-hy- 
pothesis is  to  the  hypothesis  that  these  lines  are  caused 
by  iron  in  the  sun's  atmosphere,  in  the  ratio  of  1  to  2***; 
i.e.,  equivalent  to  a  positive  demonstration. 

Foucault,  in  1849,  had  reversed  the  yellow  double 
line  in  the  spectrum  of  the  electric  arc,  simply  by 
reflecting  the  image  of  one  of  the  carbon  points  through 
it;  the  spectrum  then  showing  a  double  dark  line  in 
place  of  the  yellow  one.  Kirchhoff  interposed  an  alco- 
hol-flame containing  salt  in  the  path  of  the  rays  from  a 
calcium  light  and  observed  that  the  bright  double  line 
of  sodium  was  reversed ;  i.e.,  was  converted  into  a  dark 
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one.  On  transmitting  sunlight  through  the  alcohol-flame, 
its  spectrum  showed  the  dark  double  line  D  greatly  in- 
creased in  intensity.  Kirchhoff  thereupon  became  con- 
vinced that  the  phenomenon  of  dark-line  production 
was  the  8£.me  upon  the  sun  as  upon  the  earth ;  and  was 
thus  led  to  his  celebrated  theory  of  the  solar  constitu- 
tion. This  theory  supposes  a  central  luminous  nucleus 
or  photosphere,  emitting  all  wave-frequencies ;  and,  sur- 
rounding this,  a  gaseous  envelope,  called  the  chromo- 
sphere, also  intensely  hot,  emitting  only  the  wave-frequen- 
cies belonging  to  its  elemental  constituents.  Evidently 
the  radiation  from  the  photosphere,  in  order  to  reach 
us,  must  traverse  the  chromosphere ;  and  must  there 
lose  by  absorption  the  wave-frequencies  characteristic 
of  the  chromospheric  elements.  Could-  we  see  the 
photosphere  alone,  its  spectrum  would  be  continuous. 
Could  we  see  the  chromosphere  alone,  its  spectrum 
would  consist  of  bright  lines.  In  fact,  however,  we  see 
the  former,  only  after  its  light  has  traversed  the  latter, 
in  which  an  absorption  has  taken  place  so  as  to  reverse 
the  lines.  During  the  solar  eclipses  of  1868  and  1869, 
when  the  bright  disk  of  the  sun  was  covered  by  the 
moon,  the  solar  edge  was  seen  to  consist  of  a  crimson 
layer,  massed  at  certain  points  into  protuberances,  the 
spectrum  of  which  did  actually  consist  of  bright  lines. 
In  1872,  Young  observed  273  bright  lines  in  the  chromo- 
spheric spectrum,  in  the  clear  air  of  Sherman,  W.  T.,  at 
an  altitude  of  about  2500  meters,  and  identified  these 
lines  with  those  of  27  elements. 

The  reflected  radiation  from  the  moon  and  planets  is 
identical  with  that  from  the  sun,  except  in  so  far  as  it  is 
modified  by  selective  absorption  upon  these  bodies.  In 
the  case  of  Uranus  this  selective  absorption  is  well 
marked.  The  radiation  emitted  by  the  fixed  stars,  how- 
ever, while  giving  a  spectrum  full  of  dark  absorption- 
lines,  appears  to  be  more  or  less  special  for  each  star ; 
showing  that  while  in  general  the  fixed  stars  are  suns 
constituted  like  our  own,  yet  that  they  diff'er  in  the  de- 
tails of  their  composition.     Thus  Huggins  has  shown 
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that  Aldebaran  contains  bismuth  and  tellurium,  ele- 
ments not  found  in  the  sun,  while  barium,  an  element  con- 
tained in  the  sun,  is  absent  from  the  star.  Betelgeux  and 
ft  Pegasi  do  not  contain  hydrogen,  and  the  former  star 
does  not  contain  silver,  mercury,  cadmium,  lithium,  or 
tin.  Moreover,  the  color  of  certain  stars  appears  to  be 
due  to  the  massing  of  the  absorption-lines  in  particular 
regions  of  the  spectrum.  Secchi  and  more  recently 
Pickering  have  observed  spectrum  similarities  in  the 
stars  which  have  enabled  these  astronomers  to  divide 
all  of  them  into  four  groups :  (1)  White  stars,  such  as 
Sirius ;  (2)  Yellow  stars,  like  the  sun  and  Capella ;  (3) 
Red  and  orange  stars,  as  Betelgeux ;  and  (4)  Small  red 
stars,  giving  banded  spectra.  The  nebulae  proper  give 
bright  line  spectra,  showing  that  they  consist  of  rarefied 
incandescent  gas.  The  spectrum  of  comets  is  also  a 
bright  line  or  band  spectrum,  the  bands  showing  a 
remarkable  identity  with  those  given  by  certain  hydro- 
carbons. 

419.  Effect  of  Motion  in  the  Radiating  Body. — 
If  the  body  emitting  the  radiation  be  itself  in  motion, 
either  to  or  from  the  observer,  evidently  the  effect  of 
this  motion  will  be  to  shorten  the  wave-length  in  the 
former  case  and  to  lengthen  it  in  the  latter.  Since, 
other  things  being  equal,  refrangibility  is  dependent 
upon  the  wave-length,  the  result  will  be  a  displacement 
of  the  characteristic  spectrum  lines  toward  either  the 
more  or  the  less  refrangible  end.  In  a  continuous 
spectrum  this  change  of  position  could  not  be  detected ; 
but  in  a  bright-line  or  a  dark-line  spectrum  it  has  not 
only  been  detected,  but  measured.  Thus,  for  example, 
Lockyer  has  observed  changes  in  refrangibility  of  the  C 
and  F  lines  of  the  sun  spectrum  corresponding  to  a 
speed  of  163  kilometers  per  second  in  the  line  of  sight ; 
and  Young  gives  400  kilometers  a  second  as  the  max- 
imum speed  observed  by  him  upon  the  sun  by  means  • 
of  the  displacement  of  the  hydrogen  lines.  Zollner 
contrived  a  reversion  spectroscope  for  the  purpose  of 
measuring  the  displacements  in  opposite  directions,  of 
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given  lines  in  the  spectra  from  the  east  and  west  limbs 
of  the  sun,  and  in  this  way  of  determining  the  time  of  the 
solar  rotation.  And  Crew  has  observed  a  solar  displace- 
ment corresponding  to  a  speed  of  rotation  of  3*9  kilome- 
ters per  second.  Huggins  applied  this  method  in  an 
investigation  upon  the  motion  of  the  stars  in  the  line  of 
sight.  He  observed  a  displacement  in  the  F  line  of  the 
spectrum  of  Sirius,  for  example,  corresponding  to  an  in- 
crease in  the  wave-length  of  this  line  of  0-11  millionth 
of  a  millimeter ;  thus  proving  that  Sirius  is  receding 
from  the  earth  at  the  rate  of  about  35  kilometers  a 
second.  Pickering  has  observed  that  the  k  line  in  the 
spectrum  of  /3  AurigaD  is  alternately  single  and  double  at 
intervals  of  about  17  hours ;  thus  showing  this  star  to 
be  double,  the  two  components  revolving  about  each 
other  in  less  than  four  days  with  a  speed  of  240  kilome- 
ters a  second. 

420.  Peculiarities  of  the  Prismatic  Spectrum. — 
The  phenomena  of  the  irrationality  of  dispersion  and  of 
anomalous  dispersion  have  been  mentioned  (412).  In 
both  cases,  even  when  the  spectrum  is  of  the  same  length, 
the  distribution  of  its  parts  as  to  wave-frequency  is 
different  for  the  different  substances  of  which  the  prisms 
are  made,  the  order  of  refrangibilities  being  sometimes 
actually  inverted.  There  is  however  another  peculiarity 
of  the  prismatic  spectrum,  at  least  in  the  visible  portion, 
which  has  been  the  cause  of  wide-spread  error.  This  is 
the  fact  tliat  the  refrangibility  here  is  not  a  simple  linear 
function  of  the  wave-length.  If,  for  example,  the  position 
of  a  series  of  well-known  lines,  either  bright  or  dark,  be 
observed  in  a  spectroscope  provided  with  a  scale,  and  if 
the  scale-numbers  of  the  lines  thus  obtained  be  used  as 
abscissas,  the  corresponding  wave-lengths,  taken  from 
the  tables,  being  made  ordinates,  a  curve  will  be  obtained 
showing  the  distribution  of  wave-lengths  in  the  spectrum 
of  the  particular  prism  employed.  This  curve  will  be 
convex  toward  the  axis  of  abscissas ;  thus  showing  a 
massing  of  wave-lengths  in  the  less  refrangible  region.  In 
consequence  of  this,  the  amount  of  energy  in  this  region. 
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as  measured  by  the  bolometer,  is  greater  for  the  same 
spectrum-length  than  in  any  other  portion  ;  a  result 
which  has  given  rise  to  the  erroneous  conclusion  that 
the  energy-maximum  is  in  the  ultra-red  region.  If,  on 
the  other  hand,  a  spectrum  be  constructed  by  distribut- 
ing its  lines  through  it  according  to  their  wave-lengths, 
then  a  given  difference  of  distance  in  every  part  of  the 
spectrum  will  correspond  to  a  given  difference  of  wave- 
length and  the  curve  representing  this  distribution  of 
wave-lengths  will  become  a  straight  line.  Such  a 
spectrum  is  called  a  normal  spectrum. 

The  relation  between  wave-length  and  refrangibility 
has  been  investigated  by  several  physicists.  Among 
these  Cauchy  was  one  of  the  earliest ;  and  he  gave  the 

6c.. 
formula  n  =  a  -|-  p  -|-  p ;  in  which  n  is  the   refractive 

index,  A.  the  wave-length,  and  a,  6,  and  c  constants  to  be 
determined  by  experiment.  The  agreement  between  the 
results  of  observation  and  those  calculated  from  this 
equation  has  been  found  very  close  within  the  limits  of 
the  visible  spectrum ;  but  Langley  has  shown  that  the 
formula  gives  impossible  results  when  applied  to  the 
infra-red  region  of  the  spectrum.  In  fact,  since  b  and  c 
are  both  positive,  the  least  possible  value  of  m  is  a, 
obtained  when  h  and  c  are  both  zero.  But  in  the  case 
of  one  of  his  prisms,  in  which  a  =  1*5593,  this  least  value 
of  n  corresponds  to  a  deviation  of  45°  35' ;  whereas  with 
this  prism  he  has  actually  made  bolometric  measure- 
ments in  the  sun  spectrum  as  low  as  44°.  The  best 
results  he  finds  to  be  given  by  the  formula  of  Briot, 

l.^a  +  b-^  +  c%  +  k%;  although  at  the  limit  of 
ti'  A.  A  w 

•002356  millimeter  he  finds  that  the  index  of  refraction 
becomes  very  nearly  a  linear  function  of  the  wave- 
length. 
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R — APPUOATIONS  OF  OPTICAL  PRINCIPLES. 

421.  Optical  Instruments. — Instruments  which  de- 
pend upon  optical  principles  for  their  mode  of  operation 
are  called  in  the  general  sense  optical  instruments. 
Their  essential  element  in  most  cases  is  a  lens  or  mirror, 
by  means  of  which  the  rays  from  an  object  are  so  devi- 
ated as  to  secure  a  visual  advantage. 

422.  The  Microscope. — As  its  name  implies,  the 
microscope  is  an  instrument  for  viewing  minute  objects 
under  an  increased  visual  angle.  The  simple  microscope 
consists  of  a  single  converging  lens,  or  its  equivalent,  so 
placed  that  the  object  is  between  the  principal  focus 
and  the  lens.  Under  these  circumstances,  as  we  have 
already  seen  (406),  the  image  formed  by  the  lens  is 
virtual  and  erect,  and  is  larger  than  the  object.  Hence 
the  lens  is  said  to  magnify  the  object.  The  amount  of  mag- 
nification is  of  course  the  ratio  of  the  size  of  the  image 
to  that  of  the  object,  both  being  at  the  same  distance 
from  the  eye.  But  since  both  object  and  image  are  con- 
tained between  secondary  axes,  drawn  from  the  center 
of  the  lens,  the  size  of  the  image  is  to  that  of  the  object 
evidently  as  the  distance  of  the  image  is  to  the  distance 
of  the  object.  The  distance  of  the  image,  however,  is 
fixed  by  the  eye  itself.  For  normal  eyes,  an  object  to 
be  seen  most  distinctly  must  be  placed  at  a  distance  of 
25  to  30  centimeters ;  this  distance  being  called  ordi- 
narily the  distance  of  most  distinct  vision.  The  object, 
therefore,  with  reference  to  the  lens  must  be  placed  so 
far  removed  from  it  that  its  virtual  image  is  formed  at 
a  distance  of  25  or  30  centimeters  from  this  lens.  This 
operation  is  called  focusing.  The  magnifying  power  is 
then  represented  by  the  ratio  25/rf  or  30/d,  where  d  is 
the  distance  of  the  object  from  the  lens.  If  the  lens 
be  of  short  focus,  as  is  usually  the  case,  so  that  its  prin- 
cipal focal  distance  is  practically  the  distance  of  the 
object,  the  magnifying  power  is  simply  the  ratio  of 
the  distance  of  most  distinct  vision  to  the  focal  length* 
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Thus  a  leus  of  10  ceutimeters  focus  would  have  a  mag- 
nifying power  of  two  and  one  half  or  three  linear ;  the 
magnifying  power  being  greater  the  less  the  focal  length 
of  the  lenSy  and  the  greater  the  distance  of  most  distinct 
vision  of  the  observer.  The  reciprocal  of  the  focal 
length  is  sometimes  called  the  power  of  the  lens. 

Again,  in  the  figure  (Fig.  188)  the  image  ah  subtends 
at  the  eye  E  twice  an  angle  whose  tangent  is  ap/Ep. 


Fio.  188. 

The  object  AB  placed  at  the  same  distance  would  sub- 
tend twice  an  angle  whose  tangent  is  AP/Ep.  Suppos- 
ing these  angles  small,  the  magnifying  power  would  be 
the  ratio  of  ap/Ep  to  AP/Ep^or  ap/AP \  and  ap  :  AP\: 
Op  :  OP  =f  :/'.  But  from  the  law  of  the  lens  \/f  - 
1/f  =  —  1/F\  whence  the  magnifying  power,  which  is 
represented  hjf/f,  is  equal  to  1  -^-f/F,  According  to 
this  the  magnifying  power  of  a  lens  of  2  centimeters 
focus  would  be  y  + 1  or  16  diameters.  By  using  two 
plano-convex  lenses  slightly  separated,  the  convex  sides 
facing  the  object,  the  spherical  aberration,  for  the  same 
magnifying  power,  is  much  diminished.  This  combina- 
tion is  known  as  WoUaston^s  doublet. 

In  the  compound  microscope,  as  well  as  in  the  tele- 
scope, it  is  the  image  of  the  object  which  is  magnified 
by  the  eye-lens  and  not  the  object  itself.  In  both  cases 
this  image  is  formed  by  means  of  a  converging  lens 
called  the  object-glaSs,  the  object  being  placed  without 
the  principal  focus ;  hence  it  is  a  real  image. 

Under  these  circumstances/ is  negative  and  the  ex- 
pression for  the  magnifying  power  becomes  1  —f/F,  In 
the  case  of  the  microscope,  however,  the  distance  of  the 
object  is  less  than  twice  the  principal  focal  distance. 
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while  in  the  telescope  it  is  greater.  The  magnifying 
power  therefore  will  be  greater  than  unity  numerically 
in  the  former  case,  where//i^>2;  i.e.,  where/' <  2/^ 
The  object  is  consequently  magnified  in  the  case  of  the 
microscope ;  while  in  the  telescope  the  real  image  is 
smaller  than  the  object. 

A  compound  microscope  (Fig.  189)  consists  (1)  of  an 
object-glass  or  objective  A^  whose  function  is  to  form 
the  real  image  of  an  object  placed  at 
8  just  outside  its  principal  focus ;  and 
(2)  of  an  eye-lens  or  eye-piece  B^  which 
produces  a  magnified  virtual  image  of 
the  real  image,  the  latter  being  formed 
approximately  at  the  principal  focus 
of  the  eye-lens.  In  practice  both  the 
objective  and  the  eye-piece  are  them- 
selves compound.  The  objective  may- 
consist  of  two  or  three  achromatic 
lenses,  and  the  eye-piece  of  two  or 
more  simple  lenses.  The  focal  length 
of  such  an  objective  is  that  of  the 
simple  lens  to  which  it  is  equivalent. 
Two  forms  of  eye-piece  are  in  use,  one 
known  as  the  negative  or  Huyghens 
eye-piece,  the  other  as  the  positive  or 
Bamsden  eye-piece.  The  negative  eye- 
piece has  two  converging  lenses  called 
the  field-lens  and  the  eye-lens,  respect- 
ively, the  focal  length  of  the  former  being  three  times 
that  of  the  latter,  the  distance  between  them  being  the 
difference  of  their  focal  lengths.  The  field-lens  is  placed 
next  to  the  objective  and  is  generally  a  meniscus;  the 
eye-lens  is  plano-convex,  the  convexities  of  both  lenses 
being  turned  toward  the  object.  The  positive  eye-piece 
consists  also  of  a  field-lens  and  an  eye-lens,  both  plano- 
convex and  of  the  same  focal  length,  but  placed  with 
their  convexities  facing  each  other,  and  at  a  distance 
apart  equal  to  two  thirds  the  focal  length  of  either.  The 
Huyghenian  eye-piece  is  called  negative  because  it  can- 


Fio.  189. 


Digitized  by  VjOOQ IC 


ENERQ  r  OF  jETHER^  VIBRATION.— RADIANT  ENERO  F.  469 

not  be  used  directly  to  view  an  object  The  real  image 
to  be  viewed  by  it  must  be  formed  at  the  principal  focus 
of  the  eye-lens,  and  therefore  within  the  eye-piece  itself; 
where  also  cross-wires,  micrometers,  and  the  like  must 
be  placed,  which  are  to  be  seen  simultaneously  with  the 
image.  After  its  construction  it  was  found  to  be  achro- 
matic when  both  lenses  are  made  of  the  same  glass.  The 
focal  plane  of  the  Eamsden  eye-piece  on  the  contrary  is 
outside  of  the  field-lens  and  at  a  distance  from  it  equal 
to  one  quarter  of  its  focal  length.  This  eye-piece,  there- 
fore, views  directly  the  image  formed  by  the  objective, 
together  with  the  cross-wires  or  micrometric  graduations 
which  are  in  the  same  plane  with  ii  And  hence  this 
form  of  eye-piece  is  preferred  for  measurements. 

The  magnifying  power  of  a  compound  microscope  is 
the  ratio  of  the  angle  subtended  at  the  eye  by  the  image 
to  that  subtended  by  the  object,  both  at  the  distance  of 
most  distinct  vision.  Since  both  the  objective  and  the 
eye-lens  magnify,  the  conjoint  magnifying  power,  being 
the  product  of  that  of  the  objective  by  that  of  the  eye- 
lens,  is  greater  than  either.  Experimentally,  the  magni- 
fying power  may  be  ascertained  by  placing  a  micrometer 
ruled  to  tenths  of  a  millimeter  upon  the  stage,  and 
noting  how  many  divisions  of  a  millimeter  scale  at  the 
same  distance,  one  division  of  the  micrometer  covers. 
If  the  apparent  size  of  the  image,  thus  measured,  be, 
for  example,  ten  millimeters,  the  magnifying  power  is 
evidently  one  hundred  diameters. 

423.  The  Telescope.— The  telescope  is  an  instrument 
for  increasing  the  angle  under  which  a  distant  object 
is  seen.  The  object-glass,  which  is  achromatic,  forms 
a  real  and  reduced  image,  which  is  magnified  by  the 
eye-piece.  The  eye-pieces  used  with  the  telescope  are 
the  same  as  those  used  with  the  microscope.  For  astro- 
nomical purposes,  the  object-glass  is  large  in  order  to 
secure  as  much  light  as  possible,  the  light  entering  the 
eye  being  in  the  ratio  of  the  square  of  the  diameter  of 
the  glass  to  that  of  the  pupil.  The  great  refractor  at  the 
"Washington  Observatory  has  an  aperture  of  66  centime- 


Digitized  by  VjOOQ  IC 


470  PHYSICS, 

ters,  that  of  Pulkova  76  centimeters,  and  that  of  the 
Lick  Observatory,  California,  91  centimeters ;  all  these 
object-glasses  having  been  made  by  the  Clark  Brothers 
in  Cambridge.  Recently,  some  notable  object-glasses 
of  Jena  glass  have  been  made  by  Brashear  of  Allegheny, 
from  curves  calculated  by  Hastings. 

Mirrors  have  also  been  used  in  telescopes  in  place  of 
lenses.  The  images  which  they  give  are  free  from 
chromatic  aberration  and  they  can  be  made  of  any  de- 
sired size.  The  great  reflector  of  Lord  Bosse  has  a 
mirror  of  speculum  metal  16  meters  in  focal  length  and 
183  centimeters  across.  Foucault  introduced  silvered 
mirrors  of  glass  and  Draper  constructed  an  admirable 
silvered  glass  reflector  of  seventy-one  centimeters  aper- 
ture. The  glass  reflector  of  the  Paris  Observatory  is  122 
centimeters  and  a  new  English  reflector  is  213  centi- 
meters. The  earliest  form  was  Gregorian,  in  which  the 
light,  converged  from  the  great  mirror,  fell  on  a  second- 
ary concave  mirror  placed  in  the  axis  of  the  tube  and 
beyond  its  focus ;  and  was  by  this  reflected  to  the  eye- 
piece through  an  opening  in  the  center  of  the  large  mir- 
ror. Subsequently  Newton  placed  a  plane  secondary 
mirror  in  the  convergent  beam  near  its  focus,  this  mirror 
being  inclined  45°  to  the  axis  ;  and  thus  threw  the  image 
into  the  eye-piece  placed  on  the  side  of  the  tube  and  at 
right  angles  with  the  axis.  Cassegrain  about  the  same 
time  modified  the  Gregorian  form  by  using  a  convex 
secondary  mirror  placed  within  the  focus  of  the  reflector ; 
thus  shortening  the  telescope  greatly.  Finally  Herschel 
tilted  the  mirror  slightly  so  that  the  rays  converged  to  a 
focus  close  to  one  side  of  the  tube  ;  the  observer  facing 
the  mirror. 

In  the  case  of  the  object-glass  of  the  telescope, 
/'  >  2F  and  hence  f/F  <  2 ;  hence  the  magnifying  power 
1  —f/F  is  less  than  unity  and  the  image  is  smaller  than 
the  object.  In  the  case  of  the  eye-piece,  the  magnifying 
power  is  1  -\-f'/F'  as  the  focus  is  virtual.  Thus  (Fig. 
190)  let  ah  be  the  image  of  the  object  AB  formed  by  the 
object-glass  0.     The  angle  AOB  subtended  by  the  object 
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at  the  center  of  the  object  glass  is  the  same  as  aOb  sub- 
tended by  its  image ;  and  since  the  object  is  at  a  great 
distance,  this  angle  A  OB  will  not  materially  differ  from 
that  subtended  at  the  eye  placed  at  E.  Since  the  angle 
subtended  by  the  image  is  aEb,  we  have  for  the  magni- 
fying power  the  ratio  aEb/aOb;    or  since  the  angles, 


Fio.  190. 

being  small,  may  be  replaced  by  their  tangenttS,  the  ratio 

I V— pn  =       /^,    =  Op/Ep.       In   other    words,   the 

tan  iaOb        ap/Op         ^'    ^ 

magnifying  power  is  as  Op  to  Ep^  or  in  the  ratio  of  the 

focal  lengths  of  the  two  lenses.     If,  on  the  other  hand, 

the  image  and  the  object  are  assumed  to  be  at  the  same 

distance  from   the  eye,  i.e.,  at   the   distance  EP,  then 

a'  becomes  A\  the  ratio  is  ^       ,  and  the  magnifying 

power  is  as  A'P  to  AP  ;  or  as  the  size  of  the  image  is  to 
the  size  of  the  object,  both  at  the  same  distance.  In  the 
case  of  the  telescope  the  magnifying  power  is  the  ratio 
of  the  focal  lengths  of  object-glass  and  eye-piece  F/F\ 
But  tlie  magnifying  power  m  of  the  object-glass  is 
directly  and  that  of  the  eye-piece  m'  is  inversely  as  the 
focal  length.  Hence  the  magnifying  power  of  the  com- 
bination F/F'  must  equal  mm' ;  or  is  equal  to  the  mag- 
nifying power  of  the  eye-piece  multiplied  by  that  of  the 
object-glass. 

In  the  Galileo  telescope,  now  commonly  known  as 
the  opera-glass,  the  eye-piece  consists  of  a  single  diverg- 
ing lens,  placed  within  the  focus  of  the  object-glass,  the 
distance  between  the  two  being  the  difference  of  their 
focal  lengths.  The  convergent  rays  from  the  object-glass 
are  thus  made  parallel  to  the  secondary  axis  upon  which 
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the  point  lies  and  the  eye  is  enabled  to  form  a  virtual 
image  of  that  point.  The  image  in  this  telescope  is  erect 
and  the  instrument  is  much  shorter  in  length. 

In  terrestrial  telescopes  a  pair  of  convex  lenses  is  in- 
troduced between  the  object-glass  and  the  eye-piece  for 
the  purpose  of  inverting  the  image.  They  have  the  same 
local  length,  are  placed  at  a  distance  apart  equal  to  the 
sum  of  their  focal  lengths,  and  the  first  is  at  a  distance 
from  the  real  image  equal  to  its  focal  length.  They  are 
usually  contained  in  the  draw-tube  which  carries  the  eye- 
piece. 

Other  optical  instruments  might  be  described.  But 
the  practical  application  of  optical  principles  to  the  con- 
struction of  instruments  has  been  sufficiently  discussed 
for  our  purpose. 

424.  The  Eye  and  Vision. — The  optical  portions  of 
the  eye  are  (1)  the  crystalline  lens ;  (2)  the  vitreous 
humor ;  and  (3)  the  aqueous  humor.  The  crystalline 
lens  I  (Fig.  191)  is  situated  near  the  anterior  surface  of 


Fio.  191. 

the  eye  just  behind  the  iris  t.  It  is  double  convex  in 
form  and  is  5  to  6  mm.  in  diameter  and  about  4  mm. 
thick.  The  radius  of  curvature  of  the  anterior  surface, 
on  the  average,  is  about  10  mm.,  and  that  of  the  pos- 
terior surface  about  6  mm.  It  consists  chiefly  of  a  glob- 
ulin and  its  mean  refractive  index  is  145.  The  vitreous 
humor  v  occupies  four  fifths  of  the  volume  of  the  eye, 
being  bounded  by  the  lens  in  front  and  by  the  retina  r 
behind.  It  consists  of  a  thin  transparent  albuminous 
jelly  enclosed  in  a  delicate  membrane,  and  having  a  re- 
fractive index  of  1*34.     The  aqueous  humor  a  is  con- 
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taiued  in  the  space  between  the  anterior  surface  of  the 
lens  and  the  cornea  c,  this  space  being  about  4  mm.  wide. 
It  is  a  dilute  solution  of  sodium  chloride  containing  some 
animal  matter,  has  a  density  of  about  1*006  and  a  refrac- 
tive index  of  1*34.  The  surfaces  at  which  refraction 
takes  place,  therefore,  are  three  in  number :  First,  the 
anterior  convex  surface  of  the  cornea,  whose  radius  of 
curvature  is  about  8  mm.;  second,  the  anterior  surface 
of  the  crystalline  lens ;  and  third,  the  posterior  surface 
of  this  lens. 

The  image  formed  by  this  optical  apparatus  is 
received  upon  the  retina  r,  a  membrane  enveloping 
the  outer  surface  of  the  vitreous  humor  v  and  through 
which  ramify  the  final  elements  of  the  optic  nerve  A. 
Normally  this  image  is  brought  to  a  focus  exactly  upon 
the  retina,  when  the  object  is  not  nearer  than  25  or  30 
centimeters.  But  in  some  cases  the  antero-posterior 
diameter  of  the  eye  is  so  great  that  the  image  is  formed 
before  the  rays  reach  the  retina ;  in  other  cases  this  di- 
ameter is  so  shoijt  that  the  image  is  not  formed  at  all, 
the  rays  not  yet  having  come  to  a  focus.  In  both  cases 
the  object  is  indistinctly  seen.  The  former  condition  is 
called  myopia,  or  short-sightedness ;  the  latter  hyperme- 
tropia,  or  long-sightedness.  Evidently  the  use  of  a  con- 
cave or  diverging  lens  will  remedy  this  defect  in  the  my- 
opic eye,  and  the  use  of  a  convex  or  converging  lens,  in 
the  hypermetropic  one.  Common  experience,  however, 
teaches  us  that  the  eye  is  able  to  bring  to  a  sharp  focus 
upon  the  retina,  the  images  of  objects  differing  greatly 
in  distance.  In  the  case  of  an  ordinary  lens,  this  result 
is  attained  by  focusing ;  i.e.,  moving  the  lens  itself  to  or 
from  the  object.  In  the  eye,  however,  this  automatic 
adjustment  for  distance — which  is  called  accommodation 
— is  effected  by  a  change  in  the  form  of  the  crystalline 
lens,  produced  by  contraction  of  the  ciliary  muscle  6, 
which,  operating  upon  the  suspensory  ligament  of  the 
lens,  relaxes  it  and  thus  allows  the  elasticity  of  the  lens 
to  act  and  increase  its  curvatures.  This  change  may  be 
readily  observed  by  looking  obliquely  into  an  eye  ad- 
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justed  for  a  remote  object,  a  candle-flame  being  suitably 
held  upon  the  other  side  of  it.  Three  images  of  the 
flame  will  be  seen :  (1)  one,  reflected  from  the  cornea, 
bright,  erect,  and  the  first  in  order ;  (2)  a  second,  reflected 
from  the  anterior  and  convex  surface  of  the  lens,  also 
erect  but  less  bright ;  and  (3)  a  third  image,  reflected 
from  the  posterior  concave  surface  of  the  lens,  and  there- 
fore inverted  in  position.  On  changing  the  adjustment 
of  the  eye  and  looking  at  a  near  object  no  change  will  be 
noted  in  the  first  image ;  while  the  second  and  third 
images  will  become  distinctly  smaller,  the  change  being 
much  greater  with  the  former.  Hence  it  follows  that 
during  accommodation  no  change  takes  place  in  the 
cornea,  but  that  the  crystalline  lens  changes  its  form, 
chiefly  on  the  anterior  surface,  becoming  more  convex  as 
the  object  to  be  viewed  is  nearer.  Sometimes  defective 
vision  results  from  the  imperfect  action  of  the  ciliary 
muscle,  so  that  the  power  of  accommodation  is  dimin- 
ished or  lost.  The  practical  efl*ect  of  this  is  to  increase 
the  least  distance  of  distinct  vision.  This  condition  of 
things  is  called  presbyopia.  It  is  common  in  old  age. 
The  range  of  accommodation  in  normal  eyes  is  between 
10  or  15  centimeters  as  a  minimum — this  value  being 
called  therefore  the  least  distance  of  distinct  vision — and 
an  indefinitely  great  distance  as  a  maximum. 

Like  other  similar  optical  combinations  with  spherical 
surfaces  the  eye  possesses  spherical  aberration.  In 
front  of  the  lens  is  a  circular  muscular  curtain  called  the 
iris  i,  through  which  is  an  opening  called  the  pupil.  By 
contraction  of  the  circular  muscular  fibers  the  pupil  is 
contracted,  by  contraction  of  the  radial  fibers  it  is  dilated. 
The  iris  thus  acts  the  part  of  the  diaphragm  or  stop 
in  an  optical  instrument;  limiting  the  incident  rays  to 
the  central  portion  of  the  lens,  and  thus  reducing  the 
spherical  aberration  to  the  minimum  consistent  with  the 
admission  of  sufficient  light  for  distinct  vision.  The 
pupil  always  has  the  minimum  opening  necessary  for 
this  purpose ;  and  hence  automatically  contracts  when 
the   iuiiident  light  increases  in  brightness,  and  dilates 
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when  it  decreases.  Moreover,  the  crystalline  lens  has 
its  surface  of  greater  radius  of  curvature  toward  the  in- 
cident light;  the  position  in  which,  according  to  Herschel, 
its  spherical  aberration  is  greatest.  Again,  though  the 
lens  decreases  in  density  from  the  center  to  the  surface, 
and  therefore  decreases  in  refractive  power  also,  yet 
neither  this  nor  the  differences  of  curvature  on  its  two 
surfaces  destroy  its  spherical  aberration. 

Again,  investigation  teaches  us  that  the  eye  possesses 
chromatic  aberration  also.  If  a  distant  light,  such  as 
that  of  a  street-lamp,  for  example,  be  viewed  through 
cobalt-blue  glass,  the  image  will  appear  red  surrounded 
by  a  violet  halo.  If  a  normal  eye  be  adjusted  to  bring 
red  light  to  a  focus  on  the  retina  from  an  indefinite  dis- 
tance, it  can  do  the  same  for  violet  rays  only  when  their 
source  is  at  a  distance  of  about  sixty  centimeters.  In- 
deed the  production  of  color  in  images  formed  by  the 
eye  may  be  observed  directly  by  covering  half  the  pupil 
with  an  opake  screen  and  then  viewing  a  white  surface. 
The  edge  of  the  screen  will  appear  colored. 

In  the  next  place,  the  curves  of  the  eye  are  not  truly 
symmetrical  with  reference  to  the  optic  axes.  Both  the 
cornea  and  the  lens  have  different  radii  of  curvature  in 
different  planes  and  hence  their  surfaces  being  more  or 
less  elliptical  are  not  figures  of  revolution.  Besides  this 
they  are  not  well  centered.  Hence  arises  the  defect  in 
vision  known  as  astigmatism,  present,  to  a  marked  degree, 
in  many  eyes  otherwise  normal ;  a  defect  which  pre- 
vents horizontal  and  vertical  lines,  for  example,  from 
being  in  focus  at  the  same  time.  If  a  series  of  con- 
centric circles  be  looked  at  by  an  astigmatic  eye,  two 
sectors  of  indistinct  and  two  of  distinct  lines  will  be  per- 
ceived, the  direction  of  which  with  the  vertical  will 
determine  the  position  of  the  plane  of  maximum  and 
minimum  curvature.  This  defect  may  be  corrected  by 
the  use  of  lenses  with  cylindrical  surfaces. 

The  retinal  surface  upon  which  the  light  falls  rests 
upon  the  choroid  membrane  e,  which,  as  well  as  the  ex- 
ternal layer  of  the  retina  itself,  contains  dark  brown  or 
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black  pigment  cells,  as  an  absorbing  layer.  The  point  at 
which  the  optic  nerve  enters  the  eye  is  itself  insensitive  to 
light  and  is  called  the  blind  spot.  The  gap  in  the  field  of 
vision  thus  produced  is  about  6"*  in  its  angular  horizontal 
dimension  and  8°  in  its  vertical  dimension.  It  is  therefore 
large  enough  to  prevent  our  seeing  eleven  full  moons  if 
placed  side  by  side,  or  a  man's  face  at  a  distance  of  six 
or  seven  feet  (von  Helmholtz).  Just  outside  of  this  blind 
spot,  and  two  or  three  millimeters  distant  from  it,  placed 
exactly  in  the  axis  of  the  eye,  is  the  seat  of  most  distinct 
vision,  the  yellow  spot.  In  the  middle  of  this  spot  is  a 
depression,  the  fovea  centralis,  where  the  retina  is  reduced 
to  those  elements  alone  which  are  necessary  for  exact 
vision.  In  angular  diameter,  it  corresponds  in  the  field 
of  vision  to  that  subtended  by  the  finger-nail  at  arm's 
length.  The  condition  of  seeing  an  object  distinctly  is 
simply  that  its  image  shall  be  brought  to  a  focus  upon 
this  precise  spot ;  so  that  when  we  look  at  an  object,  we 
simply  so  direct  the  axis  of  the  eye  with  reference  to  it, 
that  this  result  shall  be  secured.  Consequently  the  field 
.of  direct  vision  is  exceedingly  limited,  the  surrounding 
parts  of  the  retina  being  able  to  afford  only  indirect 
vision.  This  defect  is  compensated  for  to  a  considerable 
extent  by  the  rapidity  and  precision  with  which  the  eye 
can  be  directed  to  various  parts  of  the  field  of  vision  in 
succession.  Indeed  so  perfectly  is  this  accomplished 
that  it  is  only  after  much  practice  that  we  can  avoid  look- 
ing directly  at  an  object  which  we  wish  to  see  indirectly, 
or  can  keep  the  eye  fixed  upon  a  given  point  for  any 
length  of  time. 

The  elements  of  the  retina  which,  being  the  end- 
organs  of  the  optic  nerve,  are  directly  stimulated  by  the 
luminous  disturbances  falling  upon  them,  are  the  rods 
and  cones  described  by  Schultze.  Both  consist  of  two 
portions ;  an  inner  one,  fusiform  or  spindle-shaped,  and 
an  outer  one,  cylindrical  in  the  case  of  the  rods,  slightly 
conical  in  the  cones.  In  both  the  outer  portion  is  double- 
refracting,  the  inner  single-refracting.  Both  portions 
are  longer  in  the  rods  than  in  the  cones,  so  that  the 
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former  project  beyond  the  latter.  The  average  diameter 
of  the  cones  is  from  '004  to  '006  millimeter  and  that  of 
the  rods  from  -0015  to  •0018  millimeter.  While  in  the 
retinal  surface  generally,  the  rods  are  more  numerous 
than  the  cones,  they  are  entirely  absent  in  the  yellow 
spot ;  the  cones  in  the  fovea  centralis  being  packed  very 
closely  together.  If  the  retina  has  been  kept  in  the 
dark,  it  will  be  found  to  be  of  a  purplish-red  color  ;  and 
under  the  microscope  this  color  will  be  found  limited  to 
the  outer  portions  of  the  rods.  Consequently  the  depth 
of  retinal  color  will  be  in  direct  proportion  to  the  number 
of  rods  in  any  given  portion  ;  and  hence  the  yellow  color 
of  the  central  spot  where  only  cones  exist.  This  purple 
coloring  matter,  called  by  Kuhne  yisaal  purple  or  rho- 
dopsin,  is  readily  bleached  by  light.  So  that  Kiihne  ob- 
tained optograms  of  external  objects  by  exposing  the  eye 
of  a  recently  killed  rabbit  to  a  source  of  light  such  as 
the  opening  in  a  shutter;  and  then,  after  removing  the 
exposed  eye,  hardening  the  retina  and  fixing  the  image 
with  a  solution  of  alum.  On  examining  the  surface,  a 
clear  white  image  of  the  opening  in  the  shutter  was 
visible,  upon  a  beautiful  rose-red  ground. 

425.  Time  required  for  Vision.— The  time  required 
for  the  production  of  a  visual  impression  is  dependent 
of  course  upon  the  intensity  of  the  incident  light ;  but 
is  in  any  case  very  short.  If  the  light  be  faint,  as  much 
as  half  a  second  may  be  required  ;  while  a  flash  of  light- 
ning lasting  less  than  one  millionth  of  a  second  renders 
visible  an  entire  landscape.  Langley  has  recently 
determined  the  total  energy  required  to  produce  the 
sensation  of  vision  in  different  parts  of  the  spectrum. 
He  finds  that  while  the  sensation  of  green  can  be  excited 
by  an  amount  of  energy  represented  by  one  hundred- 
millionth  (-00000001)  of  an  erg,  the  sensation  of  crimson 
requires  one  thousandth  ('001)  of  an  erg ;  or  one  hundred 
thousand  times  as  much.  In  other  words,  the  same 
amount  of  energy  may  produce  at  least  a  hundred  thou- 
sand times  the  visual  effect  in  one  color  of  the  spectrum 
that  it  does  in  another.     Moreover  it  appears  from  these 
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experiments  that  the  eye  can  perceive  lights  whose 
intensities  vary  in  the  ratio  of  one  to  one  thousand  mil- 
lion million.  The  duration  of  an  impression  once  pro- 
duced is  much  greater  than  that  of  the  time  of  action. 
Thus  for  strong  lights,  two  successive  flashes  cannot  be 
distinguished  as  separate  unless  they  follow  each  other 
at  an  interval  greater  than  from  one  thirtieth  to  one 
fiftieth  of  a  second  ;  while  for  ordinary  lights,  two  sensa- 
tions fuse  into  one  if  they  are  as  far  apart  as  even  one 
tenth  of  a  second.  This  phenomenon  is  known  as  the 
persistence  of  vision  and  is  well  seen  in  the  simple  experi- 
ment of  moving  a  luminous  point  rapidly  in  a  circle. 
Upon  this  principle  are  based  the  toys  known  as  the 
thaumatrope,  zoetrope,  and  phenakisticope,  as  well  as 
the  stroboscopic  method  of  physical  investigation. 

426.  Delicacy  of  Vision. — The  limit  upon  the  retina 
where  two  sensations  cease  to  be  distinct  and  appear  as 
one,  determines  of  course  the  distinctness  of  vision. 
Ordinarily  two  stars  whose  angular  distance  is  less  than 
sixty  seconds  appear  as  one.  Two  parallel  lines  whose 
angular  distance  is  seventy  seconds  are  indistinguishable 
as  separate  objects  by  even  the  best  eyes.  Now  since 
an  angle  of  seventy  seconds  corresponds  to  a  retinal  dis- 
tance of  '005  millimeter,  it  would  seem  that  the  minimum 
visual  area  just  given  agrees  very  closely  with  the  dis- 
tance between  the  centers  of  two  adjacent  cones.  Again, 
it  has  been  shown  that  the  smallest  difference  in  length 
which  the  eye  can  detect  between  two  lines,  for  example, 
is  not  an  absolute  quantity  but  a  ratio.  The  smallest 
difference  in  illumination  between  two  surfaces  is  about 
one  hundredth  of  the  whole.  The  minimum  difference 
between  two  objects,  one  a  centimeter  long  and  the  other 
a  trifle  less,  bears  the  same  ratio  to  the  centimeter  that 
the  smallest  detectible  difference  between  two  objects  a 
meter  long  bears  to  the  meter.  In  general,  the  law  of 
Weber  states  that  the  smallest  increase  of  sensation 
which  the  eye  can  detect,  as  the  stimulus  is  steadily  in- 
creased, remains  always  the  same,  so  long  as  the  ratio 
of  increase  to  the  total  stimulus  remains  constant 
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427.  Color-sensation. — The  sensation  of  color  de- 
pends, as  we  have  seen  (353),  entirely  upon  the  wave-fre- 
quency of  the  incident  radiation,  the  slowest  vibrations 
producing  the  sensation  of  red,  the  most  rapid  that  of 
violet.  So  that  when  complex  radiation,  containing  all 
wave-frequencies  within  the  range  of  vision,  falls  upon  the 
retina,  the  sensation  is  that  of  white  light.  But  the  eye 
has  no  power  of  analyzing  the  light  which  it  receives. 
It  cannot  distinguish,  for  example,  between  the  white 
which  is  produced  by  the  union  of  scarlet  light  with 
bluish  green,  that  which  is  composed  of  yellowish  green 
and  violet,  that  which  results  from  a  mixture  of  yellow 
and  ultramarine  blue,  or  of  red,  green,  and  violet,  or  that 
which  ig  obtained  by  mixing  together  all  the  colors  of 
the  spectrum  (von  Helmholtz).  iind  yet  a  surface  illu- 
minated simultaneously  with  scarlet  and  bluish  green, 
while  appearing  equally  white  with  another  upon  which 
yellowish  green  and  violet  fall,  would  appear  black  in  a 
photograph ;  the  second  surface  appearing  bright.  In 
the  same  way  a  mixture  of  the  wave-frequencies  known 
as  red  and  yellow  produces  the  sensation  of  orange,  not 
distinguishable  by  the  eye  from  that  of  the  spectrum. 
But  these  colors  objectively  are  entirely  diflferent  The 
spectrum  orange  is  a  separate  and  distinct  wave-fre- 
quency, incapable  of  production  from  any  other  wave- 
frequencies.  "  Each  particular  kind  of  yellow  may  be 
any  one  of  an  infinite  number  of  different  combinations 
of  homogeneous  rays  "  (Tait).  Since,  therefore,  like  sensa- 
tions  are  excited  by  quite  unlike  stimuli,  it  would  seem 
probable  that  all  sensations,  even  those  produced  by  a 
single  wave-frequency,  are  of  a  mixed  character.  The 
methods  adopted  for  studying  the  color-sensation  pro- 
duced by  a  mixture  of  colored  lights  are  three  in  number : 
The  first  and  simplest  is  that  of  von  Helmholtz,  which 
consists  in  placing  a  flat  sheet  of  glass  vertically,  one  of 
the  colors  being  on  one  side  of  it  and  the  other  upon 
the  other;  the  glass  being  so  placed  with  reference  to 
the  eye  that  the  light  from  the  further  color  shall  be 
transmitted  through  it,  while  that  from  the  nearer  color 
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shall  be  reflected  from  it,  both  along  the  line  of  vision. 
The  second  is  the  well-known  color-top  of  Maxwell ;  in 
which  pairs  of  disks  of  the  various  colors,  slit  radially 
so  that  the  angular  ratio  of  the  two  sectors  may  be 
indefinitely  varied,  are  placed  on  the  axis  of  a  heavy  top 
and  so  given  a  rapid  rotation.  The  third  method,  which 
is  also  due  to  von  Helmholtz,  was  used  by  him  for  mix 
ing  the  pure  colors  of  the  spectrum.  It  consists  in  the 
use  of  a  slit  consisting  of  two  portions  at  right  angles  to 
each  other,  each  being  inclined  45°  to  the  vertical.  The 
prismatic  spectrum  produced  by  each  half  of  such  a  slit 
is  of  course  oblique,  the  axis  of  the  prism  being  vertical. 
These  two  oblique  spectra  are  superposed,  and  in  such 
a  way  that  each  color  of  the  one,  say  the  green  for  ex- 
ample,  rests  in  some  part  of  its  length  upon  each  of  the 
colors  of  the  other  in  succession.  And  in  this  way  the 
compound  color  resulting  from  the  superposition  may 
be  studied  at  the  various  intersections. 

Since  each  color  of  the  spectrum  has  its  own  wave- 
frequency,  it  is,  as  has  been  already  stated,  a  simple 
color,  incapable  of  any  further  decomposition.  Hence 
any  attempt  to  distinguish  spectrum  colors  as  primary 
and  secondary  is  unscientific.  But  it  is  otherwise  with 
color-sensations.  It  has  been  proved  by  the  spectrum 
experiment  of  von  Helmholtz  above  mentioned,  that  the 
sensation  of  yellow  may  be  excited  by  the  simultaneous 
action  of  red  and  green  ;  and  that  of  blue  by  the  similar 
action  of  green  and  violet.  Hence  by  selecting  red,  green, 
and  violet  asprimary,all  color-sensations  may  be  produced 
from  them.  This  theory  of  color-sensation  originated 
with  Young  in  the  early  part  of  the  present  century,  but 
its  present  prominence  in  science  is  due  to  the  researches 
of  von  Helmholtz.  The  theory  supposes  that  there  are 
in  the  retina  three  kinds  of  end-organs,  one  of  which 
when  excited  produces  the  sensation  gf  red,  the  second 
the  sensation  of  green,  and  the  third  that  of  violet. 
Moreover,  the  first  set  are  excited  most  strongly  by  low 
wave-frequencies,  the  second  by  waves  of  intermediate 
frequency,  and  the  third  by  high  wave-frequency.   When 
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the  first  and  second  are  simultaneously  excited,  the  color- 
sensation  of  yellow  results ;  and  when  the  second  and 
third  are  stimulated,  blue  is  perceived. 

428.  Color-blinduess.  —  Subjective  Color*  —  Two 
striking  phenomena  are  well  explained  by  this  theory. 
One  of  these  is  color-blindness ;  the  other  is  subjective 
color.  Color-blindness  is  a  defect  of  vision  which  pre- 
vents the  subject  of  it  from  distinguishing  colors  from 
one  another.  The  most  common  form  of  it  is  red-blind- 
ness :  a  complete  inability  to  recognize  the  color  of  red. 
To  such  persons  the  scarlet  flowers  of  the  geranium,  or 
the  rich  red  fruit  of  the  cherry  or  strawberry,  are  distin- 
guishable from  the  leaves  only  by  their  form.  Scarlet, 
flesh-color,  white,  and  bluish  green  appear  to  them  iden- 
tical, differing  if  at  all  only  in  shade.  They  cannot  dis- 
criminate between  the  danger-signal  of  red  and  the 
safety-signal  of  green.  All  the  colors  visible  to  them 
are  varieties  of  blue  and  green ;  i.e.,  those  which  result 
from  mixtures  of  these  colors.  Evidently  on  the  Young- 
Helmholtz  theory,  color-blind  persons  have  eyes  deficient 
in  one  or  another  of  the  three  end-organs  above  men- 
tioned. The  end-organs  excited  by  waves  of  long  period 
are  absent  from  the  retina  of  a  red-blind  eye  ;  or  if  pres- 
ent are  inactive.  Hence  only  those  producing  the  sen- 
sations of  green  and  violet  remain  effective ;  and  the 
person  sees  all  objects  either  uncolored  or  colored  violet, 
green,  or  some  mixture  of  the  two.  Green-blindness  and 
violet-blindness  have  been  observed,  but  have  not  been 
as  completely  studied. 

Subjective  color  is  due  to  retinal  fatigue,  upon  the 
theory  under  discussion.  If  half  of  a  white  sheet  of 
paper  be  covered  with  a  black  sheet,  and  the  eye  be 
fixed  on  a  point  of  the  former  near  the  center  for  30  to  60 
seconds;  then,  on  suddenly  withdrawing  the  black  paper, 
still  keeping  the  eye  on  the  point,  the  newly  exposed 
half  of  the  sheet  appears  of  a  brilliant  white.  Here 
evidently  the  exposed  portion  of  the  retina  has  become 
fatigued  and  the  impression  upon  it  enfeebled ;  as  the 
superior  brightness  of  the  second  half  of  the  sheet  proves, 
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when  it  is  exposed  to  a  fresh  portion  of  the  retinal  sur- 
face. So  fatigue  maj  be  partial.  If  the  eye  be  fixed  for 
thirty  or  more  seconds  on  a  strongly  illuminated  red 
wafer,  and  then  views  a  sheet  of  white  paper,  a  bluish- 
green  image  of  the  wafer  will  appear.  Here  the  red  end- 
organs,  having  been  fatigued,  are  unable  to  supply  their 
share  of  the  eflfect  produced  by  white ;  and  the  unfatigued 
green  and  violet  end-organs  produce  a  predominating  ef- 
fect. These  after-images  are  cases  of  saccessive  color-con- 
trast. Again,  if  a  screen  be  illuminated  from  two  sources 
of  light  one  of  which  is  colored,  it  will  be  found  that  if 
an  opake  object  be  interposed  between  the  uncolored 
source  and  the  screen,  its  shadow  upon  the  screen  will 
have  a  color  complementary  to  that  of  the  other  source. 
This  color  is  purely  subjective,  since  it  has  no  external 
existence  but  is  produced  solely  by  the  preponderance 
of  the  action  of  the  unfatigued  over  the  fatigued  end- 
organs  of  the  retina.  This  result,  which  is  well  seen  on 
laying  a  piece  of  tissue-paper  upon  black  letters  printed 
on  a  colored  ground,  is  called  umaltaneoas  color-contrast. 
From  the  same  cause  come  the  laws  of  the  harmony  and 
contrast  of  color.  Complementary  colors  are  most  suit- 
able to  be  associated  together,  because  each  of  them 
strengthens  the  other.  A  red  fabric  appears  much 
brighter  after  a  green  one  has  been  looked  at,  but  much 
weaker  after  an  orange  one. 

Ingenious  as  this  theory  is,  it  must  be  regarded  as 
purely  provisional.  Its  basis  is  physical,  not  physio- 
logical or  anatomical.  No  such  distinction  of  end- 
elements  as  it  requires  can  be  found  in  the  retina. 
**  We  are  entirely  in  the  dark,"  says  Foster,  "concern- 
ing the  anatomical  basis  not  only  of  color-sensations 
but  also  of  vision  as  a  whole."  In  the  eyes  of  birds  and 
reptiles,  Schultze  found  retinal  cones  having  a  drop  of 
ruby-red  oil  at  the  junction  of  the  two  portions ;  others 
having  drops  of  orange-yellow  and  greenish-yellow  oil 
at  the  same  point.  It  has  also  been  observed  that  the 
bleaching  eflfect  of  light  upon  the  visual  purple  is  great- 
est for  the  greenish-yellow  rays ;  i.e.,  those  which  are 
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most  readily  absorbed  by  the  color  itself.  But  the 
visual  purple  is  absent  from  the  cones ;  those  end-organs 
which  alone  are  found  where  vision  is  most  distinct. 

429.  Visual  Perception. — Behind  the  sensation  there 
is  a  perception.     The  mind  combines  the  sensations  into 
an  idea.     The  idea  of  size,  for  example,  is  derived  from 
the  visual  angle,  or  the  angle  subtended  in  the  field  of 
vision  by  the  object     The  field  of  vision  for  a  single  eye 
is  very  large,  being  160°  laterally  and  120°  vertically. 
For  both  eyes  it  is  somewhat   more   than   two  right 
angles,  its  extent  being  increased  by  movement  of  the 
eyes  themselves  up  to  260°  in  the  horizontal  and  200*^ 
in  the  vertical  direction.     Obviously,  at  the  nodal  point 
or  the  optical  center  of  the  eye,  the  image  on  the  retina 
subtends  the  same  angle  as  the  external  object.    From 
the  actual  size  of  the  retinal  image,  therefore,  deter- 
mined by  sensation,  we  may  infer  the  angle  which  the 
object  subtends ;  Le.,  the  apparent  size.     But  this  angle 
is  a  function  not  only  of  the  real  size  but  also  of  tll^ 
distance.    All  objects  subtend  the   same  angle  if  the 
ratio  of  size  to  distance  be  constant.     In  order  to  form 
a  judgment  of  the  real  size  of  an  object,  therefore,  its 
distance  must  be  known  or  assumed.     The  perception  of 
distance  by  the  eye  is  very  imperfect,  as  is  seen  if  we 
attempt  to  thread  a  needle  with  one  eye  closed,  or  to  pass 
the  end  of  a  rod  bent  at  right  angles  through  a  ring  placed 
at  arm's  length.   Hence  our  judgments  being  at  the  mercy 
of  two  variables  are  frequently  unreliable.     The  moon, 
for  example,  appears  larger  upon  the  horizon  than  in 
the  zenith,  evidently  because  we  assume  unconsciously 
a  greater  distance  for  it  m  the  former  case.     So,  in  the 
opinion  of  different  individuals,  the  size  of  the  moon 
high  in  the  heavens  varies  from  the  size  of  a  ten-cent 
piece  to  that  of  a  cart-wheel,  according  to  the  idea  pre- 
viously formed  of  its  distance,  compared  with  that  at 
which  these  common  objects  are  generally  viewed.     And 
a  fly  moving  close  to  the  eye  may  by  an  error  of  judg- 
ment as  to  distance  be  mistaken  for  an  eagle  flying  amid 
the  clouds.     Of  two  equal  squares,  one  striped  vertically 
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and  the  other  horizontally,  the  latter  will  appear  higher 
and  the  former  broader  than  the  other.  Hence  the  effect 
of  horizontal  stripes  in  dress  is  to  increase  the  apparent 
height  of  the  individual,  and  stout  persons  avoid  longi- 
tudinal stripes  for  a  similar  reason  (Foster). 

The  perception  of  distance  is  greatly  facilitated  by 
the  use  of  two  eyes.  The  only  means  of  estimating  dis- 
tance possessed  by  a  single  eye  is  that  due  to  the  mus- 
cular sense  in  producing  the  necessary  accommodation. 
But  with  two  eyes  their  axes  are  made  to  converge  upon 
the  object,  this  convergence  being  greater  as  the  object 
is  nearer.  By  this  action  the  images  in  the  two  eyes  fall 
on  corresponding  points  in  the  retina,  and  so  we  perceive 
one  object  and  not  two.  The  muscular  effort  required 
to  produce  the  necessary  convergence  by  motion  of  the 
eyes  themselves,  is  the  basis  upon  which  our  estimate  of 
distance  rests.  And  the  judgment  founded  on  the 
muscular  sense  is  of  course  a  matter  of  education.  The 
delicacy  of  this  appreciation  of  distance  appears  in  our 
estiniation  of  solidity.  A  vertical  circle,  for  example,  is 
distinctly  seen  all  at  once  because  all  portions  of  it  are 
equally  distant.  But  a  sphere  appears  solid  because  we 
are  conscious  of  the  different  optic  convergence  required 
to  see  its  different  parts  distinctly.  The  perception  of 
solidity  is  much  assisted  by  the  reflection  of  light  from 
the  object ;  so  that  raised  surfaces  may  be  made  to 
appear  depressed,  and  vice  versa,  by  a  suitable  manage- 
ment of  the  light.  This  fact  is  fully  recognized  in  draw- 
ing, since  upon  it  the  principles  of  shading  depend. 

430.  Perception  of  Relief. — Another  important  fact 
contributing  to  the  perception  of  solidity  is  that  the  two 
retinal  images  formed  by  a  solid  body  are  different,  in 
consequence  of  the  different  positions  of  the  two  eyes 
with  reference  to  it;  these  two  different  images  being 
mentally  combined  into  one.  If  a  truncated  cone  be 
looked  at  with  the  two  eyes,  evidently  the  right  eye  will 
see  the  top  displaced  slightly  to  the  left  and  the  left  eye 
will  see  it  displaced  to  the  right  as  in  the  diagrams  (Fig. 
192)  given  below.     Conversely-,  if  two  circles  be  drawn 
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excentrically  as  above,  and  so  screened  by  the  finger,  for 
example,  that  the  right-hand  figure  C  is  seen  only  by  the 
right  eye  and  the  left-hand  figure  A  only  by  the  left  eye, 
then  on  opening  both  eyes  the  two  figures  will  combine 
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to  produce  the  central  symmetrical  figure  B  but  in  which 
the  central  circle  will  appear  raised  above  the  plane  of 
the  outer  one  ;  i.e.,  the  appearance  of  the  truncated  cone 
will  be  reproduced.  Conversely,  if  the  outer  figures  be 
exchanged  so  that  the  right  eye  sees  the  central  circle 
displaced  to  the  right  and  the  left  eye  sees  it  displaced 
to  the  left,  the  combined  image  instead  of  being  one  of 
relief  will  be  one  of  depression. 

431.  Beflectingr  and  Refracting:  Stereoscopes* — 
This  is  the  principle  of  the  stereoscope,  which  is  an 
instrument  by  means  of  which  two  slightly  different  pic- 


tares  of  an  object  may  be  combined  so  as  to  produce  the 
effect  of  solidity  or  relief.  In  the  reflecting  stereoscope, 
the  original  form  devised  by  Wheatstone  (Fig.  193),  two 
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plane  mirrors  Im  aud  mn  inclined  90°  to  each  other  are 
used  to  effect  the  combination,  as  shown  in  the  diagram, 
in  which  ab  and  a'i'  are  the  two  objects,  combined  by 
reflection  into  a  single  image  AB. 
In  the  refracting  stereoscope,  sub- 
sequently devised  by  Brewster  (Fig. 
194),  the  images  are  combined  by 
means  of  two  prisms  with  curved  sur- 
faces  m  and  n  placed  as  shown  in 
the  diagram ;  a  partition  cd  being 
so  placed  as  to  prevent  either  eye 
from  seeing  the  object  intended  for 
the  other.  The  pictures  used  in  the 
stereoscope  may  be  drawings,  the 
two  differing  simply  in  the  point  of 
sight;  or  photographs,  taken  gen- 
erally with  a  double  camera,  the  dis- 
tance between  the  lenses  being  equal 
to  that  between  the  eyes.  Of  course 
since  the  relief  is  greater  as  this  distance  is  made  greater, 
it  may  be  exaggerated  indefinitely.  In  Wheatstone*s 
pseudoscope,  the  ordinary  visual  relations  between  the 
near  and  the  distant  parts  of  an  object  are  reversed, 
that  part  of  the  object  which  is  nearest  the  eye  being 
made  to  produce  a  diminished  convergence  of  the  optic 
axis.  In  consequence  the  form  of  the  object  is  in- 
verted, so  that  a  convex  figure  becomes  a  concave  one, 
an  impression  of  a  seal  resembles  the  seal  itself,  a  bust 
seen  in  front  appears  as  a  hollow  mask.  Two  printed 
pages,  if  exactly  alike,  appear  flat  in  the  stereoscope. 
But  if  in  one  there  is  a  displacement  of  a  type  or  a  mark 
of  any  sort,  not  found  in  the  other,  that  defect  is  made 
to  stand  out  in  bold  relief.  Dove  applied  this  fact  to 
the  detection  of  alterations  in  bank-notes. 

The  subject  of  vision,  however,  belongs  rather  to  the 
departments  of  Physiological  and  Psychological  Optics, 
i.e.,  to  Psycho-physics,  than  to  pure  Physics.  We  have  at- 
tempted to  give,  therefore,  only  a  rapid  sketch  of  the  sub- 
ject so  far  as  concerns  the  department  of  Physics  proper. 
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F. — INTERFERENCE  AND  DIPFRACmON. 

432.  Interference  of  Radiation. — The  general  phe- 
nomena of  wave-interference  have  already  been  dis- 
cussed. Whenever  two  waves  of  the  same  period  are 
compounded,  the  amplitude  of  the  resultant  wave  is 
always  the  algebraic  sum  of  the  component  amplitudes 
(66).  Interference  phenomena  in  the  case  of  radiation 
were  first  observed  by  Young  in  1801.  Allowing  sun- 
light to  enter  a  dark  room  through  a  small  opening 
in  the  window-shutter,  he  caused  it  to  fall  on  two 
small  holes  pierced  in  a  screen  placed  just  behind  this 
shutter.  The  light  from  these  openings  was  received 
upon  a  second  screen  at  some  distance,  and  it  was 
observed  that  where  the  two  luminous  cones  overlapped 
there  appeared  a  series  of  bands,  light  and  dark  alter- 
nately, which  disappeared  when  one  of  the  two  holes  was 
closed.     This  result  Young  attributed  to  interference. 

Grimaldi,  however,  had  observed  as  early  as  1665 
that  the  actual  shadow  of  a  small  opake  object  placed 
in  the  cone  of  sunlight  which  came  through  a  small  hole 
in  the  shutter  was  much  larger  than  that  given  by  geo- 
metrical construction,  based  on  the  law  of  the  rectilinear 
propagation  of  radiation.  This  result  he  attributed  to  a 
deviation  of  the  rays  whenever  they  passed  near  the 
edge  of  an  opake  body ;  and  to  this  action  he  gave 
the  name  of  diffiraction.  He  also  observed  that  this 
shadow  was  surrounded  with  three  fringes  of  color. 
These  phenomena  were  further  studied  by  Newton, 
who  explained  them  by  assuming  that  this  inflection 
of  the  rays  of  light  in  passing  by  the  edges  of  opake 
bodies  was  in  consequence  of  the  attractive  and  re- 
pulsive forces  exerted  by  the  molecules  of  matter  upon 
those  of  light  before  the  two  came  into  actual  contact. 
The  experiment  of  Young  was  therefore  objected  to  by 
the  Newtonians  as  inconclusive,  since,  inasmuch  as  the 
rays  passed  by  the  edges  of  the  apertures,  the  result 
might  be   due,  not  to   interference  but  to  diffraction. 
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Fresnel,  in  consequence,  devised  two  methods  of  per- 
forming Young's  experiment,  the  results  of  which  were 
entirely  free  from  diffraction  phenomena.  In  the  first 
method,  two  plane  mirrors  of  black  glass  were  em- 
ployed, hinged  and  fixed  at  a  large  angle,  nearly  180°. 
In  the  second,  a  bi-prism  was  used,  the  refracting  angle 
of  which  was  very  large,  differing  but  little  from  180°. 

433.  Fresners  Interference  Methods. — The  condi- 
tion to  be  attained  is  simple.  Two  beams  of  light  from 
the  same  source  must  be  made  to  intersect  at  a  small 
angle.  Since  this  cannot  be  done  directly,  it  must  be 
effected  indirectly ;  Le.,  by  reflection  or  refraction.  If  a 
source  of  light  be  placed  between  two  inclined  mirrors, 
a  virtual  image  of  it  will  be  formed  in  each,  the  distance 
between  these  two  images  being  less  as  the  angle  be- 
tween the  mirrors  is  greater  (381).  Thus  rays  from  a 
source  of  light  at  A  (Fig.  195)  will  be  reflected  from  the 
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plane  mirrors  mO,m'0  to  the  point  5,  with  precisely  the 
same  effect  as  if  these  rays  actually  came  from  the  two 
points  a  and  a\  the  virtual  images  of  the  luminous  point 
A.     So,  rays  from   A  (Fig.  196)  on  one  side  of  the 
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Fig.  196. 


bi-prism  pOp'  will  be  refracted  to  B  upon  the  other 
side  of  the  prism,  the  result  being  the  same  as  if  these 
rays  came  from  the  points  a  and  a'.  Since  the  rays  in 
both  cases  come   from  a  single  source  A,  they  start  in 
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the  same  phase ;  and  if  the  length  of  path  pursued  is  the 
same  for  both,  they  will  reach  the  middle  point  C  of  the 
screen  in  the  same  phase.  Hence  the  two  rays  reinforce 
each  other  at  this  point,  the  amplitude  of  the  disturb- 
ance here  is  doubled,  and  the  intensity  is  quadrupled. 
If,  however,  the  length  of  path  is  longer  for  one  ray  than 
for  the  other  by  half  a  wave-length,  as  is  the  case  at  the 
point  jB,  they  reach  this  point  B  in  opposite  phases,  and 
therefore  mutually  destroy  each  other. 

Analytically,  if  r  represent  the  amplitude  of  one  of 
the  periodic  disturbances  and  r'  that  of  the  other,  the 
difference  of  phase  being  0,  the  resulting  amplitude  is 
given  by  the  expression  jB*  =  r'  +  r"  +  2rr'  cos  0  (60V 
If  both  components  are  in  the  same  phase,  0  =  0  and 
/?  =  (r'  +  2rr'  +  ^'*)*  =  r  +  ^' ;  if  in  opposite  phases, 
0  =  ;r,  and  ^  =  {f  —  2rr'  +  r'')*  =  r  --  r\  If  they 
have  the  same  amplitude,  r  =•  r'  \  whence  i2  =  2r  in  the 
first  case,  and  ^  =  0  in  the  second,  as  above. 

The  source  of  light  in  these  experiments  may  be 
either  a  narrow  slit  illuminated  with  sunlight,  or  the 
linear  focus  of  a  cylindrical  lens,  placed  symmetrically 
in  the  case  of  the  bi-prism,  but  slightly  to  one  side,  in 
that  of  the  mirrors.  When  the  proper  adjustments. are 
secured,  a  series  of  symmetrical  colored  bands  or  fringes 
is  seen  on  the  screen,  these  fringes  being  parallel  to  the 
line  joining  the  refracting  or  reflecting  surfaces.  If  the 
radiation  be  homogeneous,  these  bands  are  alternately 
light  and  dark.  If  white  light  be  used,  each  fringe  con- 
sists of  the  colors  of  the  spectrum  in  regular  order.  On 
examining  the  bands  produced  by  different  colors,  it 
will  be  seen  that  those  given  by  red  light  are  the 
broadest,  those  given  by  violet  light  the  narrowest; 
those  of  the  intermediate  wave-frequencies  being  of 
intermediate  width.  Moreover,  the  central  band  is 
bright ;  and  hence  the  distance  from  the  middle  of  this 
band  to  the  next  bright  or  dark  band  outside  of  it  becomes 
smaller  as  the  wave-frequency  increases.  The  fringes 
seen  in  the  case  of  white  light  are  therefore  true  spectra 
produced  by  interference,  the  colors  being  arranged  from 
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the  center  outward  in  the  inverse  order  of  their  wave- 
frequencies,  violet,  blue,  green,  yellow,  orange,  and  red. 
These   results  are   readily  explained.     If  a  and  a' 
(Fig.  197)  be  the  sources  of  light,  the  central  point  B  on 


Fig.  197. 

the  screen  will  be  illuminated  by  two  beams  in  the  same 
phase  and  therefore  will  appear  bright.  If  another 
point  6  on  the  screen  be  taken,  at  such  a  distance  from 
B  that  the  path  ah  of  the  ray  from  a  is  half  a  wave- 
length shorter  than  a'J,  the  path  from  a\  then  it  is  evi- 
dent that  the  two  waves  will  reach  b  in  opposite  phases 
and  their  resultant  will  be  zero  ;  i.e.,  the  point  h  will  be 
dark.  So  if  ac  be  longer  by  an  entire  wave-length  than 
a'Cy  the  point  c  will  be  bright;  and  if  ad  exceed  a'd  by  a 
wave-length  and  a  half,  d  will  be  dark.     Corresponding 


M 

'iHil 

^mf 

»l 

Fio.  198. 


points  are  of  course  found  on  the  opposite  side  of  -B,  6' 
and  d'  being  dark  and  c'  bright.  If  a  and  a'  be  sections 
of  the  slit  placed  perpendicular  to  the  plane  of  the 
paper.  By  6,  c,  d,  h\  c\  d'  represent  sections  of  the  paral- 
lel fringes.  It  is  clear  that  the  distance  Bb  or  Bb'  from 
the  middle  of  the  central  fringe  to  the  middle  of  the  first 
dark  band  is  a  function  of  the  wave-length ;  since  to 
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produce  the  required  difference  of  path,  it  will  not  be 
necessary  to  go  as  far  to  the  right  or  to  the  left  of  B  for  a 
short  wave  as  for  a  long  one.  Hence  therefore  (Fig. 
198)  the  bands  are  closer  together  the  less  the  wave- 
length of  the  light. 

434,  Measurement  of  Wave-lengrth. — From  the  data 
given  by  this  experiment,  the  wave-length  of  a  given  ra- 
diation may  be  readily  calculated.     If  V  (Fig.  199)  be 


Fio.  109. 

the  position  of  the  first  dark  band  in  homogeneous 
light,  we  have  oJ'  —  a'V  =  ^A..  But  since  a'6'  is 
parallel  to  OB,  ab'  =  VBO^  +  {Oa  +  BbJ  and  a'V  = 
%rBO'  +  {Oa'  ~  BbJ ;  or  calUng  d  the  distance  BO  of 
the  screen  from  the  line  joining  the  luminous  points, 
8  the  distance  BV  to  the  center  of  the  first  dark  fringe,  and 
2Z  the  distance  aa'  between  the  images,  and  remembering 
that  8  and  21  are  both  very  small  compared  with  d,  we 
have  i\  =  ofc'  -  a'V  =  (d*  +  (Z  +  «)')*  -  (d'  +  (?  -  «)')* ; 

which  becomes  ^A.  =  ^  ^  ,- —  and  reduces  to 

X  =  4fe/d.  Hence  by  measuring  d,  the  distance  to  the 
screen,  2Z,  the  distance  between  the  images,  and  «,  that  to 
the  first  dark  fringe,  we  may  obtain  the  wave-length. 
Since  l/d  =  tan  iaBa'  =  tan  ^a,  we  may  represent 
tan  aBa'  by  2l/d  approximately.  Hence  \  =  28tskna. 
The  distance  8  may  be  measured  accurately  by  means  of 
a  micrometer  eye-piece  in  the  focal  plane  of  which  the 
fringes  are  formed.  Fresnel  made  a  small  hole  in  the 
screen  at  B  and  received  the  images  after  crossing,  on  a 
second  screen,  at  a  distance  d'.     Measuring  the  distance 
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21  between  the  images,  the  value  tan  a  =  %' /d\  From 
the  above  equation  \  =  4b/d,  we  obtain  8  =  dX/U  = 
A./2  tan  a  ;  in  other  words,  the  breadth  of  the  bands  in- 
creases with  the  wave-length  and  with  the  distance  of  the 
screen ;  and  decreases  as  the  luminous  sources  are 
separated ;  i.e.,  as  the  angle  between  the  mirrors  is  in- 
creased. If  the  dark  band  measured  be  not  the  first  one^ 
but  the  nth,  counting  from  the  center,  the  above  formulas 
become  n\  =  4fe/d  =  2s  tan  a ;  whence  \  =  ils/nd  or 
28n~H&,n  a. 

435.  Interference  produced  by  Thin  Plates. — The 
colors  produced  by  thin  layers  of  transparent  substances 
are  due  to  interference.  The  iridescence  of  Cyprus 
glass,  of  thin  layers  of  oil  upon  water,  and  of  the  soap- 
bubble  are  familiar  examples.  If  two  clean  pieces  of 
plate-glass  a  few  centimeters  in  area  be  strongly  pressed 
together,  bands  of  color  will  appear  between  them  due 
to  interference  in  the  air-film  separating  their  surfaces. 
The  rays  reflected  from  the  lower  surface  of  the  upper 
glass  meet  those  reflected  from  the  upper  surface  of  the 
lower  glass  ;  and  since  the  path  of  the  latter  is  the  longer, 
they  are  in  the  condition  of  complete  interference  when 
as  before  this  difference  of  path  is  half  a  wave-length  for 
the  incident  light     Let  I V  and  uu'  (Fig.  200)  be  these 

lower   and   upper   surfaces,   re- 
^^^^=5^^^^^      spectively.     The  ray  ao  incident 
"^^^^  ~^"^'^^~~'^*^^^      on  the  surface  IV  is  partly  re- 
flected at  0  to  a'  and  partly  re- 
fracted top.    At  p  it  is  partly 
reflected  from  the  surface  uu\  so 
as  to  be  incident  on  the  surface 
I V  at  o\  and  is  thence  partly  re- 
fracted  to  a".      Evidently  this 
second  portion  has  pursued    & 
longer  path  than  the  first     The 
Fig.  200.  problem  is  to  determine  the  dis- 

tance between  the  plates  required  to  produce  complete 
interference  for  a  given  wave-length.  The  angle  oo'n'  is 
equal  to  the   angle  of  incidence,  since  their  sides  are 
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perpendicular;  and  the  angle  o'on  is  equal  to  the  angle 
of  refraction.  Hence  on'  and  no\  being  proportional  to 
the  sines  of  these  angles,  represent  the  ratio  of  the  spaces 
traversed  in  the  two  media  in  the  same  time.  The  one 
ray  is  therefore  behind  the  other  by  the  distance  op  + 
pn.  Produce  the  refracted  ray  o'p  to  meet  at  c,  a  per- 
pendicular let  fall  from  o.  Since  ep  =•  op^  op'\-pn  =€n; 
and  en  =  oe  cos  oen.  If  we  call  d  the  difference  of  path, 
t  the  thickness  pm  of  the  film,  and  0  the  angle  of  inci- 
dence on  the  second  surface  (which  is  also  the  angle  of 
refraction  at  the  first),  this  expression  becomes  6  = 
2t  cos  0.  For  complete  interference  this  difference  of 
phase  must  be  a  multiple  of  half  a  wave-length  ;  i.e., 
6  =  n.^X ;  where  n  is  any  whole  number.  From  these 
two  values  of  d  we  get  t  =  ^nXsec  (p.  Hence  at  normal 
incidence  the  thinnest  interference-film  is  ^J-  the  wave- 
length. If  n  is  even,  however,  the  waves  will  meet  in  the 
same  phase ;  if  odd,  in  opposite  phases,  according  to 
this  formula.  But  in  fact  the  act  of  reflection  changes 
the  phase  by  half  a  period,  as  will  be  shown  later  (437). 
Hence  for  thicknesses  1,  3,  5,  7,  etc.,  there  will  be  bright 
bands,  and  for  thicknesses  2,  4,  6,  8,  etc.,  dark  ones. 
Moreover,  the  thickness  evidently  increases  with  the 
wave-length  of  the  incident  light ;  a  soap-bubble  giving 
a  red  color  being  thicker  than  one  which  gives  a  blue. 
Again,  the  thickness  being  proportional  to  A.,  which  in  the 
substance  of  the  film  varies  as  the  speed  of  light,  is  in- 
versely as  the  relative  index  between  the  two  media. 
Lastly,  the  thickness  of  the  film  required  is  directly  as 
the  secant  of  the  angle  of  incidence  upon  the  second  sur- 
face, and  therefore  increases  as  the  angle  of  incidence 
itself  increases. 

436.  Newton's  Rin^. — In  order  to  study  this  class 
of  interference  phenomena  more  precisely,  Newton  pro- 
duced them  by  placing  a  convex  lens  of  very  long  radius 
upon  a  plane  glass  surface.  At  the  center  where  the  air- 
layer  is  thinnest,  a  circular  spot  appears  nearly  uniform 
in  color.  This  is  surrounded  by  colored  rings  or  fringes 
due  to  the  uniformity  of  thickness  of  the  air-layer  at  the 
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same  distance  in  all  directions;  the  different  rings  of 
course  corresponding  to  different  thicknesses.  If  the 
pressure  be  increased  the  circles  all  dilate,  new  ones 
appearing  in  the  center,  of  colors  denoting  increased 
wave-frequency,  until  the  central  spot  is  black.  With 
homogeneous  radiation,  the  rings  are  alternately  bright 
and  dark  and  are  very  numerous ;  several  thousand  hav- 
ing been  counted  with  sodium  light.  They  are  larger 
with  red  than  with  blue  light,  and  hence  when  seen  in 
white  light  they  show  the  colors  of  the  spectrum,  in  the 
inverse  order  of  wave-frequency.  They  are  known  as 
Newton's  rings.  Calling  r  the  radius  of  a  given  ring 
(Fig.  201),  t  the  thickness  of  the  air-layer  at  that  point. 


Fio.  201. 

and  R  the  radius  of  the  lens,  we  have  t  :  r  \:r  \  2fi  —  t ; 
whence  r*  =  2Rt  —  t\  As  t  is  so  small  a  quantity,  its 
square  may  be  neglected  and  we  have  t  =  r*/2R ;  or  the 
thickness  of  any  ring  varies  as  the  square  of  its  radius. 
Newton  measured  these  diameters  very  accurately  and 
observed  that  their  squares  and  hence  the  thicknesses 
were  in  arithmetical  progression  ;  those  of  the  bright 
rings  being  as  the  odd  numbers  1,  3,  5,  7,  etc.,  and  those 
of  the  dark  rings  as  the  even  numbers  2,  4,  6,  8,  10,  etc. 
Moreover,  he  determined  the  absolute  thickness  of  the 
fifth  dark  ring  by  measuring  its  diameter  with  great  care, 
using  the  above  formula ;  and  he  found  it  to  be  '00143 
millimeter.  The  first  dark  ring  measured  of  course  one 
fifth  of  this  ;  or  '000286  millimeter.  Consequently,  since 
X  =  2t  cos  0,  we  have  for  the  wave-length  of  the  light 
extinguished  in  this  ring,  the  incident  angle  being  about 
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4%  2  X  -000286  X  '9976  =  -00057  miUimeter ;  correspond- 
ing  to  yellowisb-greeu  light 

437.  Change  of  Phase  In  Reflection. — It  will  be 
observed  that  the  theory  above  given  requires  the  rings 
to  be  bright  when  the  thickness  is  an  even  multiple  of 
the  wave-length  and  dark  when  it  is  an  odd  multiple ; 
whereas,  as  just  stated,  the  fact  is  exactly  the  reverse. 
This  is  due  to  the  special  conditions  of  the  experiment 
In  both  the  cases  above  given  one  of  the  reflections  takes 
place  at  the  surface  of  a  rarer  and  the  other  at  the  sur- 
face of  a  denser  medium.  But  Young  showed  that  when 
the  film  between  the  glass  surfaces  has  an  index  inter- 
mediate between  the  indices  of  the  two  glasses,  as  when 
oil  of  sassafras  is  placed  between  a  lens  of  crown  and 
one  of  flint  glass,  so  that  both  reflections  take  place  at 
the  surface  of  a  denser  medium,  the  central  spot  is  white 
and  the  rings  whose  thickness  is  an  even  multiple  of  the 
wave-length  are  bright,  as  the  theory  requires.  The 
same  is  true  if  both  reflections  take  place  at  the  surface 
of  a  rarer  medium.  It  would  appear,  consequently,  that 
when  reflection  takes  place  from  the  surface  of  a  rarer 
medium,  the  direction  of  motion  of  the  aether-particles 
at  the  point  of  incidence  is  reversed ;  the  consequence 
of  which  is  that  the  wave  leaves  the  surface  reversed  in 
position,  producing  the  same  result  as  if  there  had  been 
a  gain  or  loss  of  half  a  wave-length  (65).  There  is  ob- 
viously under  these  circumstances  destruction  where 
there  should  be  reinforcement  of  light  Babinet  pro- 
duced interference  by  reflection  from  a  silvered  and  an 
nnsilvered  surface  which  showed  the  same  result. 

438.  Diffraction. — Diffraction  is  an  interference  phe- 
nomenon produced  whenever  radiation  passes  close  to 
the  edges  of  an  opake  screen.  Newton  had  rejected  the 
wave-theory  of  light  on  the  ground  that  were  it  true, 
there  should  be  a  bending  of  the  light-rays  round  the  edges 
of  obstacles,  precisely  as  in  the  case  of  sound ;  so  thai 
a  luminous  point  could  be  seen  even  if  an  opake  object 
were  placed  between  it  and  the  eye,  and  shadows  would 
not  be  possible.     Were  light  a  wave-motion  like  sound, 
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he  argued,  it  would  not  travel  in  straight  lines  as  we 
know  it  to  do.  The  syllogism  is  legitimate,  but  the 
minor  premise  is  untrue.  The  phenomena  are  identical 
in  the  two  cases,  provided  the  scale  of  the  experiment  is 
the  same.  An  obstacle  produces  a  light  shadow  ordina- 
rily, simply  because  its  size  is  enormous  compared  with 
the  length  of  a  light-wave.  In  proof  of  tbis,  Bayleigh 
has  produced  sharply-defined  sound-shadows,  even  by 
objects  as  small  as  the  hand,  by  using  sound-waves  only 
1*2  centimeters  in  length.  And  with  an  aperture  of  14 
centimeters  or  a  disk  of  36  centimeters  in  diameter  the 
phenomena  of  sound  diffraction  were  satisfactorily  ob- 
tained. Here  the  obstacle  was  about  thirty  wave-lengths 
in  its  diameter.  If  a  sound-wave  1*3  meters  long,  like 
that  of  the  middle  C,  had  been  employed,  the  obstacle 
must  have  been  nearly  forty  meters  in  diameter,  to  pro- 
duce the  same  effect ;  while  if  a  light-wave  '00059  millim- 
eter be  used,  the  diameter  of  the  obstacle  need  be  only 
•0177  millimeter.  Moreover,  ordinary  experience  teaches 
us  that  sound-shadows  are  well  recognized  phenomena 
in  nature,  where  the  obstacles  are  of  large  size  compared 
with  the  sound-waves  (229). 

So,  conversely,  if  homogeneous  light  be  caused  to 
impinge  upon  an  obstacle  of  small  size  compared  with 
its  wave-length,  such  as  a  hair,  or  be  made  to  traverse  a 
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minute  opening,  such  as  a  pin-hole,  then  the  light  is 
found  not  to  travel  in  straight  lines,  apparently,  but  to 
bend  round  the  edges  into  the  geometrical  shadow ;  i.e., 
the  light  is  diffracted.     The  phenomena  of  diffraction  in 
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their  simplest  form  are  obtained  when  the  light  passes 
by  a  single  edge.  The  upper  edge  of  the  metal  plate 
pp'  (Fig.  202)  is  so  placed  as  to  be  grazed  by  the  ray  OA 
from  the  luminous  point  0  to  the  screen  BC.  The  light 
should  be  homogeneous  and  the  source  very  small ; 
either  a  pin-hole,  or  better,  the  bright  point  which  con- 
stitutes the  focus  of  a  small  convex  lens  of  short  radius. 
It  will  be  observed  that  at  the  point  A  which  limits  the 
geometrical  shadow,  there  is  not  an  abrupt  transition 
from  light  to  shade  as  rectilinear  propagation  would 
require ;  but  on  the  contrary  there  is  a  gradual  diminu- 
tion of  the  light  from  A  toward  B  extending  over  a 
sensible  distance.  On  the  other  side  of  A,  however,  at 
the  points  a,  i,  c,  a  series  of  alternate  bright  and  dark 
bands  appear,  whose  width  depends  upon  the  wave- 
length of  the  light  employed,  being  greatest  for  red  and 
least  for  violet.  These  are  called  external  fringes ;  sim- 
ilar ones  within  the  shadow  as  at  d  being  called  internal 
fringes.  If  the  light  pass  by  two  edges,  as  when  a  fine 
wire  or  a  hair  is  held  in  the  path  of  the  beam,  then  we 
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have  the  external  fringes  on  both  sides  (Fig.  203)  between 
A  and  D  and  between  B  and  (7,  and  also  a  series  of 
internal  fringes  much  less  in  width  as  at  a  between  A 
and  B. 

If  the  two  edges  be  those  of  an  aperture,  the  appear- 
ances are  still  further  modified  (Fig.  204).  Not  only  is 
the  width  of  the  geometrical  shadow  AB  increased,  but 
this  entire  space  is  filled  with  bands  alternately  bright 
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and  dark  as  at  a,  the  width  of  which  increases  with  the 
waye-length  of  the  incident  light.    At  the  same  time» 
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external  fringes  are  formed  as  at  d.     The  appearance 
of  these  fringes  is  shown  in  Figure  205.     In  the  right- 
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hand  figure  the  diffraction  is  produced  by  a  single  edge 
and  the  fringes  are  external.  In  the  left-hand  figure 
a  wire  produces  the  diffraction  and  the  fringes  are  in- 
ternal. The  apparatus  used  in  observing  these  phenom- 
ena is  called  an  optical  bench.  It  consists  of  a  pair  of 
horizontal  rails,  upon  which  slide  three  stands,  the  first 
of  which  carries  the  short-focus  lens,  the  second  the  dif- 
fraction-screens, such  as  are  shown  in  the  figure,  and  the 
third  supports  the  micrometer  eye-piece. 

The  explanation  of  these  appearances  we  owe  to 
Fresnel  and  to  Schwerd,  who  proved  them  to  be  due  to 
the  interference  of  secondary  waves  produced  at  the 
edges  of  the  obstacle,  either  with  the  primary  wave  or  with 
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each  other,  as  may  be  seen  in  the  diagram  (Fig.  206), 
where  0  is  the  luminous  point,  AB  the  obstacle,  and  ob 
the  screen.  The  interior  fringes  are  seen  to  be  the  result 
of  the  interference  of  the  two  sets  of  secondary  waves 


Fio.  206. 


produced  at  the  edges  of  AB.    In  the  same  way  the  ex- 
terior fringes  result  from  interference  between  the  pri- 
mary waves  from  the  point  0  and  these  secondary  waves. 
The  character  and  position  of  these  fringes  may  be 


readily  deduced  upon  the  wave-theory.  Every  disturb- 
ance at  a  point  in  the  aether  is  the  resultant  of  all  the 
disturbances  which  reach  simultaneously  the  given  point 
If  we  suppose  a  spherical  wave  ab  moving  outward  from 
a  radiant  point  0,  for  example  (Fig.  207),  the  effect  at  A 
will  be  not  only  the  direct  result  of  the  original  disturb- 
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ance  at  0,  but  also  the  indirect  result  of  all  the  smaller 
disturbances  which  constitute  the  wave-front  ab.  Com- 
mon experience  teaches  us  apparently  that  an  obstacle 
placed  at  P  will  entirely  prevent  the  eye  at  A  from  see- 
ing the  luminous  point  0,  But  this  is  a  question  simply 
of  the  size  of  the  obstacle,  as  compared  with  the  radiation- 
wave.  If  it  be  sufficiently  minute,  the  radiation  will 
bend  round  it  in  the  same  way  that  sound  does  round 
obstacles  of  ordinary  size.  To  study  the  effect  at  A 
(Fig.  208)  of  the  disturbances  constituting  the  wave-front, 
let  this  front  be  divided  into  elements  Pa^  ab,  be,  etc., 
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such  that  the  distances  of  each  from  A  shall  successively 
increase  by  half  a  wave-length ;  i.e.,  that  Aa  —  AP  =  JA., 
Ab  —  Aa  =  iA,  etc.  Evidently  the  disturbance  at  A 
caused  by  the  element  Pa  or  Pa'  will  be  opposite  in  its 
effect  to  that  produced  by  the  element  ab  or  a'6',  since 
the  disturbances  will  reach  the  point  A  in  opposite 
phases  (366).  And  hence,  since  the  disturbance  which 
any  element  produces  at  A  is  proportional  jointly  to  the 
size  of  the  element  and  to  its  angle  of  emission,  it  is  clear 
that  the  effect  at  A  of  these  elements  as  we  go  farther 
from  P  will  ultimately  be  zero ;  leaving  only  the  elements 
near  P  active  in  illuminating  the  point  A.  Since  the 
waves  are  so  minute,  the  distance  about  P,  which  alone 
contributes  to  the  effect  at  ^,  is  very  small;  so  that 
practically  no  effect  is  produced  there  except  along 
the  bright  line  OA ;  i.e.,  the  light  is  rectilinearly  propa- 
gated (374). 
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439.  Diffraction  through  a  Slit. — Suppose  now  we 
allow  sunlight  to  pass  through  a  narrow  slit  ab  (Fig.  209) 
and  then  to  fall  upon  a  screen 
SS'  at  some  distance.  As  we 
have  noted  above,  a  series  of 
bright  and  dark  bands  will  be 
seen,  parallel  to  the  edges  of  the 
slit  and  having  a  bright  central 
image.  Evidently  at  some  point 
i  the  distance  traveled  by  the 
radiation  from  a  will  be  half  a 
wave-length  longer  than  that  from 
h ;  so  that  at  this  point  these  two 
marginal  radiations  will  interfere 
in  opposite  phases  and  will  de- 
stroy each  other.  If  the  per- 
pendicular he  be  let  fall  on  a<,  the 
angles  at  c  and  «  are  right  angles 
and  the  angle  abc  may  be  con- 
sidered equal  to  the  angle  8ri, 
Hence  the  triangle  dbc  is  approx- 
imately similar  to  irs  and  ahidc:: 
tr  :  ts;  whence  ac  =  {ab  X  ts)/tr ; 
or,  since  tr  differs  only  slightly 
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from  rSf  oc  or  ^A.  = 


width  of  slit  X  distance  of  1st  band. 


distance  of  screen 
Or  if,  with  ^  as  a  center  and  radius  tb^  the  arc  be  be  drawn, 
the  angle  at  c  will  be  a  right  angle  and  ac  =  ab  sin  ahc ; 
or  calling  ac  =  ^A,  ab  =  a,  and  ahc  or  its  equal  srt  = 
6f  iX  =  a  sin  d.  This  result  appears  at  first  to  resemble 
that  of  simple  interference  already  discussed.  It  differs, 
however,  in  this  regard,  that  while  there  are  only  the  two 
outer  rays  to  interfere  in  the  former  case,  in  the  latter 
not  only  the  marginal  waves  but  all  the  waves  entering 
through  the  slit  ab  contribute  to  the  result.  So  that  in 
fact  experiment  shows  that  the  difference  of  path  must 
be  an  entire  wave-length  in  order  that  complete  inter- 
ference may  take  place  at  t  and  a  dark  band  be  produced 
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there.     Consequently  if  i  represents  the  first  dark  band^ 
the  distance  ac  represents  A. 

440.  Intensity  of  Diff^-acted  Li^ht. — The  intensity 
of  diffracted  light  at  any  point  may  be  easily  calculated 
^^Miiller).  If  the  amplitude  of  two  interfering  waves  be 
a  and  6,  the  amplitude  of  the  resultant  (36)  will  be  -4  = 
Va  +  6'  +  2a6  cos  2nx/k\  which  reduces  to  -4  = 
a  V2-{-2  cos  27rx/X  when  b  and  a  are  equal,  and  to  -4  = 
aV2-{-2  cos  /^  if  /She  taken  to  represent  2nx/\.  Sup- 
pose  the  width  of  the  slit  to  be  divided  into  sixteen  equal 
parts,  each  representing  an  element  of  the  incident  wave. 
If  the  difference  of  path  for  the  extreme  rays  be  assumed 
equal  to  half  a  wave-length,  the  difference  for  each  ele- 
ment will  be  A/(2  X 16).  Hence  x/\  =  ^  and  2;ra?/A,  or  /?, 
=  27r/32  =  I8O732  =  ir  15'.  Consequently  we  have 
A  =  aV2  +  2coH  (11°  15')  =  a  V3-962  as  the  amplitude 
produced  by  two  neighboring  elements.  The  ampli- 
tude  B,  produced  by  two  such  pairs  of  elements,  = 
A  V^2  +  2  cos  2"2°  307 since  now  /?  =  27r/16 ;  the  value  of 
which  is  A  4/3*848.  That  produced  by  the  action  of 
eight  elements,  0=  B  1^2  +  2  cos  45°  =  B  |/3414 ;  and 
that  by  the  action  of  the  entire  16  or  2?  =  C  i/2^^2  cos  90^ 
=  CV2.  Substituting  in  this  the  successive  values  of  C, 
B,  and  A  given  above  we  have  />  =  a  i/3^2.3-848.3-414.2. 
But  the  light-intensity  varies  as  the  square  of  the  ampli- 
tude ;  and  hence  we  have  /,  =  jD'  =  104-la'  as  the  light- 
intensity  at  the  point  i  (Fig.  209).  At  the  point «,  however,, 
the  amplitude  produced  by  the  sixteen  wave-elements  i» 
16a  and  the  light-intensity  (16a)'  or  256a'.  Calling  this 
/  we  have  /,:/::  104-la'  :  256a' ;  whence  /,  =  0-406/. 
In  other  words,  at  the  point  of  the  screen  where  the 
difference  of  path  of  the  extreme  lateral  rays  is  half  & 
wave-length,  the  light-intensity  is  0*406  of  that  found  in 
the  central  image.  If  however  the  radiant  beam  be  so 
inclined  to  the  plane  of  the  slit  that  ac  (Fig.  210)  rep- 
resents an  entire  wave-length,  the  figure  shows  that, 
dividing  this  beam  into  two  equal  portions,  each  of 
the  rays  of  one  portion  differs  from  the  corresponding 
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ray  of  the  other  by  half  a  wave-length.  The  first  ele- 
ment of  the  one  portion,  therefore,  will  destroy  the  effect 
of  the  first  element  of  the  other,  the  second  that  of  the 
second,  and  so  on  ;  so  that  on  the  screen  at  the  point  where 
this  beam  is  incident  the  resultant  will  be  zero.  In  the 
same  way  if  the  beam  be  still  more  inclined  so  that  the 
difference  of  path  be  one  and  a  half  wave-lengths,  it  may 
be  divided  into  three  portions  in  each  of  which  each 


Fig.  210. 

elemental  ray  is  half  a  wave-length  in  advance  of  or 
behind  the  corresponding  ray  in  the  other  portions. 
Evidently  two  of  these  portions  will  mutually  destroy 
each  other,  only  the  third  influencing  the  result.  Since 
the  amplitude  is  now  only  one  third  of  what  it  was,  the 
light-intensity  is  only  one  ninth ;  whence  I^  =  -^/,  or 
00457.  At  the  distance,  then,  on  the  screen  where  those 
rays  are  incident  whose  maximum  difference  of  path  is 
f  A,  the  light-intensity  is  0*045  of  that  at  the  central 
image.  So  at  the  point  where  the  outer  rays  differ  by 
four  half  wave-lengths,  the  two  pairs  mutually  destroy 
each  other  and  the  resultant  is  zero.  If  the  values  now 
obtained  be  plotted,  a  curve  is  obtained  representing 
the  light-intensity  on  the  screen.  Taking  «,  the  central 
point  (Fig.  211),  as  the  origin  0,  lay  off  distances  1,  2  to 
the  right  and  to  the  left  as  the  successive  minima.  At  0 
erect  an  ordinate  of  one  centimeter ;  and  at  the  points  \^ 
f ,  erect  ordinates  corresponding  to  4*06  and  0*45  millim- 
eters.    The  curve  drawn  through  these  points  as  shown 
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represents  the  variations  of  light-intensity  upon  the 
screen  on  both  sides  of  s.  By  an  inspection  of  the 
formula  above  given,  ts  =  {ac  X  r8)/ab^  it  appears  that 
the  bands  are  wider,  and  hence  farther  apart,  the  greater 
the  distance  of  the  screen,  and  the  greater  the  wave- 
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length  of  the  radiation  employed.  Consequently  if  white 
light  be  used  in  place  of  monochromatic  light,  the  bands 
become  colored  fringes.  Moreover,  these  bands  widen 
and  separate  as  the  slit  is  made  narrower. 

441.  Diffraction  Gratings. — A  series  of  parallel  linear 
openings  or  slits  separated  by  opake  spaces  is  called  a 
grating.  The  earliest  gratiug  was  devised  by  Fraunhofer, 
who  constructed  it  by  winding  fine  wire  round  two  screws 
with  their  axes  parallel  placed  at  some  distance  apart ; 
the  threads  numbering  40  to  the  centimeter.  Subse- 
quently he  used  a  plate  of  plane  glass  on  which  lines 
were  ruled  with  a  diamond.  In  1843,  Saxton  ruled  such 
gratings  on  glass  and  on  steel  for  J.  W.  Draper.  Nobert's 
gratings  ruled  on  glass  had  as  high  as  500  lines  to  the 
millimeter,  the  ruled  surfaces  being  two  centimeters  or 
more  scjuare.  Rutherfurd's  gratings  had  as  many  as 
700  lines  to  the  millimeter.  They  were  ruled  on  glass 
and  on  speculum  metal  and  were  remarkable  for  the 
perfection  of  their  construction.  Some  of  the  speculum- 
metal  gratings  had  a  ruled  surface  of  16  square  cen- 
timeters or  more.  Recently  Rowland  has  produced 
gratings  far  surpassing  any  previously  made.  The 
ruled  surface  on  the  largest  of  these  is  ten  by  fifteen 
centimeters  and  the  lines  in  some  cases  exceed  1000  to 
the  millimeter.  Some  of  these  gratings  are  concave, 
acting  to  produce  images  by  reflection  and  without  the 
aid  of  other  ojitical  apparatus. 
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The  diffraction  phenomena  produced  by  a  grating  are 
capable  of  ready  explanation  upon  the  principles  already 
given.  Suppose  a  plane  wave  moving  from  right  to  left 
to  be  incident  upon  the  grating  AB  (Fig.  212)  made  up 
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of  alternate  transparent  and  dark  spaces.  Suppose  that 
from  li  lines  be  drawn  Ra  and  Rb^  so  as  to  include  a 
bright  and  a  dark  space  afe,  at  such  a  distance  from  the 
point  P  that  the  difference  in  length  of  these  lines  shall 
be  an  entire  wave-length.  Then  as  we  have  seen  above, 
if  we  divide  the  space  ah  into  two  equal  portions,  the  two 
elements  constituting  these  portions  will  entirely  destroy 
each  other's  effect  at  R^  provided  that  the  entire  space  ab 
be  transparent.  Since,  however,  one  half  of  this  space 
is  opake,  this  interfering  element  is  stopped  and  the 
other  half  produces  its  total  effect  at  R.  Evidently  at 
any  point  on  the  screen  where  the  difference  of  path  of 
the  marginal  rays  is,  for  the  particular  radiation  em- 
ployed, an  even  number  of  half  wave-lengths,  there  will 
be  a  bright  band  ;  and  at  any  point  where  this  difference 
is  an  odd  number  of  half  wave-lengths,  the  band  will  be 
dark.  If  the  line  he  be  drawn  perpendicular  to  Ra,  evi- 
dently ojCy  which  is  a  wave-length  or  A,  is  equal  to 
ob  sin  obc  =  ab  sin  PRa ;  or  calling  a  the  angle  made 
by  the  ray  with  a  normal  to  the  grating  and  a  the  space 
aft,  A.  =  a  sin  a.  At  some  point  of  the  grating  farther 
from  P,  the  difference  of  path  Ra'  and  Rh'  will  be  2\ ; 
whence   for  this   angle   2A  =  a  sin   /3;    or  in  general 
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n\  =  a  sin  a^ ;  whence  sin  a^  =  nl/a.  In  other  words, 
for  a  given  grating  and  given  monochromatic  light,  the 
angles  of  deviation  for  the  bright  spaces  vary  as  n ;  i.e., 
in  arithmetical  progression. 

For  a  concave  grating,  theory  shows  that  if  the  sur- 
face of  the  grating  be  a  segment  of  a  spherical  surface  of 
radius  5,  light  from  a  source  A  situated  on  a  circle  of 
which  .Sis  the  diameter,  will  produce  a  spectrum  situated 

on  the  same  circle ;  and  further 
that  in  the  position  of  minimum 
deviation,  the  source  of  light  and 
its  image  are  equidistant  from 
the  grating.  Thus,  for  example, 
let  GG'  (Fig.  213)  be  a  concave 
grating,  0  being  its  center  of 
curvature  and  G  its  center  of 
figure ;  the  ruling  being  normal 
^'°'  ^'^  to  the  plane  of  the  paper  and 

symmetrical  about  C.  If  now  a  circle  be  described  on 
0(7  as  a  diameter,  and  a  source  of  radiation  be  placed  at 
A,  the  image  of  the  radiant  source  will  be  formed  at  B, 
and  real  diflFraction  spectra  will  be  produced  on  the 
circumference  of  this  circle.  In  Rowland's  arrangement, 
the  slit  is  placed  at  the  intersection  of  two  arms  set  at 
right  angles,  the  grating  and  the  observing  lens  respect- 
ively being  placed  at  their  extremities.  The  radius  of 
curvature  of  the  large  Rowland  grating  is  about  6*5 
meters,  the  ruled  surface  being  about  10  by  15  centi- 
meters. The  number  of  lines  varies  from  400  to  800  to 
the  millimeter. 

442.  Diffiraction  Spectra.  —  For  diflFerent  wave- 
lengths the  expression  sin  a  =  \/a  shows  that  for  a  given 
grating  the  sine  of  the  angle  of  deviation  varies  directly  as 
the  wave-length.  Hence  the  bright  maxima  will  occur 
nearer  the  central  image  the  shorter  the  wave-length  of  the 
incident  light  So  that  if  the  incident  light  be  white,  its 
components  will  be  distributed  outward  from  the  central 
image  in  the  inverse  order  of  their  wave-lengths ;  thus 
forming  what  is  known  as  a  diffraction  spectrum,     More- 
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over,  since  in  the  above  equation  the  angle  a  is  a  periodic 
function  of  the  wave-length  A,  the  spectra  thus  produced 
repeat  themselves  indefinitely  to  the  right  and  left  of  the 
central  image  ;  Fraunhofer  having  observed  as  many  as 
thirteen  on  each  side.  Again,  if  the  angle  of  deviation 
be  small  so  that  we  may  write  i)  sin  1'  for  sin  6^,  we  have 
cB  sin  1'  =  A  ;  so  that  for  the  deviations  ^j ,  ^, ,  and  6^,  cor- 
responding to  different  wave-frequencies.  A,, ,  A, ,  and  \ , 

we  have  tt -^  =  ^ r  »  ^^  other  words,  the  intervals 

"%  —  ^i  A,  —  Aj 
in  a  diffraction  spectrum,  under  these  conditions,  are  pro- 
portional to  the  wave-lengths,  and  the  spectrum  is  a  nor- 
mal spectrum  (420).  A  comparison  of  the  diffraction  spec- 
trum with  the  prismatic  spectrum  will  show  the  marked 
difference  in  the  distribution  of  the  wave-lengths.     In 
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Figure  214,  the  upper  spectrum  represents  the  former  and 
the  lower  spectrum  the  latter,  the  Fraunhofer  lines  be- 
ing given  in  both  to  indicate  corresponding  wave-lengths. 
While  the  line  D  marks  very  nearly  the  middle  point  of 
the  diffraction  spectrum,  the  line  F  is  nearest  the  center 
of  the  prismatic  spectrum.  In  this  latter  spectrum,  there- 
fore, the  radiation- waves  appear  to  be  condensed  toward 
the  less  refrangible  end  and  extended  toward  the  more 
refrangible  one.  The  successive  spectra  to  the  right  and 
left  are  called  spectra  of  the  1st,  2d,  3d,  and  4th  orders 
respectively,  the  length  of  each  spectrum  being  greater 
and  its  intensity  weaker  than  that  of  its  predecessor.  If 
sunlight  be  employed  to  form  the  spectra,  the  colorrf  are 
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so  pure  that  the  Fraunhofer  lines  may  be  distinctly  seen. 
It  was  by  means  of  the  superb  concave  gratings  produced 
by  Rowland,  that  he  succeeded  in  photographing  the 
solar  spectrum  with  a  perfection  and  an  accuracy  of  detail 
before  unattained.  This  magnificent  spectrum  is  more 
than  thirteen  meters  in  length.  In  it  the  D  lines  are 
separated  nearly  7*5  centimeters,  and  the  B  line  is  60 
centimeters  in  extent.  A  portion  of  this  spectrum  in  the 
vicinity  of  the  D  lines  is  shown  in  the  upper  part  of  Fig- 
ure 215.  The  lower  spectrum  shows  the  green  band  of 
carbon,  taken  with  the  same  remarkable  apparatus. 
Rowland  has  photographed  also  the  spectra  of  many  of 
the  other  elements. 

443.  Measurement  of  Wave-lengths.  —  It  is  by 
means  of  diffraction  gratings  that  wave-lengths  are  usu- 
ally measured.  For  this  purpose  the  grating,  supposed 
transparent,  is  supported  upon  the  table  of  a  spectrometer 
with  its  lines  vertical,  and  its  plane  normal  to  the  axis 
of  the  coUimating  telescope.  The  observing  telescope 
being  then  so  placed  that  its  axis  is  parallel  to  that  of 
the  collimator,  the  image  of  the  slit  will  bisect  the  cross- 
wires.  The  reading  on  the  graduated  circle  gives  its 
zero  position.  It  is  then  moved  to  one  side  until  the 
image  of  the  slit,  now  illuminated  with  monochromatic 
light,  say  that  of  a  sodium  flame,  again  bisects  the  cross- 
wires.  A  second  reading  is  now  made ;  the  difference 
between  this  and  the  first  reading  gives  the  deviation. 
Another  similar  determination  is  now  made  upon  the 
other  side  of  the  zero  ;  and  the  mean  of  the  two  is  taken  as 
the  true  deviation  for  the  first  spectrum.  The  value  of  the 
grating-spaces  is  determined  by  counting  the  linesin  agiven 
known  space,  under  a  microscope.  So  that  if  there  are 
n  -f- 1  lines  to  the  millimeter,  the  value  of  one  grating<^le- 
ment,  consisting  of  a  line  and  a  space,  i.e.,  the  distance  from 
the  center  of  one  line  to  the  center  of  the  next  one,  will 
be  1/n  millimeter.  From  the  equation  A  =  a  sin  a,  the 
wave-length  is  obtained  by  multiplying  the  value  of  one 
grating-element  by  the  sine  of  the  deviation  angle.  If  a 
second  mean  be  obtained  from  the  two  spectra  of  the 
second  order,  we  have  2A.  =  a  sin  a^ ;  and  so  on  for  higher 
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orders.  Thus  with  a  grating  having  llO'S  elements  in 
each  millimeter,  the  value  of  a  is  0-009023  millimeter. 
If  the  deviation  to  the  right  produced  by  the  first  spec- 
trum be  3^  44'  30'  and  to  the  left  3^  44'  45%  the  mean  is 
3*"  44'  37-5%  the  sine  of  which  is  0-0653.  Consequently 
X  =  0-009023  X  0-0653  or  0-0005892  millimeter,  the  wave- 
length of  sodium  radiation.  Let  the  mean  deviation  of 
the  spectrum  of  the  second  order  be  7**  29'  22-5',  the  sine 
of  which  is  0 1304  Then  2\  =  0-009023  x  0-1304  or 
0-0011761  and  X  =  0-0005881  millimeter.  The  mean  of 
these  two  values  is  0*0005887  millimeter. 


G. — DOUBLE  REFRACTION. 

444.  Phenomena  of  Double  Refraction. — Since  the 
speed  of  propagation  of  a  disturbance  in  any  medium  is 
a  function  of  the  elasticity  of  the  aether  within  that 
medium,  it  follows  that  if  the  medium  be  not  isotropic, 
ie.,  if  it  possesses  different  aether-elasticities  in  different 
directions,  there  must  exist  within  it  different  speeds 
in  different  directions,  and  hence  different  refractions. 
The  phenomenon  of  double  refraction  was  first  observed 
by  Bartholin  in  1669  in  a  transparent  variety  of  calcite 
found  in  Iceland  and  hence  known  as  Iceland  spar. 
This  substance  crystallizes  in  the  hexagonal  system  and 
cleaves  readily  into  rhombohedrons,  consisting  of  six 
equal  rhombic  faces  having  angles  of  101°  55'  and 
78**  5' ;  these  faces  forming  with  each  other  acute  angles 
of  74°  55'  35"  and  obtuse  angles  of  105°  4'  25".  They 
are  united  alternately  three  above  and  three  below  by 
the  obtuse  angles.  The  direction  of  the  line  joining  the 
two  solid  angles  thus  formed  is  called  the  optic  axis. 
It  is  also  the  crystallographic  axis,  the  crystal  being 
symmetrical  about  it  A  plane  containing  this  axis  and 
perpendicular  to  one  of  the  faces  of  the  crystal  is  called 
a  principal  section,  or  principal  plane. 

If  the  upper  surface  of  such  a  rhombohedron  be 
covered  with  a  card  through  which  a  small  hole  has 
been  pierced  (Fig.  216),  and  if  sunlight  be  allowed  to 
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fall  on  this  card,  two  beams  of  light  CE  and  CO  will  be 
seen  to  traverse  the  crystal  and  two  images  E  and  O  to 
be  formed  on  the  farther  side  of  ii     Clearly,  since 


there  are  here  two  refractions,  there  must  be  two 
changes  of  speed  due  to  two  different  elasticities.  The 
crystal  is  said  to  be  doubly  refracting.  Again,  if  the 
crystal  be  placed  on  a  card  on  which  is  a  black  dot  d, 
(Fig.  217),  the  same  perforated  card  being  upon  its  upper 
surface,  it  will  be  noticed  that  there  are  two  positions  of 
the  eye  in  which  the  black  dot  can  be  seen;  ie.,  the 
positions  0  and  E,  Hence  the  radiations  must  travel 
along  the  line  d (7  within  the  crystal  with  two  different 
speeds,  since  on  emerging  into  the  air  where  the  speed 
is  the  same  for  both,  they  are  differently  refracted. 
Moreover,  of  the  two  refractive  indices  thus  resulting, 
the  greater  index  corresponds  to  the  slower  speed  within 
the  crystal  and  the  less  index  to  the  greater  speed. 

If  the  rhombohedron  be  placed  over  the  black  dot 
and,  while  viewed  at  a  constant  incident  angle,  be  turned 
round  on  its  lower  surface,  one  of  the 
two  images  of  the  dot  will  be  seen  to 
revolve  about  the  other  (Fig.  218),  the 
line  joining  the  two  remaining  always 
in  the  principal  plane  of  the  crystal ; 
ie.,  parallel  to  its  shorter  diagonal. 
The  stationary  image  suffers  equal  re- 
fraction of  course  in  all  positions  of  the  rhombohedron. 
Hence  the  refracted  ray  is  always  in  the  plane  contain- 
ing the  normal  and  the  incident  ray,  and  the  ratio  of  the 
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sines  is  constant.  The  ray  which  thus  follows  both  the 
laws  of  ordinary  refraction  is  called  the  ordinary  ray, 
and  its  image  the  ordinary  image.  The  other  and 
revolving  image  is  in  the  plane  of  incidence  only  when 
the  principal  plane  coincides  with  this  incident  plane. 
When  the  principal  plane  is  at  right  angles  to  the  inci- 
dent plane,  the  ray  from  this  image,  since  it  lies  in  the 
principal  plane,  does  not  lie  in  the  plane  of  incidence. 
Moreover,  in  the  two  positions  of  the  crystal  in  which  it 
is  in  the  incident  plane,  it  is  more  refracted  in  one 
and  less  refracted  in  the  other,  than  the  ordinary  ray. 
Since,  therefore,  this  ray  follows  neither  of  the  laws  of 
ordinary  refraction,  it  is  called  the  extraordinary  ray,  and 
its  image  the  extraordinary  image. 

445.  Axis  of  no  Double  Refraction. — There  is  one 
direction  in  such  a  crystal  along  which  a  radiant  beam 
may  be  transmitted  without  being  divided  into  two. 
This  is  the  direction  of  the  optic  axis,  which  is  therefore 
called  the  axis  of  no  double  refraction.  Starting  from  this 
axis,  the  difference  between  the  ordinary  and  extraordi- 
nary rays  increases  until  it  reaches  its  maximum  in  a 
direction  perpendicular  to  this  axis.  Hence  in  a  plane 
perpendicular  to  the  optic  axis,  the  extraordinary  index 
is  constant.  If  a  prism  be  cut  from  a  crystal  of  Iceland 
spar,  so  that  its  refracting  edge  is  perpendicular  to  the 
optical  axis,  then  in  the  position  of  minimum  deviation, 
the  radiation  will  traverse  it  parallel  to  this  axis  and 
there  will  be  but  a  single  image  produced,  and  that 
the  ordinary  one.  The  refractive  index  obtained  under 
these  circumstances  will  be  the  ordinary  index,  which 
for  the  line  D  and  for  this  substance  has  the  value 
1-658.  If,  however,  the  prism  be  cut  so  that  the  refract- 
ing edge  is  parallel  to  the  optic  axis,  then  a  ray  trav- 
ersing it  in  the  position  of  minimum  deviation  passes 
through  it  in  a  direction  perpendicular  to  the  optic  axis; 
and  not  only  is  divided,  but  the  components  have  the 
maximum  separation.  If  now  the  indices  of  refraction 
for  the  two  rays  be  measured  for  the  D  line,  one  of  them 
will  be  found  to  have  the  value  1*658  as  before,  while 
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the  other  or  extraordinarj^  index  will  have  the  value 
1-486. 

446.  Uniaxial  and  Biaxial  Crystals. — The  phenome- 
non of  double  refraction  is  not  peculiar  to  Iceland  spar. 
All  crystals  possess  this  property  except  those  belonging 
to  the  isometric  or  cubic  system,  though  in  a  less 
marked  degree.  Quartz,  for  example,  shows  double 
refraction  distinctly ;  but  on  measuring  the  two  indices 
of  refraction  for  the  D  line  it  is  found  that  the  extra- 
ordinary index  in  this  case  is  the  larger,  being  1-553 ; 
while  the  refractive  index  for  the  ordinary  ray  is  1*544. 
Such  crystals  as  quartz,  in  which  the  ordinary  index  is 
smaller  than  the  extraordinary,  are  called  positive ;  while 
crystals  like  calcite  in  which  the  converse  is  true  are 
called  negative.  In  the  latter,  the  ordinary  ray  is  the 
more  refracted ;  in  the  former,  the  extraordinary  ray. 

Moreover,  crystals  belonging  to  the  quadratic  and 
the  hexagonal  systems,  in  which  the  vertical  axis  is  sym- 
metrical with  reference  to  the  lateral  axes,  have  only  a 
single  direction  along  which  radiation  can  pass  without 
division.  Hence  such  crystals  are  called  uniaxial.  Cal- 
cite, tourmalin,  corundum,  mellite  belong  to  the  uni- 
axial negative  class;  quartz,  ice,  and  zirkon  to  the 
uniaxial  positive  class.  In  crystals  belonging  to  the  other 
three  systems,  there  are  two  directions  of  no  double 
refraction ;  i.e.,  two  optic  axes  inclined  more  or  less  to  each 
other.  Such  crystals  are  therefore  called  biaxial  crystals. 
Niter,  aragonite,  borax,  barite,  topaz,  and  sugar  are 
examples.  Fresnel  showed  that  neither  of  the  two  rays 
produced  by  a  doubly  refracting  biaxial  crystal  follows 
the  ordinary  law.    Both  are  therefore  extraordinary  rays. 

44T.  Hiiygrheus*  Constructiou  for  Double  Refrac- 
tion.— In  1690,  Huyghens  investigated  the  phenomena 
of  double  refraction  and  gave  a  construction  of  re- 
'  markable  acuteness  for  the  path  of  tlie  rays  in  a  doubly 
refracting  medium  ;  this  construction  being  founded 
upon  his  wave-theory.  Evidently  the  wave-front  of  a 
disturbance  radiating  from,  a  center  in  an  isotropic 
medium  is  a  sphere.     The  path  of  the  ray  after  refrao- 
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tion  at  the  surface  of  such  a  medium  Huyghens  deter* 
mines  as  follows  (Fig.  219) :  Let  OF  be  a  wave-front  and 


Fio.  210. 

A  0  the  normal  to  this  wave-front  incident  on  an  isotropic 
surface  at  0.  From  the  point  0  as  a  center  draw  two 
spheres  whose  radii  00  and  OD  are  equal,  respectively, 
to  the  speeds  of  propagation  S  and  S'  of  the  disturbance 
in  the  first  and  second  media,  respectively;  i.e.,  to  the 
reciprocals  of  the  refractive  indices.  Continue  AO  to  G 
and  draw  a  tangent  plane  at  0  to  intercept  the  surface, 
say  at  the  point  £.  Draw  now  from  this  point  another 
tangent  plane  to  the  second  sphere  and  let  the  point  of 
tangency  be  D.  The  wave-normal  OD  through  this 
point  is  the  direction  of  refraction.  For,  evidently,  the 
refracted  ray  is  in  the  plane  containing  the  normal  and 
the  incident  ray;  and  in  the  triangles  J?()(7and  JiODj 
we  have  OR  =  S/sin  CRO  and  OR  =  /S'/sin  DRO; 
whence  5'/sin  CRO  =  S'/sin  DRO,  or  sin  CRO  : 
^inDRO  ::  S:  S'  or  fi  :  1.  The  angle  CRO  is  there- 
fore the  angle  of  incidence  and  DRO  the  angle  of  re- 
fraction. 

In  the  case  of  an  SBolotropic  medium,  the  speed  of 
propagation  will  not  be  the  same  in  all  directions.  In 
Iceland  spar,  for  example,  the  speed  of  the  extraordi- 
nary ray  aloijg  the  optic  axis  is  different  from  the  speed 
in  a  plane  perpendicular  to  this  axis,  the  latter  being* 
the  greater.  Moreover,  the  speed  in  this  perpendicular 
plane  is  the  same  in  all  directions.  Evidently,  therefore, 
if  a  disturbance  should  radiate  from  the  center  in  such  a 
medium,  the  wave-front  would  be  a  flattened  ellipsoid 
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of  revolution.  But  in  Iceland  spar  we  have  a  compound 
medium^  isotropic  with  reference  to  the  ordinary  ray, 
and  8Bolotropic  with  reference  to  the  extraordinary  ray. 
Hence  Huyghens'  construction  for  both  of  these  rays. 
Let  SS'  (Fig.  220)  be  the  surface  of  a  rhombohedron  of 


Fio.  820. 

Iceland  spar,  A  0  being  the  incident  ray,  OF  the  w.ave- 
front,  and  OX  the  optic  axis.  The  wave-front  for  the 
ordinary  ray  within  the  spar  will  be  spherical  as  before 
and  OD  will  be  its  direction  after  refraction.  The  wave- 
front  of  the  extraordinary  ray  will  be  ellipsoidal ;  and 
drawing  such  an  ellipsoid  with  the  optic  axis  as  its  minor 
axis,  its  major  axis  representing  the  reciprocal  of  the 
extraordinary  index,  the  direction  of  the  extraordinary 
ray  will  be  that  of  a  line  drawn  from  the  point  0  through 
the  point  of  tangency  of  a  plane  from  R  upon  this  ellip. 
soid  ;  i.e.,  the  direction  OE, 

In  this  case,  however,  the  plane  of  incidence  is  a 
principal  section ;  i.e.,  contains  the  optic  axis,  and  is 
perpendicular  to  the  surface  of  incidence.  But  other 
incident  planes  may  be  taken.  Thus,  let  the  plane  of 
incidence  be  perpendicular  to  the  axis ;  then  the  axis 
at  0  (Fig.  221)  will  be  perpendicular  to  the  plane  of  the 
paper.  The  wave-surfaces  in  the  plane  of  incidence 
both  have  circular  sections,  the  radii  being  proportional 
to  the  speeds  of  the  ordinary  and  extraordinary  waves  ; 
i.e.,  to  the  reciprocals  of  their  indices.  The  points  of 
tangency  to  the  circles  representing  these  wave-surfaces 
are  evidently  the  points  through  which  the  normals  to 
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the  wave-fronts  pass ;  in  other  words,  OD  is  the  ordinary 
and  OE  the  extraordinary    refracted  ray.    It  will  be 


Flo.  221. 

noticed    that    in   this   plane   both   of  the   indices  are 
constant. 

A  third  direction  maybe  assumed  for  the  incident 
plane;  i.e.,  a  direction  parallel  to  the  optic  axis.  Let 
the  normal  to  the  wave-front  be  incident  at  0  (Fig.  222), 


Fio.  228. 


SOS'  being  the  optic  axis.  Completing  the  diagram  as 
before,  it  will  be  observed  that  now  the  extraordinary 
ray  OEih  more  refracted  than  the  ordinary  OD  ;  being  re- 
pelled apparently  by  the  axis.  Hence  the  term  repulsive, 
applied  to  negative  uniaxial  crystals. 

In  the  Iceland-spar  ellipsoid,  the  semi-axes  a  and  b 
are  equal  to  l/mg  and  l/m„,  the  reciprocals  respectively 
of  the  extraordinary  and  the  ordinary  refractive  indices. 
But  since  b  is  not  only  the  polar  semi-axis  of  the  ellip- 
soid, but  also  the  radius  of  the  sphere,  it  is  evident  that 
the  ellipsoid  is  tangent  to  the  sphere  at  the  extremities 
of  this  axis;  and  further,  that  as  m,  is  smaller  than  m., 
a  must  be  longer  than  b,  and  hence  the  ellipsoid  must  be 
exterior  to  the  sphere.     Obviously  in  the  case  of  a  posi- 
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tive  crystal  such  as  quartz,  in  which  the  ordinary  index 
is  smaller  than  the  extraordinary  index,  a  must  be  shorter 
than  6.  Moreover,  h  is  now  an  axis  common  to  the  ellip- 
soid and  the  sphere.     Consequently,  while  the  two  are 


Positive.  Fig.  223.  Negative. 

tangent  at  the  extremities  of  the  axis  of  revolution,  the 
ellipsoid  is  prolate  and  the  sphere  envelops  it  (Fig.  223). 

H. — POLARIZATION. 

448.  Change  of  Intensity  in  Double  Refraction. — 

If  two  rhombs  of  Iceland  spar  be  superposed  with  their 
edges  parallel,  the  pair  will  act  simply  as  a  single  plate 
of  double  thickness,  and  the  separation  of  the  images 
will  be  doubled.  If,  however,  the  upper  rhomb  be 
turned  about  a  vertical  axis,  four  images  will  appear, 
the  two  new  ones  becoming  brighter  and  the  two  old 
ones  fainter  until  the  rotation  reaches  45°,  when  all  will 
have  the  same  intensity.  The  change  continues  on  rota- 
tion until  90**  is  reached,  when  but  two  images  are  seen, 
inclined  45°  to  both  principal  sections,  which  of  course 
are  now  perpendicular.  The  ordinary  wave  from  the 
lower  crystal  now  becomes  the  extraordinary  one  in  the 
second  ;  and  vice  versa.  As  the  rotation  continues,  four 
images  appear,  two  decreasing  in  intensity  and  two  in- 
creasing until  180°  is  reached,  and  the  principal  sections 
are  again  parallel,  but  the  crystals  are  reversed  in  posi- 
tion. But  one  image  is  now  visible,  the  upper  crystal 
undoing  the  work  of  the  lower.  This  change  of  intensity 
of  the  images  was  observed  by  Huyghens,  who  comments 
on  the  "  wonderful  phenomenon  '*  that  light  has  under- 
gone such  a  change  by  refraction  in  the  first  rhomb  that 
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its  transmission  through  a  second  and  similar  rhomb 
depends  on  the  position  of  the  principal  section  of  the 
second  rhomb  with  reference  to  the  first. 

More  than  100  years  later,  in  1808,  Mains,  engaged  in 
verifying  the  Huyghenian  law  of  double  refraction, 
viewed  through  a  double-image  prism  the  light  reflected 
from  a  distant  window,  and  observed,  on  rotating  this 
prism,  that  the  two  images  varied  in  intensity.  The 
ordinary  image  disappeared  in  two  opposite  positions  of 
the  prism,  and  the  extraordinary  image  also  in  two  op- 
posite positions  ;  but  the  second  positions  were  90®  from 
the  first.  This  variation  of  intensity  was  quite  similar  to 
that  observed  in  the  two  rhombs  of  spar  by  Huyghens;  and 
it  became  evident  to  him  that  light  by  simple  reflection 
undergoes  a  change  in  its  character  similar  to  that 
which  it  suffers  by  double  refraction.  In  short,  that  a 
beam  of  light  thus  treated  is  not  alike  upon  all  sides, 
but  has  certain  relations  to  surrounding  space  other 
than  direction.  To  this  phenomenon  Malus  gave  the 
name  polarization. 

449.  Polarization  by  Reflection. — If  the  above  ex- 
periment be  suitably  varied,  it  will  be  found  that  with  a 
non-metallic  mirror  the  effect  produced  reaches  a  maxi- 
mum for  a  special  angle  of  incidence.  When  the  polari- 
zation is  a  maximum,  Brewster  showed  that  the  tangent 
of  the  polarizing  angle  is  the  index  of  refraction  between 
the  media.     Thus  let  the  ray  AO  (Fig.  224)  fall  upon  the 

surface  SS'  at  the  polarizing 
angle ;  then  the  angle  A  ON, 
which  is  the  angle  of  incidence  i, 
will  be  this  polarizing  angle ; 
and  hence  by  Brewster's  law,  we 
shall  have  tan  i  =  n.  From  this 
we  derive  the  expression 
sin  t'/cos  i  =  n;  and  from  the  law 
of  refraction,  sin  i/sin  r  =  w, 
Fio.  2u.  whence  sin  r  =  cos  i,  or  t  -f  r  = 

90°.     Consequently,  since  BOC 
+  i'  +  r  =  180°,  and  i'  =  i,  BOC  =  90°.  In  other  words. 
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Fig.  2S5. 


at  the  polarizing  incidence  the  reflected  and  refracted 
rays  are  at  right  angles  to  each  other.  The  plane  of  po- 
larization for  light  polarized  by  reflection  is  defined  to 
be  the  plane  of  incidence.  This  law  of  Brewster  is  in- 
dependent of  the  direction  of  the  ray  with  reference  to 
the  two  media.  The  ray  AO  (Fig.  225)  incident  at  the 
polarizing  angle  AON  or  i 
upon  the  upper  surface  of 
the  glass  plate  RB'  is  re- 
flected to  B,  the  angle  BOO' 
being  a  right  angle.  So  the 
ray  00\  incident  upon  the 
lower  surface,  and  therefore 
incident  in  the  denser  medi- 
um at  the  polarizing  angle 
00' N  or  i\  is  reflected  to 

0'\  the  reflected  ray  O'O'^  making  a  right  angle  with  the 
refracted  ray  O'C^as  before.  This  must  be  so  from  the 
fact  that  the  refractive  index  from  the  rarer  to  the  denser 
medium  is  the  reciprocal  of  that  from  the  denser  to  the 
rarer,  and  hence  if  tan  i  =  n,  tan  i'  =  \/n ;  whence  tan  i 
=  1/tan  i\  and  the  polarizing  angle  at  the  second  surface 
is  the  complement  of  tliat  at  the  first.  This  appears 
from  the  figure;  for  the  incident  angle  at  the  second 
surface,  N'O'O^  is  equal  to  O'On^ii^  alternate  ;  and  since 
O'On  +  O'OB  +  BON  =--  180°  and  BOO'  =  90°,  O'On 
+  NOB  =  90°  ;  i.e.,  the  two  polarizing  angles  are  com- 
plementary. It  follows  from  this  that  if  the  angle  of  in- 
cidence at  the  first  surface  is  the  polarizing  angle,  the 
angle  of  incidence  at  the  second  surface  will  be  so  also. 
Consequently  the  total  amount  of  light  in  the  reflected 
beam  from  both  surfaces  will  be  completely  polarized. 
At  the  polarizing  angle,  however,  only  a  fraction  of  the 
total  incident  light,  not  more  than  a  twelfth,  is  reflected. 
So  that  to  obtain  an  intense  beam,  it  is  necessary  to  in- 
crease the  number  of  reflecting  surfaces.  Hence  the 
use  of  a  number  of  thin  plates  of  glass  as  a  polarizing 
apparatus,  ten  or  twelve  being  in  general  suflScient.  Of 
course  knowing  the  refractive  index,  the  polarizing  angle 
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can  be  calculated  by  Brewster's  law.  Thus  for  water, 
whose  mean  index  is  1*332,  tan-n-332  =  53°  6';  for 
crown  glass,  tan""^  1'515  =  55°  58';  for  flint  glass, 
tan  -  ^  1-622  =  57°  45' ;  and  for  diamond,  tan"^  2*470  = 
67°  57'.  Evidently,  however,  since  the  index  for  a  given 
medium  differs  with  the  wave-frequency  of  the  incident 
radiation,  the  polarizing  angle  must  be  different  for  each 
kind  of  radiation. 

If  the  radiation  be  incident  at  some  other  than  the  po- 
larizing angle,  the  reflected  beam  still  contains  completely 
polarized  radiation,  but  this  constitutes  only  a  fraction 
of  it,  the  rest  consisting  of  ordinary  radiation  unmodified 
by  the  reflection.  If  such  a  partially  polarized  beam 
suffer  subsequent  similar  reflections,  the  proportion  of 
polarized  radiation  continually  increases  until,  as  Brew- 
ster has  shown,  the  beam  becomes  practically^  completely 
polarized ;  the  number  of  reflections  which  are  necessary 
increasing  in  proportion'  as  the  angle  of  incidence  is 
more  removed  from  the  angle  of  polarization. 

450.  Polarization  by  Refraction, — But  not  only  is 
the  reflected  portion  of  the  incident  beam  in  the  above 
experiments  polarized  ;  the  transmitted  portion  is  polar- 
ized also,  but  with  this  difference,  that  the  plane  of 
polarization  which,  in  the  former  case,  is  the  plane  of 
incidence,  in  the  latter  case  is  at  right  angles  to  this 
plane.  Hence  Arago's  law  :  When  radiation  is  partly 
reflected  at,  and  partly  transmitted  through,  a 
transparent  surface,  the  reflected  and  trans- 
mitted portions  containequal  portions  of  polar- 
ized radiation,  the  planes  of  polarization  being 
at  right  angles  with  each  other.  As  in  the  reflected 
portion,  the  fraction  of  polarization  in  the  refracted  beam 
increases  with  successive  refractions,  until  the  transmitted 
beam  is  completely  polarized. 

451.  Transmission  and  Reflection  of  Polarized 
Radiation. — It  follows  from  what  has  been  said  that  if 
a  beam  of  polarized  light  be  incident  upon  a  reflecting 
surface  at  the  polarizing  angle  in  such  a  way  that  its 
plane  of  polarization  coincides  with  the  plane  of  incidence, 
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it  will  be  wholly  reflected  ;  while  if  its  plane  of  polariza- 
tion be  at  right  angles  to  the  plane  of  incidence,  it  will 
be  wholly  transmitted.  So  that  if  we  may  assume 
ordinary  radiation  to  be  made  up  of  two  equal  portions 
each  polarized  in  a  plane  perpendicular  to  the  other, 
the  process  of  polarization  by  reflection  and  refraction 
resolves  itself  simply  into  a  sort  of  sifting  process,  the 
one  portion  or  the  other  being  transmitted  or  reflected 
according  as  its  plane  of  polarization  is  at  right  angles 
to,  or  is  parallel  to,  the  plane  of  incidence. 

Thus  if  two  flat  plates  of  glass  ah  and  od  (Fig.  226) 


be  so  placed  that  the  first  receives  the  radiation  AO 
at  the  polarizing  angle  AON  and  reflects  it  to  the 
second,  it  is  clear  that  the  reflected  beam  00'  is  polar- 
ized in  the  plane  of  incidence ;  i.e.,  the  plane  of  the 
paper ;  and  therefore  being  incident  upon  the  second 
plate  with  the  plane  of  polarization  parallel  to  that  of 
incidence,  that  it  will  be  reflected  along  the  path  O'B, 
The  same  will  be  true  if  the  second  mirror  be  revolved 
about  00'  as  an  axis  through  180°,  since  the  same 
condition  remains  true  (Fig.  227).  But  if  the  rotation 
is  only  90°  in  either  direction,  then  it  is  evident  that  the 
plane  of  polarization  and  the  plane  of  incidence  on  this 
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second  mirror  are  perpendicular  to  each  other  and  the 
beam  will  be  transmitted  instead  of  reflected.  By  at- 
taching the  mirrors  to  the  outer  ends  of  two  tubes, 
one  of  which  sUdes  within  the  other,  so  that  the 
normals  to  the  mirrors  form  with  the  axis  of  the  tubes 
the  polarizing  angle,  and  throwing  a  beam  of  light 
upon  one  so  that  it  will  be  reflected  centrally  through 
the  tube,  it  will  be  obsen-ed  that  the  source  of  light  can 
be  seen  by  reflection  from  the  second  mirror  only  when 
the  incident  planes  to  the  mirrors  are  parallel ;  and  that 
it  can  be  seen  by  transmission  (when  a  bundle  of  plates 
is  used)  only  when  these  incident  planes  are  perpeu* 
dicular  to  each  other. 

452.  Variatiou  of  Iiitciisit)'.— Law  of"  Malus. — If  the 
angle  between  the  planes  of  incidence  on  the  two  mirrors 
be  intermediate,  the  intensity  of  the  radiation  reflected 
from  the  second  surface  will  be  found  to  vary  as  the 
square  of  the  cosine  of  the  angle  between  these  two 
I)lanes ;  a  law  due  to  Mains.  So  that  if  a  denote  this 
angle  and  /the  maximum  intensity,  we  have  for  the  actual 
intensity  1  cos'  a ;  which  becomes  /  when  a  =  0°  or 
180^  ;  and  zero  when  a  equals  90°  or  270°.  Indeed  if  a 
beam  containing  two  equal  portions  of  polarized  radia- 
tion, whose  planes  are  perpendicular  to  each  other,  be 
incident  upon  a  reflecting  surface  so  that  the  polariza- 
tion plane  of  one  makes  an  angle  a  with  the  incident 
plane  and  that  of  the  other  makes  an  angle  90°  —  a  with 
it,  the  intensity  of  the  reflected  beam  in  the  first  case 
will  be  /  cos'  at  and  in  the  second  /  cos"  (90°  —  a)  or 
/  sin'  a.  The  combined  intensity  of  the  two  will  be 
/(cos'  a  -\-  sin'  a)  or  /;  i.e.,  the  intensity  of  either  beam 
alone  when  at  its  maximum.  Hence  the  intensity  of  a 
beam  thus  composed  will  be  constantly  the  same  after 
reflection  whatever  the  azimuth  of  the  incident  plane 
with  reference  to  its  axis.  This  fact,  as  common  observa- 
tion teaches,  is  true  of  common  light. 

453.  Polarization  by  Double  Uefraction. — The 
change  in  the  intensity  of  the  images  produced  by  double 
refraction  when  the  upper  of  two  Iceland-spar  crystals 
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is  revolved  upon  the  lower,  is  of  the  same  kind  as  that 
just  described  and  follows  the  same  law,  the  intensity 
varying  as  the  square  of  the  cosine  of  the  angle  made  by 
the  two  principal  sections  of  the  crystals.  Moreover,  if 
we  examine  the  two  beams  produced  by  double  refrac- 
tion, we  find  that  the  ordinary  beam  is  capable  of  reflec- 
tion only  when  the  principal  section  of  the  crystal  and 
the  incident  plane  of  the  reflecting  surface  are  parallel. 
The  ordinary  beam  therefore  must  be  polarized  in  a 
plane  parallel  to  the  principal  section.  So,  since  the 
extraordinary  beam  is  transmitted  under  these  condi- 
tions, or  is  reflected  when  the  principal  section  is  per- 
pendicular to  the  incident  plane,  it  must  be  polarized 
in  a  plane  perpendicular  to  the  principal  section.  Hence 
the  two  beams  which  issue  from  a  doubly  refracting 
crystal  are  polarized  in  planes  at  right  angles  to  each 
other. 

Certain  doubly  refracting  crystals  have  the  property 
of  absorbing  or  destroying  one  of  the  two  beams  into 
which  ordinary  light  is  resolved  by  them.  Tourmalin 
is  such  a  crystal.  If  a  plate  be  cut  from  a  tourmalin 
crystal  parallel  to  its  optic  axis,  and  a  beam  of  common 
light  be  passed  through  it,  the  emergent  beam  will  be 
found  to  be  polarized  in  a  plane  perpendicular  to  this 
axis.  But  since  two  beams  must  have  been  produced 
by  the  double  refraction,  it  follows  that  the  one  of  these 
beams  whose  plane  of  polarization  is  parallel  to  the 
optic  axis  has  been  absorbed. 

454.  Double-iniag^e  Prisms.— Nicol  Prisms. — We 
have  seen  that  the  maximum  difl'erence  between  the 
ordinary  and  extraordinary  indices  is  in  a  plane  perpen- 
dicular to  the  optic  axis ;  and  hence  that  the  maximum 
separation  of  these  rays  is  obtained  when  the  crystal  is 
cut  into  a  prism  such  that  the  refracting  edge  is  parallel 
to  the  axis,  so  that  the  light  traverses  it  in  a  plane  per- 
pendicular to  this  axis.  But  owing  to  the  dispersion 
produced  by  such  a  prism,  it  is  necessary  in  practice  to 
achromatize  it  for  either  the  ordinary  or  the  extraordi- 
nary ray  by  means  of  a  prism  of  glass  reversed  in  po- 
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sition.  Or  better,  as  Wollaston  suggested,  by  means  of 
a  second  prism  of  the  same  material  whose  refracting 
edge  is  perpendicular  to  the  optic  axis.  Such  a  device 
is  called  a  double-image  prism. 

Owing  to  the  complete  polarization  produced  by 
double  refraction,  and  to  the  fact  that  Iceland  spar  can 
be  procured  in  large  masses,  this  substance  is  commonly 
used  for  polarizing  purposes.  But  it  is  often  necessary 
to  suppress  one  of  the  two  beams.  This 
was  first  done  by  Nicol  by  cutting  a  paral- 
lelopiped  of  Iceland  spar  whose  length  is 
twice  its  thickness,  by  a  plane  passing 
through  its  obtuse  solid  angles,  polishing 
the  surfaces,  and  cementing  them  together 
again  as  before  by  a  layer  of  Canada  bal- 
sam (Fig.  228).  The  index  of  refraction 
of  the  balsam  lies  between  the  ordinary 
and  the  extraordinary  indices  of  Iceland 
spar.  So  that  if  a  beam  incident  in  a 
direction  parallel  to  the  lateral  edges  of  the 
prism  be  divided  into  two  within  the  prism, 
the  ordinary  beam  will  meet  the  surface  of 
the  balsam  at  an  angle  greater  than  the 
critical  angle  and  will  be  totally  reflected 
and  thrown  out ;  the  extraordinary  beam 
passing  through  the  prism.  This  is  insured  by  giving 
the  end  faces  of  the  prism  an  angle  of  68°  with  the  blunt 
lateral  edges  of  the  paral lelopiped  in  place  of  71°,  the 
natural  angle ;  so  that  these  end  faces  are  perpendicular 
to  the  artificial  plane.  This  device  is  called  a  Nicol 
prism. 

455.  Polariscopes. — A  polariscope  is  an  instrument 
for  producing  and  testing  polarized  light.  It  is  com- 
posed of  two  characteristic  parts,  the  polarizer  and  the 
analyzer ;  which,  since  polarized  light  is  examined  by  the 
same  means  that  are  used  to  produce  it,  may  be  any  of 
the  devices  already  mentioned  for  producing  it  Thus 
the  two  glass  plates  already  described,  placed  on  a  tube 
about  the  axis  of  which  they  can  rotate,  and  inclined  to 
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this  axis  at  the  complement  of  the  polarizing  angle,  is 
known  as  Biot's  polariscope.  Either  mirror  at  pleasure 
may  be  used  to  polarize  the  light,  the  other  being  then 
used  to  analyze  it.  So  a  bundle  of  thin  plates,  a  double 
image  prism,  a  plate  of  tourmalin,  or  a  Nicol  prism  may 
be  used  as  the  polarizer,  and  either  of  these  in  turn  may 
serve  also  as  the  analyzer.  The  Nicol  prism  is  gen- 
erally preferred  for  both  uses.  Evidently  when  the 
incident  planes  or  the  principal  sections  of  the  polarizer 
and  analyzer  are  crossed,  no  light  is  transmitted  through 
the  polariscope  and  the  field  is  dark. 

456.  Nature  of  Plane-polarized  Radiation. — The 
polarized  radiation  thus  far  studied  is  characterized  by 
having  a  plane  of  polarization  and  hence  is  said  to  be 
plane-polarized.  As  we  have  seen,  it  is  capable  of  reflec- 
tion only  when  its  plane  coincides  with  the  plane  of 
incidence,  and  of  transmission  through  a  doubly  re- 
fracting crystal  only  when  its  plane  is  parallel  to  the 
principal  section  of  this  crystal.  The  wave-theory, 
which  in  the  hands  of  Young  had  so  admirably  ex- 
plained the  phenomena  of  interference,  entirely  failed 
for  a  long  time  to  account  for  polarization.  Even  as 
late  as  1821,  the  time  of  Fresnel,  aether-waves  were 
regarded  as  waves  of  compression  and  rarefaction,  the 
particles  vibrating  in  the  line  of  propagation  and  differ- 
ing from  sound-waves  only  in  length  and  in  the  speed  of 
propagation.  By  the  introduction  of  the  idea  of  trans- 
verse vibrations,  Fresnel  was  able  to  explain  by  means 
of  the  wave-theory  the  most  complex  phenomena  of 
polarization  as  readily  and  completely  as  he  had  already 
accounted  for  those  of  interference.  For  it  is  obvious 
that  now  a  ray,  consisting  of  a  single  row  of  particles 
transmitting  radiation,  may  be  considered  the  axis  of  a 
wave-form,  all  the  particles  vibrating  transversely  to  the 
direction  of  propagation,  but  successively.  If,  further, 
we  suppose  these  transverse  vibrations  of  successive  par- 
ticles to  be  executed  all  in  one  plane,  evidently  such  a 
ray  will  be  differently  reflected  or  refracted  according 
as  the  plane  of  vibration  is  parallel  or  perpendicular  to 
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that  of  incidence.  Such  a  ray,  therefore,  is  plane-polar- 
ized. Opinions  differ,  however,  on  the  question  whether 
the  plane  of  vibration  coincides  with  the  plane  of  polari- 
zation or  is  perpendicular  to  it.  The  weight  of  evidence 
at  present  is  in  favor  of  the  latter  view. 

457.  Circular  and  Elliptical  Polarization. — In  the 
wave-front  of  plane-polarized  homogeneous  radiation,  all 
the  vibrating  particles  move  in  straight  lines,  perpen- 
dicular to  the  plane  of  polarization.  Suppose  now  two 
such  wave-fronts  to  meet,  each  having  the  same  amplitude 
but  in  one  of  which  the  vibration-plane  is  perpendicular 
to  that  in  the  other,  and  one  of  which  is  one  quarter  of 
a  wave  in  advance  of  the  other.  The  resulting  motion 
of  the  aether-particle  thus  simultaneously  acted  on  by 
the  two  waves  will  be  circular ;  just  as  when  two  pen- 
dulums vibrating  in  perpendicular  planes  and  differing 
a  quarter  of  a  period  in  phase  are  compounded  (58). 
"While,  therefore,  each  particle  in  the  wave-front  de- 
scribes a  circular  path  whose  plane  is  perpendicular  to 
the  wave-normal,  the  successive  particles  constituting 
the  wave  lag  slightly  each  behind  the  other ;  so  that  the 
wave  has  the  form  of  a  helix,  circular  in  cross-section ; 
and  the  radiation  is  said  to  be  circularly  polarized. 

The  experimental  production  of  circularly  polarized 
light  corresponds  exactly  to  that  above  described.  Let 
a  beam  of  plane-polarized  light  fall  on  a  plate  cut 
from  a  doubl^^-refracting  crystal,  the  faces  of  the  plate 
being  parallel  to  the  principal  section,  and  the  plane  of 
polarization  inclined  at  45°  to  the  axis.  Two  equal 
beams  will  be  thus  produced,  plane-polarized  at  right 
angles  to  each  other.  But  since  the  extraordinary  beam 
has  travelled  over  a  longer  path  through  the  plate,  the 
two  beams  are  not  in  the  same  phase ;  so  that  if  the 
plate  be  cut  of  such  a  thickness  that  this  difference  of 
phase  is  one  quarter  of  a  period,  we  shall  have  the 
required  conditions ;  two  waves  polarized  in  perpendicu- 
lar planes  and  differing  in  phase  by  quarter  of  a  period. 
Hence  the  beam  emergent  from  the  crystal  plate  (which 
is  called  a  quarter-undulation  plate)  is  circularly  polar- 
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ized.  Evidently,  the  thickness  of  such  a  plate,  being  a 
function  of  the  wave-length,  is  different  for  each  differ- 
ent color  and  must  be  used  in  monochromatic  light  In 
some  cases  a  pair  of  plates  is  used,  superposed  on  each 
other ;  their  action  being  differential. 

Fresnel's  rhomb  is  another  device  for  effecting  a 
retardation  of  one  quarter  of  a  wave.  It  is  based  on  the 
fact  that  when  a  plane-polarized  beam  is  incident  on  a 
reflecting  surface  so  that  the  plane  of  polarization  is  not 
coincident  with  nor  perpendicular  to  the  incident  plane, 
it  is  resolved  into  two  beams  polarized  respectively  in 
and  perpendicularly  to  this  plane  of  incidence ;  the  in- 
tensity of  these  beams  being  equal  when  the  plane  of 
polarization  of  the  original  beam  is 
inclined  45°  to  the  incident  plane. 
Moreover,  we  have  already  seen  that 
there  is  a  change  in  phase  in  reflec- 
tion. Fresnel  observed  that  in  St. 
Gobain  glass,  whose  index  is  1*51, 
there  is  a  difference  of  phase  of 
one  eighth  of  a  wave-length  when 
the  polarized  light  is  totally  re- 
flected from  its  surface  at  an  angle  of 
54°  37';  so  that  by  two  such  reflec- 
tions, a  difference  of  \\  will  be  fio.  229. 
obtained.  On  making  a  rhomb  of  such  glass  (Fig.  229) 
the  acute  angles  of  which  are  54°  37',  and  which  is  rect- 
angular in  section,  a  beam  of  polarized  light  whose 
polarization-plane  is  45°  to  the  incident  plane  entering 
normally  will  suffer  two  reflections  successively,  and  will 
emerge  normally  circularly  polarized  ;  having  been  re- 
solved into  two  equal  beams  oppositely  polarized  and 
differing  by  a  quarter  of  a  period.  Circularly  polarized 
light  is  capable  of  reflection  equally  in  any  azimuth  like 
common  light.  But  on  passing  it  through  a  second 
rhomb,  the  difference  of  phase  is  doubled  and  the  emer- 
gent beam  is  again  plane-polarized,  its  plane  of  polariza- 
tion being  now  inclined  45°  to  the  plane  of  the  original 
incident  beam ;  since  two  equal  rectangular  plane  vibra- 
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tions  differing  by  half  a  period,  compound  into  a  single 
plane  vibration  intermediate  between  the  two  in  direc- 
tion. 

Evidently  in  all  the  cases  above  considered,  if  the 
amplitudes  of  vibration  be  not  equal  for  the  two  beams 
or  if  the  diflference  of  period  be  intermediate  between 
the  values  given  (i.e.,  between  0  and  ^X  or  between  ^A. 
and  iX),  the  resultant  wave  will  be  elliptically  polarized; 
the  axes  of  the  ellipse  in  the  former  case  being  parallel 
to  the  polarization  planes  of  the  constituent  beams,  and 
in  the  latter  inclined  to  them.  Light  reflected  from  the 
surfaces  of  substances  of  high  refractive  power,  such  as 
the  diamond,  and  from  metallic  surfaces,  is  found  to  be 
elliptically  polarized  ;  its  intensity  varying  from  a  max- 
imum to  a  mininum  as  the  Nicol  prism  is  rotated,  but 
never  becoming  zero.  Hence  for  such  surfaces  there  is 
an  incident  angle  of  maximum,  but  not  an  angle  of  com- 
plete, polarization.  By  receiving  a  beam  of  elliptically 
polarized  light  upon  a  double-image  prism  and  turning 
it  until  the  two  beams  have  the  maximum  difference  of 
intensity,  the  principal  section  of  the  prism  will  have 
the  direction  of  one  of  the  axes  of  the  ellipse;  their 
lengths  being  proportional  to  the  square  roots  of  their 
intensities. 

458.  Interference  of  Polarized  Radiation. — If  two 
polarizing  devices,  such,  for  example,  as  two  Nicol  prisms, 
be  placed  with  their  principal  sections  crossed,  no  light 
will  traverse  them.  But  if  a  thin  plate  of  some  doubly 
refracting  substance  be  inserted  between  the  two  prisms, 
the  light  will  be  transmitted.  Closer  observation  will 
show  that  there  are  two  positions  of  the  thin  plate  at 
right  angles  to  each  other  in  which  no  effect  will  be 
produced  ;  these  being  when  the  principal  section  of  this 
plate  is  parallel  or  perpendicular  to  the  plane  of  polari- 
zation of  the  incident  lighi  At  all  intermediate  posi- 
tions, light  pases  through  the  analyzer,  its  intensity 
reaching  the  maximum  when  the  principal  section  of  the 
plate  makes  an  angle  of  45°  with  the  plane  of  polariza- 
tion.    This  effect  is  one  of  the  most  delicate  tests  of 
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double  refraction  in  a  substance.  Moreover,  it  will  be 
found  that  if  the  plate  be  very  thin  and  if  white  light  be 
employed,  the  transmitted  beam  is  colored,  the  color 
depending  on  the  thickness  of  the  plate ;  and  that  if 
the  plate  be  rotated  in  its  own  plane,  the  color  van- 
ishes four  times  in  every  complete  revolution.  If,  how- 
ever, the  analyzing  Nicol  be  rotated,  the  color  given  by 
the  plate  will  be  observed  to  pass  gradually  into  its 
complementary  color  every  90°  of  rotation.  The  sub- 
stances most  commonly  used  for  the  thin  plate  are  mica 
and  selenite,  since  both  these  minerals  readily  cleave 
into  thin  laminae. 

These  phenomena  are  due  simply  to  interference. 
Two  polarized  beams  can  be  made  to  interfere,  as 
Fresnel  has  shown,  only  when  their  planes  of  polariza- 
tion are  coincident.  Suppose  now  a  plane-polarized 
beam  to  fall  on  a  doubly  refracting  plate  whose  principal 
section  is  at  45°  to  the  plane  of  polarization.  Evidently 
it  will  be  split  into  two  beams  polarized  in  perpendicular 
planes.  Each  of  these  beams  falling  on  the  analyzer  at 
45°  will  be  split  into  two  others  also  polarized  perpendic- 
ularly, *  those  components  of  both  pairs  alone  being 
transmitted  which  are  perpendicular  to  the  principal 
section  of  the  analyzing  Nicol.  These  transmitted  beams 
are  in  the  same  plane,  therefore,  and  their  effect  upon 
each  other  will  depend  upon  their  difference  of  phase. 
Now  the  speeds  within  the  thin  plate  are  different  for 
the  two  beams ;  and  hence  for  a  given  wave-length  ther© 
is  a  certain  thickness  of  plate  which  will  produce  a 
difference  of  phase  of  half  a  wave-length  between  the 
two;  a  condition  which  will  cause  the  two  beams  to 
destroy  each  other. 

459.  Ring-systems  of  Uniaxial  and  Biaxial  Crystals. 
— If  a  plate  cut  from  any  uniaxial  doubly-refracting 
crystal  perpendicular  to  its  axis  be  examined  in  a  con- 
vergent or  divergent  pencil  of  plane-polarized  light, 
produced  by  means  of  a  lens,  a  series  of  circular  colored 
fringes  or  rings  will  be  seen,  intersected  at  the  center  by 
a  white  or  a  black  cross  (Fig.  230,  A).     Since  the  incident 
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light  is  oblique,  the  thickness  of  the  film  traversed  in- 
creases with  the  distance  from  the  center  and  so  causes 
interference  in  the  inverse  order  of  the  wave-length ; 
thus  producing  an  inverted  spectrum  repeated  at  definite 
intervals.  Again,  since  the  beam  of  light  is  conical  and 
is  incident  symmetrically  about  a  center,  these  phenom- 
ena appear  symmetrically  as  a  series  of  circular  fringes 
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or  rings  of  color.  Since  no  light  traverses  the  analyzer 
in  one  fixed  plane  nor  the  polarizer  in  a  perpendicular 
one,  when  the  two  are  crossed  the  black  intersecting 
cross  represents  the  two  polarization  planes  of  the 
polariscope.  If  the  section  be  cut  parallel  to  the  axis, 
the  fringes  are  hyperbolas. 

If  a  plate  cut  from  a  biaxial  crystal  be  thus  examined, 
a  series  of  curved  fringes  will  also  be  seen,  the  form  of 
which  will  be  different  according  to  the  relation  of  the 
section  to  the  axes.  If  cut  so  as  to  be  perpendicular  to 
one  of  the  axes,  they  are  closed  rings  ;  if  so  as  to  be  par. 
allel  to  the  plane  of  both  the  axes,  they  are  hyperbolas ; 
and  they  are  lemniscates  if  they  are  cut  perpendicularly  to 
the  bisector  of  the  angle  between  the  axes  (Fig.  230,  B). 
In  the  latter  case,  the  fringes  representing  the  ends  of 
the  optic  axes  approximate  ovals  in  form,  the  angular 
distance  separating  them  as  the  plate  is  turned  about  an 
axis  perpendicular  to  the  plane  of  the  optic  axes,  being 
the  angle  between  these  axes.  Dark  bands  cross  these 
fringes  when  the  polarizer  and   analyzer   are    crossed, 
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assumiug  the  form  of  hyperbolas  or  intersecting  crosses 
according  to  the  position  of  the  line  joining  the  optic 
axes,  with  reference  to  the  plane  of  polarization. 

When  a  plate  of  quartz  cut  perpendicular  to  the  axis 
is  placed  in  such  a  conical  beam,  the  colored  rings  or 
isochromatic  lines  belonging  to  uniaxial  crystals  appear 
but  without  the  intersecting  cross  at  the  center.  This 
results  from  the  fact  that  the  two  rays  into  which  quartz 
doubly  refracts  light  are  not  plane-polarized  but  circu- 
larly polarized.  And  the  union  of  these  two  circularly- 
polarized  rays  by  the  analyzer  produces  a  planepolar- 
ized  wave  which  has  a  diflferent  azimuth  for  different 
wave-lengths;  and  so  these  different  colors  appear  at 
the  center  as  the  analyzer  is  rotated. 

460,  Rotatory  Polarization. — In  1811,  Arago  ob- 
served that  when  plane-polarized  light  is  transmitted 
through  a  plate  of  quartz  in  the  direction  of  its 
optic  axis,  the  plane  of  polarization  is  rotated  through 
a  certain  angle  depending  upon  the  thickness  of  the 
plate  and  the  color  of  the  light.  Biot  subsequently 
showed  that  certain  varieties  of  quartz  rotated  this  plane 
to  the  right,  others  to  the  left ;  and  he  called  the  former 
dextrogyrate  or  right-handed,  the  latter  levogyrate  or 
left-handed.  Other  substances,  both  liquids  and  vapors 
as  well  as  solids,  were  found  to  possess  this  property  of 
rotation.  Thus  using  sodium  light  and  a  plate  one 
millimeter  thick,  the  rotation  produced  by  quartz  is 
21-67°,  by  cinnabarite  32-5°,  and  by  sodium  chlorate 
3-67''.  For  liquids  in  tubes  a  decimeter  long,  calling  right- 
handed  rotations  positive  and  left-handed  negative,  we 
have  for  turpentine  —  296°,  mint  —  16-14°,  aniseed  —  0*7°, 
lavender  +  2-02°,  fennel  +  13-16°,  citron  +  55-3°,  Seville 
orange  +  78-94°.  For  solutions,  cane-sugar  in  water 
(a  50^  solution)  +  33-64°,  quinine  in  alcohol  {&%)  —30^ 
The  phenomenon  of  rotation  depends  on  the  production 
of  two  opposite  circularly.polarized  rays  by  the  sub- 
stance, which  traverse  it  with  different  speeds  and  so 
when  combined  by  the  analyzer  produce  a  plane-polar- 
ized ray  inclined  to  the  primitive  one. 


Digitized  by  LjOOQ IC 


532  PUT8IC8. 

Practically  the  rotation  of  the  plane  of  polarization 
by  various  substances  may  be  turned  to  account  in  de- 
tecting or  estimating  these  substances.  Saccharimeters 
of  various  forms  have  been  devised  for  estimating  the 
commercial  value  of  a  sample  of  sugar  by  the  amount  of 
rotation  produced  by  a  solution  of  it  of  known  strength ; 
the  various  devices  used  to  measure  with  precision  the 
amount  of  rotation  involving  advanced  scientific  prin- 
ciples. 

The  real  specific  rotatory  power  a,  of  a  substance,  is 
the  rotation,  for  a  given  wave-frequency,  of  a  layer  of 
the  substance  1  mm.  thick.  The  apparent  specific  rotatory 
power  [a]  is  the  rotation  of  the  substance  when  in  solu- 
tion. If  e  represent  the  amount  of  substance  in  1  gram 
of  solution,  I  the  length  of  the  column,  usually  given  in 
decimeters,  and  p  its  density,  [^]  =  a/elp.  Thus  in  the 
case  of  quartz  and  for  the  D  line,  a^,  =  21*67°.  For 
cane-sugar  [a]i>  =  67° ;  for  nr-lactose  \^a]jy  =  80° ;  for 
y^-lactose  [a]x)  =  54*5°.  The  molecular.rptatory  power  is 
the  product  of  the  specific  rotatory  power  by  the  molec- 
ular mass. 

In  the  case  of  quartz,  rotation  depends  on  molecular 
aggregation,  apparently ;  since  dextrogyrate  crystals 
exhibit  hemihedral  faces  inclined  to  the  right,  and  levo- 
gyrate  crystals  similar  faces  inclined  to  the  left.  More- 
over in  its  amorphous  form,  as  when  fused,  quartz  has 
no  rotatory  action.  In  the  case  of  tartaric  acid,  however, 
which  is  optically  active  when  in  solution,  and  of  oil  of 
turpentine  and  camphor,  which  are  as  active  in  the 
vaporous  as  in  the  liquid  or  solid  state,  rotation  can  be 
due  only  to  a  peculiar  atomic  structure  within  the  mole- 
cule. Le  Bel  and  Van't  Hoff  (1874)  showed  that  all 
substances  which,  in  the  non-crystalline  state,  are  capa* 
ble  of  rotating  the  plane  of  polarization,  contain  an 
asymmetric  carbon  atom ;  i.e.,  a  carbon  atom  whose 
four  valences  are  saturated  by  four  radicals  of  different 
kinds. 
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ENERGY   OF   iETHEK-STKESS.— ELECTRO- 
STATICS. 

Section  L— Electrification. 

a.— historical. 

461.  Electrics  and  Non-electrics. — Although,  six 
hundred  years  before  the  Christian  era,  Thales  appears 
to  have  been  acquainted  with  the  fact  that  amber,  when 
rubbed,  possesses  the  property  of  attracting  light  bodies, 
yet  it  was  not  until  near  the  end  of  the  sixteenth  century 
that  any  real  knowledge  was  acquired  on  this  subject. 
Then  Dr.  Gilbert  showed  that  many  other  substances, 
such  as  sulphur,  resin,  shellac,  salt,  alum,  glass,  rock- 
crystal,  and  the  precious  stones  diamond,  sapphire,  ruby, 
amethyst  and  opal  possess  like  properties  with  amber. 
And  he  gave  the  name  electrification,  from  r/Ae/cr/oov,  the 
Greek  name  of  amber,  to  this  property  of  these  sub- 
stances thus  established.  The  substances  in  which  elec- 
trification can  be  developed  by  rubbing  he  called  ideo- 
electrics;  in  distinction  from  those  in  which  no  such 
property  can  be  thus  produced,  which  he  called  anelec- 
trics.  More  recent  investigation  shows  that  all  sub- 
stances may  be  electrified  by  suitable  means  and  are 
therefore  electrics  per  se. 

46^.  Conductors  and  Non-conductors. — In  1729, 
Gray  observed  that  electrification  can  be  transferred  to 
an  un-electrified  body  when  brought  into  contact  with 
an  electrified  one;  i.e.,  that  a  body  can  be  electrified  by 
conduction.     He  succeeded  in  efiecting  this  transference 
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through  a  wire  more  than  200  meters  long,  supported  by 
silk  threads ;  and  he  recognized  in  this  way  that  bodies 
may  be  classified  as  good  conductors  and  bad  conductors, 
according  to  the  readiness  with  which  they  permit  this 
transference.  Moreover,  he  observed  that  conductors 
as  a  class  belong  to  the  anelectrics  of  Gilbert;  and 
hence  that  they  show  no  sign  of  electrification  when 
rubbed,  because  this  electrification  is  conducted  away. 
Since  non-conductors  do  not  permit  the  transference  of 
electrification  along  them,  they  are  called  insulators.  As 
a  class  the  metals  are  the  best  examples  of  good  con- 
ductors; while  glass,  resins,  dry  wood,  silk,  ebonite,  tur- 
pentine, air,  etc.,  are  insulators. 

Examples. — If  a  piece  of  amber  or  of  jet,  a  stick  of  sealing-wax 
or  of  sulphur,  a  rocl  of  glass  or  of  hard  rubber,  be  lightly  rubbed 
with  flannel,  silk,  or  fur,  it  will  be  noticed  that  the  body  rubbed  be- 
comes electrified  and  will  attract  bits  of  paper,  pith,  or  bran  presented 
to  it.  A  convenient  form  of  light  body  for  this  experiment  is  a  pith 
ball  suspended  by  a  linen  thread  ;  called  often  an  electric  pendulum. 
It  acts  as  an  electroscope  to  detect  electrification  ;  and  by  its  mean» 
the  greater  electrification  produced  with  some  of  the  above  sub- 
stances over  that  with  others  may  be  shown.  If  such  a  pith  ball  be 
covered  with  gold-leaf  and  supported  by  a  silk  fiber,  contact  with  an 
electrified  body  will  readily  electrify  it  by  conduction.  And  then  in 
its  turn  it  will  attract  a  second  and  unelectrified  pith  ball. 

463.  Electrification  of  Two  Kinds. — Although  in 
1660  von  Guericke  had  observed  the  repulsion  of  a  light 
body  after  contact  with  an  electrified  one,  it  was  not  un- 
til 1733  that  DuFay  recognized  the  fact  that  electrification 
is  of  two  kinds ;  and  not  until  1753  that  Canton  proved 
the  rubbing  body  to  be  of  quite  as  much  importance  as 
the  body  rubbed.  To  the  electrification  of  glass  Du 
Fay  gave  the  name  vitreous  electrification  ;  and  to  that  of 
resin,  resinous  electrification.  Wilke  in  1757  arranged 
electrics  in  a  series,  each  one  being  vitreous  when  rubbed 
with  any  one  placed  below  it  in  the  series,  and  resinous 
when  rubbed  with  any  one  above  it.  Franklin  in  1749 
substituted  the  terms  positive  and  negative  for  vitreous 
and  resinous.  Such  a  series,  essentially  that  of  Faraday, 
is  the  following : 
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1.  Cat's  fur. 

5.  Glass. 

9.  Wood. 

18.  Resin. 

2.  Flannel. 

6.  Cotton. 

10.  Metals. 

14.  Sulphur. 

3.  Ivory. 

7.  Silk. 

11.  Caoutchouc. 

15.  Gutta-percha. 

4.  Quai-tz. 

8.  The  band. 

12.  Sealing-wax. 

16.  Gun-cotton. 

It  will  be  observed  that  cat's  fur  is  always  positive  and 
gun-cotton  always  negative,  when  rubbed  with  any  of  the 
other  substances  in  the  list.  And  further,  that  while 
glass  for  example  is  positive  when  rubbed  with  silk,  it  is 
negative  when  rubbed  with  flannel ;  sealing-wax  on  the 
other  hand  being  negative  when  rubbed  with  silk,  and 
positive  when  rubbed  with  gun-cotton.  Moreover,  in 
all  cases  the  electrification  of  the  body  rubbed  is  equal 
in  amount,  and  of  opposite  sign,  to  that  of  the  rubbing 
one.  These  classifications  must  be  accepted  with  some 
reserve,  however,  since  tlie  electrification  developed  is 
affected  often  by  slight  and  apparently  arbitrary  causes^ 
such  as  the  physical  condition  of  the  substances,  traces 
of  foreign  matters,  temperature,  etc.  Thus  a  disk  of 
ground  glass  is  negative  when  rubbed  against  a  similar 
disk  of  polished  glass  ;  a  piece  of  white  silk  ribbon  is 
positively  and  a  piece  of  black  silk  ribbon  is  negatively 
electrified  by  being  drawn  between  the  dry  fingers ;  if  a 
piece  of  white  ribbon  be  drawn  transversely  across  a 
second  piece,  cut  from  the  same  roll,  the  two  will  be 
oppositely  electrified.  Metals  may  readily  be  electrified 
by  providing  them  with  insulating  handles.  Platinum, 
gold,  and  silver,  for  example,  when  rubbed  with  resins, 
silk,  gun-cotton,  or  gutta-percha,  are  negatively  electri- 
fied, while  zinc  and  iron  thus  treated  are  positively  elec- 
trified. Mercury,  in  which  a  glass  tube  is  immersed, 
becomes  negatively  electrified  on  withdrawing  the  tube. 
And  a  jet  of  dry  air  electrifies  positively  a  plate  of  glass 
against  which  it  is  directed.  If  two  pieces  of  the  same 
substance  at  different  temperatures  bo  rubbed  together, 
that  at  the  higher  temperature  will  be  negatively  electri- 
fied. 

Experiments.— Brini?  near  a  pith-ball  electroscope  suspended  by 
a  silk  fiber,  a  rod  of  glass  excited  by  silk.    Tlie  ball  will  be  attracted, 
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will  come  in  contact  with  the  rod,  will  be  positively  electrified  by 
this  contact,  and  then  will  be  actively  repelled.  A  similar  phenom- 
enon will  appear  if  a  rod  of  sealing-wax  excited  by  flannel  be  used 
to  excite  a  second  ball.  Bring  now  the  two  pith  balls  near  each 
other  and  they  will  be  found  to  attract  mutually.  Moreover,  the 
glass  rod  will  attract  the  pith  ball  which  the  sealing-wax  repels  and 
vice  versa.  By  taking  the  different  substances  given  in  the  table, 
and  rubbing  them  with  silk  for  example,  it  will  be  observed  that 
some  of  them  by  this  treatment  become  positively  and  others  nega- 
tively electrified  ;  while  the  same  substance  may  be.  positively  or 
negatively  electrified  according  to  the  character  of  the  substance 
used  as  the  rubber. 

Hence  the  qualitative  law  of  electrical  attraction  and 
repulsion  announced  by  Du  Fay:  Bodies  similarly 
electrified  repel  one  another;  bodies  oppo- 
sitely electrified  attract  one  another. 

404.  Simultaneous  Productiou  of  the  Two  Electri- 
fications and  in  Equal  Quantities. — (Epinus  in  1759  took 
two  disks  of  the  same  diameter,  one  of  glass,  the  other 
of  wood  covered  with  cloth,  both  provided  with  glass 
handles,  and  having  rubbed  them  together  and  sepa- 
rated them,  brought  each  of  them  near  an  electric  pen- 
dulum. The  disks  were  found  to  be  electrified,  the 
glass  disk  being  positive  and  the  wooden  disk  negative. 
On  repeating  the  experiment,  but  without  separating 
the  disks,  it  was  observed  that  their  joint  action  on  a 
pith  ball  suspended  by  a  linen  thread,  was  zero ;  although 
on  separation  they  were  found  electrified  as  before. 
Since  the  resultant  action  of  two  opposite  electrifications 
is  the  algebraic  sum  of  their  separate  actions,  this  result- 
ant can  be  zero  only  when  these  electrifications  are  equal. 

Experiments. — Pour  into  a  conical  glass  some  melted  sulphur 
and  place  a  glass  rod  upright  in  the  liquid  to  serve  as  a  handle. 
When  cold  it  will  be  found  that  while  the  system  as  a  whole  exhibits 
no  electrification,  the  sulphur  cone,  on  withdrawing  it  by  means  of 
the  glass  handle,  is  positively  and  the  glass  vessel  negatively  elec- 
trified.. The  effect  is  increased  by  covering  the  outside  of  the  glass 
with  tinfoil  and  connecting  it  to  the  ground  while  the  sulphur  is 
solidifying  (CEpinus).  Faraday's  apparatus  consisted  of  a  stick  of 
sealing-wax  covered  with  a  cap  of  silk  at  one  end.  After  turning 
the  stick  round  within  the  cap  a  few  times,  it  may  be  presented  to 
an  electroscope;  but  no  effect  will  be  noticed.     On  removing  the 
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silk  cap,  however;  by  means  of  an  attached  silk  cord,  the  cap  ie 
fonnd  to  be  positively  and  the  sealing-wax  negatively  electrified.  A 
sheet  of  mica  showing  no  electrification  whatever  yields  two  elec- 
trified laminae  when  split,  one  of  which  is  electrified  positively,  the 
other  negatively. 

B. — NATURE  OF  ELECTBIFICATION. 

465.  Mechanism  of  the  Process. — In  all  the  cases 
above  considered  two  unlike  substances  have  been  elec- 
trified by  being  placed  in  contact  with  each  other.  If 
the  substances  are  bad  conductors  it  is  obvious  that  to 
secure  electrification  over  the  entire  surface,  contact 
must  take  place  at  every  point  of  it ;  or  in  other  words, 
that  the  two  must  be  rubbed  together.  The  object  of 
rubbing  them  together,  therefore,  is  simply  to  secure  an 
extended  contact.  The  term  electrification  by  friction 
is  evidently  a  misnomer,  since  the  effect  is  rather  dimin- 
ished than  increased  by  friction.  The  principle  may  be 
laid  down  as  an  absolutely  general  one  that  when  two 
dissimilar  substances  are  brought  in  contact  and  then 
separated,  they  are  equally  and  oppositely  electrified. 
The  phenomena  are  more  striking  in  the  case  of  bad 
conductors  lite  glass  and  silk,  because  the  electrification 
remains  where  it  is  produced  and  the  effect  accumulates  ; 
while  when  two  conductors  like  zinc  and  copper  are 
separated  after  contact,  the  electrification  flows  to  the 
last  point  touched  and  so  is  dissipated  by  conduction 
from  one  to  the  other. 

400.  Theories  of  Franklin  and  of  Synimer. — The 
phenomena  of  electrification  were  explained  by  Frank- 
lin (1749)  by  supposing  the  existence  of  "  an  electrical 
matter'*  resident  in  common  matter.  "  Electrical  mat- 
ter differs  from  common  matter  in  this,"  he  says,  "  that 
the  parts  of  the  latter  mutually  attract,  those  of  the 
former  mutually  repel,  each  other."  "But  though  the 
particles  of  electrical  matter  do  repel  each  other,  they 
are  strongly  attracted  by  all  other  matter."  "  Common 
matter  is  a  kind  of  sponge  to  the  electrical  fluid.*'  "In 
common  matter  there  is  (generally)  as  much  of  the  elec- 
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trical  as  it  will  contain  within  its  substance.  If  more  is 
added,  it  lies  without  upon  the  surface  and  forms  what 
we  call  an  electrical  atmosphere  ;  and  then  the  body  is 
said  to  be  electrified."  Symmer  on  the  contrary  (1759) 
considered  the  phenomena  of  electrification  to  be  due  to 
two  electrical  fluids,  each  self-repulsive  and  each  attract- 
ing the  particles  of  the  other,  and  both  attracting  ordi- 
nary matter.  Both  of  these  hypotheses  served  provis- 
ionally to  explain  the  phenomena  for  which  they  were 
created.  But  they  were  both  deficient  in  that  they 
assumed  action  at  a  distance  and  failed  to  recognize 
the  importance  of  the  intervening  medium. 

467.  Modern  Theory  of  Electrification. — Faraday 
first  called  attention  to  the  important  part  which  the 
intervening  medium — called  by  him  the  dielectric — 
plays  in  the  phenomena  of  electrification.  He  pictures 
two  electrified  bodies  as  immersed  in  an  electrical  field 
of  force,  the  lines  of  force  which  connect  the  bodies 
tending  to  shorten  and  being  apparently  self-repellent. 
In  such  an  electrical  field  there  is  always  a  stress  paral- 
lel to  the  lines  of  force,  of  the  nature  of  a  tension ;  and 
a  stress  perpendicular  to  these  lines,  of  the  nature  of  a 
pressure.  The  name  electricity  is  given  to  the  agent 
upon  which  the  phenomena  depend.  And  although 
electrification  is  a  form  of  potential  energy,  electricity 
itself  is  not  a  form  of  energy  at  all ;  it  is  rather  a  form 
of  matter  and  this  in  the  most  refined  sense.  Like  mat- 
ter it  can  neither  be  created  nor  destroyed,  though  it 
can  be  moved  and  put  under  stress.  It  behaves  like  an 
incompressible  fluid  filling  all  space,  and  yet  entangled 
in  an  sether  having  the  rigidity  necessary  to  propagate 
the  enormously  rapid  and  minute  oscillatory  disturb- 
ances which  constitute  radiation,  while  at  the  same 
time  allowing  the  free  motion  through  it  of  ordinary 
matter  (Lodge).  Touch  together  a  disk  of  metal  and 
one  of  silk ;  the  contact  transfers  electricity  from  the 
metal  to  the  silk.  And  now  on  separating  them  the 
medium  between  them  is  thrown  into  a  state  of  strain, 
indicated  by  Faraday's  lines  of   force.     Electrification, 
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then,  is  to  be  viewed  as  a  state  of  strain  in  the  dielectric, 
produced  by  a  transfer  of  electricity  from  one  body  to 
another  and  the  subsequent  separation  of  the  two  bodies 
thus  electrified. 


Section  II. — Electrical  Potential. 


A. — ATTRACTION  AND   REPULSION. 

468.  liaw  of  Electric  Action. — We  owe  to  Coulomb 
(1784)  our  earliest  knowledge  of  the  quantitative  laws  of 
electric  attraction  and  repulsion.  The  instrument  em- 
ployed by  him'  in  his  investigations  has  become  classic 
and  is  known  as  the  torsion-balance  (Fig.  231).  The 
needle  p  is  made  of  shellac,  carries  a  gilt  ball  n  at  one 
end,  and  is  suspended  by  a  fine 
silver  wire  from  the  torsion-head 
e  at  the  top  of  the  tube  d.  It  is 
inclosed  in  a  glass  cylinder  o, 
graduated  around  its  middle 
portion  c,  and  provided  with  a 
glass  cover  A,  Within  this 
cylinder  is  a  dish  containing 
drying  material.  Through  the 
cover  passes  a  wire  i  carrying  a 
fixed  ball  at  each  end,  the  lower 
ball  m  being  opposite  the  zero 
of  the  graduation.  On  electri- 
fying the  fixed  ball,  the  movable 
ball,  which  bus  previously  been 
brought  by  turning  the  torsion- 
head,  just  to  touch  this  fixed  ball, 
is  repelled  and  after  a  few  oscilla- 
tions comes  to  rest,  suppose  at  an 
angle  of  36°.  Since  the  couple  of  torsion  is  equal  to  the 
angle  of  torsion,  the  angle  of  deflection  may  be  taken 
as  approximately  proportional  to  the  force  of  torsion ; 
i.e.,  to  the  force  of  repulsion.  Coulomb  found  that  to 
diminish  the  angular  distance  of  the  balls  from  36°  to 
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18°  required  that  the  torsion-head  be  tamed  through 
126^;  and  to  reduce  it  to  8-5°  the  torsion-head  must  be 
turned  through  567°.  The  total  torsion  in  the  first  case 
is  36°,  in  the  second  126  +  18  =  144°,  and  in  the  third 
567+8*5  =  575*5°.  Now  these  values  are  approximately 
1  :  4  :  16 ;  while  the  distances  are  4:2:1;  and  hence 
the  forces  of  repulsion  are  inversely  as  the  squares  of 
the  distances.  A  rigorous  investigation  confirms  this 
relation.  By  a  similar  method  of  experimenting,  Cou- 
lomb proved  the  same  proportionality  in  the  case  of 
attraction,  the  balls  being  oppositely  electrified.  If  the 
fixed  ball  or  the  movable  ball  be  touched  by  another 
ball  of  equal  size,  the  electrification  will  be  equally 
divided  between  the  two ;  and  now  it  will  be  found  that 
only  half  the  torsion  will  be  required  to  bring  the 
movable  ball  to  the  same  distance  from  the  fixed  one. 
Hence  by  halving  the  electrification,  the  force  of  attrac- 
tion or  repulsion  is  halved ;  thus  proving  the  force  to  be 
proportional  to  the  amount  of  electrification.  Similar 
results  were  obtained  by  Coulomb  by  oscillating  a  small 
shellac  needle  carrying  a  disk  of  gilt  paper,  at  different 
distances  from  an  electrified  sphere.  Since  tlie  force  is 
inversely  proportional  to  the  square  of  the  time  of  oscil- 
lation, the  value  of  the  force  at  any  point  is  known  when 
the  number  of  oscillations  per  second  is  known.  The 
law  of  electric  action  then  is  the  same  as  that  of  any 
action  from  a  center,  such  as  gravitation,  light,  sounds 
etc.,  and  may  be  enunciated  as  follows : 

The  force  which  is  mutually  exerted  between 
two  electrified  masses  is  directly  proportional  to 
the  product  of  their  electrifications  and  inversely 
proportional  to  the  square  of  the  distance  sepa- 
rating them. 

Calling  q  the  amount  of  electrification  on  the  one  body 
and  y'  that  on  the  other,  and  representing  by  d  the  dis- 
tance separating  them,  we  have  the  force  exerted  between 
them  represented  by 

Fcxqq'/d\     or     F=k{qq'/d'\ 
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in  which  A;  is  a  constant  and  represents  the  force  exerted 
by  unit  electrification  at  unit  distance.  If,  as  is  the  case 
in  an  absolute  system,  this  coefficient  be  made  unity, 
then  we  may  write 

F^qq'/cP.  [61] 

460.  Unit   of  Quantity   of  Electrification. — ^From 
the  above  equation  we  have 

q  =  Fd'/q';    or  if    g  =  g',    F^q'/d"    and    q=zdi^; 


whence  making  F,  d,  and  q'  unity,  we  have  q  =  unity 
also.  In  other  words,  a  unit  of  electrification  is 
that  quantity  of  electrification  which  exerts 
unit  of  force,  either  attractive  or  repulsive,  on 
a  similar  quantity  of  electrification  placed  at 
unit  distance  from  it.  In  the  C.  G.  S.  system  it  is 
the  quantity  which  acts  with  the  force  of  a  dyne  on 
another  similar  quantity  at  one  centimeter  distance. 
This  is  called  the  electrostatic  unit  of  quantity. 

Example.— Let  two  equal  pith  balls  a  and  6  (Fig.  232),  each  of 
mass  25  milligrams,  be  suspended  by  silk  fibers  80 
centimeters  long  and  be  similarly  electrified.  After 
contact  they  will  repel  each  other ;  when  in  equilibrium 
let  their  centers  be  10  cm.  apart.  It  is  required  to  find 
the  quantity  of  electrification  on  each  ball.  Calling  the 
length  ca  or  cb  of  each  fiber  /,  and  2d  the  distance  be- 
tween the  centers,  m  the  mass  of  each  ball,  and  q  the 
quantity  of  electrification  on  it,  the  force  of  repulsion 
acting  between  the  balls  by  the  law  just  given  is  q*/4(P, 
By  similar  triangles,  since  the  weight  of  each  ball  is 
mgy  we  have  q^/id*  :  7ng  ::  d  i  (P --  d')k ;  whence 

4d*mff 

[62] 


<r= 


'(-?)'■ 


mat 


Fio.  S82. 


Substituting  in    this  equation    the   numerical  values 

given  above,  neglecting  cr//»,  and  taking  g  as  980,  we 

have  ±  12-37  as  the  value  of  q.    There  is  then  approximately  12-87 

0.  G.  S.  units  of  electrification,  either  positive  or  negative,  upon 

each  ball.     (Gray.) 
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B. — ELECTRICAL  DISTRIBUTION. 

470.  Electrical  Charge. — The  term  charge  is  used  to 
indicate  the  electrification  of  a  body ;  as  when  a  sphere 
is  said  to  be  charged  with  ten  units  of  electrification. 
The  term  surface-density  is  employed  to  express  the 
amount  of  electrification  upon  a  unit  of  surface.  It  is 
generally  represented  by  a,  and  is  obtained  by  dividing 
the  total  charge  on  a  body  by  its  surface.  The  expres- 
sions linear  and  yolume  density  are  also  employed  to 
indicate  the  amount  of  electrification  per  unit  of  length 
and  per  unit  of  volume. 

471.  Surface-distribution  on  Conductors. — When- 
ever a  charge  is  communicated  to  a  conductor,  the  elec- 
trification being  free  to  move  distributes  itself  over  the 
conductor,  reaching  finally  a  condition  of  equilibrium. 
The  first  point  to  be  observed  is  that  the  electrification, 
being  self-repulsive,  lies  wholly  upon  the  surface ;  i.e., 
there  is  no  electrification  whatever  in  the  interior. 
Since  this  result,  as  we  have  already  shown  (124)  in  the 
case  of  gravitation,  is  a  direct  consequence  of  the  law  of 
inverse  squares,  very  elaborate  experiments  have  been 
made  to  ascertain  its  exactness.  Franklin  (1755)  "elec- 
trified a  silver  pint  cann  on  an  electric  stand  and  then 
lowered  into  it  a  cork  ball  of  about  an  inch  diameter 
hanging  by  a  silk  string,  till  the  cork  touched  the 
bottom  of  the  cann.  The  cork  was  not  attracted  to  the 
inside  of  the  cann  as  it  would  have  been  to  the  outside, 
and  though  it  touched  the  bottom,  yet  when  drawn  out 
it  was  not  found  to  be  electrified  by  that  touch,  as  it 
would  have  been  by  touching  the  outside.**  He  adds : 
"  The  fact  is  singular.  You  require  the  reason ;  I  do  not 
know  it.  Perhaps  you  may  discover  it,  and  then  you 
will  be  so  good  as  to  communicate  it  to  me."  Coulomb 
(1786)  took  a  cylinder  of  wood  supported  on  an  insulating 
stand  and  bored  holes  in  it  a  centimeter  in  diameter  and 
a  centimeter  deep.  After  electrifying  it,  he  applied  to 
the  surface  and  to  the  interior  of  the  openings  a  little 
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disk  of  gilt  paper  supported  on  a  shellac  handle ;  testing 
the  electrification  of  the  disk  by  means  of  a  torsion-bal- 
ance so  delicate  that  a  force  of  O'OOl  milligram  would 
turn  it  through  90^.  But  not  a  trace  of  electrification 
could  be  detected  beneath  the  surface  of  the  cylinder. 
Faraday  (1837)  had  a  cubical  chamber  built,  3*66  meters 
on  a  side,  covered  with  copper  wire  and  tinfoil,  to  ren- 
der its  surface  conducting,  and  well  insulated.  It  was 
charged  by  means  of  the  large  electrical  machine  of  the 
Boyal  Institution.  "  I  went  into  the  cube  and  lived  in 
it,"  he  says  ;  "  and  using  lighted  candles,  electrometers, 
and  all  other  tests  of  electrical  states,  I  could  not  find 
the  least  influence  upon  them,  though  all  the  time  the 
outside  of  the  tube  was  powerfully  charged  and  large 
sparks  and  brushes  were  darting  oflF  from  every  part  of 
its  outer  surface."  Maxwell  (1879)  repeated  Cavendish's 
well-known  experiment  (1773)  of  the  two  hemispheres  and 
obtained  a  negative  result,  although  the  electrometers 
used  by  him  were  capable  of  indicating  an  electrification 
of  one  millionth  of  the  quantity  normally  experimented 
with.  Boys  (1888)  has  shown  that  one  soap-bubble  en- 
tirely protects  another  bubble  within  it 
from  electric  action;  thus  proving  the 
exceedingly  minute  depth  to  which  the 
electrification  on  a  conductor  penetrates. 

Experiments.  —A  variety  of  experiments  have 
been  suggested  to  show  the  absence  of  electrifica- 
tion in  the  interior  of  charged  conductors.  (1) 
One  of  the  simplest  is  made  with  a  piece  of  brass 
tube  10  centimeters  in  diameter  and  about  the 
same  length  mounted  on  an  insulating  stand  with 
its  axis  horizontal,  and  having  two  pairs  of  small 
pith  balls  suspended,  the  one  pair  on  the  inside, 
the  other  on  a  small  stem  on  the  outside  (Fig. 
233).  On  electrifying  the  tube,  the  outer  pith 
balls  will  diverge  while  the  interior  ones  will 
not  be  affected.  (2)  Cavendish's  apparatus,  above 
mentioned,  is  a  metallic  sphere  suspended  by  an 
insulating  thread  and  provided  with  a  pair  of 
metal  hemispheres  enclosing  it  and  furnished  with  insulating  handles. 
If  the  sphere  be  electrified  and  then  the  hemispheres  be  placed  over 
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it,  so  as  to  touch  this  sphere  for  an  instant,  it  will  be  found  on 
Temoving  them  that  the  sphere  has  entirely  lost  its  electrification 
while  the  enclosing  hemispheres  are  strongly  electrified  ;  the  electri- 
fication having  passed  to  the  outside  surface.  The  radius  of  the 
sphere  should  be  somewhat  smaller  than  that  of  the  hemispheres. 
A  modification  of  this  apparatus  is  shown  in  the  figure  (Fig.  234). 
A  hollow  metal  hemisphere  By  resting  on  a  hard  rubber  base,  is 

electrified  by  striking  it  with  cat's 
fur.  Over  this  is  then  placed  a 
similar  but  larger  hemisphere  A, 
having  an  insulated  handle  H,  If 
now  by  pressing  the  knob  8  a 
spring  is  made  to  touch  B  for  an 
instant,  it  will  be  found  that  all 
the  electrification  has  passed  to  the 
hemisphere  A,  (3)  A  hollow  ball 
with  an  opening  at  the  top  and 
supported  on  an  insulating  btand, 
may  be  used  to  repeat  the  experi- 
ments of  Franklin  and  of  Cou- 
lomb. A  small  disk  of  gilt  paper  on 
the  end  of  a  stick  of  shellac— called  a  proof  plane— when  inserted 
into  the  charged  ball  will  receive  no  electrification  whatever  on  touch- 
ing the  interior  surface ;  as  may  be  shown  by  testing  it  afterward 
with  an  electroscope.  A  cylinder  of  wire  gauze  on  an  insulating  stand 
answers  the  same  purpose.  (4)  Franklin  placed  a  silver  can  on  a 
wine-glass  on  the  floor.  Into  the  can  he  put  about  three  meters  of 
brass  chain  ;  fastening  to  one  end  of  it  a  silk  thread  which  passed 
through  a  pulley  in  the  ceiling,  and  by  means  of  which  the  chain 


Fio.  284. 


Fio.  285. 

could  be  raised.  A  lock  of  cotton,  also  suspended  by  a  silk  thread, 
was  placed  near  the  can  ;  and  was  repelled  when  the  can  was  elec- 
trified. On  raising  the  chain  **  the  (electric)  atmosphere  of  the  cann 
diminished  by  flowing  over  the  rising  chain  and  the  lock  of  cotton 
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accordingly  drew  nearer  and  nearer  to  the  cann."  Upon  lowering 
the  chain  the  cotton  was  again  repelled.  Here  as  the  surface  increased, 
the  charge  remaining  constant,  the  surface-density  diminished 
and  the  repulsion  decreased.  (5)  Faraday  constructed  a  conical  bag 
of  linen  gauze  and  attached  its  open  end  to  an  insulated  ring,  a  silk 
string  passing  through  the  apex  (Fig.  235).  If  this  cone  be  electri- 
fied, no  charge  can  be  detected  on  the  interior.  But  on  turning  the 
bag  inside  out  by  means  of  the  silk  cord,  the  electrification  will  pass 
through  the  gauze  and  again  appear  on  the  outside.  (6)  Sparks  may 
be  drawn  from  the  exterior  of  an  electrified  bird-cage,  while  gold 
leaves  placed  within  it  are  unaffected. 

472.  Influence  of  the  Form  of  the  Conductor. — Ex- 
periment shows  that  the  distribution  of  electrification 
upon  a  conductor  is  entirely  independent  of  its  substance 
and  is  a  function  of  the  form  of  its  surface  only.  Since 
a  spherical  surface  is  symmetri- 
cal about  all  its  axes,  a  uniform 
distribution  of  electrification 
satisfies  the  law  of  electrical 
action.  In  the  case  of  an  ellip- 
soid, it  can  be  shown  that  elec- 
trical equilibrium  requires  the 
distribution  to  be  such  that 
the  surface-density  at  any  point 
is  proportional  to  a  perpendicular  let  fall  on  the  tangent- 
plane  at  the  point  Thus  (Fig.  236)  the  surface-densities 
at  a,  6,  c,  and  d  on  the  section  of  the  ellipsoid  shown  in 
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the  figure  are  represented  by  Oa,  Oh\  Oc\  and  Od ;  these 
lines  being  perpendiculars  on  the  tangents  at  a,  ft,  c,  and 
d.    If  the  distribution  on  conductors  of  various  forms  be 
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examined  (Fig.  237),  it  will  be  noticed  that  the  surface- 
density  is  greatest  where  the  curvature  is  greatest;  In 
cases  where  the  form  of  the  conductor  is  not  exceedingly 
simple,  the  calculation  of  the  distribution  is  extremely 
difficult. 

Experiment.— Fasten  a  disk  of  thin  copper  to  a  handle  of  shellac, 
for  use  as  a  proof-plane.  Bring  the  disk  in  contact  with  the  surface 
of  a  charged  sphere  and  then  apply  it  to  a  suitable  electrometer,  the 
torsion-balance  for  example,  and  note  the  deflection.  Upon  repeat- 
ing the  experiment  at  various  points  of  the  surface,  the  same  deflec- 
tion will  be  obtained  ;  showing  that  the  charge  of  the  proof-plane 
and  therefore  the  surface-density  on  the  sphere  are  the  same  at  every 
point  touched.  If  an  ellipsoid  be  used  instead  of  the  sphere,  the 
electrical  surface-density  will  be  greatest  at  its  ends;  and  by  making 
the  experiments  with  care  the  results  may  be  made  quantitative. 
The  surface-density  upon  the  angles  of  an  articulated  paralleiogram 
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of  silver  paper  (Fig.  238)  increases  as  these  angles  become  more 
acute  (Mach). 

Coulomb  found  in  this  way  that  using  a  cylinder  75 
centimeters  long  and  5  centimeters  in  diameter,  and 
calling  the  surface-density  at  the  middle  point  unity,  the 
density  at  5  centimeters  from  the  end  was  1*25,  at  2*5 
centimeters  1*80,  and  at  the  end  2*30.  For  a  disk  25 
centimeters  in  diameter  he  found  the  surface-density  at 
10  centimeters  from  the  edge  1001  (that  at  the  center 
being  unity),  at  7*5  centimeters  1.005,  at  5  centimeters 
1-17,  at  2*5  centimeters  1*52,  at  1-25  centimeters  207, 
and  at  the  edge  2*90. 

473.  Distrlbiitioii  due  to  Repiilsiou. — Since  similar 
electrifications  repel  each  other  it  is  evident  that  there 
must  be  a  repulsive  efi*ect  due  to  an  electrical  charge  on 
a  conductor ;  in  other  words,  that  at  all  points  of  the 
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surface  of  such  a  conductor  there  must  be  a  pressure 
acting  outward  against  the  surface  of  the  surrounding 
dielectric*  Since,  in  order  that  the  electrical  force  in  the 
interior  of  a  conductor  of  any  form  shall  be  zero,  it  is 
necessary  that  the  density  shall  increase  as  the  surface 
decreases,  it  follows  that  where  the  radius  of  curvature 
is  least  and  the  density  greatest,  the  outward  pressure 
should  be  greatest.  A  soap-bubble  blown  on  a  metallic 
pipe  and  then  electrified  is  found  to  expand  from  this 
repulsive  force,  and  von  Marum  showed  that  a  hydrogen 
balloon  expands  and  becomes  lighter  when  electrified. 
It  can  be  shown  (124)  that  the  repulsive  force  thus 
exerted  amounts  to  ina*  dynes  for  each  square  centi- 
meter of  surface ;  i.e.,  that  it  varies  as  the  square  of  the 
surface-density. 

474.  Efifect  of  Pointed  Conductors. — As  the  curva- 
ture of  the  surface  increases,  the  density  increases  also  ; 
and  the  repulsion,  which  varies  as  the  square  of  the 
surface-density,  increases  still  more  rapidly.  When  the 
density  becomes  about  100  electrostatic  units  per  square 
centimeter  the  diminution  of  the  air-pressure  in  conse- 
quence of  the  electrical  repulsion  is  68  grams  per  square 
decimeter,  equivalent  to  about  66640  dynes  per  square 
centimeter.  Then  the  electrification  can  no  longer  be 
retained  upon  the  conductor  and  sparks  fly  from  it  into 
the  surrounding  air.  Evidently  this  result  takes  place 
most  readily  where  the  density  is  the  greatest;  i.e., 
where  the  curvature  is  greatest,  or  at  a  point.  The  effect 
of  points,  therefore,  as  Franklin  was  the  first  to  recog- 
nize, is  to  discharge  into  the  air  the  electrification  of  any 
conductor  of  which  they  form  a  part.  Electrical  appa- 
ratus should  therefore  be  free  from  points  and  from 
sharp  edges.  Since  the  air  in  contact  with  the  point  is 
similarly  electrified  and  is  repelled,  there  is  continually 
passing  away  from  a  point  an  air-current,  or  an  electri- 
cal aura. 

Experiments. — Place  a  needle  upon  a  metallic  sphere  and  then 
attempt  to  electrify  the  sphere.  No  charge  will  be  received  under 
these  conditions,  the  density  upon  the  needle-point  being  so  great 
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that  the  electrification  escapes  there  into  the  air.  If  a  lighted  taper 
be  held  near  the  point  and  in  front  of  it,  the 
flame  will  be  deflected  by  the  current  of  repelled 
air ;  and  if  this  current  be  stroug  enough,  the 
flame  may  be  blown  out.  A  windmill  can  be 
made  to  revolve  by  this  current  of  air.  Since 
this  current  is  due  to  a  mutual  repulsion  be- 
tween the  point  and  the  air,  the  point  may  be 
made  movable  and  will  be  driven  in  the  opposite 
direction.  A  pair  of  pointed  wires  shaped  like 
the  letter  8  and  supported  on  a  central  pivot 
(Fig.  239)  revolves,  when  electrified,  by  this  re- 
active effect. 

475.  Distribution  on  Two  Conduc- 
tors.— The  same  principles  apply  to 
the  distribution  of  electrification  upon 
two  conductors  in  contact.  Coulomb  electrified  a 
ball  15*5  cm.  in  circumference  and  found  that  it  gave 
a  torsion  of  145^.  After  touching  it  with  another  ball 
60  cm.  in  circumference,  the  torsion  was  reduced  to  12°. 
Hence^  the  charge  on  the  second  ball  was  to  that  on  the 
first  as  12  :  133  or  as  1  :  11*1;  the  ratio  of  the  torsions 
being  as  1  :  12-1.  The  surfaces  of  the  two  balls  were  to 
each  other  as  1  :  14*8 ;  and  hence  the  density  on  the 
smaller  ball  being  the  quotient  of  charge  by  surface  is 
1*33  times  that  on  the  larger  one.  The  experimental 
results  agree  with  those  obtained  from  theory  by  Pois- 
son,  both  in  this  case  and  in  that  where  the  two  con- 
ductors remain  in  contact.  Thus  with  two  equal  spheres 
there  is  no  electrification  at  the  point  of  contact,  nor  for 
an  angular  distance  of  about  20°  from  this  point.  Then 
the  density  increases  somewhat  rapidly  up  to  90°,  and 
afterward  more  slowly  up  to  a  maximum  at  a  point  oppo- 
site the  point  of  contact.  In  the  case  of  a  cylinder  and 
a  sphere  in  contact,  the  ratio  of  the  densities  approaches 
a  constant  value  as  the  length  of  the  cylinder  increases, 
the  radii  of  the  two  bodies  remaining  the  same.  If  the 
size  of  the  sphere  be  increased,  the  mean  density  on  the 
cylinder  will  be  approximately  proportional  to  the  diam- 
eter of  the  sphere.  Coulomb  made  use  of  this  principle 
to  calculate  the  electrical  density  at  the  end  of  the  string 
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in  Franklin's  kite  experiment.  Calling  the  radius  of  the 
string  2  millimeters  and  supposing  the  cloud  with  which 
the  kiie  was  in  contact  to  be  the  equivalent  of  a  sphere 
288  meters  in  radius,  the  ratio  of  the  radii  will  be 
1  :  144000 ;  and  the  ratio  of  the  mean  densities,  which  is 
three  sixteenths  of  this,  will  be  1  :  27000.  Since  the 
density  at  the  end  of  an  elongated  cylinder  is  2*3  times 
the  mean  density,  it  follows  that  at  the  end  of  the  string 
the  density  is  62000  times  as  great  as  at  the  cloud  ;  and 
hence  the  readiness  with  which  sparks  were  drawn 
from  the  key,  even  assuming  the  cloud  to  have  been  but 
feebly  electrified. 

476.  Electrical  Convection. — If  a  pith  ball  be  sus- 
pended between  two  conductors  oppositely  electrified, 
and  be  brought  in  contact  with  one  of  them,  it  will 
become  similarly  electrified,  will  be  repelled  by  this  one 
and  attracted  by  the  other,  will  come  in  contact  with 
the  other  and  will  have  its  electrification  reversed  ;  and 
so  will  continue  vibrating  between  the  conductors,  trans- 
feriing  the  electrification  of  each  to  the  other  until  they 
are  both  discharged.  This  transference  of  electrifica- 
tion by  the  actual  motion  of  a  charged  body  is  called 
electrical  convection.  If  a  metallic  lamp  burning  alcohol 
be  placed  on  a  charged  conductor,  it  will  rapidly  destroy 
the  electrification  of  the  conductor ;  the  products  of 
-combustion  rising  from  the  flame  being  charged  and 
carrying  away  the  electrification  of  the  body  from  which 
they  go.  The  readiest  means  of  completely  discharging 
electrified  non-conductors,  such  as  a  plate  of  resin  or  of 
vulcanite,  is  to  pass  them  rapidly  through  a  flame  like 
that  of  a  Bunsen  burner,  connected  with  the  earth.  If  an 
insulated  conductor  be  placed  in  the  rising  column  of 
heated  and  electrified  air  from  the  alcohol  flame  just 
mentioned,  it  will  become  charged.  If  the  flame  of  a 
burner  connected  to  earth  be  brought  near  a  charged  con- 
ductor, this  conductor  is  discharged ;  but  if  the  burner 
be  insulated  and  be  connected  with  a  second  conductor 
also  insulated,  this  second  conductor  becomes  similarly 
electrified  with  the  first.     The  use  of  the  water-dropping 
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collector  of  Thomson,  and  of  a  roll  of  burning  touch- 
paper  to  obtain  the  electrical  condition  of  the  air  at  any 
point,  depends  upon  the  same  principle. 

Experiments. — Various  electrical  toys  are  made  use  of  to  show 
electrical  convection.  **  Suspend  by  a  fine  silk  thread  a  counterfeit 
spider  made  of  a  small  piece  of  burnt  cork  with  legs  of  linen  thread 
and  a  grain  or  two  of  lead  stuck  in  him  to  give  him  more  weight. 
Upon  the  table  over  which  he  hangs  we  stick  a  wire  upright  as  high 
as  the  phial  [Leyden  jar]  and  wire,  two  or  three  inches  from  the 
spider;  then  we  animate  him  by  setting  the  electrified  phial  at  the 
same  distance  on  the  other  side  of  him;  he  will  immediately  fly  tc 
the  wire  of  the  phial,  bend  his  legs  in  touching  it,  then  spring  off 
and  fly  to  the  wire  in  the  table;  thence  again  to  the  wire  of  the  phial, 
playing  with  his  legs  again  both  in  a  very  entertaining  manner, 
appearing  perfectly  alive  to  persons  unacquainted.'*  (Franklin.) 
A  tumbler  electrified  and  inverted  over  pith  balls  will  set  them 
dancing.  Images  may  vibrate  between  two  plates.  And  clappers 
may  vibrate  thus  between  bells  hung  near  to  them.  In  1752,  Frank- 
lin connected  such  a  set  of  chimes  to  his  lightning-rod  so  as  to  ring 
on  the  approach  of  a  thunder-storm. 

C. — ELECTRICAL  WORK  AND  ENERGY. 

477.  Electrification  a  Form  of  Energ^y. — When  two 
dissimilar  bodies,  such  as  mercury  and  glass,  are  brought 
into  contact,  they  both  become  electrified  ;  so  that  to 
separate  them  more  force  is  required  than  is  due  to  their 
gravitative  action  alone.  To  separate  them  to  a  given 
distance  an  amount  of  work  must  be  done  upon  them 
which  is  represented  by  the  product  of  the  acting  force 
by  this  distance  ;  and  this  work  thus  done  upon  the  sys- 
tem represents  the  increased  potential  energy  of  the  sys- 
tem. So  long  as  they  may  be  still  farther  separated,  so 
long  may  work  be  done  upon  them  and  so  long  may  the 
potential  energy  of  the  system  be  made  to  increase. 
Evidently,  then,  the  potential  energy  of  a  system  reaches 
its  maximum  when  the  attracted  and  the  attracting  bodies 
are  at  an  infinite  distance  from  each  other.  But  since 
the  electrification  of  the  system  and  its  potential  energy 
increase  and  decrease  together,  becoming  zero  at  con- 
tact, increasing  with  distance  and  reaching  a  maximum 
at  infinity,  it  is  clear  that  what  we  have  called  the  energy 


Digitized  by  VjOOQ IC 


BNBRGY  OF  jSI'HBR^STEESS.—ELECTROSTATICS.    551 

of  electrification  of  a  Bystem  is  nothing  more  than  its. 
potential  energy. 

If,  on  the  other  hand,  the  charged  bodies  be  similarly 
electrified,  the  potential  energy  of  the  system  has  a  posi- 
tive  value  so  long  as  they  repel  each  other ;  and  ^rork 
will  be  done  by  the  system,  and  its  potential  energy  will 
diminish  until  they  are  separated  to  an  infinite  distance. 
In  this  case  the  potential  energy  is  a  maximum  when 
the  two  repelling  bodies  are  in  contact,  because  the 
maximum  work  has  been  done  upon  them.  It  is  a  mini- 
mum when  they  are  at  an  infinite  distance. 

478.  Electrical  Field. — The  space  surrounding  an 
electrified  body  and  through  which  the  electrical  force 
is  exerted  is  called  a  field  of  electrical  force.  Faraday 
conceived  this  field  of  force  to  be  filled  with  lines  of 
force,  indicating  by  their  direction  the  direction  of  the 
resultant  force  and  by  their  closeness  the  intensity  of 
the  field.  A  line  of  force  then  indicates  the  direction  in 
which  a  unit  of  positive  electrification  would  move  if 
placed  in  the  field.  A  field  is  said  to  be  of  unit  intensity 
when  a  unit  of  electrification  placed  therein  experiences 
unit  force.  This  is  represented  in  the  C.  G.  S.  system  by 
one  line  of  force  to  each  square  centimeter  of  surface, 
each  such  line  of  force  representing  a  dyne.  Hence  a 
unit  of  electrification  in  a  field  of  unit  intensity  would 
experience  a  force  of  one  dyne,  tending  to  move  it  along; 
a  line  of  force. 

479.  Electrical  Potential  at  a  Point. — Potential 
has  already  been  defined  (127)  as  a  condition  at  a  point, 
due  to  attracting  or  repelling  masses  in  the  vicinity,  in 
virtue  of  which  a  unit  mass  placed  at  that  point  would 
possess  potential  energy.  Hence  if  a  positive  charge  be 
placed  anywhere  in  an  electrical  field,  its  potential 
energy,  due  to  the  work  done  upon  it  to  bring  it  there, 
will  tend  to  diminish  ;  and  therefore  it  will  experience  a 
force  tending  to  move  it  from  the  point  where  it  is  to 
another  point  where  it  would  have  less  potential  energy* 
In  other  words,  it  will  move  from  a  point  of  higher  to  a 
point  of  lower  potential.     The  resultant  force  in  such  a 
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field  therefore  is  in  the  direction  in  which  the  potential 
diminishes  most  rapidly,  i.e.,  F  <x  ^  V.  But  the  poten- 
tial energy  possessed  by  the  charge  at  any  point,  or, 
more  strictly,  possessed  by  the  system  in  its  present 
configuration,  is  measured  by  the  work  which  has  been 
done  upon  it  to  bring  it  to  its  present  state  from  another 
state  in  which  its  potential  energy  was  zero.  That  is  to 
say,  the  electric  potential  at  a  point  in  a  positive  field  is 
represented  by  the  work  which  must  be  done  upon  a 
uuit  charge  of  positive  electrification  to  bring  it  from  an 
infinite  distance  to  that  point.  Moreover,  the  difference 
of  potential  between  two  points  in  an  Electrical  field  rep- 
resents the  amount  of  work  which  would  be  done  upon 
a  unit  positive  charge  in  carrying  it  from  the  point  of 
lower  to  the  point  of  higher  potential ;  or  upon  a  unit 
negative  charge  in  carrying  it  from  the  point  of  higher 
to  the  point  of  lower  potential.  A  C.  G.  S.  electro- 
static unit  of  potential  difference  therefore 
exists  between  two  points  when  an  erg  of  work 
must  be  expended  upon  an  electrostatic  unit 
of  quantity  in  order  to  carry  it  from  one  point 
to  the  other.  If  we  represent  potential  by  F,  the  po- 
tential at  Ahy  F"^ ,  and  the  potential  at  B  hy  Fp ,  then 
we  have  for  the  work  done  in  carrying  unit  charge  from 
Ato  B 

TTf  =  r^  -  V^.  [63J 

In  all  cases  the  work  done  by  or  upon  the  electrical 
forces  in  transferring  a  unit  charge  from  -4  to  5  is  inde- 
pendent of  the  particular  path  followed  in  going  from  A 
to  B. 

Since  in  transferring  unit  charge  through  a  difference 
of  potential  equal  to  unity,  unit  work  is  done,  it  is  evi- 
dent that  by  transferring  two  units  of  charge  through  unit 
difference  of  potential,  or  one  unit  charge  through  two 
units  difference  of  potential,  two  units  of  work  will  be 
done ;  or  four  units  of  work  if  two  units  of  charge  are 
moved  through  two  units  difference  of  potential.     In 
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general  the  work  done  in  moving  electrical  charges  is 
measured  by  the  product  of  these  charges  into  the  dif- 
ference of  potential  through  which  they  are  moved 
against  the  electrical  action  of  the  charges  themselves. 
If  Q  units  of  positive  electrification  be  moved  from  a 
point  of  lower  to  a  point  of  higher  potential,  the  differ- 
ence between  them  being  F,  the  work  done  W=  QV. 

480.  Equipoteutial  Surfaces.  —  If  a  unit  positive 
charge  be  concentrated  at  a  point  and  a  unit  negative 
charge  at  first  in  contact  with  it  be  moved  away  from  it 
against  attraction  until  unit  of  work  shall  have  been  ex- 
pended, then  it  is  evident  that  the  difference  of  potential 
between  them  is  unity.  Moreover,  the  force  being  the 
same  in  every  direction,  the  distance  corresponding  to 
unit  difference  of  potential  will  be  the  same.  So  that 
about  the  unit  positive  charge  as  a  center,  we  may  draw 
a  surface  such  that  to  carry  a  unit  negative  charge 
to  it  from  that  center  will  require  the  expenditure  of  an 
erg  of  work.  So  a  second  spherical  surface  may  be 
drawn,  the  difference  of  potential  between  which  and  the 
first  shall  be  unity  and  the  value  of  the  potential  over  the 
whole  surface  of  which  shall  be  the  same.  Such  surfaces 
as  these  are  called  equipot^ntial  surfaces  (130).  In  the 
case  of  spheres  they  are  simply  concentric  surfaces 
drawn  at  such  distance  apart  that  one  unit  of  work  shall 
be  done  in  transferring  unit  charge  from  one  to  the  next. 
But  in  the  case  of  more  complicated  distributions,  these 
surfaces  are  more  complex.  Evidently  since  the  poten- 
tial is  the  same  at  all  points  of  such  a  surface,  no  work  is 
done  in  moving  an  electric  charge  over  it.  And  since 
lines  of  force  are  the  directions  in  which  potential  varies 
most  rapidly,  it  is  evident  that  the  lines  of  force  in  any 
field  must  be  perpendicular  to  the  equipoteutial  surfaces. 
The  surface  of  a  conductor  in  equilibrium  is  therefore 
an  equipotential  surface. 

481.  Energy  Expended  in  Charg^ing  a  Conductor. — 
When  a  conductor  is  positively  electrified  its  potential 
is  thereby  raised  to  an  extent  dependent  upon  its  shape, 
size,  and  form.     The  amount  of  charge  required  to  raise 
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the  potential  of  a  conductor  from  zero  to  unity  is  called 
the  capacity  of  the  conductor.  If  Q  units  of  electrifica- 
tion raise  the  potential  of  a  conductor  to  F,  its  capacity 
Cis 

C^Q/V.  [64] 

In  the  case  of  a  sphere,  we  have  (127)  for  the  potential 
at  the  center  due  to  a  charge  Q 

V=  Q/B. 

Combining  these  two  equations,  we  have  C  =  H;  or  in 
other  words,  the  capacity  of  a  sphere  is  numerically 
«qual  to  its  radius.  We  have  seen  above  that  the  work 
<lone  in  raising  a  charge  Q  through  a  difference  of  poten- 
tial V  is  QV  units.  But  in  charging  the  sphere  the 
potential  steadily  rises  as  the  electrification  proceeds ; 
«o  that  only  the  last  increment  is  raised  through  the 
potential  F.  Since  the  first  increment  is  raised  through 
the  potential  zero,  the  mean  value  of  the  potential 
through  which  the  whole  charge  is  raised  is  ( 0  +  F)/2  or 
^  F.  Whence  the  total  energy  expended  in  charging  the 
sphere  is  iQV.  But  since  Q  =  CV  or  V=^Q/C\  we 
have 

W=  iQV=  iCF"=  iQya  [65] 

JFrom  which  it  will  be  seen  that  the  electrical  energy  of 
a  conductor  is  directly  proportional  to  the  square  of  its 
potential  or  to  the  square  of  its  charge. 

482.  Unit  of  Electric  Potential. — The  force  exerted 
upon  unit  charge  by  a  charge  Q  at  distance  B  is,  in  the 
C  G.  S.  system,  Q/B^  dynes.  The  potential  due  to  a 
charge  ^  at  a  distance  B  is  Q/R  ergs.  If  there  be 
several  acting  masses  g,  g\  q'\  q'",  etc.,  at  distances  r, 

y,  r",  r"\  etc.,  the  total  potential  F=  ?  +  ^'+  C+  CI 

T         T  V  T 

-etc.,  =  -5'(y/r).  Since  numerically  the  work  done  between 
A  and  B  in  carrying  a  unit  charge  from  one  to  the  other 
is  F^  —  Vb  and  is  also  F{AB),  we  may  equate  these 
values  :  Vj^—  V^^—  F{AB).  Whence  we  have  F  = 
—  {^A  —  Vb)/^^\  ^  which  i^ represents  the  average  or 
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mean  force  along  AB.  It  will  be  observed  that  electric 
force  is  simply  the  rate  at  which  the  electric  potential 
varies  per  unit  of  length. 

Since  potential  represents  work  done,  the  unit  of 
potential  is  the  unit  of  work  ;  i.e.,  the  erg.  Moreover,  a 
unit  difference  of  potential  exists  between  two 
points  when  to  bring  unit  charge  from  one  to 
the  other  against  the  electric  forces  requires 
one  erg  of  work  to  be  expended.  This  is  the  case 
between  two  equipotential  surfaces.  Since  relative 
potential  is  the  analogue  of  level,  any  equipotential 
surface  may  be  assumed  as  a  surface  of  reference  and 
called  zero  ;  potentials  above  this  being  called  positive 
and  below  it  negative.  As  the  level  of  the  sea  is  taken 
as  the  point  from  which  heights  are  measured,  so  the 
surface  of  the  earth  is  considered  in  practice  to  be  at  zero 
potential,  electrically. 

Section  III. — Electrostatic  Induction. 

A. — CHARGE  BY   INDUCTION. 

483.  Phenomenon  of  Induction.  —  Whenever  an 
-electrified  conductor  is  brought  into  the  vicinity  of  an 
unelectrified  one,  the  latter  becomes  electrified ;  dis- 
similar electrification  appearing  on  the  side  nearer  the 
electrified  conductor  and  similar  electrification  upon 
the  farther  side.  Electrification  produced  in  this  way, 
by  the  presence  of  an  electrified  body  and  without  con- 
tact, is  called  electrification  by  induction.  Evidently  in 
this  case  the  two  electrifications  have  been  simultane- 
ously developed,  the  similar  electrification  being  repelled 
by  the  charge  on  the  electrified  conductor  and  the  dis- 
similar electrification  being  attracted.  On  removing  the 
electrified  conductor,  all  signs  of  induced  electrification 
disappear. 

If,  while  the  second  conductor  is  still  under  the  in- 
fluence of  the  electrified  one,  its  remote  side  be  connected 
to  earth,  the  electrification  will  disappear  from  that  side; 
and  on  withdrawing  the  electrified  conductor,  the  second 
conductor  will  be  found  to  have  a  charge  opposite  in 
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kind  to  that  with  which  the  electrified  conductor  itself 
was  originally  charged.  Hence  electrification  by  induc- 
tion produces  an  electrification  opposite  in  kind  to  that 
of  the  exciting  charge. 

This  inductive  action  plays  an  important  part  in  all 
electrical  attraction  and  repulsion.  When  a  pith  ball  is 
attracted  by  an  excited  glass  rod,  the  rod  induces  nega- 
tive electrification  on  the  nearer  side,  positive  electrifica- 
tion on  the  more  remote  side.  And  as  a  consequence 
the  attractive  action  beiug  due  to  the  opposite  electrifi- 
cations, which  are  nearer  to  each  other  than  the  similar 
ones,  is  stronger  than  the  repulsion. 

Further,  if  these  two  electrified  bodies  be  allowed  to 
come  in  contact,  the  two  opposite  electrifications  will 
evidently  neutralize  each  other,  either  wholly  or  par- 
tially ;  thus  having  both  bodies  similarly  charged.  It 
may  therefore  be  quite  impossible  to  distinguish  the 
similar  electrification  of  two  bodies  which  is  developed 
by  induction,  from  the  similar  electrification  produced 
by  conduction.  Faraday  says :  **  Bodies  cannot  be 
charged  absolutely  but  only  relatively,  and  by  a  prin- 
ciple which  is  the  same  with  that  of  induction.  All 
charge  is  sustained  by  induction.  Induction  appears  to 
be  the  essential  function  both  in  the  first  development 
and  the  consequent  phenomena  of  electricity." 

Experiments. — An  insulated  cylindrical  conductor  with  hemi- 
spherical ends  whose  length  is  about  ten  times  its  diameter  (Fig. 
240)  is  provided  with  two  pairs  of  pith  balls  at  its  extremities,  sus- 
pended by  linen  threads.     (1)  Bring  near  this  conductor  a  metallic 
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sphere  charged  positively.  Both  pairs  of  pith  balls  will  diverge,  the 
pair  nearer  the  sphere  being  attracted  toward  it.  r2)  Examine  now 
the  condition  of  the  cylinder  by  means  of  the  proof-plane.  It  will 
be  found  that  while  a  region  near  the  middle  part  of  the  cylinder  is 
entirely  unelectrified,  the  end  nearer  the  sphere  is  negatively,  that 
farther  from  it  is  positively,  electrified.     (3)  Remove  the  sphere  from 
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the  vicinity  of  the  cylinder.     All  signs  of  electrification  disappear, 
the  positive  and  negative  charges  completely  neutralizing  each  other  ; 
thus  proving  that  they  are  equal.     (4)  Replace  the  electrified  sphere 
and  touch  with  the  finger  the  remote  end  of  the  cylinder.     This  ia 
equivalent  to  making  the  cylinder  of  indefinite  length  ;  moreover, 
the  positive  electrification  being  conducted  to  earth  is  so  diffused 
that  the  charge  on  the  cylinder  becomes  insensible.     (5)  Remove 
now  the  electrified  sphere.     The  negative  electrification,  being  no 
longer  held  by  the  attraction  of  the  positive  electrification  of  the 
sphere,  diffuses  itself  over  the  cylinder  and  both  pairs  of  pith  balls 
again  diverge,  but  now  with  the  same  electrification  ;  i.e.,  negative. 
(6)  Bring  the  electrified  sphere  into  contact  with  one  end  of  the 
cylinder  and  then  remove  it.    The  cylinder  will  be  found  to  be 
electrified  positively  throughout,  the  negative  electrification  developed 
by  induction  upon  the  end  nearer  the  sphere  having  been  neutralized 
by  the  positive  charge  of  the  sphere  itself,  thus  leaving  the  cylinder 
positively  charged.     (7)  If  two  short  insulated  cylinders,  placed  in 
contact,  be  electrified  by  induction  and  then  separated  from  each 
other,  each  will  be  found  charged,  but  with  opposite  electrifications. 
484.    Gold-leaf  Electroscope,  —  An  electroscope  is 
an  instrument  for  detecting   electrification.      Franklin 
used  a  pair  of  linen  threads  as  an  electroscope,  the  two 
diverging  when  electrified.     Canton  placed  a  small  ball 
of  cork  upon  the  end  of  each  thread.     Saussure  used 
two  fine  silver  wires  each  provided   with  a  pith  ball. 
Volta  employed  two  pieces  of  straw ;  and  Bennet  (1787) 
replaced  the  pieces  of  straw  by  two  strips  of  gold-leaf. 
Maxwell's  form  of  gold-leaf  electroscope  is  shown  in 
Figure  241.     The  gold  leaves  ?,  I  are 
suspended   from  a  metal  rod  which 
passes  through  the  top  of  an  enclos- 
ing cylinder  of  glass  (?,  (?,  and  termi- 
nates in  a  metallic  disk  L,    To  screen 
the  gold  leaves  from  the   action  of 
outside  electrification  and  to  protect 
them   from  unequal  distribution  on 
the  internal  surface  of   the  glass,  a 
wire  cage  m,  m  is  placed  within  the 
cylinder  and  is  connected  to  a  metal 
knob  M  upon  the  outside.     The  di- 
vergence of  the  gold  leaves  indicates  ^®*  **^* 
a  difference  of  potential  between  the  leaves  themselves 
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and  that  of  the  cage ;  so  that  if  the  cage  be  connected  to 
earth  its  potential  will  be  zero  and  the  diflference  of 
potential  will  be  the  absolute  potential  of  the  gold  leaves, 
due  to  the  electrification  upon  them. 

Experiments.— (1)  Bring  a  stick  of  sealing-wax  which  has  been 
rubbed  with  flannel,  near  the  plate  of  the  gold-leaf  electroscope. 
The  gold  leaves  will  diverge,  being  charged  negatively  by  induction. 

(2)  Touch  the  plate  for  an  instant  with  the  finger  and  then  remove 
the  sealing-wax.  The  gold  leaves  will  now  be  permanently  charged 
positively. 

(3)  Bring  a  positively  charged  body,  an  excited  glass  rod  for 
example,  into  the  vicinity  of  the  plate.  The  gold  leaves  will  diverge 
still  more.  If  a^  negatively  charged  body  be  brought  near  the  plate, 
the  divergence  of  the  gold  leaves  will  be  diminished. 

(4)  Insulate  now  the  knob  of  the  electroscope  from  the  earth  and 
bring  a  charged  body  near  the  plate.  The  phenomena  will  be  all 
reversed,  the  divergence  of  the  gold  leaves  being  diminished  if  the 
body  be  positively  charged,  and  increased  if  it  be  negatively  charged. 

(5)  Repeat  these  experiments,  using  a  glass  rod  rubbed  with  silk 
as  the  source  of  the  electrical  excitation.  The  indications  of  the 
electroscope  will  be  the  same  as  before  with  a  change  of  sign  in  the 
electrification. 

By  means  of  the  gold-leaf  electroscope,  therefore,  not 
only  may  the  electrification  of  a  body  be  detected,  but 
its  positive  or  negative  character  relatively  to  that  of  the 
gold  leaves  may  be  determined ;  the  gold  leaves  them- 
selves being  positively  or  negatively  electrified  according 
as  they  are  of  higher  or  lower  potential  than  the  sur- 
rounding cage. 

485.  Amount  of  Induced  Electrification. — ^If  an 
electrified  body  A  be  completely  surrounded  by  a  con- 
ductor B  of  any  form  whatever,  there  is  produced  upon 
the  interior  surface  of  the  conductor  B,  by  induction,  an 
electrification  of  equal  value  with,  and  of  contrary  sign 
to,  the  electrification  of  the  inducing  body  A,  the  distri- 
bution of  which  depends  upon  the  form  and  position  of 
A,  There  is  also  produced  upon  the  exterior  surface  of 
the  conductor  J?,  by  induction,  an  electrification  of  the 
same  sign  as  that  of  A  and  of  equal  value,  distributed 
regularly  upon  B  as  if  no  electrification  existed  in  its 
interior.     If  the  conductor  B  be  put  into  communication 
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with  the  earth,  the  external  electrification  disappears, 
but  the  internal  electrification  is  not  affected  ;  so  that  it 
exerts  no  action  upon  any  exterior  point     (Faraday.) 

Experiments.— (1)  Place  a  suitable  cylinder  of  metal il  (Fig.  242) 
— Faraday  used  a  pewter  ice-pail — on  an  in- 
sulating stand,  in  connection  with  one  electrode 
of  a  gold-leaf  electroscope  B^  the  other  being 
put  to  earth,  and  lower  into  it  a  charged  metal- 
lic sphere  C  suspended  by  a  white  silk  thread. 
Observe  (a)  that  the  exterior  of  the  cylinder  is 
electrified,  as  is  shown  by  the  divergence  of  the 
gold  leaves,  (6)  that  this  electrification  is  of  the 
same  kind  as  that  of  the  sphere,  and  (c)  that 
it  ceases  to  increase  as  soon  as  the  sphere  is 
entirely  within  the  cylinder.  This  is  strictly 
true  only  when  the  cylinder  is  an  entirely 
closed  one  such  as  is  shown  in  Figure  243. 
Moving  the  sphere  about  within  the  cylinder 
has  no  effect  upon  the  electrification. 

(2)  Touch  the  outside  of  the  cylinder  with 
the  finger  for  a  moment ;  the  gold  leaves  will  collapse.     Observe 
that  no  electrification  appears  on  moving  the  sphere  about  within 

the  cylinder,  but  that  on  taking  it  out,  the  gold  leaves 

diverge  by  the  same  amount  as  in  the  first  experiment. 

The  electrification,  however,  while  equal,  is  now  of  the 

opposite  sign  to  that  of  the  sphere. 

(3)  Lower  the  charged  metallic  sphere  until  it  comes 
in  contact  with  the  bottom  of  the  cylinder.  Observe  (a) 
that  no  change  takes  place  in  the  exterior  electrification 
of  the  cylinder  at  the  instant  of  contact ;  and  (6)  that 
on  removing  the  sphere  it  is  absolutely  unelectrified. 
Thus  proving  that  the  unlike  charge  produced  by  in- 
duction on  the  interior  of  the  cylinder  and  the  like 
charge  induced  upon  its  exterior  are  exactly  equal  to 
the  inducing  charge  upon  the  sphere. 

(4)  Compare  the  charges  of  two  similarly  electrified 
spheres  (a)  by  letting  them  down  into  the  cylinder  al- 
ternately and  noting  the  divergence  of  the  gold  leaves ;  and  (6)  by 
placing  one  of  the  spheres  within  the  cylinder,  touching  the  outside 
for  an  instant,  then  withdrawing  the  first  sphere  and  introducing 
the  second.  If  the  charges  are  equal,  there  will  be  equal  divergence 
in  the  first  case ;  and  in  the  second  the  electroscope  will  show  no 
•electrification. 

(5)  Place  the  two  spheres  oppositely  electrified  within  the  cyliu- 
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der.     If  their  charges  are  equal,  the  gold  leaves  will  remain  unaf- 
fected. 

(6)  Support  a  small  electrified  sphere  within  a  suspended  and 
closed  cylinder,  and  discharge  the  external  electrification.  Then 
place  the  whole  in  a  larger  insulated  cylinder  connected  with  an 
electroscope.  Observe  (a)  that  the  gold  leaves  will  be  unaffected 
even  if  the  sphere  be  taken  out  of  the  smaller  cylinder  and  moved 
about  within  the  larger ;  and  (6)  that  if  either  the  electrified  sphere 
or  the  smaller  cylinder  be  removed  from  the  larger,  the  electroscope 
will  indicate  either  positive  or  negative  electrification. 

(7)  Place  this  small  charged  sphere  within  the  larger  cylinder  and 
note  the  divergence  of  the  gold  leaves.  Then,  without  altering  the 
charge,  place  the  sphere  within  the  smaller  cylinder  and  both  within 
the  larger  one,  and  again  note  the  divergence.  It  will  be  the  same 
in  both  cases ;  showing  that  the  electrification  induced  on  the  out- 
side of  the  smaller  cylinder  is  the  same  in  amount  as  that  of  the 
inducing  charge  on  the  sphere. 

(8)  Hang  the  smaller  cylinder  within  the  larger  one,  place  the 
charged  sphere  in  the  inner  cylinder,  and  connect  the  two  cylinders. 
The  larger  one  will  have  a  charge  equal  to  that  of  the  sphere.  Re- 
move the  sphere,  take  out  the  smaller  cylinder  and  discharge  it,  re- 
place it,  put  the  sphere  again  within  it,  and  again  make  contact. 
The  outer  cylinder  now  receives  a  second  charge  equal  to  the  first ; 
and  by  repeating  the  operation,  any  number  of  charges  each  equal 
to  that  of  the  sphere  may  be  given  to  the  cylinder.     (Maxwell.) 

486.  Laws  of  Electrostatics. — The  laws  of  electro- 
static action  are  thus  stated  by  Maxwell : 

I.  The  total  electrification  of  a  bodyorsys- 
tern  of  bodies  remains  always  the  same  except 
in  so  far  as  it  receives  electrification  from> 
or  gives  electrification  to,  other  bodies. 

II.  When  one  body  electrifies  another  by 
conduction,  the  total  electrification  of  the  twa 
bodies  remains  the  same;  the  one  losing  as 
much  positive  or  gaining  as  much  negative 
electrification  as  the  other  gains  of  positive 
or   loses   of  negative   electrification. 

III.  When  electrification  is  produced  by  any 
known  method,  equal  quantities  of  positive 
and  of  negative  electrification  are  produced. 

IV.  If  an  electrified  body  or  system  of  bodies 
be  placed  within  a   closed  conducting   surface^ 
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the  interior  electrification  of  this  surface  is 
equal  and  opposite  to  the  electrification  of 
the  body  or  system  of  bodies. 

V.  If  no  electrified  body  be  placed  within  a 
hollow  conducting  surface,  the  electrification 
of  this  surface  as  a  whole  and  of  every  part  of 
this  surface  is  zero, 

487.  Electromotive  Force. — We  have  already  seen 
that  a  positive  charge  experiences  in  an  electrical  field 
a  force  tending  to  move  it  in  the  direction  in  which  the 
potential  diminishes  most  rapidly ;  ie.,  in  the  direction 
of  a  line  of  force.  Whenever  a  positive  charge  is  placed 
on  a  conductor,  its  presence  raises  the  potential  of  the 
conductor  at  that  point  above  that  of  surrounding  points  ; 
and  hence  a  flow  of  electrification  takes  place  until  the 
potential  is  the  same  everywhere ;  i.e.,  until  the  surface 
of  the  conductor  is  an  equipotential  surface.  So  again,  if 
two  metal  spheres  at  different  potentials  be  connected  by 
a  wire,  a  transfer  of  positive  electrification  will  take  place 
from  the  one  of  higher  to  the  one  of  lower  potential,  or 
a  transfer  of  negative  electrification  from  the  one  of  lower 
to  the  one  of  higher  potential,  or  both,  until  the  difference 
of  potential  disappears.  To  any  agency,  whatever  its 
nature,  which  tends  to  produce  a  transfer  of  electrifica- 
tion such  as  these  the  name  electromotive  force  has  been 
applied. 

If  a  gilt  pith  ball  suspended  by  a  silk  fiber  and  posi- 
tively charged  be  placed  in  an  electric  field,  it  experi- 
ences a  mechanical  force  tending  to  move  it  in  the  posi- 
tive direction  along  a  line  of  force ;  or  in  other  words,  in 
the  direction  of  the  electromotive  force  of  the  field.  This 
mechanical  force  is  found  to  be  directly  proportional, 
first,  to  the  charge  upon  the  ball ;  and  second,  to  the 
electromotive  force  of  the  field  at  the  point  occupied  by 
the  center  of  the  ball ;  and  hence  it  is  measured  by  the 
product  of  these  quantities.  If  the  charge  upon  the  ball 
be  one  electrostatic  unit,  then  the  mechanical  force  which 
it  experiences,  measured  in  dynes,  represents  the  electro- 
motive force  of  the  field.     Hence  **  the  electric  or  electro- 
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motiye  force  at  a  point  is  the  force  which  would  be 
experienced  by  a  small  body  charged  with  the  unit  of 
positive  electrification  and  placed  at  that  point,  the 
electrification  of  the  system  being  supposed  to  remain 
undisturbed  by  the  presence  of  this,  unit  of  electrifica- 
tion."    (Maxwell.) 

B. — ELECTROSTATIO  CAPACITY. 

488.  Effect  of  Induction  upon  Capacity. — The  capac- 
ity of  a  simple  conductor  has  already  been  defined  (481) 
as  the  ratio  of  its  charge  to  its  potential ;  or  in  other 
words,  as  the  amount  of  electrification  required  to  raise 
its  potential  from  zero  to  unity.  In  the  case  of  a  sphere 
at  a  distance  from  other  bodies,  the  number  of  C.  G.  S. 
electrostatic  units  of  electrification  required  to  raise  its 
potential  from  zero  to  unity  is  represented  by  the  same 
number  that  expresses  its  radius  in  centimeters.  Sup- 
pose now  this  sphere  be  surrounded  by  a  spherical  shell 
concentric  with  it,  and  connected  to  earth.  It  will  be 
found  that  its  capacity  is  very  greatly  increased,  so  that 
now  a  much  larger  quantity  of  electrification  is  required 
to  raise  its  potential  from  zero  to  unity.  Or  what  is  the 
same  thing,  a  comparatively  small  electromotive  force  is 
able  to  accumulate  within  such  an  apparatus  a  very  large 
charge.  The  capacity  of  a  conductor,  therefore,  is  a 
function  not  of  its  own  size  and  shape  alone,  but  also  of 
the  form  and  position  of  neighboring  conductors.  A  pair 
of  conductors  separated  from  each  other  by  a  small  inter- 
val constitutes  an  apparatus  termed  a  condenser,  since  in 
the  language  of  the  older  theory  so  much  electric  fluid 
can  be  condensed  into  it. 

489.  Capacity  of  Condensers. — It  is  not  difficult  to 
calculate  the  capacity  of  some  of  the  simpler  forms  of 
condenser.  Take  in  the  first  place  a  sphere  of  radius  a 
contained  within  a  second  and  concentric  sphere  of  radius 
6.  If  a  charge  q  be  given  to  the  inner  sphere,  an  equal 
and  opposite  charge  —  g  will  be  induced  on  the  interior 
surface  of  the  outer  sphere.    In  the  chapters  on  Potential 
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(127,  482)  it  was  proved  that  the  potential  of  a  charge  q 
at  a  distaoce  r  is  q/r.  Hence  at  a  distance  r  from  the 
center  of  the  condenser  the  potential  due  to  the  inner 
sphere  will  be  q/r  and  that  due  to  the  outer  one  will  be 
—  q/r.  But  these  values  are  equal  and  opposite  in  sign> 
and  hence  at  the  point  r,  or  at  any  other  point  outside 
the  outer  sphere,  the  potential  is  zero.  At  any  point 
between  the  two  surfaces,  at  a  distance  r  from  the 
center,  the  potential  due  to  the  inner  sphere  is  of  course 
y/r,  since  the  point  is  outside  of  it.  The  potential  due 
to  the  outer  sphere,  being  constant  at  all  points  within 
it,  and  the  same  in  value  as  on  the  surface,  will  be  —  q/b. 
Whence  the  total  potential  in  this  intermediate  space, 
being  the  algebraic  sum  of  the  partial  potentials,  is 
(yr~*  —  qb'^)  =  q{r'^  —  b'^).  At  the  surface  of  the  inner 
sphere,  the  potential  is  y(a~*  —  6"')  since  on  this  surface 
r=a.  At  all  points  within  this  inner  sphere  the  poten- 
tial is  uniform  and  has  the  same  value.  The  capacity  of 
this  inner  sphere  being  the  charge  q  when  the  potential 
is  made  equal  to  unity,  we  have  from  the  equation  F  = 
y(a-'  — 6"')by  making  F=  1,  ?  =  1/(0"'  —  6'') ;  which  re- 
duces to  y  =  ob/(b  —  a) ;  or  b  —  a  :  a  : :  b  :  q.  In  other 
words,  the  capacity  of  a  spherical  condenser  is  a  fourth 
proportional  to  the  distance  between  the  surfaces  and 
the  radii  of  these  surfaces  (Maxwell).  If  the  distance 
6  —  a  between  the  spheres  be  called  e,  and  ab  be  regarded 
as  equivalent  to  a',  then  the  capacity  =  a^e  =  4;raV4;re  = 
S/4:7re ;  in  which  S  is  the  surface  of  the  inner  sphere. 

Evidently  by  making  b  —  a  smaller,  the  capacity  may 
be  made  greater ;  so  that  the  capacity  of  a  condenser  is 
the  greater  the  smaller  the  distance  between  its  conduct- 
ing surfaces.  To  illustrate  this  increase  in  capacity,  take 
the  case  of  a  condenser  having  an  inner  sphere  of  10  cm. 
radius  and  an  outer  sphere  of  101  cm.  The  capacity  of 
the  inner  sphere,  away  from  all  other  bodies,  would  be 
ten  electrostatic  units.  But  in  presence  of  the  enclosing 
sphere  connected  to  earth,  it  will  take  1010  electrostatic 
units  to  raise  its  potential  from  zero  to  unity.  In  other 
words,  its  capacity  has  been  increased  101  times  ;  so  that 
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it  is  now  equal  to  that  of  a  simple  sphere  more  than 
twenty  meters  in  diameter. 

As  a  second  case,  let  us  take  a  condenser  made  of 
two  flat  plates  separated  by  a  layer  of  air  of  thickness  c, 
much  less  than  the  dimensions  of  the  plates,  and  let  us 
restrict  our  investigation  to  the  central  portion.  Calling 
A  the  potential  of  the  upper  plate  and  B  that  of  the 
lower  one,  the  mean  electric  force  at  any  point  between 
the  plates  will  be  {A  —  ^)/e,  acting  from  A  toward  B ; 
since  Fe  =^  A  —  By  ox  the  work  done  between  the  plates 
is  equal  to  the  difference  of  potential  between  them. 
According  to  the  law  of  Coulomb,  tlie  force  close  to  the 
surface  of  an  electrified  conductor  is  4;r  times  the  sur- 
face-density ;  or  i^  =  4;r(7.  Equating  these  two  values  of 
F  we  have  -i^ro-  =  (^  —  B)/e ;  whence  (7  =  (-4  —  B)/4:ne^ 
the  surface-density  on  the  upper  plate  A,  That  on  the 
lower  is  the  same  in  amount  but  of  opposite  sign.  If  we 
assume  an  area  S  upon  the  upper  plate  as  the  area  of 
the  condenser-plate,  the  charge  q  upon  such  an  area  will 
be  Sa,  or  y  =  S(^{A  —  B)/^ne).  If  we  make  A  -  B,  the 
difference  of  potential  between  the  condenser-plates, 
«qual  to  unity,  the  potential  of  plate  A^  since  B  is  con- 
nected to  earth  and  is  zero,  will  be  unity ;  and  hence  the 
capacity  q  will  be  S/4.ne.  Let  us  assume  a  disk  of  10 
<3m.  radius,  as  the  upper  plate  of  the  condenser.  Its 
capacity,  supposing  it  to  be  separated  one  millimeter 
from  the  other  plate,  will  be  100;r/0-47r  =  250.  Or,  to 
raise  the  potential  of  such  a  condenser  from  zero  to 
unity  would  require  250  electrostatic  units ;  equivalent 
to  that  required  by  a  simple  sphere  5  meters  in  diameter. 

490.  The  Leyden  Jar. — We  owe  the  discovery  of  the 
phenomenon  of  condensation  to  Kleist  of  Cumin  (1745) 
and  to  Muschenbroek  of  Leyden  (1746)..  Cuneus,  the 
pupil  of  the  latter,  in  endeavoring  to  electrify  water  in  a 
bottle  which  he  held  in  his  hand,  received  a  distinct 
shock  when  he  attempted  to  remove  with  the  other  hand 
the  chain  leading  to  the  machine.  Franklin's  condenser 
consisted  of  a  plate  of  glass,  its  central  portions  coated 
on  both  sides  with  tinfoil.   A  more  common  form  of  con- 
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denser  consists  of  a  glass  jar  coated  upon  both  the  in- 
side and  the  outside  \i'ith  tinfoil  to  near  the  top 
(Fig.  244)  and  provided  with  a  wire  communi- 
cating with  the  inner  coating  and  terminating 
exteriorly  in  a  knob.  From  the  place  of  its 
origin  such  a  condenser  is  ordinarily  called 
a  Leyden  jar.  Its  capacity  may  generally  be 
calculated  with  a  sufficient  approximation 
from  the  formula  C  =  S/^ne^  in  which  S  is 
the  area  of  one  coating  and  e  the  thickness  of 
the  glass  itself.  The  charge  required  to 
raise  the  potential  of  the  jar  to  V  units  is 
of  course  V  times  this  ;  whence  Q  =  SV/4:ne. 
The  charge  is  directly  proportional  to  S,  the 
area  of  the  coated  surface.  fio.  244. 


Experiments. — (1)  Place  a  Leyden  jar  on  a  plate  of  glass  and 
connect  the  knob  to  a  source  of  electrification.  Only  a  very  small 
charge  will  ent^r  the  jar,  so  long  as  its  outer  coating  is  insulated 
from  the  earth. 

(2)  When  sparks  have  ceased  passing  between  the  knob  of  the  jar 
and  the  machine,  hold  a  metal  ball  near  the  outer  coating  ;  a  spark 
will  pass  between  the  coating  and  the  ball,  and  at  the  same  time  an- 
other spark  between  the  machine  and  the  knob.  By  continuing  to 
take  sparks  in  this  way,  the  jar  may  be  charged. 

(3)  Test  the  electrification  of  the  interior  by  means  of  the  proof- 
plane,  the  jar  standing  on  the  table.  Place  the  jar  on  a  plate  of 
glass,  touch  the  knob  for  an  instant  with  the  finger,  and  then  test 
the  electrification  of  the  exterior.  Observe  that  the  electrification? 
are  unlike. 

(4)  Connect  the  outside  coating  with  the  knob  by  means  of  the 
discharging-rod,  a  curved  wire  with  balls  at  its  ends,  supported  on  a 
glass  handle.  Just  before  the  knob  is  reached  a  bright  sharp  spark 
passes  and  the  jar  is  discharged. 

(5)  Insulate  the  jar  on  a  plate  of  glass  and  touch  the  two  coatings 
alternately  with  the  finger  or  with  a  metal  ball.  Each  contact  trans- 
fers electrification  and  so  ultimately  reduces  the  difference  of  poten- 
tial to  zero. 

491.  Electric  Battery. — ^A  number  of  jars  connected 
so  as  to  act  together  constitute  an  electric  battery.  They 
may  be  so  arranged  that  all  the  outside  coatings  are 
joined  together  and  all  the  inside  coatings  are  similarly 
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joined.  The  battery  then  acts  simply  like  one  large  jar> 
its  capacity  being  the  sum  of  the  capacities  of  the  sepa- 
rate jars  ;  or,  if  the  jars  are  all  equal,  being  the  product 
of  the  capacity  of  a  single  jar  by  the  number  of  jars.  Or, 
secondly,  the  jars  may  be  connected  alternately,  the  out- 
side coating  of  the  first  with  the  inside  coating  of  the 
second,  ana  so  on.  In  this  case  the  capacity  of  the  bat- 
tery is  obtained  by  dividing  the  capacity  of  one  jar  by 
the  number  of  jars. 

492.  Energy  expended  in  charging  a  Condenser. 
— It  has  already  been  shown  (481)  that  the  work  done 
in  charging  a  simple  conductor,  and  therefore  the  energy 
which  is  stored  up  in  such  a  conductor  when  charged,  is 
represented  by  iQV;  or,  since  Q  =  CVy  by  iCF'.  The 
energy  in  a  single  jar  or  in  a  number  of  jars  arranged  in 
multiple,  as  in  the  first  case  above  mentioned,  is  directly 
proportional  to  the  capacity  of  the  jar  or  battery.  If 
this  energy  be  transformed  into  heat  during  the  dis- 
charge, the  quantity  of  heat  will  be  if  ==  CP/2«/;  in 
which  J  is  Joule's  equivalent.  For  a  given  charge  the 
energy  in  a  battery  arranged  in  multiple  is  inversely  as 
the  number  of  jars  ;  while  for  a  given  potential  the 
energy  is  directly  as  the  number  of  jars.  For  a  number 
of  jars  arranged  in  series,  as  in  the  second  method  above 
given,  the  reverse  is  true  ;  the  energy  being,  for  a  given 
charge,  directly,  and  for  a  given  potential  inversely,  as 
the  number  of  jars.  Since  a  given  charge  will  raise  the 
potential  of  a  single  jar  higher  than  it  will  that  of  two 
jars,  it  is  evident  that  when  the  charge  of  a  single  jar 
is  divided  between  two,  there  is  a  fall  of  potential  and 
consequently  a  loss  of  energy. 

C. — DIELECTRIC   POLARIZATION. 
493.    Electrification  resident  in  the  Dielectric— 

In  1748,  Franklin  showed  that  "  the  whole  force  of  the 
bottle  and  power  of  giving  a  shock,  is  in  the  glass  itself ; 
the  non-electrics  in  contact  with  the  two  surfaces  serving 
only  to  give  and  receive  to  and  from  the  several  parts  of 
glass ;  that  is,  to  give  on  one  side  anil  take  away  on  the 
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other."  Whenever  an  electrified  body  is  entirely  enclosed 
within  a  conducting  surface,  an  opposite  electrification 
is  produced  upon  this  surface  precisely  equal  in  amount ; 
and  this  no  matter  how  distant  from  the  body  this  sur- 
face  may  be.  The  two  conducting  surfaces  may  there- 
fore be  regarded  simply  as  the  boundaries  of  the 
intervening  dielectric;  this  dielectric  being  oppositely 
electrified  on  its  inner  and  outer  faces.  The  term 
•'field'*  refers  to  the  space  between  the  conducting  sur- 
faces, ** medium*'  to  the  substance  occupying  this  space. 
The  term  "insulating  medium''  refers  to  the  property  of 
retaining  the  charge  possessed  by  the  medium,  and  the 
term  "dielectric  medium"  to  its  property  of  transmitting 
induction. 

Experiments. — To  repeat  Franklin's  experiment,  provide  a  bottle, 
having  thin  lead- foil  on  the  bottom  and  half-way  up  on  the  outside, 
and  containing  water,  with  which  a  wire  connects  through  the  cork. 
Charge  this  bottle,  place  it  on  glass,  remove  the  cork  and  wire,  and 
touching  the  outside  with  one  hand,  bring  a  finger  of  the  other  near 
the  water.  A  smart  shock  will  be  felt.  Charge  the  bottle  again^ 
remove  the  cork  and  wire  and  pour  the  water  into  a  second  bottle. 
No  charge  will  be  found  in  this  second  bottle,  showing  that  the 
electrification  is  not  in  the  water.  Fill  up  the  first  bottle  with 
ordinary  water  and  it  will  be  found  charged.  Hence  the  electrifica- 
tion exists  on  the  glass. 

The  following  methods  of  exploring  an  electric  field  in  which  air 
is  the  dielectric  are  due  to  Maxwell  : 

(1)  Place  a  gilt  pith  ball  hung  by  a  white  silk  thread  in  the  field. 
The  ball  if  positively  electrified  will  move  from  .the  surface  of  higher 
toward  the  surface  of  lower  potential.  If  it  be  negatively  electrified, 
it  will  move  toward  the  surface  of  higher  potential.  The  mechanical 
force  urging  it  is  the  product  of  its  charge  by  the  electromotive  force 
of  the  field  at  the  point  its  center  occupies. 

(2)  Take  two  small  disks  of  thin  metal,  provided  with  insulating 
handles,  and  place  them  in  contact,  with  their  planes  perpendicular 
to  the  electromotive  force  of  the  electric  field.  Then  separate  them, 
remove  them,  and  test  their  electrification.  Both  will  be  found 
equally  cliarged,  the  one  toward  the  higher  potential  negatively,  the 
other  positively;  thus  showing  a  transference  of  electrification  within 
the  dielectric  itself. 

(3)  Place  one  of  the  disks  with  its  surface  in  contact  with  that  of 
one  of  the  conductors  bounding  the  field.  On  removing  it,  it  will 
be  found  to  be  charged,  the  charge  being  approximately  that  of  tho 
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portion  of  the  electrified  surface  covered  by  it.  This  disk  corresponds 
therefore  to  Coulomb's  proof-plane  ;  and  its  charge  is  proportional 
to  the  electric  density  at  the  point  touched. 

(4)  Suspend  in  an  electric  field  a  short  piece  of  fine  cotton  or 
linen  thread  by  means  of  a  silk  fiber.  Its  two  ends  becoming  op- 
positely electrified,  the  thread  will  place  itself  parallel  to  the  direction 
of  the  electromotive  force  at  the  place  it  occupies. 

(5)  Hang  in  the  field  two  metal  balls,  by  means  of  silk  threads, 
and  place  a  fine  insulated  wire  so  as  to  touch  them  both.  On  ex- 
amining the  balls  they  will  be  found  equally  and  oppositely  charged, 
and  since  by  the  contact  of  the  wire  positive  electrification  will  have 
been  transferred  from  the  one  of  higher  to  the  one  of  lower  potential, 
the  ball  at  the  former  point  will  be  charged  negatively  and  the  one 
at  the  latter  point  positively  ;  the  charges  being  proportional  to  the 
difference  of  potential  between  the  points.  Evidently,  therefore,  if 
the  balls  should  be  found  uncharged,  it  would  indicate  simply  that 
they  had  been  placed  in  positions  having  the  same  potential ;  so  that 
in  this  way  the  equipotential  surfaces  in  the  region  may  be  mapped 
out. 

(6)  Or,  using  only  one  ball,  place  its  center  at  a  given  point  in  the 
field,  and  touch  it  for  an  instant  with  a  wire  connected  with  earth. 
Its  charge  will  evidently  be  proportional  to  the  potential  at  the  point ; 
although  if  the  potential  there  be  positive,  the  charge  will  be  negative. 

(7)  Connect  a  small  metal  ball  permanently  with  one  electrode  of 
the  gold-leaf  electroscope  by  means  of  a  fine  wire,  the  other  electrode 
being  connected  to  earth.  Place  the  ball  in  the  field  and  connect 
the  electrodes  together  for  an  instant ;  thus  reducing  the  difference 
of  potential  between  them  to  zero.  Move  the  sphere  now  through 
the  field,  taking  care  that  the  gold  leaves  are  not  deflected.  The 
path  of  the  ball  will  lie  on  an  equipotential  surface. 

(8)  A  better  method  is  to  connect  the  electrified  system — a  large 
conductor  of  irregular  form,  for  example— with  the  exploring  sphere, 
and  after  having  placed  this  sphere  at  a  given  point,  to  connect  the 
electrodes  for  an  instant.  If  now  the  sphere  be  so  moved  in  the  field 
that  the  gold  leaves  are  undisturbed,  the  path  of  the  sphere  must  lie 
on  an  equipotential  surface. 

494.  Lines  and  Tubes  of  Induction. — These  experi- 
ments clearly  prove :  1st,  that  the  dielectric  is  the  seat 
of  the  electric  action;  2d,  that  it  is  traversed  by  an 
electromotive  force  in  the  direction  in  which  the  potential 
varies  most  rapidly  ;  3d,  that  it  may  be  cut  by  planes 
perpendicular  at  all  points  to  this  direction  which,  since 
the  potential  is  constant  throughout  their  extent,  are 
called  equipotential  surfaces  ;  and  4th,  that  a  transfer  of 
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electrification  may  take  place  within  it,  positive  electri- 
fication being  transferred  from  a  point  of  higher  to  one 
of  lower  potential  and  negative  electrification  in  the 
reverse  direction.  Since  the  lines  along  which  electromo- 
tive force  acts  are  also  the  lines  along  which  induction 
takes  place,  these  lines  may  be  called  lines  of  induction. 
Every  such  line  begins  at  a  point  on  a  positively  elec- 
trified surface  and  terminates  at  a  corresponding  point 
on  a  negatively  electrified  surface.  Since  the  surface  of 
an  electrified  conductor  is  an  equipotential  surface,  these 
lines  are  perpendicular  to  such  a  surface,  whether  they 
issue  from  it  or  abut  upon  it.  Consider  now  a  limited 
positive  area  of  such  a  surface,  and  from  each  point  of 
the  line  which  bounds  it  conceive  a  line  of  induction  to  be 
drawn,  terminating,  as  it  must  do,  upon  the  correspond- 
ing point  of  the  corresponding  negative  area  on  the  sur- 
face of  some  other  body.  These  lines  taken  together  will 
form  a  tube  of  induction,  the  two  ends  of  this  tube  rep- 
resenting electrifications  similar  in  quantity  although 
opposite  in  sign.  Evidently  by  selecting  the  area  so  that 
its  electrification  is  unity,  the  tube  of  induction  will 
be  a  unit  tube ;  and  the  electrification  of  any  surface 
will  be  proportional  to  the  number  of  such  tubes  which 
issue  from  or  abut  upon  it.  In  the  same  way  the  induc- 
tion through  any  part  of  an  electric  field  may  be  repre- 
sented by  the  number  of  unit  tubes  of  induction  which 
traverse  a  surface  extended  through  this  part.  Moreover, 
the  field  is  traversed  by  equipotential  surfaces  at  such 
distances  that  unit  of  work  is  done  in  carrying  unit  elec- 
trification from  one  such  surface  to  the  next.  Conse- 
quently these  surfaces  cut  the  tubes  of  induction  into 
unit  cells.  If  the  potential  of  the  one  electrified  surface 
is  Fj  and  that  of  the  other  V^ ,  then  there  are  F,  —  V^ 
equipotential  surfaces  in  the  field.  So  that  if  q  repre- 
sent the  number  of  units  chasrge  on  one  surface,  there  will 
be  q  tubes  of  induction  and  q{  F,  —  F,)  cells.  But  as 
—  g  is  the  charge  on  the  second  surface,  we  may  also 
write  q  F,-}-  q  F,  for  the  total  number  of  cells  in  the  field. 
Since  the  total  energy  of  the  system  is  ^  ^  {q  F),  it  follows 
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that  the  number  of  cells  is  twice  the  total  energy  con. 
tained  in  the  electrified  system.  Hence  each  cell  is  that 
portion  of  the  dielectric  in  which  one  half  a  unit  of  energy 
is  stored  up. 

495.  Electric  Tension. — In  the  second  experiment 
mentioned  in  (493),  the  two  disks,  after  being  in  contact, 
tend  to  separate  from  each  other  and  to  approach  the 
oppositely  electrified  surfaces  bounding  the  field.  The 
mechanical  force  acting  upon  each  disk  is  proportional 
to  the  joint  product  of  the  electrification  of  the  disk  and 
the  electromotive  force  of  the  field ;  but  since  the  elec- 
trification on  the  disk  is  itself  proportional  to  the  electro- 
motive force,  the  force  tending  to  separate  the  disks  is 
proportional  not  only  to  the  area  of  the  disks,  but  also  to 
the  square  of  the  electromotive  force  in  the  field.  This 
result  is  accounted  for  by  supposing  that  at  every  point 
of  the  dielectric  where  there  is  electromotive  force, 
a  tension  exists  like  that  of  a  stretched  elastic  cord 
acting  in  the  direction  of  the  electromotive  force  and 
proportional  to  the  square  of  this  electromotive  force. 
To  this  force,  thus  acting  within  the  dielectric  mass,  the 
name  electric  tension  is  given.  It  represents  a  tension  of 
so  many  dynes  per  square  centimeter  exerted  b^^  the 
dielectric  medium  in  the  direction  of  the  electromotive 
force.  This  condition  of  stress  in  the  dielectric  medium 
Faraday  fully  recognized.  He  not  only  endowed  his 
lines  of  force  with  elasticity,  capable  of  shortening  when 
stretched,  but  he  supposed  them  self-repulsive,  thus 
producing  a  pressure  in  the  field  perpendicular  to  the 
lines  of  force. 

496.  Dielectric  Constant. — We  owe  to  Cavendish 
(1771-81)  the  discovery  of  the  fact  that  the  amount  of 
inductive  effect  which  takes  place  through  a  dielectric 
is  different  for  different  dielectrics  and  is  therefore  a 
function  of  the  dielectric  medium  itself.  It  foUow^s,  con- 
sequently, that  the  capacity  of  a  condenser  depends  not 
only  upon  its  form  and  size,  but  also  upon  the  medium 
intervening  between  its  plates.  Hitherto  we  have  as- 
sumed air  as  the  dielectric  employed;  but  if  we  make 
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use  of  other  dielectrics  in  a  condenser,  such  as  glass, 
ebonite,  shellac,  sulphur,  paraffin,  etc.,  we  shall  notice 
An  increase  in  the  capacity  of  the  condenser  produced 
thereby.  The  ratio  of  the  capacity  of  a  condenser  having 
any  given  substance  as  its  dielectric  to  the  capacity  of  a 
second  and  similar  condenser  having  air  as  its  dielec- 
tric, was  called  by  Faraday  the  specific  indnctive  capacity 
of  the  given  substance ;  and  by  Maxwell  the  dielectric 
<}onttant.  If  both  condensers  are  electrified  from  the 
same  source,  they  will  both  be  electrified  to  the  same 
potential,  and  therefore  the  charges  which  they  will 
receive  will  be  directly  proportional  to  their  capacities. 
Hence  by  determining  the  ratio  of  the  charges,  that  of 
their  capacities  is  ascertained. 

Cavendish  measured  the  capacities  of  various  con- 
densers by  comparison  with  certain  other  standard 
condensers,  called  by  him  trial-plates.  The  capacities 
of  these  trial -plates  were  themselves  determined  in 
absolute  measure  by  comparison  with  that  of  a  globe 
31*25  cm.  in  diameter  suspended  in  the  middle  of  his 
laboratory.  One  of  the  coatings  of  a  trial-plate  and  one 
coating  of  the  condenser  to  be  compared  were  connected 
with  the  knob  of  a  positively  charged  Leyden  jar,  the 
other  coatings  being  connected  to  earth.  After  charging 
for  two  seconds,  the  upper  coating  of  the  trial-plate  was 
connected  to  earth,  while  the  lower  coating  was  con- 
nected by  a  wire  with  the  upper  coating  of  the  condenser; 
thus  reversing  them  with  reference  to  each  other.  If 
their  charges  were  equal,  both  were  completely  dis- 
charged ;  and  the  pith-ball  electroscope  attached  to  the 
connecting  wire  showed  no  divergence.  If  the  charge 
was  greater  on  the  condenser,  the  pith  balls  were  posi- 
tively electrified ;  if  smaller,  negatively.  Another  trial- 
plate  was  then  selected  and  the  experiment  repeated, 
until  two  plates  were  found,  one  of  a  little  less  capacity, 
the  other  of  a  little  greater  capacity,  than  the  condenser; 
the  mean  of  these  capacities  being  taken  as  the  true 
capacity. 

Faraday  (1837)  used  two  exactly  similar  spherical 
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condensers  placed  concentrically,  the  interior  sphere 
being  5*8  cm.  in  diameter  and  the  outer  sphere  9  cm.; 
thus  leaving  1'6  cm.  between  them.  The  inner  sphere 
was  attached  by  a  stem  of  shellac  to  the  outer  one, 
which  was  divided  at  its  equator.  One  of  these  con- 
densers was  filled  with  air,  the  other  with  the  material 
to  be  examined.  The  outsides  of  both  were  connected 
to  earth,  one  of  them  was  charged,  its  potential  meas* 
ured,  its  interior  connected  with  that  of  the  other,  and 
its  potential  again  measured.  If  the  capacities  of  the 
two  are  equal,  the  charge  will  be  equally  divided  between 
the  two  condensers  and  the  potential  will  fall  to  one  half 
its  value.  If  they  are  not  equal,  the  charge  will  divide 
between  them  in  the  direct  ratio  of  their  capacities;  so 
that  if  the  second  condenser  has  the  greater  capacity,  it 
will  take  more  than  half  the  charge  and  the  potential 
of  the  first  will  fall  to  less  than  half  its  initial  value.  If 
its  capacity  is  less,  the  potential  will  be  greater  than 
before.  Calling  C  tlie  capacity  of  the  first  condenser, 
Fits  potential,  and  Q  its  charge,  we  have  Q=  VC.  After 
connecting  it  with  the  second  condenser,  whose  capacity 
we  may  call  CK,  its  potential  falls  to  V  and  we  have 
Q=rC+  V'CK  Hence  VC  =  V'C+  V'CK  or  r  = 
F(l  +  Jf)  and  K  =  {V  --  V')/V\  in  which  K  is  the 
specific  inductive    capacity   of    the    dielectric    in    the 

second  condenser.  The  capacity 
of  a  condenser  containing  a 
dielectric  whose  constant  is  K  is 
KS/4:7te. 

Experiment. — Provide  a  gold-leaf 
electroscope  E  having  its  leaves  a,  b 
supported  on  separate  rods  and  insu- 
lated from  each  other  (Fig.  245).  To 
these  two  leaves  connect  the  insulated 
metal  plates  A  and  J5.  To  the  plate  C 
midway  between  them,  communicate  a 
positive  charge.  Connect  A  and  B  to 
earth  for  an  instant,  and  then  insulate 
them  ;  they  will  both  be  equally  nega- 
tive and  the  gold  leaves  will  remain  vertical.  If  2I  be  moved  toward 
C,  the  gold  leaves  will  move  toward  each  other,  a  being  positive  and 
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6  negative.  If  now,  with  the  plates  as  at  first,  a  dielectric  plate  be 
introduced  between  A  and  C,  the  gold  leaves  will  again  attract  each 
other,  and  on  testing  them,  a  will  be  found  positive  and  6  negative 
as  before.  Evidently,  therefore,  the  effect  of  introducing  a  dielec- 
tric plate  is  to  increase  the  induction,  whenever  the  specific  inductive 
capacity  of  the  plate  is  greater  than  that  of  air. 

TABLE  OF  DIELECTRIC  CONSTANTO. 

Substance.  ^I^ITVI?  Observer, 

const  uut. 

Beeswax 3*67  Cavendish 

Shellac 2-00  Faraday 

Besin 2*48  Boltzmann 

Paraffin 1-96  Wiillner 

Flint  glass,  extra  dense  10*10  Hopkinson 

Sulphur 2-58  Gordon 

Ebonite 2-284 

Carbon  disulphide 1-81  " 

Turpentine 2*15  Silow 

Hydrogen 0999674  Boltzmann 

Carbon  dioxide 1000356 

1-0008  Ayrton  and  Pei-ry 

497.  Polarization  of  the  Dielectric. — "Induction," 
says  Faraday,  "  appears  to  be  essentially  an  action 
of  contiguous  particles  through  the  intermediation  of 
which  the  electric  force,  originating  or  appearing  at  a 
certain  place,  is  propagated  to  or  sustained  at  a  dis- 
tance, appearing  there  as  a  force  of  the  same  kind, 
exactly  equal  in  amount  but  opposite  in  its  direction  and 
tendencies."  And  again  :  "Induction  appears  to  consist 
in  a  certain  polarized  state  of  the  particles,  into  which 
they  are  thrown  by  the  electrified  body  sustaining  the  ac- 
tion, the  particles  assuming  positive  and  negative  points 
or  parts  which  are  symmetrically  arranged  with  respect 
to  each  other  and  the  inducing  surfaces  or  particles." 
In  proof  of  this  polarization  of  the  particles  of  the 
dielectric.  Faraday  placed  filaments  of  silk  2  or  3  mm, 
hmg  in  turpentine  contained  in  a  rectangular  glass  ves- 
sel provided  with  two  pointed  metal  rods,  entering  the 
opposite  ends  of  the  vessel  horizontally.     On  connecting 
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one  of  these  rods  with  a  source  of  electrification  and  the 
other  to  earth,  the  silk  filaments  were  seen  to  arrange 
themselves  parallel  to  the  line  joining  the  points  and  to 
Aggregate  together  there,  forming  a  mass  of  considerable 
tenacity.  He  says :  "  The  particles  of  silk,  therefore, 
represent  to  me  the  condition  of  the  molecules  of  the  di- 
•electric  itself,  which  I  assume  to  be  polar  just  as  that  of 
the  silk  is."  Matteucci  established  the  fact  that  the  di- 
electric is  polarized  throughout,  by  forming  a  condenser 
out  of  a  number  of  thin  plates  of  mica  pressed  between 
two  plates  of  metal  (Fig.  246).    After  charging  the  con- 
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-denser  and  insulating  it,  the  metal  plates  were  removed 
and  the  mica  plates  examined.  Each  one  of  these  plates 
was  found  polarized  in  the  direction  of  the  electromotive 
force  applied,  the  face  which  was  turned  toward  the 
positive  metal  plate  being  positively  and  that  which  was 
turned  toward  the  negative  plate  being  negatively  elec- 
trified. 

498.  Electric  Displacement. — Mathematical  investi- 
gation led  Maxwell  to  the  same  conclusion  which  Fara- 
day had  reached  experimentally.  "At  every  point  of 
the  medium,"  he  says,  "  there  is  a  state  of  stress  such 
that  there  is  tension  along  the  lines  of  force  and  press- 
ure in  all  directions  at  right  angles  to  these  lines,  the 
numerical  magnitude  of  the  pressure  being  equal  to  that 
of  the  tension  and  both  varying  as  the  square  of  the 
resultant  force  at  the  point."  It  was  to  account  for  the 
phenomena  thus  exhibited  by  dielectrics  that  Maxwell 
proposed  his  theory  of  electric  displacement.  This 
theory  supposes  that  when  an  electromotive  force  acts 
on  a  dielectric,  as  is  the  case  when  a  medium  is  sub- 
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mitted  to  induction,  it  causes  electricity  to  be  displaced 
within  this  medium  in  its  own  direction,  the  amount  of 
the  displacement  being  proportional  to  the  electromotive 
force  but  depending  also  upon  the  nature  of  the  dielec- 
tric. The  ratio  of  the  displacement  in  any  dielectric 
to  the  displacement  in  a  vacuum  due  to  the  same  elec- 
tromotive force  is  the  dielectric  constant.  Since  the 
displacement  through  any  surface  is  the  quantity  of 
electricity  which  traverses  it,  the  displacement  through 
unit  of  surface  into  a  vacuum,  if  the  quantity  of  elec- 
tricity traversing  it  be  cr,  will  be  i^/47r ;  and  into  a 
medium  whose  dielectric  constant  is  K^  the  displacement 
will  be  KF/iiTt.  Moreover,  to  produce  electric  displace- 
ment in  a  dielectric,  an  amount  of  work  must  be  ex- 
pended equal  to  the  product  of  half  the  electromotive 
force  into  the  displacement;  i.e.,  KF/^n  x  F/^  or 
KF^/Sn ;  and  this  work,  which  is  stored  up  within  unit 
volume  of  the  dielectric  and  is  the  source  of  the  energy 
of  the  electrified  system,  represents  numerically  the 
value  of  the  electrostatic  tension  and  pressure  at  every 
point  in  it. 

In  a  conductor,  electrical  displacement  takes  place 
without  opposition.  But  in  an  insulator,  acting  as  a  di- 
electric, electric  displacement  calls  into  action  an  inter- 
nal electromotive  force  acting  in  a  direction  opposite  to 
that  of  the  displacement,  which  Maxwell  by  analogy  has 
called  the  electric  elasticity  of  the  medium.  Applying  the 
term  coefficient  of  electric  elasticity  to  the  ratio  of  the 
electromotive  force  divided  by  the  displacement  pro- 
duced by  it,  this  coefficient  is  F/{KF/^n)  or  ^n/K\ 
from  which  it  appears  that  the  dielectric  constant  of  any 
insulating  medium  is  inversely  proportional  to  its  coeffi- 
cient of  electrical  elasticity.  On  charging  a  condenser, 
a  displacement  of  electricity  takes  place  from  the  posi- 
tive to  the  negative  coating,  due  to  the  acting  electro- 
motive force.  On  discharging  it,  the  internal  counter- 
electromotive  force,  called  the  electrical  elasticity  of 
the  medium,  reverses  the  action  and  eflfects  an  equal 
displacement  in  the  inverse  direction.     Moreover,  the 
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charges  on  the  coatings,  which  are  simply  the  charges 
on  the  corresponding  surfaces  of  the  dielectric  in  con- 
tact with  them,  correspond  to  the  quantity  of  the  elec- 
tricity displaced ;  so  that  if  any  change  takes  place  in 
the  charge,  a  corresponding  change  takes  place  in  the 
displacement.  Whenever,  therefore,  a  quantity  of  elec- 
tricity is  transferred  from  one  coating  to  the  other 
through  a  conducting  wire  connecting  them,  an  equal 
quantity  crosses  every  section  of  the  dielectric  from  the 
second  coating  to  the  first.  We  may  regard  the  dielec- 
tric and  tlie  wire,  therefore,  as  forming  a  closed  cir- 
cuit through  which  a  current  passes  whenever  electric 
changes  are  taking  place  in  the  system. 

The  polarization  of  the  medium  is  a  necessary  result 
of  electric  displacement.  Since  throughout  a  tube  of  in- 
duction the  displacement  is  constant,  the  same  quantity 
of  electricity  crossing  every  normal  section,  and  since 
this  displacement  is  from  the  conductor  toward  the  di- 
electric at  one  end  of  the  tube  and  toward  the  conductor 
from  the  dielectric  at  the  otlier,  the  density  at  the  first- 
mentioned  end  will  be  c  and  that  at  the  other  —  cr,  and 
the  first  will  be  charged  positively,  the  latter  negatively. 
Within  the  tube  itself  there  will  be  no  apparent  electri- 
fication ;  since  the  positive  electrification  on  one  side  of 
any  assumed  normal  plane  is  neutralized  by  the  negative 
electrification  on  the  other  side.  But  if  this  plane  be 
made  a  terminal  plane,  its  electrification  becomes  at 
once  apparent,  showing  that  the  dielectric  is  polarized 
throughout.  "Hence,"  says  Maxwell,  "all  electrifica- 
tion is  the  residual  effect  of  the  polarization  of  the  di- 
electric." 

499.  Nature  of  Electricity. — Although  the  idea  that 
electricity  is  an  incompressible  fluid  is  found  in  the 
writings  of  Cavendish,  yet  it  was  not  until  Maxwell 
investigated  the  subject  that  this  idea  became  a  part  of 
current  scientific  belief.  We  have  seen  that  when  any 
conductor  is  positively  electrified,  a  definite  quantity  of 
electricity  is  squeezed  into  the  surrounding  dielectric, 
causing  a  similar  transfer  of  electricity  across  every  sur- 
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face  drawn  in  the  dielectric  so  as  to  surround  the  con- 
ductor, the  displacement  continuing  until  some  external 
conductor  is  reached  through  which  the  circuit  is  com- 
pleted. The  dielectric  is  the  only  portion  of  the  system 
really  affected  by  the  charge,  and  it  is  in  this  dielectric 
that  the  whole  energy  of  the  charged  body  resides.  But 
this  squeezing  of  a  quantity  of  electricity  into  a  dielectric 
does  not  imply  a  condensation  of  the  electricity,  but  a 
strain  in  the  dielectric* on  account  of  the  displacement  of 
the  electricity  which  cannot  move  without  distorting  the 
cells  of  which  the  dielectric  is  conceived  to  be  made  up. 
This  fact  that  electricity  always  and  under  all  circum- 
stances flows  in  a  closed  circuit,  the  same  quantity  cross- 
ing every  section  of  that  circuit  so  that  it  is  not  possible 
to  exhaust  it  from  one  region  of  space  and  condense  it  in 
another,  is  capable  of  proof  in  many  ways,  but  especially 
by  what  is  known  as  the  famous  Cavendish  experiment 
{491)  as  repeated  by  Maxwell.  "  When  we  thus  find  that 
it  is  impossible  to  charge  a  body  absolutely  with  elec- 
tricity, that  though  you  can  move  it  from  place  to  place 
it  always  and  instantly  refills  the  body  from  which  you 
take  it  so  that  no  portion  of  space  can  be  more  or  less 
filled  with  it  than  it  already  is,  that  it  is  impossible  by 
any  rise  of  potential  to  squeeze  a  trace  of  electricity  into 
the  interior  of  a  cavity,  and  that  if  a  charge  be  introduced 
a  precisely  equal  quantity  at  once  passes  through  the 
walls  to  the  outside ;  it  is  natural  to  express  the  phe- 
nomenon by  saying  that  electricity  behaves  itself  like  a 
perfectly  incompressible  substance  or  fluid  of  which  all 
space  is  completely  full."     (Lodge.) 

If  it  be  granted  that  electricity  is  such  an  incompres- 
sible medium  diffused  in  space,  the  suggestion  at  once 
occurs,  is  it  not  identical  with  the  aether  the  periodic 
disturbances  in  which  we  have  shown  to  be  identical 
with  radiation  ?  Maxwell  wrote  in  1862  :  "  According 
to  our  theory,  the  particles  which  form  the  partitions 
between  the  cells  constitute  the  matter  of  electricity. 
The  motion  of  these  particles  constitutes  an  electric  cur- 
Tent  ;  the  tangential  force  with  which  the  particles  are 
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pressed  by  the  matter  of  the  cells  is  electromotive  force, 
and  the  pressure  of  the  particles  on  each  other  corre- 
sponds to  the  tension  or  potential  of  the  electricity.** 
Assuming  that  induction  may  be  transmitted  by  an  abso- 
lute vacuum,  this  may  be  regarded  as  equivalent  to  the 
opinion  that  a  certain  fraction  of  the  matter  called  aether 
is  the  matter  called  electricity.  Lodge  oflFers  a  provi- 
sional hypothesis  that  the  aether  consists  "  of  electricity 
in  a  state  of  entanglement  ^similar  to  that  of  water  in  a 
jelly."  But  subsequently  he  says :  "  We  now  proceed  a 
step  farther  and  analyze  the  aether  into  two  constituents 
— two  equal  opposite  constituents — each  endowed  with 
inertia  and  each  connected  to  the  other  by  elastic  ties ; 
ties  which  the  presence  of  gross  matter  in  general  weak- 
ens and  in  some  cases  dissolves.  The  two  constituents 
are  called  positive  and  negative  electricity  respectively ; 
and  of  these  two  electricities  we  imagine  the  aether  to  be 
composed."  This,  we  believe,  is  the  latest  opinion  on 
the  subject. 

Section  IV. — Electrostatic  iNSTRUMENra 

A. — HIGH  POTENTIAL  GENERATORS. 

(a)  Friction  Machines. 

600.  The  Electrical  Machine. — For  producing  con- 
tinuous  electrification  Otto  von  Guericke  (1671)  used  a 
globe  of  sulphur  mounted  on  an  axis  and  rubbed  with 
the  hand.  Hawksbee  (1709)  mounted  a  globe  of  glass  in 
the  same  way  and  used  it  similarly.  Franklin  (1747)  also 
employed  a  glass  globe,  but  seems  to  have  preferred  for 
producing  electrification,  tubes  of  green  glass  70  to  75 
centimeters  long  and  as  large  as  could  be  conveniently 
grasped  ;  these  tubes  being  rubbed  with  buckskin  and 
kept  perfectly  clean.  The  modern  so-called  friction 
machine  is  an  aggregation  of  devices  by  various  ex- 
perimenters. Bose  (1742)  added  to  the  revolving  glasa 
globe  a  metal  collector,  having  a  bundle  of  linen  threads 
on  the  end  toward  the  globe.     Winkler  (1744)  added  a. 
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leather  cushion  for  a  rubber.  Canton  (1753)  spread  on 
the  rubber  an  amalgam  of  mercury  and  tin.  Wilson 
(1752)  replaced  the  globe  by  a  cylinder  and  furnished  the 
collector  with  points.  And  Bamsden  (1760)  substituted 
a  glass  plate  for  the  cylinder.  One  of  the  most  effective 
machines  of  this  type  is  that  of  Winter  (1856)  shown  in 
Figure  247.     The  circular  glass  plate,  which  is  made  ta 
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revolve  by  means  of  a  crank,  is  rubbed  by  the  pair  of 
cushions  seen  on  the  left  which  are  attached  to  an  insu- 
lated  metal  ball.  Being  thus  electrified,  the  plate  moves 
over  toward  the  insulated  spherical  collector  upon  the 
right,  passing  between  two  rings  fastened  to  the  sphere 
and  studded  with  points  on  their  inner  surfaces.  By  the 
contact  of  the  rubber  and  the  glass,  the  glass  becomes 
positively  and  the  rubber  negatively  electrified.  By 
means  of  a  silk  flap  which  extends  up  from  the  rubber, 
the  positive  electrification  is  retained  on  the  glass  until 
it  reaches  the  points  on  the  collector.  There  it  induces 
negative  electrification   upon  these   points ;  but  as  the 
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density  is  there  so  great,  the  negative  electrification 
escapes  to  the  plate  and  neutralizes  its  positive  electri- 
fication ;  thus  making  the  plate  neutral  and  leaving  the 
collector  positively  charged.  As  this  operation  continues, 
the  opposite  charges  on  the  rubbing  and  the  collecting 
spheres  increase  until  they  raise  the  potential  of  these 
spheres  to  the  point  of  discharge.  Sparks  and  brushes 
fly  off  from  the  spheres,  mainly  across  the  plate  from 
one  to  the  other,  and  the  machine  has  reached  its  maxi- 
mum difference  of  potential.  By  connecting  the  left- 
hand  sphere  with  earth,  its  potential  becomes  zero  and 
that  of  the  right-hand  or  collecting  sphere  rises  propor- 
tionally. If  the  right-hand  sphere  be  grounded,  the 
left-hand  sphere  falls  proportionally  in  potential ;  the 
difference  between  the  two  being  always  constant.  The 
largest  machine  of  this  class  was  made  by  Ritchie  in 
1858.  It  had  two  plates  of  glass  1*8  meters  in  diameter. 
A  similar  machine  constructed  by  Cuthbertson  for  von 
Marum  was  furnished  with  two  plates  1-65  meters  in 
diameter.  It  gave  three  hundred  sparks  61  centimeters 
long  per  minute,  and  the  brush  discharge  was  in  the 
form  of  an  aigrette  38  centimeters  in  diameter. 

-    (b)  Induction  Machines. 
601.    The  Electrophoriis. — The  more  modern  ma- 
chines produce  a  high  potential  by  means  of  induction. 

Of  these  the  earliest,  as  it  is 
the  simplest,  is  the  electroph- 
orus  of  Volta  (1775).  It 
consists  (Fig.  248)  of  a  disk 
B  usually  of  resin  or  ebonite, 
upon  which  rests  a  somewhat 
smaller  circular  plate  of  metal 
A  furnished  with  an  insulating 
handle.  Having  electrified  the 
disk  by  rubbing  it  with  cat's 
^'*'-  ^'  fur,  place  the  metal  plate  upon 

it  by  means  of  its  insulating  handle.  The  negative  elec- 
trification of  the  disk  induces  positive  electrification  upon 
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the  lower  surface  of  the  metal  plate  and  negative  elec- 
trification on  the  upper  surface.  On  approaching  the 
finger  to  the  plate,  a  negative  spark  passes,  and  all  elec- 
trification disappears.  To  raise  the  plate  from  the  disk, 
however,  work  must  be  done  upon  it,  since  the  attraction 
of  the  two  for  each  other  must  be  overcome ;  and  this 
work  increases  constantly  the  electric  potential  energy 
of  the  system  ;  Le.,  the  potential  of  the  plate.  So  that, 
when  raised  only  a  short  distance  from  the  disk,  a  strong 
spark  may  be  taken  from  the  plate.  Since  the  disk  loses 
none  of  its  electrification  in  the  process,  the  operation 
may  be  repeated  indefinitely.  To  avoid  the  necessity  of 
touching  the  plate  with  the  finger  at  every  charge,  a  strip 
of  tinfoil  may  be  laid  across  the  disk,  or  a  metallic  pin 
may  be  passed  through  it,  its  upper  end  flush  with  the 
surface,  both  tinfoil  and  pin  being  connected  to  earth. 

502.  Continuous  Electrophori. — Naturally,  as  the 
operation  of  charging  by  means  of  the  electrophorus  is 
intermittent,  attempts  were  early  made  to  produce  con- 
tinuous electrophori.  But  the  charge  of  the  disk  gradu- 
ally diminishes  and  must  be  renewed  from  time  to  time. 
To  avoid  this  necessity  Bennet  (1787)  contrived  his 
"  doubler,"  which  consisted  of  three  metallic  plates.  A, 
B,  and  C  (Fig.  249).     The  first.  A,  is  varnished  only  on 
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its  upper  surface  ;  the  second,  B^  which  is  provided  with 
an  insulating  handle,  is  varnished  on  both  surfaces ;  and 
the  third,  (7,  is  varnished  only  on  the  under  surface.  If 
a  small  charge  be  given  to  J,  the  plate  B  laid  upon  it 
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and  touched,  B  becomes  electrified  oppositely  by  induc- 
tion. If  B  be  then  lifted,  the  plate  C  placed  on  B  and 
touched,  C  is  electrified  by  induction  oppositely  to  B  but 
similarly  to  A.  The  plate  C  is  then  placed  beneath  and 
in  contact  with  A,  and  B  is  placed  upon  it  and  touched. 
Under  the  influence  of  a  double  inducing  charge,  that  on 
A  plus  that  on  C,  a  double  charge  is  induced  on  B ;  and 
by  placing  C  again  on  B,  after  its  removal  from  J.,  and 
touching  it,  a  doubled  charge  will  appear  on  C.  By  a 
repetition  of  these  operations  the  charge  on  A  may  be 
indefinitely  multiplied. 

A  year  later  (1788)  Nicholson  contrived  a  revolving 
doubler,  consisting  of  two  insulated  and  vertical  fixed 
field-plates  A  and  C  and  a  third  and  movable  plate  B 
revolving  at  the  end  of  an  insulating  arm  attached  to  an 
axis.  Contacts  were  so  arranged  that  when  B  was  op- 
posite the  field-plate  A,  it  was  grounded  and  at  the  same 
time  A  and  C  were  put  in  communication  with  each 
other ;  while  when  B  was  opposite  the  field-plate  (7,  C 
was  grounded.  If  A  be  slightly  electrified  and  B  be 
brought  opposite  it,  B  will  be  electrified  oppositely  by 
induction,  and  on  revolving  it  180°,  will  come  opposite 
C  and  induce  in  it  the  electrification  given  to  A.  When 
B  comes  opposite  to  ^  a  second  time,  A  and  C  being  in 
communication,  a  double  inducing  charge  exists  on  A 
and  a  double  charge  will  be  induced  on  B  ;  which  will 
result,  when  B  is  brought  again  opposite  to  (7,  in  induc- 
ing a  double  charge  on  C.  Thus  the  potential  on  (7,  and 
that  on  A  also,  which  is  in  contact  with  C  once  every 
revolution,  continually  rises  until  at  last  sparks  pass 
between  A  and  B  whenever  it  comes  opposite  to  it. 
This  action  is  clearly  the  same  as  that  of  the  doubler  of 
Bennei 

Experiments.  —  Construct  the  reciprocal-influence  machine  of 
Belli  (1881)  as  follows  (Fig.  250):  Bend  up  into  a  u  form  two  rect- 
angular pieces  of  tin,  about  10  by  18  centimetei-s,  to  serve  as  the 
field-plates.  Attach  two  disks  of  tin  about  5  centimeters  in  diam- 
eter  to  the  ends  of  a  glass  tube  20  centimeters  long  and  connect 
this  tube  at  its  middle  point  with  a  glass  or  metal  rod  perpendicular 
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to  its  length,  to  form  an  axis.  Mount  it  on  a  bearing  attached  to  a 
base  and  flx  to  it  a  crank.  Attach  to  the  field-plates  glass  tubes  to 
serve  as  supports,  the  sides  being  vertical.  Insert  the  ends  of  these 
tubes  into  holes  in  the  base,  at  such  distance  apart  that  the  disks 
as  they  revolve  may  pass  through  the  space  enclosed  in  the  field- 
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plates  without  touching  them.  By  means  of  a  rod  inserted  in  the 
base  support  a  wire  so  curved  that  its  ends  simultaneously  touch 
the  disks  when  they  are  midway  within  the  field-plates;  and  attach 
a  small  spring  to  each  of  the  field-plates,  near  the  top  of  one  and 
the  bottom  of  the  other,  so  that  they  shall  make  contact  with  the 
disks  just  as  they  are  entering  the  field-plate  space.  Communicate 
a  feeble  positive  charge  to  one  of  the  field-plates,  and  rotate  the 
disks.  Observe  that  the  disk  within  this  charged  field-plate  becomes 
electrified  by  induction  and  that  its  positive  charge  passes  off 
through  the  curved  wire,  leaving  it  negative.  It  then  passes  to  the 
other  field-plate,  and  touching  its  spring,  communicates  to  it  its  nega- 
tive charge,  passing  out  from  this  field-plate  positively  charged  and 
electrifying  the  first  field-plate  positively  as  it  again  enters  it.  As  the 
other  disk  acts  similarly,  the  two  being  oppositely  electrified  by 
induction  from  the  oppositely  electrified  field-plates,  the  process  is 
continuous  and  reciprocal,  and  continues  until  the  difference  of 
potential  between  the  field-plates  is  a  maximum.  Varley's  machine 
(I860),  while  similar  in  principle,  is  of  a  much  more  advanced  type. 
It  has  a  revolving  glass  disk  (Fig.  251)  carrying  six  sectors,  passing 
between  two  pairs  of  field-plates. 
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503.  Holtz  Influence  Machine, — Holtz  of  Berlin 
(1864),  however,  first  brought  the  influence  machine  into 
prominence  by  the  many  and  important  devices  with 
which   he   provided  it.     The  Holtz  machine  (Fig.  252) 


Fio.  261. 


consists  of  a  rotating  thin  glass  plate  placed  vertically, 
close  to  and  in  front  of  a  fixed  thin  glass  plate  of  slightly 
larger  size,  through  which  are  two  sector-shaped  open- 
ings or  windows  at  opposite  ends  of  a  diameter.  The 
field-plates,  which  are  sector-shaped,  are  made  of  var- 
nished paper  and  are  attached  to  the  rear  surface  of  the 
fixed  glass  plate,  covering  an  arc  of  90°  or  more.  One 
edge  of  each  sector  is  close  to  a  window,  and  has  a 
pointed  paper  tongue  projecting  into  the  opening.  Two 
pairs  of  metallic  combs  or  sets  of  points  face  the  rotating 
plate.  One  pair  is  at  the  ends  of  a  metallic  rod  placed 
diagonally  with  its  axis  parallel  to  the  upper  edge  of  one 
of  the  paper  sectors  and  the  lower  edge  of  the  other. 
This  rod  with  its  combs  acts  as  a  neutralizing  circuit 
and  maintains  the  charge  of  the  field-plates  when  the 
discharging  circuit  is  open.  The  other  pair  of  combs 
constitute  the  discharging  circuit.  They  are  placed 
horizontally,  are  carried  on  insulating  supports,  and  are 
connected  with  knobs  through  which  slide  electrodes 
provided  with  ebonite  handles.  The  movable  plate  is 
rotated  by  means  of  a  multiplying  wheel. 

To  put  the  machine  in  action,  an  electrified  body, 
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such  for  example  as  an  excited  strip  of  ebonite,  is  placed 
in  contact  with  one  of  the  field-plates  and  the  movable 
disk  is  rotated  from  five  to  ten  times  a  second  in  a 
direction  opposite  to  that  in  which  the  tongues  of  paper 
point  The  two  field-plates,  as  well  as  the  two  sides  of 
the  discharging  circuit,  become  oppositely  electrified, 
the  work  required  to  keep  up  the  motion  increases,  the 
electrifications  rapidly  rise  to  a  maximum  and  on  sepa- 
rating the  electrodes  discharges  in  the  form  of  sparks 
and  brushes  take  place  between  them.  By  the  addition 
of  a  Leyden  jar  on  each  side  of  the  discharging  circuit, 
or  even  on  one  side  only,  to  act  as  a  condenser,  the 
amount  of  electrification  at  each  discharge  is  increased 
and  the  brilliancy  of  the  spark  heightened,  though  the 
discharges  are  less  frequent 

The  theory  of  the  operation  of  the  Holtz  machine  is 
simple.     The  diagram  Figure  253  shows  the  revolving 
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plate,  the  field-plates  A  and  B,  the  discharging  circuit 
A'B\  and  the  diagonal  conductor  D.  The  field-plate 
A,  which  is  here  shown  outside  of  the  revolving  plate, 
being  feebly  electrified  negatively  by  contact  with  an 
excited  plate  or  rod  of  ebonite,  acts  at  e,  through  the 
air  and  the  glass  plates,  upon  the  upper  end  g  of  the 
diagonal  metal  rod  D  of  the  neutralizing  circuit,  develop- 
ing  positive   electrification   there   by  induction.     This 
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electrification  produces  a  discharge  of  positively  electri- 
fied air  from  the  sharp  points  of  the  comb  upon  the 
front  surface  of  the  movable  plate;  while  at  the  same 
time  the  repelled  negative  electrification  accumulates  at 
the  other  end  A  of  the  diagonal  conductor  and  produces 
a  discharge  of  negatively  electrified  air  from  the  comb 
upon  the  face  of  the  plate  opposite  to  it.  Both  of  these 
charges  thus  produced  upon  the  face  of  the  movable 
plate,  react  inductively  through  th^  glass  plates  upon 
the  field-plates^  and  B,  the  dissimilar  electrifications  in 
both  cases  being  attracted  to  the  nearer  ends  e  and/ of 
these  field-plates,  and  the  similar  electrifications  being 
repelled  to  the  remoter  ends  a  and  b.  But  at  these  re- 
moter ends  are  placed  the  pointed  paper  tongues  which 
project  into  the  windows  ;  and  the  repelled  electrification 
is  slowly  discharged  from  these  paper  points  upon  the 
rear  surface  of  the  movable  plate.  If  now  this  plate  be 
turned,  these  electrifications  upon  the  back  are  carried 
onward,  from  left  to  right  above  and  from  right  to  left 
below,  until  they  come  opposite  to  the  tongues  upon  the 
field-plates,  which  are  dissimilarly  electrified.  These 
tongues  at  once  discharge  their  electrification  upon  the 
revolving  plate,  thus  neutralizing  its  electrification  and 
at  the  same  time  increasing  that  of  the  field-plates  ;  the 
difi'erence  of  potential  between  them  rising  continuously 
as  the  plate  is  rotated,  until  the  gain  by  duplication  is 
balanced  by  the  loss  arising  from  leakage  and  spark- 
discharge. 

Thus  far  the  only  object  attained  is  the  maximum  dis- 
similar electrification  of  the  field-plates ;  and  this  has  been 
accomplished  solely  by  means  of  the  electrification  upon 
the  rear  surface  of  the  revolving  plate.  But  meanwhile 
the  electrifications  upon  the  front  surface  of  this  plate 
have  been  brought  by  the  rotation  opposite  to  the  combs 
of  the  discharging  circuit ;  and,  acting  inductively  upon 
the  metallic  mass,  attract  the  opposite  electrifications 
to  the  nearer  ends  of  this  circuit,  producing  a  discharge 
of  oppositely  electrified  air  upon  the  plate  ;  thus  neutral- 
izing its  electrification  and  at  the  same  time  leaving  tlie 
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electrodes  of  the  discharging  circuit  highly  electrified,  the 
one  positively,  the  other  negatively.  This  electrification 
it  is  which  is  the  cause  of  the  sparks  between  the  elec- 
trodes. This  part  of  the  operation  of  the  Holtz  machipe 
is  quite  analogous  to  that  of  the  ordinary  friction  ma- 
chine ;  differing  only  in  the  fact  that  in  the  Holtz  ma- 
chine the  action  is  duplex. 

504.  Self-exciting  Machines. — The  Holtz  machine 
is  not  self-exciting.  It  had  been  observed,  however,  that 
machines  of  the  carrier  type,  like  that  of  Varley  already 
mentioned,  having  a  number  of  metallic  sectors  or  car- 
riers arranged  on  a  revolving  disk,  would  produce  a 
spark  from  so  feeble  an  initial  electrification,  that  no  out- 
side electrification  was  required ;  the  normal  difference 
of  potential  between  dissimilar  substances  being  quite 
sufficient.  The  Topler  machine  (1880)  is  of  this  type.  It 
consists  of  a  revolving  glass  plate  (Fig.  254)  upon  which 
are  six  equidistant  tinfoil  sec- 
tors or  curriers  having  a  low 
brass  button  on  each.  The 
field-plates  are  of  varnished 
paper  attached  to  the  rear 
surface  of  a  vertical  sheet  of 
glass.  Two  brushes  of  tinsel 
connected  with  these  plates 
are  supported  so  as  to  touch 
the  buttons  on  the  sectors  as 
they  revolve,  these  brushes 
being  at  opposite  ends  of  a 
diameter  of  the  disk,  inclined 
about  30°  to  the  vertical.  A  second  pair  of  brushes  is  placed 
horizontally  and  forms  a  part  of  the  discharging  circuit. 
The  same  year  Voss  brought  out  a  machine  on  the  same 
principle,  in  which  the  Holtz  construction  was  adopted. 
A  revolving  glass  plate  e  (Fig.  255)  having  six  tinfoil  disks 
equidistantly  placed  near  its  edge  moves  in  front  of  a 
somewhat  larger  circular  glass  plate  e',  upon  the  back  of 
which  are  two  paper  quadrants  c  and  c'  acting  as  the  field- 
plates,  and  reinforced  by  two  tinfoil  disks  near  their  ends 
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connected  by  a  tinfoil  strip.  At  the  top  of  one  quadrant 
and  at  the  bottom  of  the  other,  metallic  arms  a,  a\  each 
carrying  a  brush,  pass  round  the  edge  of  the  revolving 
plate,  so  that  the  buttons  upon  the  tinfoil  disks  or  car* 
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riers  just  touch  them  as  they  pass.  A  diagonal  conductor 
with  its  pair  of  combs  acts  as  a  neutralizing  circuit  as  in 
the  Holtz  machine.  A  second  pair  of  combs  in  the  dis- 
charging circuit  has  the  central  points  removed  and  re- 
placed by  a  tinsel  brush.  Two  Leyden  jars  i,  f,  are  in 
communication  with  the  discharging  circuit. 

The  operation  of  the  machine  may  be  explained  by  the 
aid  of  the  diagram  Figure  256,  given  by  Thompson.  The 
circle  of  sectors  represents  the  revolving  plate,and  outside 
of  this  are  segments  representing  the  field-plates.  Arrows 
pointing  outward  represent  positive,  those  pointing  in- 
ward negative,  charges.  The  diagonal  neutralizing  con- 
ductor D  and  the  discharging  circuit  A^B'  are  also 
shown.  The  upper  sector  at  n  is  under  induction  from 
the  left-hand  positive  quadrant ;  and  therefore  a  displace- 
ment takes  place  from  higher  to  lower  potential  along 
the  diagonal  conductor  through  the  brush  in  contact 
with  this  sector,  giving  this  sector  a  negative  charge  and 
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charging  the  diagonally  opposite  sector  positively.  As 
these  sectors  move  on,  work  must  be  done  to  separate 
the  attracting  bodies ;  and  the  charges  on  the  sectors, 
before  held  by  the  opposite  electrifications  of  the  field- 
plates,  become  free.  While  thus  charged  these  sectors 
come  into  contact  with  the  brushes  at  the  entering  ends 
of  the  two  opposite  field-plates ;  each  sector  giving  up 
to  or  receiving  from  the  field- plate  a  part  of  its  charge, 
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thus  increasing  Ihe  electrification  of  the  plate.  The 
sectors  then  pass  on,  with  a  potential  equal  to  that  of 
the  field-plate  with  which  they  have  just  been  in  con- 
tact, and  touch  the  brushes  of  the  discharging  circuit, 
giving  up  to  them  or  receiving  from  them  a  portion  of 
their  charge  whenever  the  sectors  are  at  different  po- 
tentials. As  each  successive  sector  performs  these  func- 
tions, the  electrification  of  the  field-plates  and  that  of  the 
discharging  circuit  reaches  a  high  value  in  a  very  short 
time  ;  and  this  entirely  without  the  giving  of  any  initial 
charge  to  either  field-plate.  In  the  most  recent  form  of 
Voss  machine,  the  revolving  plate  is  doubled. 

505.  Wimshurst  Machine. — Another  notable  influ- 
ence machine  is  that  of  Wimshurst  (1881).  Its  construction 
is  quite  simple  (Fig.  257),  consisting  only  of  two  equal 
glass  disks,  each  provided  with  numerous  sectors  on  one 
side  and  rotating  in  opposite  directions.     These  sectors 
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are  on  the  outer  sides  of  the  reyolving  plates,  and  act 
not  only  as  carriers  but  also,  when  opposite  each  other, 
as  fiield-plates  or  inductors.  Each  plate  has  a  diagonal 
conductor  facing  it,  the  two  ends  of  which  are  provided 
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with  brushes  which  toucli  lightly  the  sectors  as  they  pass. 
These  two  diagonal  conductors  are  at  right  angles  to 
each  other.  There  is  also  a  horizontal  discharging  cir- 
cuit provided  with  a  double  set  of  combs,  one  set  facing 
each  plate.     It  is  usually  provided  with  a  condenser. 

A  diagram  by  Thompson  (Fig.  258)  may  make  clear  the 
operation  of  this  machine.  Let  the  sectors  on  the  back 
plate  be  represented  by  the  outer  row,  those  of  the  front 
plate  by  the  inner  row  of  segments,  the  two  revolving  in 
opposite  directions.  The  two  diagonal  conductors  ab  and 
cd  are  perpendicular  to  each  other,  both  being  inclined 
about  45°  to  the  vertical.  The  carriers  from  which  lines 
of  force  radiate,  as  shown  by  the  arrows,  are  charged 
positively,  the  others  negatively.     At  the  top  of  the  dia- 
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gram  the  back  carriers  are  represented  as  positively,  the 
{rout  carriers  as  negatively  charged ;  at  the  bottom  the 
reverse  is  the  case.  The  maximum  charge  upon  a  sector 
is  represented  as  six  units.  Consider  a  front  sector  at  a  for 
example.  As  it  passes  into  the  position  shown,  it  comes 
under  the  influence  of  the  positively  electrified  sector 
opposite  to  it  on  the  back  plate.  But  at  this  instant  it 
touches  the  brush  of  the  diagonal  conductor,  and  a  dis- 
placement takes  place  along  this  conductor  from  a  to  6, 
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leaving  the  sector  negatively  charged.  Simultaneously 
the  sector  at  b  is  electrified  positively  in  the  same  way. 
So  that  the  sectors  on  the  front  plate  move  onward  from 
the  points  of  contact  with  the  brushes,  the  upper  set 
negatively  and  the  lower  set  positively  electrified.  The 
diagonal  conductor  of  the  back  plate,  being  at  right 
angles  to  the  other  one,  produces  the  same  results  for 
its  sectors  but  intermediately.  Thus  the  back  sector  at 
c  comes  under  induction  from  the  negative  front  sector 
opposite  to  it,  at  the  same  time  that  it  touches  its  diag- 
onal conductor  and  is  thus  charged  positively,  while  the 
back  sector  at  d  is  negatively  charged  in  the  same  way. 
The  inductive  action  as  well  as  the  carrying  function  of 
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the  sectors  is  therefore  clearly  apparent,  and  the  sectors 
of  both  plates  come  to  the  combs  of  the  discharging  cir- 
cuit similarly  charged,  positively  on  the  left-hand  side 
and  negatively  on  the  right-hand  side.  The  inductive 
action  of  these  sectors  upon  the  discharging  circuit  elec- 
trifies its  two  sides  oppositely  and  produces  the  sparks 
and  brushes  which  pass  between  its  electrodes. 

506.  Thomson  electrostatic  Generators. — Among 
the  various  forms  which  these  carrier  machines  have 
assumed,  we  may  mention  three  contrived  by  Professor  Sir 
Wm.Thomson*  and  called  the  "replenisher,"  the  "mouse- 
mill,"  and  the  "  water-dropping  machine,"  respectively. 
The  replenisher  was  constructed  for  the  purpose  of  main- 
taining  the  charge  of  the  Leyden  jar  in  the  quadrant  elec- 
trometer. It  has  two  metal  carriers  revolving  within  two 
field-plates  or  inductors  which  are  segments  of  cylinders. 
The  two  carriers  while  under  opposite  induction  from 
the  field-plates  are  touched  by  two  springs  forming  the 
ends  of  a  metallic  circuit,  and  then  touch  two  springs 
just  as  they  pass  within  the  field-plate  on  the  opposite 
side.  The  mouse-mill  was  used  for  electrifying  the  ink- 
vessel  of  the  siphon-recorder.  The  apparatus  is  cylin- 
drical, the  carriers  being  segments  of  cylinders  ten  in 
number,  whence  its  name.  Two  semi-cylindrical  field- 
plates  or  inductors  are  placed  outside  of  the  revolving 
cylinder.  Each  carrier  is  connected  to  a  pin  near  the 
axis ;  and  by  means  of  these  pins  the  two  carriers  enter- 
ing the  two  field-plates  are  put  in  contact  with  these 
plates,  while,  at  the  same  time,  the  two  carriers  perpen- 
dicular to  these  are  put  in  communication  with  each 
other.  The  water-dropping  machine  was  first  described 
in  1867.  To  stems  connected  with  the  inside  coatings  of 
two  Leyden  jars  A  and  B  (Fig.  259)  hollow  cylinders  of 
metal  are  connected,  which  are  called  respectively 
inductors  i  and  receivers  r.     Each   stem  supports  an 

*  In  consequence  of  his  eminent  services  to  science.  Professor  Sir 
William  Thomson  has  recently  been  raised  to  the  peerage  and  has 
assumed  the  title  of  Lord  Kelvin.  By  this  name,  therefore,  we  shall 
in  future  refer  to  him. 
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inductor  and  a  receiver,  the  inductor  of  the  first  jar 
being  arranged  vertically  over  the  receiver  of  the  second 
and  vice  versa.  The  re- 
ceiver differs  from  the  in- 
ductor in  containing  a 
funnel  placed  slightly 
above  the  middle  of  the 
cylinder  with  its  narrow 
end  opening  downward. 
Two  fine  vertical  streams 
of  water  are  arranged  to 
break  into  drops,  one  in 
the  center  of  each  induc- 
tor. These  drops  fall  along 
the  axis  of  the  inductor 
into  the  funnel  of  the  re- 
ceiver and  thence  to  waste. 
Suppose  a  small  positive 
charge  be  given  to  one 
of  the  jars.  Its  inductor 
electrifies  negatively  each 
drop  of  water  breaking 
away  in  its  axis  from  the  jet,  and  these  drops  communi- 
cate their  negative  charges  to  the  funnel  below,  which  is 
connected  to  the  other  jar.  This  reacts  to  increase  the 
positive  electrification  of  the  first  jar  and  so  on  ;  so  that 
commencing  with  a  feeble  charge  in  one  of  the  jars,  only 
discoverable  by  a  delicate  electrometer,  a  rapid  succession 
of  sparks  is  seen  after  a  few  minutes  passing  in  some 
part  of  the  apparatus,  or  the  drops  of  water  are  seen 
scattered  about  over  the  edges  of  the  receivers. 


Fio.  259. 


B.  — MEASURING-INSTRUMENTS. 

607.  Electrostatic  Units  of  Measurement. — Elec- 
trostatics requires  the  measurement  of  (1)  Quantity,  (2) 
Potential  difference,  and  (3)  Capacity.  Since  these  are 
connected  together  by  the  equation  Q  z=  CV,  either  of 
them  can  be  calculated  when  the  other  two  are  known. 
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I.  The  absolute  unit  of  quantity  is  that  quantity  of 
electrification  which,  placed  at  unit  distance  from  an 
equal  quantity  of  the  same  kind,  repels  it  with  a  unit 
force.  In  the  C.  G.  S.  system,  it  is  the  quantity  which 
repels  an  equal  and  like  quantity  at  one  centimeter 
distance,  with  the  force  of  one  dyne.  The  dimensions  of 
the  electrostatic  nnit  of  quantity,  therefore,  are  IQ*/L*] 
=  [^]  =  [^V^M ;  whence  [Q]  =  [M^L^/T]. 

II.  The  absolute  unit  of  potential  difference  is  that  dif- 
ference of  potential  between  two  points  which  requires  a 
unit  of  work  to  be  done  in  carrying  a  unit  of  quantity 
from  one  to  the  other.  In  C.  G.  S.  units,  a  unit  differ- 
ence of  potential  exists  between  two  points  when  an  erg 
of  work  is  expended  in  carrying  an  absolute  unit  of  elec- 

•  trification  from  one  to  the  other.  The  dimensions  of  the 
electrostatic  unit  of  potential  difference  are  [W/Q]  or 
[MiyT^]  ^  [i/iii/T];  hence  [V,  -  F,]  =  [M^D/T]. 

IIL  The  absolute  unit  of  capacity  is  the  capacity  of  a 
conductor  which  requires  unit  charge  to  raise  its  potential 
by  unity.  The  dimensions  of  the  electrostatic  unit  of  capa- 
city consequently  are  [Q/V]  or  [Mm/T]  h-  [M^L^/T] 
or  [L] ;  whence  [C]  =  [L]  and  the  capacities  of  similar 
conductors  are  proportional  to  their  linear  dimensions. 

IV.  The  force  experienced  by  an  electrified  body  in 
an  electrical  field  being  proportional  (1)  to  the  charge 
upon  the  body  and  (2)  to  the  strength  of  the  field,  is 
jointly  proportional  to  the  product  of  these  quantities. 
But  since  a  field  of  unit  strength  is  produced  at  unit 
distance  from  unit  charge,  the  force  experienced  by  unit 
quantity  in  such  a  field  will  also  be  unity  at  unit  distance 
from  unit  charge.  Whence  the  dimensions  of  the  unit 
of  electric  force,  or  electromotive  intensity  (Maxwell),  are 
IQ/L']  =  [MkLi/T]  H-  [U]  =  \M\/L\T\. 

In  practice  certain  multiples  and  sub-multiples  of  the 
absolute  C.  G.  S.  units  have  been  adopted,  mainly  for 
convenience  in  reproducing  concrete  standards.  These 
units  are  named  from  eminent  electricians,  and  are  as 
follows,  their  values  being  given  in  absolute  electro- 
static units : 
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Origin  of 
Nome. 

"a 

Value  E.  8.  Unit*. 

Coulomb 

Q 

8X10» 

Volta 

B 

i  X  io-« 

Faraday 

0 

9  X  10" 

Ampdre 

1 

8X10» 

Ohm 

B 

i  X  10-" 

Joule 

-- 

10^  ergs 

Watt 

-• 

W  ergs  per  sec. 
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Denomination.  Name. 

Quantity  of  electrification.Coulomb 

Potential-difference Volt 

Capacity Fai-ad 

Current Ampere 

Resistance Ohm 

Work  (Volt-coulomb) . ..  .Joule 
Activity  (Volt- ampere). .  .Watt 

508.  Potential  Difference, — Instruments  for  meas- 
uring diflferences  of  electrical  potential  by  electrostatic 
action  are  called  electrometers.  As  the  capacity  of  such 
instruments  remains  constant,  the  charges  which  they 
receive  and  which  they  indicate  must  vary  as  the  poten- 
tials of  the  bodies  with  which  they  are  in  contact.  Lord 
Kelvin  divides  electrometers  into  three  classes:  Re- 
pulsion electrometers,  attracted-disk  electrometers,  and 
symmetrical  electrometers.  To  the  first  class  the  gold- 
leaf  electroscope  and  Coulomb's  torsion-balance  belong. 
The  former  may  be  used  to  indicate  equality  (1)  in  tlie 
potential  of  two  bodies,  electrified  similarly  or  oppositely, 
by  equality  of  divergence  in  the  gold  leaves ;  or  (2)  in 
that  of  two  bodies  dissimilarly  electrified,  by  bringing 
them  in  contact  and  observing  zero  divergence.  But 
the  diflFerent  divergences  are  not  proportional  to  any 
simple  function  of  the  potential.  The  Coulomb  torsion- 
balance  has  already  been  described  (468). 

509.  Thomson  Electrometers. — The  electrometers 
of  Lord  Kelvin  belong  to  the  second  and  third  classes. 
The  Absolute  electrometer,  the  Portable  electrometer,  the 
Standard  electrometer,  and  the  Long-range  electrometer 
are  all  Attracted-disk  instruments,  while  the  Quadrant 
electrometer  belongs  to  the  class  of  Symmetrical  instru- 
ments. Moreover,  these  electrometers  may  be  used 
idiostatlcally,  when  the  electrification  to  be  tested  is  the 
only  one  employed  ;  or  heterostatically,  when  an  auxiliary 
electrification  is  used.  In  the  former  case,  for  small 
values,  the  indication  of  the  electrometer  is  proportional 
to  the  square  of  the  potential  difi'erence,  while  in  the  latter 
it  is  proportional  to  this  difference  itself.     Moreover, 
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heterostatic  instrumeuts  iudicate  in  addition  the  si(m  of 
the  electriiication. 

The  absolute  electrometer  consists  of  a  light  aluminum 
disk  a  supported  by  springs  in  a  circular  opening  in  a 
large  brass  plate   G,  called  the  guard-plate  (Fig.  260). 


Fio.  260. 

Beneath  this  is  a  second  plate  of  brass  P,  adjustable  by 
a  micrometer  screw  and  called  the  attracting  plate.  The 
whole  is  contained  in  a  glass  cylinder  coated  on  the  out- 
side and  the  inside  with  tinfoil  and  acting  as  a  Leyden 
jar.  The  guard-plate  is  permanently  connected  with  the 
inner  coating  and  the  jar  is  kept  charged  by  the  replen- 
isher,  to  a  constant  value  determined  by  a  gauge.  To 
calibrate  the  instrument  weights  are  placed  on  the 
aluminum  disk  and  the  depression  noted.  They  are 
then  removed,  the  outside  of  the  jar  connected  with  the 
attracting  plate,  and  this  plate  raised  by  means  of  its 
micrometer  screw  until  the  same  depression  of  the 
aluminum  disk  is  produced.  The  reading  of  the  microm- 
eter is  called  the  earth  reading,  the  outside  of  the  jar 
being  to  earth.  The  body  whose  potential  is  to  be 
measured  is  now  put  in  contact  with  the  attracting  plate, 
and  this  plate  is  moved  by  its  micrometer  until  the 
aluminum  disk  is  again  brought  into  the  plane  of  the 
guard-ring.  The  difference  of  the  two  readings  sub- 
stituted in  the  formula  gives  the  difference  of  potentials 
between  that  of  the  body  examined  and  the  outside  of 
the  jar  of  the  electrometer ;  or  since  this  may  be  con- 
nected to  earth,  the  difference  between  the  body  and  the 
earth  ;  i.e.,  the  absolute  potential  of  the  body. 

The  calculation  required  is  as  follows :  The  capacity 
of  a  pair  of  parallel  plates,  where  e  is  the  distance  between 


Digitized  by  VjOOQ IC 


ENERGY  OF  jETHEH-aTBEBa^—ELEVrBOSTATICti,    597 

the  plates  and  8  the  surface,  is  C  =  S/^ne^  as  we  have 
already  seen  (489) ;  and  hence  the  energy  of  electrifica- 
tion W,  which  equals  JF'C  (481),  is  equal  to  F'5/8;re. 
But  the  force  between  the  plates  F  =  W/e ;  and  hence 
i^=  V*S/87re\    From  which  we  obtain 


r=eVS7rF/S. 


[66] 


So  that  if  F  be  the  potential  difference  between  the 
guard-ring  and  the  earth,  and  F'  that  between  the  guard- 
ring  and  the  body  examined,  and  if  e  and  e'  be  the  cor- 
responding readings  of  the  micrometer,  e'  —  e  will  be  the 
distance  through  which  the  attracting  plate  was  moved 
between  the  two  readings,  and  the  formula  becomes 


r'^r={e'-^e)V8nF/S. 


[67] 


If  the  area  of  the  aluminum  disk  be  measured  in  square 
centimeters,  the  distance  e'  —  e  in  linear  centimeters, 
and  the  force  F  in  dynes,  the  potential  of  the  body  will 
be  obtained  in  absolute  C.  G.  S.  units. 

The  Thomson  quadrant  electrometer  is  so  called  from 
the  form  of  its  principal  acting  part.  This  is  a  flat  cylin- 
drical box  (Fig.  261,  A)  made  of  brass  and  divided  into 
four  quadrants,  each  supported  upon  an  insulating  glass 


Fie.  261. 


stem.  Within  this  box  an  aluminum  needle  shaped  like 
the  figure  8  moves  about  a  vertical  axis,  suspended  by 
a  pair  of  silk  fibers,  as  is  seen  in  the  figure  (Fig.  261,  B). 
The  whole  is  enclosed  in  a  jar  containing  sulphuric  acid, 
to  keep  the  air  dry  within  it  and  to  act  as  the  inner  coat- 
ing of  a  Ley  den  jar,  tinfoil  forming  the  outer  coating. 
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By  means  of  a  fine  wire  of  platinum  hanging  in  the  acid 
and  connected  to  the  needle,  this  needle  is  kept  charged ; 
the  potential  being  maintained  constant  by  means  of  a 
replenisher  and  gauge.  By  two  metal  electrodes  com- 
munication is  made  with  the  quadrants,  the  alternate 
pairs  of  which  are  connected  together.  When  these  twa 
electrodes  are  united  by  a  wire,  the  four  quadrants  are 
at  the  same  potential  and  the  needle  is  unaffected,  pro- 
vided it  be  placed  symmetrically,  with  its  central  line 
coinciding  with  the  plane  between  the  quadrants.  If,, 
however,  one  pair  of  quadrants  be  put  to  earth,  and  the 
diagonally  opposite  pair  be  connected  with  an  electrified 
body ;  or  what  is  substantially  the  same  thing,  if  the  twa 
electrodes  be  connected  to  points  at  different  potentials, 
the  needle  will  move  to  the  right  or  left  according  as  the 
one  side  or  the  other  is  at  a  higher  potential  than  itself. 
Upon  the  rod  supporting  the  needle  is  placed  a  mirror ; 
so  that  by  means  of  a  telescope  and  scale  the  amount  of 
the  deflection  may  be  read  off.  Since  the  scale  is  placed 
at  about  a  meter  distance,  and  since  the  angular  motion 
of  the  image  is  twice  that  of  the  mirror,  the  potentials 
may  be  considered  as  approximately  proportional  to  the 
deflections.     The  theory  of  the  instrument  shows  that 

I)  =  c{V,-V:)(V-i{V,-\-  r.)).  [68] 

where  D  is  the  deflection,  K,  F, ,  and  V^  are  the  poten- 
tials respectively  of  the  needle  and  the  two  pairs  of 
quadrants,  and  c  a  constant  depending  on  the  conditions 
of  the  apparatus.  The  deflection  is  therefore  closely 
proportional  to  the  difference  of  potentials  between  the 
quadrants  multiplied  by  the  difference  between  the  po- 
tential of  the  needle  and  the  mean  of  the  potentials  of 
the  quadrants.  Since  V  is  large  in  comparison  with  F, 
and  F,,  we  may  write 

F.-F,=  C7'A 

in  which  the  reciprocal  of  O^  represents  c(  V—i{V^-\-  f^«)); 
whence,  since  C  is  practically  constant,  the  difference  of 
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potentials  is  proportional  to  the  deflection.  These  de- 
flections may  be  reduced  to  absolute  measure  by  deter- 
mining the  value  of  the  constant  C",  by  empirically 
calibrating  the  instrument  with  a  battery  whose  differ- 
ence of  potential  has  been  determined  by  means  of  an 
absolute  electrometer.  By  using  a  different  number  of 
cells  in  each  experiment,  giving  different  deflections,  a 
mean  value  can  be  obtained  true  through  its  entire 
range. 

A  commercial  instrument  based  on  the  same  prin- 
ciple and  called  an  electrostatic  voltmeter  has  more 
recently  been  devised  by  Lord  Kelvin.  In  this  instru- 
ment, a  vertical  figure-of-8-shaped  plate,  corresponding 
to  the  needle  of  the  quadrant  electrometer,  is  supported 
on  knifeedges  coinciding  with  the  axis  of  a  fixed  plate, 
which  consists  of  two  opposite  metallic  sectors,  each 
double,  the  movable  plate  passing  between  the  two 
sides.  Hence  the  instrument  is  practically  an  aircon- 
denser  with  one  plate  movable,  the  motion  of  this  plate 
altering  its  electrostatic  capacity.  When  a  difference  of 
potential  is  established  between  the  fixed  and  the  mov- 
able plates,  the  latter  moves  so  as  to  increase  this 
capacity,  the  couple  being,  as  in  all  idiostatic  electrome- 
ters, proportional  to  the  square  of  this  difference.  A 
small  weight  hung  on  the  lower  end  of  the  movable 
plate  balances  this  couple ;  and  by  having  three  differ- 
ent weights,  three  different  degrees  of  sensibility  may  be 
given  to  the  instrument. 

510.  liippmaun  Capillary  Electrometer. — The  capil- 
lary electrometer  of  Lippmann  is  an  instrument  of  ex- 
traordinary delicacy,  based  upon  changes  in  the  surface- 
tension  between  two  liquids  produced  by  a  difference  of 
electric  potential  between  them.  Since  mercury  and 
dilute  sulphuric  acid,  being  heterogeneous  substances, 
are  electrified  oppositely  by  contact,  and  since,  though 
apparently  in  contact,  they  are  really  separated  by  ap- 
proximately half  a  micromillimeter,  the  whole  acts  like 
a  condenser,  in  which  the  difference  of  potential,  the 
electrostatic  capacity,  and  the   surface-tension   are,  by 
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the  law  of  the  Gonseryation  of  Electricity,  mutually  de- 
pendent 

Experiment. — Place  a  globule  of  mercury  in  dilute  sulphuric 
acid  containing  a  trace  of  chromic  acid,  and  adjust  an  iron  wire 
within  the  acid  so  that  it  just  touches  the  mercury  surface  laterally. 
Observe  that  the  globule  increases  its  convexity  and  so  draws  itself 
away  from  the  wire,  breaking  the  contact.  As  the  globule  again 
flattens  by  the  action  of  gravity,  contact  is  again  made  and  so  a 
continuous  vibration  is  maintained.  The  difference  of  potential  de- 
veloped by  contact,  aided  perhaps  by  a  polarization  of  the  mercury, 
increases  the  surface-tension  of  this  liquid  and  causes  it  to  become 
more  spherical,  thus  drawing  itself  away  from  the  iron  wire. 

This  change  of  surface-tension  it  is  which  is  made 
use  of  in  the  capillary  electrometer.  In  Lippmann*s 
form  of  the  instrument  (Fig.  262)  a 
vertical  glass  tube  A  drawn  out  to  a 
fine  point  at  its  lower  end  and  filled 
with  mercury  is  immersed  in  dilute 
sulphuric  acid  contained  in  the  vessel 
B.  Electrical  contact  is  made  at  the 
points  ^  and  p'.  The  pressure  of  the 
mercury  in  the  tube  is  sustained  by 
the  convex  mercury  meniscus  at  the 
point,  the  position  of  this  meniscus 
being  observed  by  means  of  a  micro- 
scope. Evidently  an  increase  in  the 
potential-difference  between  the  mer- 
cury in  A  and  the  acid  in  B  will 
cause  a  rise  of  the  meniscus  and  a 
diminution  will  cause  a  fall  in  it.  So 
that  by  using  known  differences  of 
potential  to  calibrate  the  electrom- 
eter, the  value  corresponding  to  any 
given  change  in  the  position  of  the 
meniscus  can  be  determined.  It  is 
preferred,  however,  to  connect  the 
top  of  the  glass  tube  with  a  tube  of 
rubber  connected  to  a  flexible  reservoir  containing  air 
which  can  be  compressed ;  the  amount  of  pressure 
being  recorded  on  a  water   manometer.     By  means  of 
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this,  pressure  is  exerted  on  the  top  of  the  mercury 
column  until  the  meniscus  is  returned  to  the  zero  posi- 
tion ;  then  the  diflference  of  potential  is  read  oflF  on  the 
manometer.  This  difference  is  found  to  be  proportional 
to  the  pressure  up  to  nearly  a  volt,  although  it  is  not 
used  for  potential  differences  of  more  than  half  this 
value.  Its  sensibility,  however,  is  so  great  that  it  will 
measure  one  ten-thousandth  of  a  volt  (507).  In  a  modi- 
fied form  of  this  instrument  proposed  by  Dewar,  the 
capillarity  tube  is  horizontal  and  contains  in  its  center  a 
drop  of  acid,  mercury  filling  the  rest  of  the  tube  on  both 
sides.  The  ends  of  the  tube  terminate  in  mercury  con- 
tained in  glass  jars.  A  difference  of  0*003  of  a  volt  causes 
the  drop  of  acid  to  move  perceptibly  along  the  tube. 

511.  Electrical  Quantity.  —  In  experiment  eight 
(485),  Maxwell's  method  of  adding  together  a  number  of 
equal  quantities  of  electrification  was  described.  By  re- 
versing the  order  of  operations,  a  quantity  of  electrifica- 
tion may  in  the  same  way  be  successively  diminished 
by  equal  amounts.  This  principle  of  determining  a 
total  charge  by  the  number  of  partial  charges  required, 
either  to  produce  it  or  to  reduce  it  to  zero,  has  been  vari- 
ously applied.  Lane  (1767)  devised  a  discharging  elec- 
trometer based  upon  the  fact  that  the  charge  on  a 
conductor  and  the  length  of  spark  given  by  it  on  dis- 
charge, are  proportional  to  the  potential ;  and  hence 
under  the  same  conditions,  if  the  length  of  spark  remains 
constant  the  quantity  of  the  discharge  will  be  constant 
also.  Thus,  for  example,  let  the  outer  coating  of  a 
Leyden  jar  be  connected  with  a  ball,  adjustable  micro- 
metrically  to  any  given  distance  from  the  knob  which  is 
connected  with  the  inner  coating.  On  charging,  it  is 
clear  that  the  potential  of  the  jar  will  rise  until  the 
resistance  of  the  air  between  the  knobs  is  overcome,  and 
then  spark-discharge  will  occur.  Since,  with  the  excep- 
tion of  a  slight  residual  charge,  the  discharge  of  the  jar 
is  complete,  it  is  evident  that  the  quantity  discharged  by 
each  spark,  being  the  value  of  its  capacity  for  the  given 
potential,  will  be  constant     Harris  subsequently  adopted 
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the  principle  in  the  construction  ot  ms  unit  jar  (Fig.  263) 
by  means  of  which  equal  quantities  of  electrification 
can  be  transferred  in  succession,  from  a  given  source  to 
a  condenser.  For  this  pur- 
pose the  unit  jar  is  insulated, 
its  interior  A  is  connected  to 
the  source,  and  its  exterior 
B  to  one  side  of  the  conden- 
ser, the  other  side  of  which 
is  connected  to  earth.  When  the  potential  of  the  unit 
jar  has  risen  to  a  degree  corresponding  to  the  distance 
between  the  knobs  A^  and  B\  dk  distance  which  is  ad- 
justable, it  will  be  discharged,  a  spark  passing  across 
between  these  knobs ;  and  so  on  indefinitely,  so  long  as 
the  operation  is  continued.  But  the  unit  jar  is  insulated; 
and  hence  in  charging  it,  precisely  the  same  quantity 
passes  to  the  condenser  from  its  outside  coating  that 
passes  to  its  inside  coating  from  the  source.  Hence  at 
each  discharge  of  the  unit  jar,  a  quantity  equal  to  its 
capacity  for  the  given  potential  enters  the  condenser ; 
the  whole  quantity  finally  contained  in  this  condenser 
being  the  product  of  the  quantity  in  each  spark  by  the 
number  of  sparks. 

For  the  transference  of  smaller  quantities,  Gaugain 
has  used  a  discharging  gold-leaf  electroscope  in  much 
the  same  way,  calling  it  an  electro- 
scopic  gauge.  A  metal  ball  is  placed 
within  the  instrument,  supported  on 
a  rod  rising  from  the  base  and  there- 
fore connected  with  the  ground.  It 
is  adjustable  horizontally  and  is  so 
placed  that  one  of  the  gold  leaves  on 
divergence  comes  in  contact  with  it 
(Fig.  264).  To  determine  the  charge 
of  a  conductor,  it  is  connected  with 
the  electroscopic  gauge  by  means  of  a 
slightly  moistened  cotton  thread  thirty 
or  forty  centimeters  long.  As  the  electrification  is 
transferred  gradually  along  the  thread,  the  gold  leaves 
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diverge  until  one  of  them  touches  the  ball,  when  the 
electroscope  is  at  once  discharged  and  the  leaves  fall. 
A  second  transference  of  electrification  takes  place,  and 
so  on,  until  the  conductor  is  discharged.  As  the  quantity 
escaping  at  each  contact  is  the  same,  the  total  quantity 
upon  the  conductor  is  proportional,  as  above,  to  the 
number  of  contacts.  Finally  a  divergence  of  the  gold 
leaves  results,  less  than  is  required  to  bring  them  in 
contact  with  the  ball,  and  there  is  left  in  the  apparatus 
a  small  residual  charge.  To  determine  its  value  for  the 
electroscope,  repeat  the  experiment  just  given,  recharg- 
ing the  conductor  to  the  same  potential  without  previ- 
ously discharging  the  electroscope.  If  n  be  the  number 
of  contacts  on  the  first  discharge  and  n'  the  number  on 
the  second,  inf—n  will  be  the  residual  charge  in  terms  of 
the  quantity  discharged  at  each  contact.  To  determine 
it  for  the  conductor,  put  this  conductor  and  the  electro- 
scope in  connection  with  a  second  conductor  of  greater 
capacity  by  means  of  a  cotton  thread,  and  count  the  con- 
tacts. Then  having  insulated  the  first  conductor  and  the 
electroscope  without  discharging  them,  charge  the  second 
conductor  to  the  same  potential  as  before  and  discharge 
it  again  through  the  electroscope,  noting  the  number  of 
contacts.  If  m  be  the  number  on  first  discharge  and  m' 
the  number  on  the  second,  m'—  m  is  the  residual  cha'^ge 
on  the  first  conductor  and  the  electroscope  taken  to- 
gether ;  whence,  since  n' — n  is  the  residue  on  the  elec- 
troscope alone,  the  residue  on  the  conductor  must  be 
{m'— m)  — (n'— n).  By  varying  the  position  of  the  ball, 
the  sensibility  of  the  gauge  may  be  varied. 

By  uniting  with  such  an  electroscopic  gauge  a  hollow 
insulated  metal  cylinder  such  as  is  shown  in  the  figure 
(Fig.  265)  by  means  of  a  cotton  thread,  quantities  of  elec- 
trification on  non-conductors  may  be  compared.  For  if 
an  electrified  body  be  introduced  into  the  cylinder,  the 
similar  electrification  repelled  through  the  electroscope 
will  be  exactly  equal  to  the  charge  on  the  body ;  and 
may  therefore  be  measured  by  counting  the  contacts. 
In  this  way  opposite  electrifications,  as  well  as  similar 
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ones  may  be  compared.  Moreover,  the  division  ol  a 
charge  between  two  conductors  of  any  form  may  thus 
be  studied.  Charge  one  of  them,  bring  them  in  contact 
for  an  instant,  and  then  determine  the  charge  of  each  by 
the  number  of  contacts.     If  the  total  charge  be  first 
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determined,  the  difference  between  this  and  the  sum  of 
the  separate  charges  represents  the  loss  in  the  experi- 
ment. Since  the  rate  of  discharge  depends  upon  the 
diflference  of  the  potentials  at  the  ends  of  the  thread, 
the  number  of  contacts  in  a  unit  of  time  will  give  the 
means  of  determining  potential  diiFerence. 

512.  Thermometiic  Measurement  of  Electrical 
Quantity. — A  second  method  of  determining  electrical 
quantity  is  a  therm  ome trie  one.  Whenever  two  conduc- 
tors  at  diflferent  potentials  are  connected  together,  elec- 
trification passes  from  the  one  at  higher  to  the  one  at 
lower  potential  and  a  loss  of  electrical  energy  to  the 
system  results.  If  no  mechanical  work  is  done  in  the 
operation,  this  energy  thus  lost  appears  as  heat-energy 
in  the  circuit     If  the  discharge  takes  place  in  the  air,  a 
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spark  is  produced ;  if  through  a  fine  and  imperfectly 
conducting  wire,  this  wire  is  heated.  The  heat  produced 
in  these  cases  may  be  used  to  determine  the  electrical 
energy  expended;  and  since  electrical  energy  is  pro- 
portional to  Q  r,  by  making  V  constant,  the  heat  may  be 
used  to  determine  quantity. 

Kinnersley  (1761)  contrived  an  electrical  air-ther- 
mometer, by  means  of  which  the  heating  effect  of  the 
spark-discharge  in  air  could  be  utilized  to  measure 
electrifications.  A  modern  form  of  his  instrument  is 
shown  in  Fig.  266.  Whenever  the  spark  passes  between 
the  balls  within  the  larger  tube,  the  air  therein 
is  expanded  and  the  liquid  column  in  the  smaller 
tube  rises,  the  amount  of  the  rise  indicating  ap- 
proximately the  quantity  of  the  charge.  Harris 
(1826)  described  a  thermo-electrometer  consisting 
of  a  glass  bulb  12  cm.  in  diameter,  across  the  interi- 
or of  which  one  or  more  fine  wires  were  stretched. 
This  bulb  was  connected  below  with  the  shorter 
leg  of  a  class  tube  of  2*5  mm.  bore,  bent  twice  at 

Fio    268. 

right  angles  and  containing  a  colored  liquid,  the 
longer  leg  rising  vertically  about  60  cm.  and  provided 
with  a  graduated  scale.  Biess  (1837)  modified  this  ap- 
paratus, first  by  using  a  spiral  of  fine  platinum  wire, 
whereby  the  sensitiveness  was  increased,  and  second 
by  placing  the  capillary  tube  horizontal,  but  capable  of 
being  inclined  at  any  desired  angle  by  means  of  a  hinge 
attached  to  the  board  to  which  it  was  fastened  (Fig. 
267).  The  liquid  used  was  a  mixture  of  sulphuric 
acid  and  alcohol,  to  which  a  little  cochineal  was  added 
to  give  it  color.  If  a  condenser,  such  as  a  Leyden  jar 
or  a  battery  of  such  jars,  be  discharged  through  this  fine 
platinum  spiral,  the  heat  generated  in  the  wire  causes  an 
expansion  of  the  air  in  the  globe,  the  amount  of  which 
may  be  read  off  on  the  capillary  tube  by  the  displace- 
ment of  the  liquid  column.  Since  the  energy  of  a 
charged  conductor  is  \QV  or  Q^/2C,  the  total  heat- 
energy  produced  by  the  discharge  is  proportional  to  the 
square  of  the  quantity  of  electrification  concerned. 
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Mascart  (1873)  made  use  of  the  expansion  of  the  air 
caused  by  the  heating  of  a  fine  wire  by  the  electric  dis- 
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charge  (Fig.  268)  to  operate  a  Marey  tambour  and  thus 
to  obtain  a  record  of  the  phenomenon.  The  tambour  is 
a  metallic  capsule  covered  with  a 
sheet-rubber  membrane,  on  which 
rests  a  plate  attached  to  a  lever  ar- 
ticulated to  the  frame  supporting 
the  tambour ;  so  that  an  increase  of 
pressure  within  the  capsule  causes 
the  plate  to  rise  and  move  the  lever 
upward.  The  end  of  this  lever  is 
pointed  and  rests  against  the  surface 
of  smoked  paper  on  a  chronographic 
cylinder.  The  expansion  of  the  air 
in  the  cylindrical  thermometer  itself 
is  communicated  through  a  flexible 
tube  to  the  tambour,  the  rise  of  the 
lever  and  hence  the  height  of  the 
Fio.  268.  curve  being  proportional  thereto. 

Experiments. — 1.  Place  fine  wires  of  the  same  length  and  diam- 
eter  but   of   different  metals  across  the  thermometer-bulb,   and 
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discharge  the  same  battery,  equally  charged,  through  these  in  suc- 
cession. Observe  that  the  heating  effect  is  greatest  for  lead  and 
least  for  silver.  2.  Using  in  the  thermometer  a  platinum  wire  0'2 
mm.  in  diameter,  coiled  in  a  spiral,  charge  a  battery  by  means  of 
the  unit  jar  as  above  described,  giving  it  say  10  unit  charges  in  one 
case  and  20  in  another.  Observe  that  the  heating  effect  is  four 
times  as  much  in  the  second  case,  being  proportional  to  the  square 
of  the  charge. 

Section  V.— Electrostatic  Phenomena. 

A, — DISCHARGE  BY  CONDUCTION. 

513.  Conductive  Discharge. — A  discharge  is  called 
conductive  when  it  traverses  a  coiiductor,  a  metallic  wire 
for  example ;  and  disruptive  when  it  passes  through 
an  insulating  medium  such  as  air  or  glass  (Faraday). 
When  no  other  work  is  done  in  the  circuit,  the  entire 
energy  of  the  charge  is  expended  in  heat;  this  principle, 
as  we  have  already  seen  (512),  being  utilized  in  the  elec- 
tric thermometer.  From  the  experiments  of  Biess,  it 
appears  that  the  heat  produced  is  proportional  directly 
to  the  square  of  the  charge  and  inversely  to  the  number 
of  jars  in  the  battery;  i.e.,  to  the  charged  surface.  That 
is  to  say,  H=z  aQ*/n  =  aQ^/S.  But  since  Q/S  =  cr,  the 
surface-density,  Z/"=  acrQ  ;  or  the  heat  produced  is  pro- 
portional to  the  product  of  the  surface-density  hy  the 
charge.  Moreover,  other  things  being  equal,  the  ca- 
pacity of  a  condenser  is  proportional  to  its  surface ;  so 
that  we  may  write  H^aQ'/C.  Whence,  as  (7=  Q/Vy 
we  have  H=zaQV;  which  becomes,  when  a  =  l/2e/ and 
HJ=W,  W  =  iQV;  i.e.,  the  electrostatic  law  that  the 
energy  of  a  charged  conductor  is  measured  by  half  the 
product  of  the  charge  by  the  potential.  The  expendi- 
ture of  this  amount  of  heat-energy  upon  a  given  wire 
raises  its  temperature  by  an  amount  inversely  propor- 
tional to  its  mass  and  to  its  specific  heat ;  i.e.,  T=  H/mc^ 
in  which  T  is  the  rise  in  temperature,  H  the  heat  pro- 
duced by  the  discharge,  m  the  mass  of  the  wire,  and  c  its 
specific  heat.  Since  m  =  »Ztf,  where  8  is  the  cross-section, 
I  the  length,  and  d  the  density  of  the  wire,  this  may  be 
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written  T  ==  H/slSc.  Evidently,  however,  the  wire  will 
not  reach  this  temperature  owing  to  the  loss  of  heat  by 
radiation  and  convection  from  its  surface.  Experiment 
has  shown  that  the  rate  of  loss  of  heat  from  these  causes 
from  each  square  centimeter  of  an  unpolished  surface  of 
metal  is  about  one  four-thousandth  of  a  unit  of  heat  per 
second  for  each  degree  of  excess  of  temperature  of  the 
wire  above  the  surrounding  medium.  Whence  if  h  be 
the  total  development  of  heat  per  square  centimeter  of 
surface  per  second  and  x  the  actual  temperature  at- 
tained, x/4000  =  h.  If  wires  of  different  materials  be 
used,  the  fall  of  potential  in  each,  as  compared  with  the 
rest  of  the  circuit,  will  be  different ;  and  hence  the  heat 
developed  in  each,  which  is  proportional  to  this  fall,  will 
be  different.  The  fall  of  potential  in  the  different  por- 
tions of  a  circuit  is  inversely  proportional  to  the  conduc- 
tivity of  those  portions ;  and  hence  the  fall,  and  the 
consequent  heat  developed,  is  greatest  in  materials  like 
platinum  and  carbon  and  least  in  silver.  Again,  it  has 
been  assumed  that  all  the  energy  of  the  discharge  is  ex- 
pended in  the  wire  itself.  But  in  effecting  the  discharge 
the  spark  passes  before  contact  is  established,  and  this 
spark  is  a  part  of  the  circuit  and  a  part  of  the  energy  is 
expended  in  it.  This  energy  is  less,  however,  in  propor- 
tion as  the  conductivity  of  the  wire  is  less.  So  that  by 
reducing  it  sufficiently  in  comparison  with  the  rest  of  the 
circuit  practically  the  whole  of  the  energy  may  be  ex- 
pended upon  the  wire  itself.     (Kiess.) 

514.  Fusiou  and  Yolatilization  of  Wires. — Evi- 
dently if  the  wire  be  sufficiently  small  or  the  charge 
sufficiently  great,  the  metal  may  be  fused  and  even 
vaporized.  For  this  purpose  the  jars  may  be  arranged 
either  in  multiple  or  in  cascade,  according  to  the  dimen- 
sions of  the  wire.  With  four  jars  of  about  two  liters 
capacity  arranged  in  cascade,  a  brass  wire  50  cm.  long 
and  0-2  mm.  in  diameter,  or  an  iron  wire  80  cm.  long  and 
0*33  mm.  in  diameter,  may  be  volatilized,  with  a  sound 
like  a  pistol-shot.  The  fused  iron  is  projected  in  all 
directions,  the  liquid  globules  scintillating  brilliantly  in 
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the  air.  If  the  wire  be  placed  under  water,  the  sound  is 
increased  and  the  shock  of  the  discharge  is  made  more 
violent. 

Experiments. — 1.  Place  a  white  card  vertically  so  as  to  rest 
against  a  fine  wire  between  the  points  of  the  discharger  and  volatilize 
this  wire  by  the  discharge  of  a  battery.  Observe  that  the  card  is 
covered  with  a  layer  of  finely  divided  material,  the  color  of  which 
depends  npon  the  metal  used,  silver  giving  a  greenish  stain,  gold  a 
purple  one,  etc. 

2.  Place  a  sheet  of  gold-leaf  upon  a  card,  through  which  a  design 
has  been  cut,  a  portrait  of  Franklin  for  example.  Lay  the  whole 
upon  a  sheet  of  white  paper,  connecting  the  two  opposite  edges  of 
the  gold-leaf  with  two  strips  of  tinfoil  to  serve  as  electrodes,  and 
enclose  it  in  a  wooden  screw- press.  Upon  passing  the  discharge 
through  it,  the  gold  will  be  volatilized  and  the  vapors  passing  through 
the  openings  in  the  card  will  reproduce  the  design  upon  the  paper, 
colored  in  purple.  In  Franklin^s  own  experiment  the  gold-leaf  was 
placed  between  two  glass  plates  ;  and  the  vapors  appeared  to  pene- 
trate the  glass  so  that  the  deposits  could  not  be  removed  even -by 
aqua  regia. 

8.  Repeat  experiment  1,  placing  the  wire  beneath  the  surface  of 
water.  When  the  discharge  takes  place,  the  water  will  be  scattered 
in  all  directions  and  frequently  the  glass  vessel  containing  the  liquid 
will  itself  be  shattered. 

515.   Speed   of  Propagation   of  the   Discharge. — 

Wheatstoue  (1834)  made  the  first  attempt  to  determine 
the  time  taken  by  an  electric  discharge  to  traverse  a 
metallic  conductor.  His  apparatus  is  represented  dia- 
grammatically  in  the  figure  (Fig.  269).  The  circuit  con- 
sisted of  copper  wire  1-7  mm.  in  diameter,  divided  into  two 
equal  halves,  F^  F\  each  365  meters  long,  arranged  in 
ten  parallel  lines,  the  ends  terminating  in  four  balls,  2,  3, 
4,  5,  upon  a  spark-board  S.  Two  other  balls,  1,  6,  form- 
ing the  ends  of  the  discharging  circuit,  vrere  also  ar- 
ranged on  this  board,  thus  forming  three  pairs,  the  dis- 
tance between  each  pair  being  0*25  cm.  The  jar  L  was 
so  placed  that  when  the  revolving  steel  mirror  Jf,  2*5 
cm.  in  diameter,  was  in  the  proper  position  as  shown,  it 
was  discharged  through  the  wire  and  of  course  produced 
three  sparks  at  the  breaks  upon  the  board.  When  the 
mirror  was  slowly  rotated  on  its  shaft  by  means  of  the 
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pulley,  the  three  sparks  were  seen  in  the  mirror  as  three 
points  of  light  all  in  the  same  straight  line ;  but  as  the 
speed  of  rotation  increased,  two  distinct  results  were 
produced :  1st,  the  points  were  drawn  out  into  lines, 
showing  an  appreciable  dm*ation  to  the  spark  itself;  and 
2d,  the  ends  of  these  lines  were  not  displaced  equally^ 
showing  that  they  did  not  occur  at  the  same   instant 


Fio.  ii69. 

The  difference  in  angular  displacement  observed  by 
Wheatstone  when  the  mirror  made  800  turns  a  second 
was  half  a  degree,  which  corresponded  to  one  quarter  of 
a  degree  displacement  of  the  mirror.  Since  the  mirror 
made  800  turns  a  second,  it  would  make  one  turn  in  -g^ 
of  a  second  and  would  turn  through  i  of  a  degree  or 

TiVir  ^f  ^^®  *^^^  ^^  TTTrimnr  ^^  ^  second.  But  in  this 
time  the  discharge  had  passed  through  one  of  the  coils 
of  wire  or  365  meters. 

While  therefore  we  may  accept  this  experimental  re- 
sult, we  are  not  justified  in  concluding  as  Wheatstone 
did  that  in  an  entire  second  the  discharge  would  have 
travelled  1152000  times  as  far  through  the  same  wire ; 
or  in  other  words,  that  the  speed  of  the  electric  discharge 
through  such  a  copper  wire  is  at  the  rate  of  420000 
kilometers  per  second.  Because,  as  Faraday  pointed  out, 
the  speed  of  propagation  even  in  a  given  metallic  wire 
depends  not  only  on  the  electrical  pressure  employed, 
but  also  upon  the  capacity  of  the  condenser  from  which 
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the  discharge  comes.  Moreover,  the  time  of  propagation 
in  a  wire  varies  directly  with  the  resistance  of  the  wire 
and  with  its  electrostatic  capacity ;  and  since  both  these 
values  are  functions  of  the  length  of  the  wire,  the  speed 
of  transmission  must  vary  inversely  as  the  square  of  the 
length  of  the  conductor.  So  that  in  fact  it  follows  that 
the  length  of  Wheatstone*s  wire  which  the  discharge 
would  traverse  in  a  second  is  only  390  kilometers  in 
place  of  420000  as  Wheatstone  supposed.  Again,  Bec- 
caria  observed  early  in  the  century  that  a  charge  required 
two  or  three  seconds  to  traverse  a  hempen  cord  152 
meters  long.  Faraday  (1833)  used  a  wet  thread  about  a 
meter  long  to  connect  his  battery  to  the  galvanometer ; 
and  found  that  two  or  three  seconds  was  required  to 
transfer  the  battery-charge  through  it.  And  Gaugain 
showed  that  while  eleven  seconds  was  required  for  the 
transmission  of  a  charge  through  a  cotton  thread  165 
cm.  long,  forty-four  seconds  was  required  when  the  thread 
was  330  cm.  long.  Finally,  it  should  be  remembered  that 
the  time  of  transmission  through  a  wire  depends  upon 
the  attainment  at  the  remote  end  of  the  wire  of  a  charge 
sufficient  to  produce  an  indication  of  some  sort;  and 
therefore  that  this  time  of  transmission  will  be  different 
according  to  the  sensitiveness  of  the  instrument  employed 
to  detect  the  charge.  Hence  it  is  evident  that  the  term 
"velocity  of  electric  transmission,**  so  often  used,  has  no 
definite  meaning. 

Experiment.— Fasten  two  wires  upon  a  block  leaving  a  small 
space  between  their  ends,  and  fill  this  space  with  gunpowder.  On 
discharging  a  jar  through  the  gunpowder  it  will  be  blown  away  with- 
out being  inflamed.  Repeat  the  experiment  intercalating  in  the 
circuit  8  or  10  cm.  of  cotton  thread  well  moistened  with  water.  The 
gunpowder  will  now  be  inflamed,  since  the  heat  of  the  spark  is  slowly 
produced  and  the  gunpowder  has  time  to  be  melted. 

B. — SPARK-DISCHARGE. 

516.  Disruptive  Discharge.— That  form  of  discharge 
which  traverses  an  insulating  medium  suddenly,  break- 
ing through  it  in  the  form  of  a  spark,  has  been  called  by 
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Faraday  dismptive.  To  produce  it  an  insulating  dielectric 
must  be  interposed  between  two  conducting  surfaces  in 
opposite  electrical  states ;  so  that  as  the  electrification 
increases,  rupture  of  the  dielectric  occurs,  a  spark  passes 
and  the  electrification  is  destroyed.  As  we  have  seen 
(499),  the  dielectric  in  a  charged  condenser  is  in  a  condi- 
tion of  strain ;  and  since  every  charged  conductor  is  one 
surface  of  an  air-condenser,  there  is  an  outward  pressure 
upon  its  surface  against  the  dielectric  in  contact  with  it, 
which  has  the  value  ^na^ ;  i.e.,  varies  as  the  square  of 
the  electric  density.  The  limiting  value  of  this  pressure 
for  air  has  been  shown  by  Lord  Kelvin  to  be  about  68 
grams  weight  per  square  decimeter  of  surface  (474).  So 
that  when  the  ordinary  atmospheric  pressure,  which  is 
103330  grams  per  square  decimeter,  is  electrically  re- 
lieved on  two  very  slightly  convex  metallic  surfaces  by 
even  the  small  amount  of  68  grams,  the  air  between 
them  is  cracked,  and,  provided  the  distance  between 
them  is  not  greater  than  one  and  a  quarter  millimeters, 
a  spark  passes. 

517.  Duration  of  Spark. — In  Wheatstone's  experi- 
ment above  described  the  images  of  the  sparks  in  the 
rotating  mirror  were  not  points,  but  lines  ;  showing  that 
they  had  an  appreciable  duration.  The  maximum  elon- 
gation observed  was  24®,  corresponding  to  a  rotation  of 
the  mirror  through  12**.  Since  this  is  -^  of  the  circum- 
ference, and  since  the  mirror  revolved  800  times  a  second, 
the  duration  of  the  spark  was  about  ^xiinr  ^^  *  second ; 
i.e.,  4-2  X  10  -  ^  second.  Feddersen  (1864),  using  a  re- 
volving concave  mirror,  observed  that  the  image  of  the 
spark  was  drawn  out  by  the  rotation  into  a  band  20  to 
30  mm.  long,  consisting  of  a  yellowish-white  portion, 
shading  into  a  greenish-white  portion,  and  this  again  into 
a  red  tail ;  the  duration  of  the  first  being  3  X  10  " ',  that 
of  the  second  4  X  10  ■  ^  and  that  of  the  third  6  X  10  "  * 
second  ;  thus  giving  a  total  duration  of  1*30  X  10  "  *  for 
the  entire  spark.  Moreover,  he  found  that  the  duration 
was  increased  either  by  increasing  the  length  of  the 
spark,  the  capacity  of  the  condenser,  or  the  resistance  ot 
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the  circuit.  Rood  (1869),  using  a  coated  surface  of  738 
flq.  cm.  and  a  spark  a  millimeter  long,  obtained  with  a 
plane  rotating  mirror  a  total  duration  of  about  2*3  X 10  " ' 
second.  But  he  observed  that  the  main  illuminating 
power  of  the  spark  was  concentrated  in  the  first  explo- 
sive act,  and  he  showed  that  this  portion  of  a  spark  two 
millimeters  long  between  platinum  points  occupied  about 
1*75  X  10"'  second.  Using  a  coated  surface  of  only  71 
sq.  cm.  and  a  discharge  one  millimeter  long  between 
platinum  points,  the  duration  of  the  first  and  brilliant 
portion  of  the  spark  was  found  to  be  4  X  10  '  ^  second. 
Cazin  and  Lucas  (1872)  employed  a  disk  of  blackened 
mica  divided  on  its  edge  into  180  parts  and  rotating  be- 
fore a  fixed  disk  of  silvered  glass  having  six  divisions  on 
its  edge,  forming  a  vernier  with  the  first,  the  spark  being 
viewed  through  the  disks.  With  a  speed  of  rotation  of 
400  per  second,  400  X  180  or  72000  lines  cross  the  field 
in  one  second,  and  hence  the  interval  between  two  lines 
is  yy^^nr  ^^  *  second.  Since  one  sixth  of  this  interval  is 
appreciable  on  the  vernier,  the  interval  between  two  suc- 
cessive vernier  coincidences  is  2*3  X  lO'*  second.  If 
the  discharge  takes  place  at  the  instant  of  a  coincidence 
and  lasts  exactly  the  above  fraction  of  a  second,  two 
bright  lines  will  be  seen,  owing  to  the  persistence  of  vis- 
ion. But  if  the  spark  occurs  between  two  coincidences 
only  one  line  will  be  seen.  Using  two  Leyden  jars  in 
the  circuit  and  a  spark  five  millimeters  long,  the  dura- 
tion of  the  spark  was  found  to  be  2*6  X  10  ~  *  second ; 
while  with  four  jars  it  was  41  X  lO***  and  with  eight  jars 
4-7  X  10 " '  second. 

518.  Oscillatory  Character  of  the  Discharge.— 
Henry  (1842),  observing  that  needles  magnetized  by  the 
electric  discharge  were  not  uniform  in  their  polarity, 
suggested  the  existence  of  oscillations  in  the  discharge. 
"  The  phenomenon  requires  us  to  admit  the  existence  of 
a  principal  discharge  in  one  direction,  and  then  several 
reflex  actions  backward  and  forward,  each  more  feeble 
than  the  preceding,  until  the  equilibrium  is  attained." 
These  oscillations  Feddersen  (1864)  succeeded  in  photo- 
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graphing  by  the  aid  of  the  revolving  mirror  (Fig.  270). 
He  observed  that  the  oscillations  are  most  distinct  wheu 
the  resistance  of  the  circuit  is  low,  the  capacity  of  the  con- 
densers is  considerable,  and  the  sparks  are  taken  between 
metallic  balls,  preferably  of  iron.  If  the  resistance  of 
the  circuit  be  increased,  as  by  introducing  liquids  into  it, 
the  oscillations  are  damped,  and  the  discharge  appears 
continuous.  If  it  be  still  further  increased,  the  terminals 
discharge  faster  than  the  circuit  can  supply  the  electrifi- 
cation, and  the  discharge  becomes  intermittent.  Using 
two  jars,  each  having  0*2  sq.  meter  of  coated  surface,  and 
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putting  1300  meters  of  copper  wire  in  the  circuit,  the  total 
duration  of  the  discharge  was  increased  three-  or  four- 
fold (that  of  a  single  jar  being  1'3  X  10~*  second).  It 
was  oscillatory,  and  gave  a  band  on  the  sensitive  plate  at 
the  focus  of  the  mirror  23  cm.  long.  Neither  the  length 
of  the  spark,  nor  the  potential  of  the  charge  appeared  to 
have  any  effect  on  the  duration  of  a  single  oscillation 
ten  jars  on  a  short  metallic  circuit  giving  for  a  4-mm. 
spark  3-04  X  10-^  and  for  an  8-mm.  spark  3-05  X  lO"* 
second.  With  16  jars  and  a  long  circuit  a  l*5-mm.  spark 
occupied  5*11  X  10"',  and  a  9-mm.  spark  5*14  X  10  "* 
second. 

519.  Conditions  required  to  produce  a  Spark. — In 
disruptive  discharge  a  spark  passes  when  the  resistance 
of  the  dielectric  is  broken  down  by  the  electrostatic 
pressure  existing  upon  the  bounding  conductors.  What- 
ever therefore  tends  to  increase  this  pressure  or  to  di- 
minish this  resistance  favors  disruptive  discharge.  As  to 
the  electrostatic  pressure,  it  is  a  function  of  the  density, 
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and  has  the  value  Sttct*.  But  the  density  upon  a  given  sur- 
face is  proportional  to  the  charge,  and  this  is  itself  propor- 
tional to  the  potential.  Careful  measurements  have  been 
made  both  by  Lord  Kelvin  and  by  De  la  Rue  to  deter- 
mine the  diflFerence  of  electrostatic  potential  required  to 
produce  a  spark  in  air  at  the  ordinary  pressure,  the  re- 
sults of  which  agree  well  together.  From  these  results 
it  appears  that  the  resulting  electrostatic  force  in  air 
near  the  surface  of  a  conductor  required  to  produce  a 
spark  one  centimeter  long  tends  toward  130  electrostatic 
units  (507)  as  a  constant  value ;  although  the  unexpected 
result  was  obtained,  that  a  greater  electromotive  force  per 
unit  length  of  air  is  required  to  produce  a  spark  at  short 
distances  than  at  long  ones.  Since  the  pressure  in  dynes 
is  equal  to  the  square  of  the  electrostatic  force  divided 
by  8;r,*  the  value  of  the  pressure  required  to  produce 
a  centimeter  spark  in  air  is  130y87r,  or  672  absolute 
C.  G.  S.  units  of  force  per  square  centimeter ;  Le.,  672 
dynes,  corresponding  to  68  grams  weight  per  square 
decimeter  (Lord  Kelvin). 

Moreover,  the  density  and  hence  the  electrostatic 
pressure  depends  upon  the  form  of  the  conducting  sur- 
face and  upon  the  sign  of  the  electrification.  Experi- 
ment shows  that  only  one  half  the  difference  of  potential 
is  required  to  produce  a  spark  between  plates  7  or  8  cm. 
in  diameter,  that  is  necessary  to  give  a  spark  of  the 
same  length  between  balls  3  cm.  in  diameter.  And 
Faraday  proved  that  the  spark  between  two  balls  is 
longer  for  the  same  difference  of  potential,  when  the 
smaller  one  is  made  positive,  than  when  it  is  negative. 
Thus  the  spark  between  two  balls,  one  7*5  cm.  and  the 
other  1*25  cm.  in  diameter,  was  2*5  to  3*75  cm.  when  the 
larger  ball  was  positively  charged,  and  25  to  30  cm. 
when  this  ball  was  made  the  negative  electrode.    This 

*  If  the  distance  between  two  ourfaoes  is  a  and  their  difference  of 
potential  F,  the  mean  force  between  them,  F,  is  V/a,  The  resultant 
force,  F\  close  to  a  surface  on  which  the  electric  density  is  cr*  is  Alter, 
Since  in  this  c^se  F=F\  F/a  =  4;rcr  and  cr  =  V/ina,  Hence  ti, 
which  equals  2?rcr*,  is  equal  to  V^/%ita^ ;  or,  since  F^  V/a^  to  F^/Stt. 
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property  has  been  utilized  by  Gaugain  and  others  in  the 
construction  of  what  are  termed  electrical  valves ;  the 
electrical  flow  being  readily  transmitted  in  one  direction, 
but  not  in  the  opposite.  Again,  the  small  ball  gave  a 
spark  twice  as  long  when  charged  positively  by  induc- 
tion as  it  did  when  charged  direct 

The  resistance  to  disruptive  discharge  is  diminished 
by  diminishing  the  pressure  of  the  gaseous  medium  in 
which  it  occurs.  It  is  a  well-known  fact  that  the  same 
difference  of  potential  will  produce  a  longer  spark  in 
rarefied  air  than  in  air  at  normal  pressure.  Wiedemann 
has  shown,  however,  that  the  decrease  of  potential  re- 
quired for  a  given  length  of  spark  is  rather  less  rapid 
than  the  decrease  of  the  pressure,  the  ratio  tending 
toward  a  limiting  constant  value.  Conversely,  when  the 
air  is  compressed  the  resistance  is  increased.  Cailletet 
found  that  the  same  difference  of  potential  which  would 
produce  in  ordinary  air  a  spark  30  cm.  long  would  cause 
a  discharge  through  only  half  a  millimeter  of  space  in 
air  under  a  pressure  of  40  or  50  atmospheres.  As  to  the 
rarefaction  giving  the  minimum  resistance,  Schultz  has 
pointed  out  that  this  limiting  pressure  varies  with  the 
size  of  the  tube  employed. 

The  resistance,  after  decreasing  with  the  rarefaction 
to  a  minimum  value,  afterward  increases  again  ;  so  that 
in  a  high  vacuum  a  spark  of  half  a  millimeter  cannot  be 
produced  by  a  potential  difference  which  would  give  a 
spark  of  20  centimeters  in  ordinary  air. 

Again,  the  nature  of  the  gaseous  medium  influences  the 
length  of  the  spark.  Faraday  arranges  gases  according 
to  their  resistance  to  disruptive  discharge,  as  follows : 
hydrogen  chloride,  ethylene,  air,  carbon  dioxide,  nitrogen, 
oxygen,  illuminating-gas,  hydrogen.  With  a  given  poten- 
tial difference  De  la  Eue  found  the  spark  in  hydrogen 
to  be  twice  as  long  as  in  air,  both  at  normal  pressure. 
Morren, using  the  same  tube,has  shown  that  the  minimum 
resistance  is  obtained  for  different  gases  at  quite  different 
pressures.  Thus  for  hydrogen  the  pressure  of  2*8  mil- 
limeters   gives    the    minimum   resistance ;    for   carbon 
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monoxide  1'6  millimeters ;  for  oxygen  0*6  millimeter ; 
for  nitrogen  O'l  millimeter  ;  and  for  carbon  dioxide  0*08 
millimeter. 

520.  Characteristics  of  the  Electric  Spark. — The 
electric  disruptive  discharge  takes  diflferent  forms,  accord- 
ing to  the  conditions  under  which  it  is  produced.  These 
are  classified  by  Faraday  as  the  spark-discharge,  the 
brush-discharge,  the  glow-discharge,  and  the  dark  dis- 
charge ;  although  the  distinction  is  not  absolute,  one  of 
these  forms  frequently  running  into  another. 

(1)  The  spark  discharge  is  the  brilliant  line  of  light 
which  marks  the  breaking  down  of  the  dielectric  and  the 
total  transfer  of  the  electrification  through  it.  "When  the 
thickness  of  the  dielectric  is  not  great,  the  spark  is 
straight ;  but  as  the  distance  increases,  its  path  becomes 
irregular,  due  to  compression  of  the  air  in  its  front.  The 
volume  of  the  spark  increases  with  the  quantity  of  elec- 
trification transferred,  the  spark  of  a  condenser  being 
the  more  brilliant  and  the  louder  in  proportion  as  the 
surface  increases.  The  condensed  spark  in  air  at  ordinary 
pressure  is  nearly  white  ;  but  when  the  quantity  is  small 
and  the  length  of  the  spark  great  the  color  is  a  bluish 
purple  ;  becoming  reddish  purple  in  rarefied  air,  and 
having  characteristic  colors  in  different  ^ases. 

(2)  As  the  distance  between  the  electrodes  increases, 
the  spark  branches  at  the  angles,  throwing  off  fine  rami- 
fications in  the  direction  of  the  negative  side  ;  until  finally 
the  discharge  takes  the  form  of  a  tuft  or  brush  formed 
of  fine  parallel  sparks,  attached  to  the  positive  electrode 
by  a  single  stem,  and  not  quite  reaching  the  negative 
electrode.  In  air  this  brush  is  purple  in  color,  and  is 
accompanied  by  a  dull  snap  quite  unlike  the  sharp  crack 
of  the  spark-discharge.  Moreover,  the  discharge  effected 
by  the  brush  is  incomplete.  Its  intermittence  is  estab- 
lished by  the  musical  note  given  when  the  phenomenon 
is  persistent,  which  rises  in  pitch  as  the  electrodes  are 
approached.  Under  ordinary  circumstances  the  brush- 
discharge,  according  to  Faraday,  takes  place  between  a 
conductor  and  the  air,  only  a  single    electrode,  appa- 
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rently,  being  concerned.  In  this  case  the  appearance  is 
practically  the  same  with  a  metallic  point,  whether  the 
electrification  be  positive  or  negative.  "When  both  elec- 
trodes are  immediately  concerned,  however,  the  negative 
brush  is  poorer  and  smaller  than  the  positive. 

(3)  On  reducing  the  area  of  the  electrified  surface, 
increasing  its  electrification,  or  diminishing  the  air-pres- 
sure upon  it,  the  spark  passes  into  the  glow,  the  dis- 
charge appearing  like  a  phosphorescent  lambent  flame, 
covering  more  or  less  of  the  electrode  and  extending  a 
small  distance  into  the  air.  It  appears  to  depend  on  a 
rapid  and  continuous  charging  or  discharging  of  the  air 
in  contact  with  the  conductor.  It  is  unaccompanied  by 
sound,  and  is  apparently  not  intermittent  It  is  more 
readily  produced  in  air  at  ordinary  pressures  on  surfaces 
positively  electrified,  although  in  rarefied  air  a  negative 
glow  is  easily  obtained.  With  a  brass  ball  6*25  centime- 
ters in  diameter,  in  air  under  a  pressure  of  only  110  mil- 
limeters of  mercury,  the  positive  glow  covers  its  entire 
surface.  And  using  a  ball  of  half  this  size,  in  a  higher 
vacuum,  the  ball  being  positively  electrified  by  induc- 
tion, a  glow  gradually  comes  over  its  surface,  increasing 
constantly  in  brightness ;  until  finally  it  becomes  very 
luminous,  standing  up  like  a  low  flame  a  centimeter  or 
more  in  height.  On  touching  the  walls  of  the  glass  vessel 
it  assumes  a  ring  form,  appears  flexible,  and  revolves 
slowly  on  its  axis  (Faraday).  In  ordinary  air  the  glow 
is  accompanied  by  a  current  of  air  either  directly  from 
or  directly  toward  the  glowing  portion  of  the  conductor : 
this  current  in  the  former  case  being  connected  with  the 
charge  and  in  the  latter  with  the  discharge  of  the  air ; 
so  that  if  the  access  of  air  to  the  conductor  be  prevented, 
the  glow  disappears.  And  by  producing  a  current  of 
air  at  the  end  of  a  conductor,  a  brush  may  be  converted 
into  a  glow. 

(4)  As  the  electrodes  diminish  in  size  and  the  distance 
between  them  is  increased,  a  continuous  glow  is  observed 
on  the  negative  terminal,  while  the  positive  terminal  and 
the  intervening  space  remain  entirely  dark.      Further 
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increase  of  distance  develops  a  purple  discharge  on  the 
positive  electrode;  but  this,  however,  never  joins  the 
negative  terminal,  a  dark  space  remaining  between  them 
always.  This  discharge,  therefore,  appears  to  take  place 
between  the  air-particles  themselves,  and  this,  too,  with- 
out  rendering  them  luminous.  Wright  (1870)  has  studied 
the  dark  discharge  obtained  with  a  Holtz  machine  hav- 
ing a  50-centimeter  rotating  plate,  the  terminals  being 
separated  from  ten  to  fifteen  and  even  twenty  centime- 
ters. Under  these  circumstances  the  positive  pole  is 
covered  with  a  diffuse  glow,  so  thin  as  to  appear  illumi- 
nated  by  a  light  shining  from  the  direction  of  the  opposite 
pole.  A  single  jet  appears  upon  the  negative  ball, 
although  the  interpolar  space  is  dark  and  the  discharge 
is  silent.  Very  curiously,  however,  when  an  object,  such 
as  a  paper  grating  for  example,  is  interposed  between 
the  electrodes  it  interrupts  the  glow,  and  its  outlines  are 
seen  sharply  defined  upon  the  positive  ball,  closely 
resembling  a  light-shadow,  moving  as  the  object  moves, 
and  varying  in  size  with  the  distance.  If  the  jet  issues 
from  the  side  of  the  negative  ball,  the  lines  along  which 
the  transfer  is  effected  are  curved  lines,  issuing  normally 
from  the  one  terminal  and  abutting  normally  upon  the 
other,  the  electric  shadow  being  on  the  side  of  the  positive 
ball.     The  form  of  these  curves  is  easily  determined. 

Moreover,   the   electric    discharge   effects    chemical 
changes.     Schonbein   (1840)  showed  that  the  peculiar 
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odor  observed  after  such  a  discharge  is  due  to  ozone ; 
and  that  bv  means  of  the  dark  or  silent  discharge  fifteen 
per  cent  of  oxygen  may  be  converted  into  this  modifica- 
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tion.  Siemens's  ozone  tube  (Fig.  271)  consists  of  two 
concentric  glass  tubes,  the  inner  surface  of  the  inner  tube 
and  the  outer  surface  of  the  outer  one  being  covered 
with  tinfoil.  Between  these  surfaces  a  slow  current  of 
cold  and  dry  oxygen  passes,  being  submitted  in  its 
transit  to  the  action  of  the  spark. 

521.  Nature  of  the  Spark. — If  the  light  of  the  spark 
be  examined  with  the  spectroscope,  it  will  be  found  to 
give  lines  characteristic  of  the  metals  forming  the  elec- 
trodes. In  this  way  Masson  (1851)  mapped  the  spectra 
of  cadmium,  antimony,  bismuth,  lead,  tin,  iron,  zinc,  and 
copper,  and  showed  that  the  constitution  of  these  elec- 
tric spectra  is  independent  of  the  source  of  the  elec- 
trification and  in  part  also  of  the  surrounding  medium. 
The  color  of  the  spark  is  due  to  the  material  of  the 
electrodes  volatilized  and  transferred  by  the  discharge ; 
this  material  forming  a  bridge  over  which  the  electrifi- 
cation travels.  With  a  strong  spark  in  ordinary  air,  the 
electrode  lines  are  very  bright  and  are  the  only  ones 
readily  detected.  As  the  discharge  is  weakened,  either 
by  increasing  its  length  or  by  rarefying  the  air  through 
which  it  passes,  its  color  becomes  purplish,  and  other 
lines  make  their  appearance  in  the  spectrum  which  are 
due  to  the  nitrogen  and  the  oxygen  of  the  atmosphere. 
So  that  in  general  the  discharge  in  a  rarefied  gas  gives  a 
light  characteristic  of  the  gas  employed,  and  therefore  a 
characteristic  spectrum.  But  even  in  this  case  the  lines 
of  the  electrode  metals  are  not  absent.  Wright  (1877) 
has  shown  that  even  in  a  vacuum  of  only  1*5  to  2  mm. 
of  mercury  the  transfer  of  matter  from  the  electrodes, 
though  principally  from  the  negative  side,  is  sufficient  to 
completely  coat  a  glass  surface  of  four  or  five  square 
centimeters  in  fifteen  minutes.  The  metal  employed 
influences  the  result,  bismuth,  gold,  and  platinum  being 
among  the  metals  most  readily  deposited  in  films  in  this 
way,  and  aluminum  and  magnesium  among  those  de- 
posited with  the  greatest  difficulty.  In  vacuum  tubes, 
therefore,  the  wires  from  which  th^  discharge  takes 
place  are  usually  made  of  aluminum  within  the  tube  and 
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of  platinum  without  it.  Even  then  there  is  a  trace  of 
metallic  discharge  within  a  vacuum-tube  contrived  ex- 
pressly to  furnish  only  gaseous  spectra.  To  eliminate 
this  the  capillary  portion  of  the  tube  containing  the 
gas  to  be  examined  is  lighted  by  induction,  the  elec- 
trodes being  entirely  inclosed  within  bulbs  of  glass.  Iq 
rarefied  hydrogen  the  spark  is  crimson,  in  nitrogen  it  is 
purplish  red,  in  oxygen  a  greenish  white,  in  cai*bon  di- 
oxide a  green,  in  silicon  fluoride  a  blue,  etc. 

C. — ^ELECTRIC  PHENOMENA  OF  THE  ATMOSPHERE. 

522.  Atmospheric  Electricity. — The  phenomena  of 
disruptive  discharge  are  exhibited  on  a  grand  scale  in 
nature  in  the  thunder-storm.  In  1749  Franklin  enumer- 
ated the  points  of  agreement  between  "the  electrical 
fluid"  and  lightning  as  follows:  "1.  Giving  light.  2. 
Color  of  the  light  3.  Crooked  direction.  4.  Swift 
motion.  5.  Being  conducted  by  metals.  6.  Crack  or 
noise  in  exploding.  7.  Subsisting  in  water  or  ice.  8. 
Bending  bodies  it  passes  through.  9.  Destroying  ani- 
mals. 10.  Melting  metals.  11.  Firing  inflammable 
substances.  12.  Sulphureous  smell."  To  this  he  adds : 
"The  electric  fluid  is  attracted  by  points.  We  do  not 
know  whether  this  property  is  in  lightning.  But  since 
they  agree  in  all  the  particulars  wherein  we  can  already 
compare  them,  is  it  not  probable  that  they  agree  like- 
wise in  this  ?  Let  the  experiment  be  made."  The  fol- 
lowing year  he  suggested  the  placing  of  a  kind  of  sentry- 
box  on  the  top  of  some  high  tower  or  steeple,  this  box 
being  provided  with  an  electrical  stand,  from  which  an 
iron  rod  rises  to  a  height  of  six  or  eight  meters,  pointed 
very  sharp  at  the  end  ;  so  that  on  the  passage  of  low 
clouds  sparks  could  be  drawn  from  the  rod.  In  May 
1752  this  experiment  was  made  by  D'Alibard  at  Marly, 
and  the  sparks  were  obtained.  In  October  of  the  same 
year  Franklin  himself  obtained  the  same  result  by  means 
of  the  famous  kite  experiment.  "And  when  the  rain," 
he  says,  "has  wet  the  kite  and  twine,  so  that  it  can 
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conduct  the  electric  fire  freely,  you  will  find  it  stream 
out  plentifully  from  the  key  on  the  approach  of  your 
knuckle.  At  this  key  the  phial  may  be  charged;  and 
from  electric  fire  thus  obtained  spirits  may  be  kindled 
and  all  the  other  electrical  experiments  be  performed 
which  are  usually  done  by  the  help  of  a  rubbed  glass 
globe  or  tube,  and  thereby  the  sameness  of  the  electric 
matter  with  that  of  lightning  completely  demonstrated." 
A  lightning  flash,  like  the  spark  of  a  Leyden  jar,  is 
simply  a  disruptive  discharge  between  opposite  surfaces 
highly  electrified.  These  surfaces  may  belong  to  two 
clouds  or  to  a  cloud  and  the  earth ;  so  that  the  lightning 
may  pass  between  clouds  or  from  a  cloud  to  the  earth. 
Like  the  discharge  of  a  jar,  the  lightning  flash  is  oscil- 
latory, although  there  is  a  preponderance  in  one  direc- 
tion, apparently.  The  photograph  of  lightning  closely 
resembles  that  of  a  long  spark,  being  irregular  in  di« 
rection  and  containing  no  retreating  portions.  Such 
a  photograph  is  shown  in  Figure  272.     It  was  taken  by 


Fro.  278. 


Jennings  in  Philadelphia  in  1892,  and  represents  a  hori- 
zontal flash  passing  from  one  cloud  to  another.  The 
duration  of  the  flash  is  very  considerable.     Bood  states 
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that  he  has  measured  flashes  which  endured  for  an  en- 
tire second ;  and  that  these  discharges  were  multiple  in 
character,  three  to  six  distinct  components  having  been 
counted,  these  components  lasting  from  the  one-thou- 
sandth to  the  one-twentieth  of  a  second.  The  spectrum 
of  lightning,  as  observed  by  Holden  and  others,  consists 
of  bright  lines  apparently  agreeing  with  those  of  the 
spark  taken  in  rarefied  air.  Herschel  observed  the  blue 
line  of  nitrogen  and  the  red  line  of  hydrogen  on  the 
background  of  a  continuous  spectrum.  Kundt,  from  an 
observation  of  fifty  flashes,  classifies  lightning  spectra 
as  line  spectra  and  band  spectra ;  the  difference  being 
due  to  the  mode  of  discharge,  whether  between  the  earth 
and  a  cloud  or  between  two  clouds.  In  the  former  case 
the  tension  is  high,  and  a  forked  flash  darts  to  the 
ground,  developing  great  heat,  and  raising  the  oxygen, 
nitrogen,  watery  vapor,  and  carbon  dioxide  of  the  air  to 
vivid  incandescence.  When,  however,  the  discharge 
takes  place  between  two  clouds,  it  occurs  usually  in  the 
form  of  a  brush ;  and  the  spectrum  of  the  brush-dis- 
charge is  always  a  banded  spectrum. 

We  owe  to  Lord  Kelvin  the  most  complete  investiga- 
tion of  the  electricity  of  the  atmosphere.  He  finds  that 
the  whole  surface  of  the  earth  is  electrified,  and  that  it 
is  electrified  negatively,  as  a  rule ;  though  in  time  of 
rain  it  may  become  locally  positive.  Moreover,  the 
density  of  the  earth's  electrification  varies  greatly  at 
different  times  and  in  different  localities.  In  Arran,  for 
example,  he  has  found  it  to  vary  from  a  given  value  to 
double  this  value  and  back  in  one  minute:  a  local  result, 
due  probably  to  electrified  atmospheric  masses  moving 
along  within  a  few  miles  of  the  observer.  The  sudden- 
ness of  these  changes  shows  that  their  origin  cannot  be  at 
a  great  distance.  In  general,  however,  and  even  in  con- 
tinued fair  weather,  the  earth's  electrification  is  influ- 
enced very  largely,  as  it  would  seem,  by  external  electri- 
fied matter  somewhere, — probably  at  a  distance  of  not 
many  radii  from  its  surface.  "  We  must  suppose  that 
there  is  always  essentially  in  the  higher  aerial  regions  a 
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distribution  arising  from  the  self  relief  of  the  outer 
highly  rarefied  air  by  disruptive  discharge.  This  elec- 
tric stratum  must  constitute  very  nearly  the  electropolar 
complement  to  all  the  electricity  that  exists  on  the  earth's 
surface  and  in  the  lower  strata  of  the  atmosphere  ;  in 
other  words,  the  total  quantity  of  electricity  reckoned  as 
excess  of  positive  above  negative  or  of  negative  above 
positive  in  any  large  portion  of  the  atmosphere  and  on 
the  portion  of  the  earth's  surface  below  it  must  be  very 
nearly  zero." 

The  origin  of  this  atmospheric  electricity  is  not 
certainly  known.  Its  amount  and  distribution  may 
readily  be  measured  by  a  Thomson  quadrant  electrom- 
eter, suitably  arranged.  For  this  purpose  one  side  of 
the  electrometer  is  put  to  earth  and  the  other  is  con- 
nected with  a  burning  match  or  an  insulated  tube  from 
which  a  stream  of  water  issues,  situated  at  the  point  in 
the  air  whose  potential  is  desired.  If  a  conductor  at  the 
potential  of  the  earth  be  insulated  at  a  point  where  the 
potential  is  different  from  this,  and  if  it  be  made  to  throw 
off  continuously  portions  of  matter  from  its  surface,  the 
difference  of  potential  between  its  condition  and  that  of 
the  medium  at  the  point  will  speedily  be  reduced  to 
zero ;  in  other  words,  the  conductor  will  rapidly  be 
brought  to  the  potential  of  the  surrounding  air.  The 
rapid  transference  of  electrification  by  flame-convection 
is  a  well-known  phenomenon ;  the  air  of  a  room  being 
rapidly  electrified  by  placing  a  lighted  metallic  spirit- 
lamp  on  the  positive  or  negative  side  of  an  electrical 
machine  in  active  operation.  For  the  same  reason,  pass- 
ing an  electrified  body  through  a  flame  completely  dis- 
charges it ;  probably  the  only  method  of  entirely  freeing 
a  non-conductor  from  electrification.  Thomson's  water- 
dropping  collector  consists  of  a  vessel  of  water  carefully 
insulated,  and  provided  with  a  tap  and  narrow  tube, 
through  which  the  water  may  be  made  to  issue  in  fine 
drops.  The  vessel  is  placed  within  the  house  with  the 
tube  projecting  outside  at  a  suitable  height  above  the 
ground.     On  connecting  it  to  the  electrometer,  an  in- 
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creasing  diflFerence  of  potential  is  observed  between  the 
pairs  of  quadrants,  which  when  the  maximum  is  reached 
can  be  read  off  in  absolute  electrostatic  units.  In  the 
experiments  at  Arran,  the  difference  of  potential  ordi- 
narily observed  between  the  earth  and  the  air  three 
meters  above  it  was  from  0*75  to  1-5  electrostatic  units  ; 
or  from  one  quarter  to  one  half  of  an  electrostatic  unit 
per  meter  of  height  In  fair  weather  with  an  easterly 
wind,  the  difference  of  potential  reached  sometimes  six 
to  ten  times  the  above  maximum  value ;  or  from  nine  to 
fifteen  electrostatic  units. 

The  function  of  clouds  seems  to  be  to  collect  and  to 
concentrate  the  diffused  electrification  of  the  atmosphere. 
Moreover,  it  is  easy  to  see  that  admitting  a  charge  upon 
the  vapor  particles,  their  simple  condensation  and  ag- 
gregation must  result  in  the  production  of  a  very  high 
potential.  Suppose,  for  example,  that  a  thousand  such 
spherical  particles,  each  having  unit  charge,  coalesce  to 
form  a  single  drop  of  water.  The  diameter  of  this  drop 
will  be  ten  times  that  of  a  single  particle,  and  its  capacity 
will  be  ten  times  as  great,  since  the  capacity  of  spheres 
is  proportional  to  their  radii.  But  the  charge  upon 
the  drop  being  the  united  charges  of  the  thousand  parti- 
cles, each  of  unit  value,  will  be  a  thousand  units.  Whence, 
since  F=  Q/C,  the  potential  of  the  drop  will  be  1000/10, 
or  100  times  that  of  the  particle.  It  is  evident  therefore 
that,  since  the  vapor-particles  are  exceedingly  minute, 
we  may  have  in  their  condensation  into  water-drops  a 
cause  competent  to  produce  the  high  potential  observed 
in  lightning  discharges,  even  when  the  flash  is  one  or 
two  kilometers  in  length.  This  potential,  moreover, 
need  not  be  as  high  as  is  sometimes  supposed.  Lord 
Kelvin  has  shown  that  the  difference  of  potential  per 
centimeter  necessary  to  produce  a  spark  in  air  tends 
toward  a  limiting  value  of  130  electrostatic  units. 
Whence  it  follows  that  to  produce  a  flash  of  lightning  a 
kilometer  long  would  require  a  difference  of  potential  of 
only  about  thirteen  million  electrostatic  units. 
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523.  Protection  ftrom  Ligrhtningr. — In  1749  Franklin 
first  suggested  the  use  of  pointed  rods  of  iron,  placed  on 
the  highest  parts  of  buildings  and  connected  with  the 
ground,  as  a  protection  from  lightning.  Until  recently, 
it  was  supposed  that  the  most  perfect  protection  attain- 
able was  secured  (1)  by  having  the  conductor  project 
considerably  above  the  building  and  terminate  in  a  sharp 
point;  (2)  by  having  it  made  of  a  good  conducting 
material,  such  as  copper,  and  of  a  sufficient  cross-section ; 
and  (3)  by  having  it  enter  the  ground  so  as  to  reach  per- 
manent moisture  with  plenty  of  contact.  Now,  however. 
Lodge  has  called  attention  to  certain  new  features  of  the 
discharge  arising  from  its  oscillatory  character,  which 
require  considerable  modification  in  the  means  of  pro- 
tection. In  the  first  place,  rapidly  alternating  discharges 
confine  themselves  to  a  thin  outer  layer  of  the  conductor, 
— thinner  in  the  case  of  iron  than  of  copper.  Hence  sur- 
face rather  than  cross-section  is  of  importance  in  a 
lightning  conductor,  and  iron  is  a  better  material  than 
copper.  Moreover,  owing  to  the  exceedingly  high  poten- 
tials involved  and  the  brief  duration  of  the  discharge,  no 
conductor  can  furnish  an  easy  path  for  lightning.  Side 
flashes  will  pass  oflf  from  even  a  stout  copper  rod  well 
grounded,  to  imperfect  conductors  and  even  to  insulated 
bodies.  If  a  copper  bar  2'5  centimeters  thick  have  a 
greater  length  of  the  finest  platinum  wire  placed  with 
its  ends  near  it,  some  of  the  discharge  will  leave  the  bar 
and  spark  across  a  minute  gap  at  each  end,  in  order  to 
utilize  the  hair-like  platinum  wire.  Hence  sharp  bends 
and  comers  should  be  avoided,  and  the  conductor  should 
proceed  to  earth  by  the  most  direct  path.  Since  the 
attempt  is  hopeless  to  make  the  lightning-rod  so  much 
the  easiest  path  that  all  others  are  protected,  all  possible 
paths  should  be  separately  cared  for.  Tall  pointed  rods 
are  not  as  efficient  as  a  number  of  smaller  ones  along  the 
ridge  of  a  roof.  It  is  not  always  safe  to  connect  metallic 
surfaces  to  the  conductor,  though  it  is  always  safe  to 
earth  them  independently.  Water-pipes  and  gas-pipes 
should  be  connected  together,  but  not  to  the  lightning-rod. 
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except  under  ground.  For  an  ordinary  house  the  cheap- 
est way  to  protect  it  is  to  run  common  galvanized-iron 
telegraph-wire  up  all  the  corners,  along  all  the  ridges 
and  eaves,  and  over  all  the  chimneys,  taking  these  wires 
down  to  the  earth  in  several  places,  and  at  each  place 
burying  a  load  of  coke  around  the  wire  in  order  to 
establish  at  each  point  an  efficient  connection  with  the 
ground. 
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CHAPTER  III. 
ENERGY  OF  -^THER-VORTICES.— MAGNETISM. 

Section  I. —Magnetization. 

A. — MAGNETS    AND  MAGNETIC   SUBSTANCES. 

624.  Historical. — Under  the  name  Mayvf}s  A/^os; 
Dioscorides  mentions  a  mineral  occurring  near  the  city 
of  Magnesia  in  Lydia,  Asia  Minor,  which  possessed  the 
property  of  attracting  iron.  This  mineral,  known  as 
magnetic  iron-ore  or  magnetite,  although  abundant,  does 
not  always  attract  iron.  When  it  does  so,  it  consti- 
tutes a  natural  magnet,  and  is  known  as  lodestone.  Al- 
though as  early  as  the  tenth  or  twelfth  century  it  ap- 
pears to  have  been  known  that  a  fragment  of  lodestone 
suspended  by  a  thread  would  place  its  axis  in  a  north  and 
south  direction,  yet  it  was  not  until  the  appearance  of 
Dr.  Gilbert's  book  "  De  Magnete  "  in  the  year  1600  that 
magnetism  became  a  recognized  branch  of  science. 
Gilbert  observed  that  the  magnetic  eflfect  is  concen- 
trated in  two  opposite  regions  of  the  magnet,  which  he 
called  its  poles,  and  that  midway  between  the  poles  a 
non-active  region  exists,  which  he  called  the  equator.  To 
the  line  connecting  the  poles  he  gave  the  name  of  mag- 
netic axis.  Moreover,  he  discovered  that  the  region  sur- 
rounding a  magnet  possesses  activity ;  and  by  means  of 
iron  filings  he  mapped  out  this  region  and  studied  the 
effects  produced  by  it.  In  1733  Brandt  discovered  that 
cobalt  was  attracted  by  the  magnet,  and  in  1750  Cron- 
stedt  added  nickel  to  the  list.  Brugmans  in  1778  called 
attention  to  the  fact  that  bismuth  was  repelled  by  the 

628 
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maguet  Faraday  in  1845  confirmed  this  observation, 
and  extended  it  to  phosphorus,  antimony,  and  copper ; 
thus  dividing  substances  into  paramagnetic  and  diamag- 
netic  bodies, — spheres  of  the  former  being  attracted  and 
those  of  the  latter  repelled  by  a  magnet. 

525.  Magnetic  Substances. — Substances  which  are 
affected  by  the  magnet  are  called  magnetic  substances. 
They  are  divided  into  two  classes,  called  respectively 
paramagnetic  and  diamagnetic  substances,  according  as 
they  are  attracted  by  the  magnet,  like  iron,  or  are  repelled 
by  it,  like  bismuth.  Diamagnetic  effects  are  exceedingly 
feeble  as  compared  with  paramagnetic  ones,  although 
paramagnetic  substances  are  much  fewer  in  number  than 
those  possessing  diamagnetic  properties.  Among  para- 
magnetic metals  are  iron,  nickel,  cobalt,  manganese, 
chromium,  and  cerium  ;  the  last  being  weakest.  Among 
diamagnetic  metals  in  increasing  order  are  tungsten, 
iridium,  rhodium,  uranium,  arsenic,  gold,  copper,  silver, 
lead,  mercury,  cadmium,  tin,  zinc,  antimony,  and  bis- 
muth. 

626.  Magnetic  Properties. — Bodies  which  attract 
iron  are  said  to  possess  magnetic  properties  and  are 
called  magnets.  A  fragment  of  lodestone,  for  example, 
is  a  natural  magnet.  Moreover,  the  property  is  com- 
municable ;  so  that  a  nail  suspended  from  either  pole  of 
the  lodestone  will  itself  support  another  nail  at  its  farther 
end.  The  iron  nail,  however,  is  only  a  temporary  mag- 
net, since  it  loses  its  magnetic  property  on  removing  it 
from  the  lodestone.  If  the  experiment  be  repeated  with 
a  rod  of  steel,  however,  more  or  less  of  the  magnetic 
property  will  be  permanently  retained,  and  the  steel  rod 
will  become  a  permanent  magnet.  Steel,  however,  is  not 
as  easily  magnetized  as  iron  to  the  same  degree. 

527.  Characteristics  of  a  Ma^^net. — On  dipping  a 
straight  steel  magnet  into  iron  filings,  the  magnetic  effects 
will  be  observed  to  reach  a  maximum  at  its  extremities, 
and  to  be  equal  at  these  two  ends.  The  magnetic  proper- 
ties of  such  a  bar  diminish  rapidly  toward  its  center,  at 
which  point  the  magnet  will  sustain  no  filings.     The 
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ends  of  the  bar,  when  it  is  freely  suspended,  point  to- 
ward the  poles  of  the  earth ;  and  hence  these  ends  are 
called  poles,  and  the  magnet  is  said  to  exhibit  polarity. 
A  distinguishing  mark  is  placed  on  the  end  which  turns 
toward  the  north,  and  this  end  is  called  the  marked  or 
north-seeking  pole.  If  the  bar  be  indefinitely  thin  and 
long,  and  be  uniformly  magnetized,  the  whole  magnetic 
effect  may  be  assumed  to  reside  at  its  ends,  and  the 
magnet  may  be  viewed  as  a  pair  of  poles  of  equal  mag- 
netic mass  united  by  a  bar  exerting  no  action.  The 
line  in  a  bar  magnet  which  places  itself  in  the  meridian 
when  the  bar  is  suspended  is  called  the  magnetic  axis 
of  the  bar ;  the  magnet  may  or  may  not  be  symmetrical 
about  it.  Strictly  speaking,  it  is  the  extremities  of  this 
axis  which  constitute  the  poles. 

628.  Dual  Nature  of  Magrnetism. — If  two  suspended 
bar  magnets  be  brought  near  each  other,  it  will  be 
observed  that  the  two  north-seeking  ends  or  the  two 
south-seeking  ends  will  repel  each  other ;  while  the 
north-seeking  end  of  the  one  will  attract  the  south-seek- 
ing end  of  the  other.  Hence  the  general  law  that  like 
magnetic  poles  repel  and  unlike  magnetic  poles 
attract  each  other. 


B.— MAGNETIC  FIELD. 

629.  Magnetic  Action  traverses  Space. — ^Magnetic 
attraction,  like  gravitation,  is  exerted  through  the  sur- 
rounding medium,  whatever  its  nature.  The  space 
surrounding  a  magnet,  therefore,  is  traversed  by  the 
magnetic  forces,  so  that  a  magnetic  pole  placed  any- 
where in  the  vicinity  of  a  magnet  experiences  a  force 
tending  to  move  it.  Such  a  region,  in  which  a  magnetic 
pole  tends  to  move  in  a  fixed  direction,  or  in  which  a 
freely  suspended  magnet  takes  up  a  definite  position, 
is  called  a  magnetic  field.  Clearly,  therefore,  the  uni- 
versal tendency  of  a  magnetic  needle  to  turn  upon  its 
pivot  so  as  to  place  its  axis  in  the  north  and  south 
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direction,  is  a  proof  of  the  existence  of  a  magnetic  field 
surrounding  the  earth. 

630.  Force  in  a  Magnetic  Field. — The  force  acting 
upon  a  magnetic  pole  in  a  magnetic  field  is  jointly  pro- 
portional to  the  magnetic  mass  of  the  pole  and  to  the 
strength  of  the  field.  So  that,  calling  m  the  magnetic 
mass  of  the  pole  and  U  the  strength  of  the  field,  both 
in  C.  G.  S.  units,  the  force  in  dynes  experienced  by  this 
pole  in  this  field  will  be  mH,  Evidently,  therefore,  a 
pole  is  of  unit  magnetic  mass  when,  if  placed  in  a  field 
of  unit  strength,  it  is  acted  on  by  unit  force,  i.e.,  by  a 
dyne ;  and  a  field  is  of  unit  strength  when  a  unit  mag- 
netic pole  placed  in  it  is  acted  upon  by  unit  force. 
This  unit  magnetic  mass  of  pole  is  called  a  weber,  and 
this  unit  strength  of  field  a  gauss.  Since  U  =f/m,  the 
strength  of  field  in  gausses  is  the  ratio  of  the  force  in 
dynes  experienced  in  the  field  by  a  pole  of  magnetic 
mass  m  to  the  magnetic  mass  of  the  pole  itself,  ex- 
pressed in  webers ;  i.e.,  is  the  force  experienced  by  unit 
pole  in  this  field. 

The  direction  in  which  a  pole  will  tend  to  move  if 
placed  in  a  magnetic  field  depends  upon  the  character 
of  the  pole,  an  unmarked  pole  experiencing  a  force  in 
the  opposite  direction  to  a  marked  one.  It  is  agreed  to 
call  the  direction  in  which  a  marked  or  north-seeking 
pole  would  move  in  a  field  the  positive  direction.  A 
magnetic  field  is  said  to  be  completely  determined  when 
we  know  (1)  the  force  experienced  by  a  unit  pole  placed 
in  this  field,  and  (2)  the  direction  in  which  the  resultant 
force  acts  through  it. 

531.  Action  on  Two  Poles. — Moments. — Couple. — 
An  actual  magnet,  as  we  have  seen,  has  two  poles.  When 
placed  in  a  magnetic  field,  these  two  poles  being  of  op- 
posite name,  experience  forces  in  opposite  directions,  the 
marked  pole  tending  to  move  in  the  positive  direction 
and  the  unmarked  pole  in  the  negative  direction.  The 
total  force  acting  upon  the  magnet  is  then  of  the  nature 
of  a  couple,  tending  to  produce  rotation.  The  arm  of 
the  couple  is  the  distance  between  the  poles ;   so  that  if 
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m  be  the  magnetic  mass  of  either  pole  and  I  the  distance 
between  the  poles,  the  moment  of  the  magnet,  which  is  the 
product  of  either  pole  by  the  distance  between  them,  will 
be  rrd\  and  the  moment  of  the  couple,  being  the  product 
of  the  force  mU  acting  on  either  pole  by  the  distance  I  be- 
tween the  poles,  will  be  mZZf.  Or,  calling  M  the  product 
rrd^  which  is  the  moment  of  the  magnet,  and  G  the  moment 
of  the  couple,  G  =  MU,  Obviously, 
since  the  arm  of  a  couple  is  always 
perpendicular  to  the  direction  of  its 
ImH  forces,  this  supposes  the  axis  of  the 
magnet  to  be  perpendicular  to  the  di- 
rection of  the  force  of  the  field.  If 
it  is  parallel  to  this  direction  the 
couple  is  zero,  and  the  magnet  ex- 
periences no  rotating  force.  The 
force  is  a  maximum,  consequently, 
when  the  angle  which  the  magnet 
makes  with  the  direction  of  the  field 
is  a  maximum,  i.e.,  is  90°;  it  is  there- 
fore a  function  of  the  sine  of  that 
angle.  In  the  figure  (Fig.  273)  the 
magnet  is  inclined  to  the  direction  of  the  field  by  an 
angle  a.  Hence  the  arm  of  the  couple  is  I  sin  or,  and 
the  moment  of  the  couple  is  rnlH  sin  a  or  MH  sin  a. 

532.  Intensity  of  Magnetization. — The  efiectiveness 
of  a  magnet  is  measured,  not  by  its  magnetic  moment 
alone,  but  by  the  ratio  of  its  magnetic  moment  to  its 
volume;  so  that  the  mean  intensity  of  magnetization,  as 
this  ratio  is  called,  is  expressed  in  terms  of  a  magnet  of 
unit  volume  and  of  unit  magnetic  moment ;  i.e.,  in  the 
C.  G.  S.  system,  of  a  magnet  one  cubic  centimeter  in 
volume  having  unit  magnetic  poles  upon  its  ends.  Thus 
calling  ml  the  moment  of  a  magnet  and  5  its  cross-section, 
its  volume  v  will  be  si ;  whence  the  intensity  of  its  mag- 
netization /,  or  the  magnetic  moment  per  unit  of  volume, 
is  ml/sl^  or  m/s.  If  we  call  the  moment  of  the  magnet 
Jf,  we  have  M  =  7^/;  whence  it  appears  that  the 
moment  of  a  magnet  is  a  direct  function  not  only  of  the 
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length  of  the  magnet,  but  also  of  the  intensity  of  the 
magnetization,  and  of  the  cross-section.  Since  si  is 
the  volume  of  the  magnet,  however,  this  is  equivalent 
to  saying  that  when  the  magnetization  is  uniform,  the 
magnetic  moment  is  proportional  to  the  volume. 

533.  Magnetic  Density. — By  analogy  with  electric 
density  we  may  speak  of  magnetic  density  as  the  amount 
of  superficial  magnetization  at  a  pole  divided  by  the  sur- 
face there ;  i.e.,  the  amount  of  magnetization  upon  unit 
of  surface.  Calling  m  the  magnetic  mass  of  the  pole 
and  8  the  surface,  we  have  (t  =  m/s.  But  we  have  just 
seen  that  /=  m/«,  whence  o*  =  /;  or  the  superficial  mag- 
netic density  of  the  bar  is  equal  to  the  intensity  of  its 
magnetization.  Since  w  =  s/,  the  magnetic  mass  of  a 
pole  is  the  product  of  the  intensity  of  magnetization  by 
the  cross-section  of  the  magnet. 

534.  Lines  of  Force. — In  a  magnetic  field  a  magnet 
free  to  move  will  place  its  axis  parallel  to  the  resultant 
force  if  this  resultant  is  a  straight  line,  or  tangent  to  it 
if  it  is  a  curve.  Faraday  proposed  to  represent  the  di- 
rection of  this  resultant  force  at  various  parts  of  a  mag- 
netic field  by  means  of  imaginary  lines  drawn  through 
it.  These  lines  he  called  lines  of  force.  Maxwell  ex- 
tended this  suggestion  to  include  the  strength  of  the 
magnetic  force  in  the  field  as  well  as  its  direction,  by 
supposing  to  be  drawn  through  a  surface  perpendicular 
to  this  direction  as  many  lines  per  unit  of  area  as  cor- 
responded  to  the  strength  of  the  field.  Thus  a  field  of 
a  strength  of  12  gausses  would  have  12  lines  passing 
through  each  square  centimeter.  Moreover,  each  line 
of  force  represents  one  unit  of  force,  i.e.,  a  dyne.  So 
that  the  strength  of  a  field,  H,  is  represented  in  dynes  by 
the  number  of  lines  of  force  which  pass  through  each 
square  centimeter  of  a  surface  perpendicular  to  the 
resultant  force  of  the  field.  The  force  thus  traversing  a 
surface  is  sometimes  represented  as  a  flow  of  force,  after 
the  analogy  of  a  fluid,  and  is  represented  by  0.  Since 
the  total  flow  through  a  surface  is  evidently  the  product 
of  the  flow  through  unit  area  by  the  number  of  units  of 
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area,  i.e.,  the  total  surface,  we  have  ^  =  HS.  Whence 
if  we  divide  the  total  number  of  lines  of  force  crossing 
an  area  by  the  area  in  centimeters,  we  have  the  strength 
of  the  field  in  dynes. 

The  magnetic  actions  which  take  place  in  the  field, 
and  which  are  due  to  the  condition  of  strain  in  the 
medium,  are  well  illustrated  by  supposing  with  Faraday 
that  eacli  line  of  force,  like  a  stretched  elastic  thread,  is 
endowed  with  a  tendency  to  shorten  along  its  length  ; 
while  at  the  same  time  these  lines  of  force  are  self- 
repellent.  So  that  as  a  result  there  is  a  tension  devel- 
oped in  the  medium  along  these  lines  and  a  pressure  at 
right  angles  to  them.  The  direction  of  these  lines  of 
force,  being  the  same  as  the  direction  of  the  force  in  the 
field,  i.e.,  the  direction  in  which  a  marked  pole  would 
move  in  it,  is  evidently  from  a  marked  to  an  unmarked 
pole.  So  that  the  lines  of  force  of  a  magnet  issue  from 
the  marked  end  and  enter  the  unmarked  end,  just  as  the 
lines  of  the  field  would  do  if  the  magnet  were  placed  in 
it  in  equilibrium.  Clearly  if  the  magnet  be  deflected, 
the  lines  of  force  will  be  distorted ;  and  tending  to 
shorten,  will  exert  a  stress  upon  the  magnet  of  the  nature 
of  a  couple  tending  to  return  it  to  its  first  position.  So, 
again,  if  the  marked  end  of  one  magnet  be  placed  oppo- 
site the  unmarked  end  of  another  one  and  in  line  with  it, 
the  lines  of  force  issuing  from  the  former  will  enter  the 
latter ;  and,  tending  to  shorten,  will  produce  attraction. 
While  if  the  similar  ends  of  the  two  be  opposed,  the 
lines  of  force  will  be  tunied  away  from  each  pole  in  all 
directions ;  and  thus  becoming  parallel  will  repel  each 
other,  and  so  will  repel  the  magnetic  poles  connected 
with  them.  Lines  of  force,  although  non-existent  in 
fact,  yet,  like  the  parallels  and  meridians  of  the  earth, 
are  useful  for  mapping  out  a  region. 

535.  Magnetic  Phantoms. — By  means  of  iron  filings 
the  field  in  the  vicinity  of  a  magnet  may  be  studied. 
This  was  first  done  in  the  sixteentli  century  by  Dr.  Gil- 
bert, who  called  the  figure  produced  the  magnetic  phan- 
tom. 
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Experiments. — 1.  Dust  fine  filings  of  wrought-iron  uniformly 
over  a  glass  plate  by  means  of  a  sieve,  and  place  the  plate  above  the 
poles  of  a  vertical  U -magnet.  By  gently  tapping  the  plate  the  fil- 
ings will  arrange  themselves  in  the  form  of  curves  connecting  the 
marked  and  the  unmarked  poles.  The  same  result  will  follow  if  the 
unlike  poles  of  two  different  magnets  be  used,  provided  they  be  of 
the  same  strength. 

2.  Place  a  short  magnet,  such  as  a  piece  of  magnetized  sewing- 
needle,  suspended  by  a  silk  fiber,  just  above  the  tilings,  and  move  it 
about  within  the  field.  The  magnet  will  place  itself  parallel  always 
to  a  tangent  to  the  curves,  and  its  marked  end  will  point  along  the 
curves  always  in  the  positive  direction. 

3.  If  the  phantom  of  the  field  due  to  a  single  pole  be  obtained  in 
the  manner  described,  it«  lines  of  force  will  be  seen  to  be  straight 
lines,  radiating  from  the  pole  as  a  center,  in  all  directions. 

4.  Repeat  the  first  experiment,  using  two  like  poles  instead  of 
two  unlike  ones.  Each  pole  will  give  its  set  of  radiating  lines, 
but  the  lines  of  one  will  push  away  those  of  the  other  and  become 
finally  parallel  with  them  ;  thus  indicating  repulsion. 

An  excellent  representation  of  the  form  of  magnetic 
phantom  which  is  given  by  a  bar  magnet  is  shown  in 
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Figure  274,  taken  from  a  plate  prepared  by  Mayer. 
Since  the  lines  of  force  are  symmetrical  about  the  mag- 
netic axis,  such  a  phantom  may  be  obtained  in  any  plane 
containing  this  axis. 

536.  Uniform  and  Variable  Fields. — A  field  is  said 
to  be  uniform,  when  its  direction  and  strength  are  the 
same  in  every  part.  In  such  a  field  the  lines  of  force 
are  straight  lines,  and  they  are  equidistant.  A  variable 
field  is  one  in  which  either  the  direction  of  the  force 
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or  its  magnitude  varies  from  one  point  to  another.  The 
lines  of  force  in  such  a  field  are  curved  or  radiating, 
and  not  parallel.  The  field  of  the  earth  is  a  practically 
uniform  field  ;  while  the  fields  produced  by  artificial 
means,  such  as  magnets  and  the  like,  are  in  general 
variable  ones.  Such  variable  fields  are  shown  in  the 
magnetic  phantoms. 

637.  Astatic  System. — Since  the  force  acting  upon  a 
magnetic  needle  in  a  magnetic  field  is  a  couple,  it  is  ob- 
vious that  by  using  two  equal  needles  reversed  in  posi- 
tion we  may  obtain  a  system  upon  which  the  resultant 
action  of  the  field  will  be  zero  ;  since  the  couple  acting 
on  one  of  the  needles  will  be  equal  and  opposite  to  that 
acting  on  the  other.  Such  a  system  is  called  an  astatic 
system,  since  it  may  have  no  directive  tendency  and  may 
remain  at  rest  in  any  position  in  which  it  is  placed.  If, 
however,  the  needles  are  not  in  exactly  the  same  plane, 
this  result  will  not  follow.  Calling  OA 
(Fig.  275)  the  moment  of  one  needle  and 
OB  that  of  the  other,  the  diagonal  OR 
of  the  parallelogram  will  represent  the 
moment  of  the  system.  Let  6  be  the 
angle  A  OB  between  OA  and  OB,  and  a 
be  the  angle  AOR,  between  the  resultant 
moment  and  that  of  one  of  the  needles; 
then  BOB  =  6  —  a.  Whence,  calling  m 
the  moment  OA,  m!  the  moment  OB,  and 
M  the  moment  OR,  the  triangle  OBR 
gives  m'  :  m  :  3f  =  sin  a  \  sin    {6  —  a)\  sin  6,  and  tan 

a  =  — ; -. 3 .     In  the  case  supposed,  the  moments 

m  -\-  m  cos  o  ^^ 

are  opposite  in  sign,  and  S  is  nearly  180®  ;  so  that  we 
may  write  <J  for  sin  S,  and  —  1  for  cos  6  ;  and  the  formula 
becomes  tan  a  =  m'6/{m  —  m').  Hence,  if  m  and  w'  are 
equal,  tan  or  =  oo  and  a  =  90°.  In  other  words,  the  sys- 
tem as  a  whole  places  itself  at  right  angles  to  the  lines 
of  force  of  the  field.  Such  an  astatic  system,  therefore, 
in  the  field  of  the  earth  will  place  itself  more  nearly 
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east  and  west,  in  proportion  as  ihf-  magnetic  moments  of 
the  two  needles  approach  equality. 


a — METHODS  OF  MAGNETIZATION. 

538.  Magnetization  by  Contact. — To  magnetize  any 
magnetic  substance,  it  is  necessary  only  to  bring  it  in 
contact  with  a  magnet  The  magnet  itself  suffers  no  loss 
of  magnetic  properties  in  the  process,  those  acquired  by 
the  substance  being  developed  within  ii  The  amount  of 
magnetization  thus  developed  in  a  substance  depends 
jointly  upon  the  nature  of  the  substance  and  upon  the 
strength  of  the  magnet  used.  With  a  given  magnet,  iron 
is  capable  of  receiving  the  greatest  amount  of  magnetiza- 
tion, and  next  to  it  comes  steel.  Diflferent  kinds  of  iron 
and  steel  differ  from  one  another  in  this  particular,  and 
steel  varies  also  according  to  its  hardness.  As  the 
magnetizing  force  increases,  the  magnetization  produced 
increases,  at  first  rapidly  and  then  more  slowly.  So  that 
the  point  at  which  the  magnetization  ceases  to  increase, 
which  is  called  the  saturation  point,  is  a  function  of  the 
force  of  magnetization.  A  sort  of  magnetic  inertia  ap- 
pears to  exist,  which  acts  to  resist  magnetization  at  the 
outset,  and  to  retain  it  afterward.  This  action,  to  which 
the  name  coeroitive  force  has  been  given,  is  most  strongly 
marked  in  the  case  of  steel.  It  is  not  only  more  difficult 
to  magnetize  steel  than  iron,  but  the  steel  retains  its 
magnetization  permanently.  The  latter  property  La- 
mont  has  called  retentivity. 

539.  Single  and  Double  Touch. — Various  modes  of 
applying  magnets  have  been  proposed,  in  order  to  ob- 
tain magnetic  bars  of  maximum  strength.  The  simplest 
of  these,  known  as  the  method  of  single  touch,  consists  in 
moving  one  of  the  poles  of  a  magnet  over  the  bar  to  be 
magnetized  from  end  to  end,  and  always  in  the  same  di- 
rection ;  the  operation  being  repeated  until  the  effect 
ceases  to  increase.  The  end  of  the  bar  last  touched  by 
the  magnet  is  of  opposite  polarity  to  that  of  the  pole 
touching  it.     In  the  method  of  double  touch,  the  two  op- 
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posite  poles  of  two  equal  bar  magnets  are  placed  in  tlie 
middle  of  the  bar  to  be  magnetized,  the  magnets  being 
inclined  about  30°  to  the  horizontal,  and  the  two  poles  are 
then  separated  in  opposite  directions  and  moved  to  the 
extremities  of  the  fixed  bar.  The  eflFect  is  increased  by 
placing  the  ends  of  this  bar  upon  the  ends  of  two  mag- 
nets in  line  with  it,  whose  polarity  corresponds  with  that 
of  the  magnets  moving  over  the  corresponding  ends.  A 
modification  of  this  method  consists  in  placing  a  small 
block  of  wood  between  the  poles  of  the  moving  magnets, 
and  moving  the  poles,  thus  kept  close  together,  alter- 
nately toward  the  two  ends,  taking  care  that  the  number 
of  passes  is  the  same  for  each  of  the  two  halves  of 
the  bar. 

540.  Magnetization  by  Magnetic  Field.— Magnetic 
Induction. — A  magnetic  substance  placed  in  a  magnetic 
field  becomes  a  magnet  by  induction  ;  and  if  it  be  para- 
magnetic, its  magnetic  axis  coincides  with  the  lines  of 
force  of  the  field.  Evidently  the  magnetization  pro- 
duced is  stronger  as  the  field  is  more  intense.  And 
inasmuch  as  the  magnetic  fields  produced  by  electric 
currents  are  far  more  intense  than  those  given  by  mag- 
nets, this  method  of  magnetization  has  displaced  all 
others.  We  shall  defer  the  consideration  of  electro- 
magnetism  until  we  have  studied  the  laws  of  currents. 

541.  Results  of  Magnetization. — It  has  been  ob- 
served that  the  magnetization  is  at  first  superficial  and 
then  progressively  advances  into  the  interior  of  the  mass. 
So  that  a  hollow  steel  tube  may  be  made  to  give  nearly 
as  strong  a  magnet  as  a  solid  rod  of  the  same  diameter. 
If  a  bundle  of  steel  wires  be  magnetized,  the  interior 
wires  are  often  found  to  be  unafi*ected.  And  in  some 
cases  the  magnetism  of  a  bar  has  been  entirely  removed 
by  dissolving  away  the  outer  portions  by  means  of  an 
acid.  Indeed,  by  subjecting  a  thin  steel  rod  to  the  dis- 
charge of  a  Leyden  jar,  Carhart  has  proved  that  the 
magnetism  thus  produced  in  it  is  arranged  in  alternate 
and  opposite  layers  ;  so  that  on  acting  upon  the  bar  with 
acid,  alternating  polarities  to  the  number  of  three  or 
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four  may  be  developed  as  the  exterior  layers  are  suc- 
cessively dissolved. 

Moreover,  magnetization  changes  the  length  but  not 
the  volume  of  the  bar  magnetized.  Bars  of  iron  and  of 
cobalt  become  longer  and  smaller  when  they  are  mag- 
netized, while  those  of  steel  and  of  nickel  become  shorter 
and  thicker.  Again,  the  magnetization  may  not  be 
uniform  throughout  a  bar.  The  total  magnetization, 
algebraically  speaking,  must  be  zero;  but  a  pair  of 
similar  poles  may  exist  at  the  center,  so  that  both  the 
ends  are  of  the  same  name.  Such  a  magnet  is  said  to 
have  consequent  poles.  In  magnetizing  a  bar  this  result 
is  of  course  to  be  avoided. 

542.  Magnetic  Circuit. — Since  each  portion  of  the 
end  of  a  magnet  repels  every  other,  and  tends  to  develop 
in  these  portions  opposite  polarities,  it  is  evident  that 
when  the  poles  of  the  magnet  are  free,  the  total  effect 
of  these  actions  is  to  weaken  the  magnet  as  a  whole. 
Consequently  it  has  been  found  necessary,  in  order  to 
preserve  the  strength  of  a  magnet,  to  connect  its  poles 
with  a  piece  of  iron  called  a  keeper.  If  the  bar  be  in 
the  U  form,  the  keeper  is  straight  and  rests  on  the  ends. 
If  it  be  straight,  the  bar  is  placed  near  a  similar  bar  in 
the  reversed  position,  and  two  keepers  are  placed  at  the 
ends  of  the  system.  In  this  way  a  closed  circuit  of 
magnetic  material  is  formed,  which  is  called  a  magnetic 
cirooit.  An  iron  ring  constitutes  such  a  closed  magnetic 
circuit. 

543.  Compound  Magnets. — By  magnetizing  a  num- 
ber of  magnets  separately  to  saturation,  and  then  com- 
bining them  to  form  a  compound  magnet,  a  magnet 
superior  in  strength  to  a  simple  magnet  of  the  same  mass 
is  obtained ;  but  the  strength  of  such  a  compound  mag- 
net is  by  no  means  the  sum  of  the  strengths  of  the 
separate  magnets  which  compose  it.  Evidently,  if  two 
equal^  bar  magnets  be  placed  with  their  opposite  poles 
together,  there  will  be  complete  neutralization  of  the  one 
by  the  other,  and  there  will  be  no  external  magnetic 
field.     The  magnetism  is  said  to  be  bound,  and  not  free. 
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So  if  the  two  magnets  be  united  with  their  similar  poles 
together,  each  pole  will  tend  to  weaken  the  other  by 
developing  in  it  the  opposite  polarity ;  so  that  the  com- 
bined strength  of  all  the  poles  will  not  equal  the  sum  of 
their  strengths  taken  separately.  The  advantage  of 
compound  magnets  lies  in  the  fact  that  thin  plates  can 
be  easily  magnetized  throughout  their  mass ;  the  inten- 
sity of  the  magnetization  of  the  resulting  compound  mag- 
net, which  is  the  ratio  of  its  magnetic  moment  to  its 
volume,  being  therefore  much  greater  than  if  the  magnet 
were  made  of  a  single  mass.  Thus  Jamin  found  that  if 
six  plates  each  of  which  lifted  18  kilograms  were  com- 
bined into  a  compound  magnet,  the  magnet  itself  lifted 
only  64.  On  separating  the  plates  again,  each  now 
lifted  less  than  10  kilograms ;  owing  to  the  weakening 
action  above  mentioned.  Jamin  himself  has  constructed 
laminated  magnets  composed  of  thin  plates  of  steel 
separately  magnetized  and  then  combined,  which  are  of 
remarkable  power,  lifting  sixteen  times  their  own  weight 
immediately  after  construction,  and  thirteen  and  a  half 
times  after  attaining  their  permanent  condition. 

544.  Liitting-power  of  Magrnets. — Portative  Force. 
— The  lifting-power  of  a  magnet,  or  the  force  required 
to  overcome  the  attraction  between  a  magnet  and  its 
keeper,  is  proportional  to  the  area  of  the  surface  in  con- 
tact and  to  the  square  of  the  intensity  of  magnetization ; 
or  calling  F  the  required  force,  /  the  intensity  of  mag- 
netization, and  S  the  surface,  F=27rPS,  Since  m  = 
IS,  we  may  write  this  equation  F=  27rml;  or  the  force 
is  proportional  directly  to  the  magnetic  mass  of  the  pole 
multiplied  by  the  intensity  of  magnetization.  The  max- 
imum attraction  which  it  has  been  found  possible  to 
obtain  between  a  magnet  and  its  keeper  is  4000  grams 
or  3-92  X  10^  dynes  per  square  centimeter.  This  cor- 
responds to  a  value  for  /  of  791  C.  G.  S.  units.  The 
portative  force  of  a  magnet  is  measured  by  the  maximum 
weight  which  it  will  sustain.  From  his  experiments  on 
steel  magnets  Hacker  has  deduced  the  empirical  formula 
P  =.  aW^;  in  which  W  is  the  mass  of  the  magnet  and 
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a  a  constant  varying  from  12*6  in  Hacker's  experiments 
to  19*5  or  23  in  those  of  Logemann  and  Wetteren.  It 
follows  from  this  that  the  portative  force  of  a  magnet 
relative  to  its  own  mass  rapidly  diminishes  as  the  size 
of  the  magnet  increases :  two  magnets,  for  example,  of 
masses  1  and  125,  sustaining  weights  of  1  and  25  ;  the 
former  sustaining  five  times  as  much  as  the  latter  per 
unit  of  mass.  Logemann  succeeded  in  making  steel 
magnets  which  would  sustain  28  times  their  own  weight. 
The  largest  steel  magnet  yet  constructed  is  a  Jamin 
magnet  weighing  50  kilograms,  which  is  able  to  support 
permanently  500  kilograms. 

545.  Effect  of  Temperature  on  Magnetization. — 
Gilbert  (1600)  states  the  fact  that  at  a  red  heat  iron  is 
incapable  of  being  magnetized.  Subsequent  investiga- 
tions by  Rowland  and  others  have  determined  the  law 
of  variation  of  magnetization  with  temperature.  Lede- 
boer  finds  that  up  to  680°  iron  preserves  its  magnetic 
properties  almost  unchanged;  but  that  a  rapid  altera- 
tion in  them  takes  place  at  about  this  temperature,  so 
that  at  750°  the  magnetic  power  is  much  weakened  and 
at  770°  it  disappears  entirely.  Hopkinson  has  shown 
that  iron  which  at  700°  had  a  permeability  of  11000,  had 
a  permeability  of  zero  at  737°.  For  nickel  the  magnetic 
coefficient  increases  slightly  up  to  200°;  it  then  decreases 
to  340°,  at  which  it  becomes  zero.  The  coefficient  of 
cobalt  increases  from  0°  to  325°. 

Section  II. — Magnetic  Potential. 

A. — attraction  and  repulsion. 

546.  Theoretical  Magrnet. — Since  in  no  actual  mag- 
net is  the  magnetization  uniform  throughout,  no  single 
point  in  such  a  magnet  can  be  considered  as  a  pole. 
Hence  for  purposes  of  discussion  a  theoretical  magnet 
is  assumed,  long  and  indefinitely  thin,  and  uniformly 
magnetized;  so  that  the  entire  effect  produced  by  it 
may  be  assumed  to  reside  at  its  ends,  which  thus  act 
as  centers  of  force  and  may  be  considered  as  its  poles. 
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In  order  to  study  the  action  of  the  poles  separately, 
however,  the  magnet  must  be  so  long  that  the  magnet- 
ization of  the  center  does  not  interfere  with  that  of  the 
ends.  Thus,  for  example,  to  secure  this  result  with  a 
rod  one  centimeter  in  diameter,  it  would  require  to  be 
five  or  six  meters  long.  The  magnetic  mass  at  any  point 
of  such  a  magnet  is  of  course  the  product  of  its  transverse 
section  at  the  point  by  the  intensity  of  the  magnetiza- 
tion there  ;  and  the  intensity  of  the  magnetization  is  the 
moment  of  an  element  of  volume  at  the  point  divided  by 
the  volume  (532) ;  Le.,  is  the  moment  of  one  cubic  centim- 
eter. 

547.  Laws  of  Magrnetic  Action. — The  laws  of  mag- 
netic attraction  and  repulsion  were  originally  studied  by 
Coulomb  (1785).  In  his  first  set  of  experiments  he 
employed  the  method  of  oscillations,  using  a  magnetic 
needle  2*5  centimeters  long  suspended  by  a  silk  fiber, 
and  a  bar  magnet  62*5  centimeters  long  and  about  three 
millimeters  in  diameter,  the  latter  placed  vertically  in 
the  plane  of  the  meridian,  with  its  lower  end  opposite 
the  pole  of  the  needle  of  unlike  polarity.  In  the  earth's 
field  alone,  the'  needle  made  15  vibrations  in  a  minute. 
When  the  magnet  was  in  position  and  at  10  centimeters 
distance,  the  needle  made  41  vibrations.  At  20  centim- 
eters the  vibrations  were  reduced  to  24  in  number,  and 
at  40  centimeters  to  17.  Since  the  forces  are  as  the 
squares  of  the  number  of  oscillations,  those  due  to  the 
bar  alone  are  41"  -  15",  24«  -  15",  and  17"  -  15',  or  1456, 
351,  and  64 ;  or,  corrected  for  the  action  of  the  upper 
pole  at  the  greater  distance,  1456,  331,  79.  The  distances 
being  10  :  20  :  40,  the  forces  are  approximately  as  4"  : 
2'  :  1' ;  i.e.,  are  inversely  as  the  squares  of  the  distances. 

In  a  subsequent  set  of  experiments,  Coulomb  made  use 
of  his  torsion  balance  (468).  Within  the  glass  case  a  bar 
magnet  60  centimeters  long  and  3  millimeters  in  diameter 
was  suspended  by  a  fine  copper  wire  free  from  torsion ; 
and  opposite  to  its  marked  pole  the  marked  pole  of  a 
similar  bar  magnet  was  placed.  The  mutual  repulsion 
produced  a  torsion  of  24^.    In  order  to  reduce  the  devi- 
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ation  to  17*^,  a  rotation  of  the  torsion-head  of  3  X  360** 
was  required ;  and  to  reduce  it  to  12°,  a  rotation  of 
8  X  360*".  Without  the  second  bar,  the  earth's  force 
alone  acting,  a  rotation  of  2  X  360°  was  required  to  pro- 
duce a  deviation  of  20°.  Hence  the  repulsion  between 
the  magnets,  which  produced  a  deviation  of  24*^,  was 
equivalent  to  a  torsion  of  864°,  that  which  produced  a 
deviation  of  17°  to  a  torsion  of  1692°,  and  that  of  12°  to 
one  of  3312°.  But  since  the  force  of  torsion  is  propor- 
tional to  the  angle  of  torsion,  these  angles  represent 
forces  of  864  :  1692  :  3312.  And  these  forces  are  ap- 
proximately in  the  inverse  ratio  of  the  squares  of  the 
distances,  24'  :  17*  :  12' ;  considering  the  chord  as  equal 
to  the  arc. 

Since  the  moments  of  two  magnets  oscillating  in  the 
earth's  field  at  a  given  place  are  directly  proportional  to 
the  squares  of  the  number  of  vibrations  made  in  a  unit 
of  time,  the  ratio  of  the  moments  of  the  two  bars  used  in 
the  above  experiment  may  be  determined.  Whence,  as 
the  moment  of  a  magnet  -3f  =  ml,  the  ratio  of  the  mag- 
netic masses  of  the  two  poles  m  :  m'  may  be  obtained. 
Repeating  the  torsion  experiments  with  poles  of  differ- 
ent magnetic  masses,  it  was  found  that  the  force  exerted 
between  such  poles  at  the  same  distance  is  always 
direcHy  proportional  to  the  product  of  these  masses.  So 
that  the  magnetic  laws  established  by  Coulomb  may  be 
thus  stated : 

1st.  The  force  exerted  between  two  magnetic 
poles  at  the  same  distance  is  directly  proportional 
to  the  product  of  the  magnetic  masses  of  these 
poles. 

2d.  The  force  exerted  between  two  magnetic 
poles  of  the  same  magnetic  mass  but  at  differ- 
ent distances,  is  inversely  proportional  to  the 
squares  of  the  distances. 

Both  these  laws  may  be  summarized  in  the  expres- 
sion 

F=::±  mm'/r\  [69] 
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in  which  F  is  the  force  acting,  m  and  mf  the  magnetic 
masses  of  the  poles,  and  r  the  distance  separating  them 
all  in  absolute  measure.  Evidently,  since  poles  of  oppo- 
site name  attract  and  poles  of  the  same  name  repel  each 
other,  the  upper  or  positive  sign  will  represent  repulsion 
and  the  lower  or  negative  sign  will  represent  attraction. 

548.  Unit  Magnetic  Pole. — K  in  the  above  equation 
we  make  m,  m',  and  r  equal  to  unity,  i^  will  also  be  equal 
to  unity.  So  that  a  unit  pole  will  exert  unit  force  on 
a  similar  pole  at  unit  distance.  The  absolute  C.  G.  S. 
unit  magnetic  pole,  therefore,  is  a  pole  of  such  magnetic 
mass  that,  when  placed  a  centimeter  distant  from  an- 
other unit  pole,  the  force  between  them  shall  be  one 
dyne. 

Experiments. — 1.  Suspend  a  long,  thin,  uniformly  magnetized 
magnet — a  rod  50  or  60  centimeters  long  and  2  or  3  millimeters  in 
diameter,  for  example — by  a  fiber  free  from  torsion  or  by  a  fine  metal- 
lic wire  from  a  graduated  torsion-head.  Place  another  similar 
magnet  vertically,  with  its  lower  end  on  the  same  level  with  the  op- 
posite pole  of  the  suspended  magnet,  and  nearly  in  the  plane  of  the 
meridian  with  it.  Since  the  two  poles  will  attract  each  other,  they 
are  prevented  from  contact  by  interposing  a  glass  plate  of  known 
thickness.  The  torsion -head  being  at  zero  when  the  vertical  magnet 
is  absent,  rotate  it  in  the  direction  to  separate  the  poles  until  the 
end  of  the  movable  magnet  just  touches  the  plate,  and  again  read 
the  torsion.  Repeat  the  experiment  with  plates  of  thickness  2,  3,  4, 
etc.,  times  the  first  one,  and  observe  that  the  forces  will  vary  ap- 
proximately as  the  values  1,  i,  |,  jV»  ®^^- 

2.  Repeat  the  experiment,  using  the  opposite  ends  of  both  mag- 
nets, and  notice  that  the  forces  of  torsion  are  the  same  for  the  same 
distances;  showing  that  for  uniformly  magnetized  bars  the  two 
poles  exert  equal  forces  and  are  equal  in  magnetic  mass. 

3.  Make  another  experiment,  using  a  second  vertical  magnet, 
and  noting  the  torsion  required  for  a  given  separation.  Then  use 
both  vertical  magnets  together  and  make  a  reading.  The  torsion 
will  be  found  to  be  the  algebraic  sum  of  the  separate  torsions; 
showing  that  the  force  acting  is  directly  proportional  to  the  mag- 
netic mass  of  the  magnetic  poles. 

549.  Field  produced  by  a  Magrnetic  Pole. — Since  a 
unit  magnetic  pole  exerts  unit  force  upon  a  similar  pole 
at  unit  distance,  it  follows  that  the  intensity  of  the  mag- 
netic field  produced  by  a  magnet  at  unit  distance  from 
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it  must  be  unity;  and  hence  that  a  unit  pole  placed 
there  will  be  acted  on  by  unit  force  ;  i.e.,  a  dyne.  The 
unit  pole  just  now  defined  is  the  same  as  that  already 
mentioned  (530).  It  is  called  a  weber  and  the  unit  field 
which  it  produces  at  unit  distance  is  called  a  gauss. 

550.  JLiues  of  Force  of  a  Unit  Pole. — Lines  of  force 
radiate  in  all  directions  from  a  magnetic  pole.  If  we 
draw  a  sphere  of  unit  radius — i.e.,  a  centimeter — about 
a  unit  pole,  the  surface  of  such  a  sphere  will  be  evi- 
dently 4;r  square  centimeters.  Now  since  the  field  at 
unit  distance  from  a  unit  pole  is  unity,  the  surface  of  the 
sphere  is  in  such  a  unit  field ;  and  hence  there  must  be 
a  line  of  force  passing  through  each  square  centimeter 
of  it ;  or  ire  lines  of  force  through  the  entire  surface. 
But  all  the  lines  of  force  radiating  from  the  pole  pass 
through  this  surface ;  and  therefore  the  total  number  of 
lines  of  force  which  radiate  from  a  unit  pole  is  4^.  In 
general  the  number  which  radiate  from  a  pole  of  mag- 
netic mass  m  is  4zrm.  The  flow  of  force  from  any  mag- 
netic pole,  therefore,  is  47r  times  the  magnetic  mass  of 
the  pole  ;  and  the  total  flow  of  force  through  a  surface 
enclosing  a  magnetic  pole  of  magnetic  mass  m  is  4;rm. 
Consequently  the  intensity  of  the  field  at  any  part  of 
this  surface  is  4:7rm/S ;  which  is  equal  to  H, 

551.  Field  due  to  Two  Magrnetic  Poles. — The  field 
surrounding  a  magnet  is  evidently  due  to  the  joint  action 
of  both  of  its  poles.  If,  for  example,  a  north-seeking 
pole  be  placed  at  n  (Fig.  276) 
in  the  field  of  the  bar  magnet 
NS,  it  will  be  acted  on  with  a 
repulsive  force  in  the  direction 
JVn  and  with  an  attractive  force 
in  the  direction  nS.  The  re- 
sultant of  these  two  forces  wilJg^ 
obviously  be  the  diagonal  na  ol 
the  parallelogram  constructed  fio.  2;tt. 

on  these  forces  as  sides;  and  the  pole  n  will  tend 
to  move  along  this  diagonal.  By  constructing  the 
direction  of  this  resultant  for  various  parts  of  the  field. 


.S!- 
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this  field  may  be  mapped  out ;  and  it  will  be  found  that 
a  series  of  curves  will  be  obtained  corresponding  pre- 
cisely to  those  characterizing  the  magnetic  phantom  ; 
thus  proving  that  the  lines  of  force  of  a  field  are  simply 
the  lines  of  resultant  magnetic  action  in  that  field.  The 
resultant  due  to  several  poles  may  be  compounded  in 
the  same  way ;  but  if  the  polygon  form  a  closed  curve, 
the  resultant  is  zero,  and  there  is  no  resulting  magnetic 
force  in  the  field. 

552.  Law  of  Action  of  Two  Poles  on  a  Single  One.— 
If  both  poles  of  a  magnet  act  on  a  single  pole,  the  force 
exerted   varies   inversely  as  the  cube  of  the  distance. 

Suppose  a  bar  magnet  NS  (Fig.  277)  to  be 
placed  so  that  its  middle  point  is  in  line 
with  the  axis  of  a  magnetic  needle  ns.  The 
pole  S  wdll  repel  the  similar  pole  8  in  the 
direction  sa ;  so  that  if  m  be  the  strength  of 
the  pole  fi',  that  of  s  being  unity,  and  if  r  be 
the  distance  Ss,  the  value  of  sa  will  be  m/r^. 
The  dissimilar  pole  N  attracts  s,  and  with 
the  same  force,  since  S  and  N  are  equal ; 
whence  sd  represents  in  magnitude  and 
direction  the  attracting  force.  The  resultant 
of  these  two  forces  is  sh.  But  as  the  triangles 
^g  SsN  and  sah  are  isosceles  and  similar,  we 
have  Ss  :  sa  ::  aSW  :  sb.  Letting  Ss  =  r,  sa 
=  77i/r',  SN  =  Z,  and  sb  =  F^  and  substitut- 
ing, we  have  jP=  mZ/r*.  If  the  distance  from  the  mag- 
net to  the  needle  is  considerable,  we  may  take  sO  or 
even  cO  for  r;  and  then  say  that  the  total  action  of  a 
magnet  upon  a  single  distant  pole  varies  inversely  as 
the  cube  of  the  distance.  Since  ml  =  My  we  may  write 
F=^M/r^\  or  if  the  needle  is  deflected  through  an 
angle  0,  and  its  moment  is  M\  w^e  have  i^=  {MM'  cos 
0)/r*  as  the  moment  of  the  couple  tending  to  increase 
the  deflection  of  the  needle. 

553.  Mutual  Action  of  the  Field  due  to  the  Magnet 
and  that  due  to  the  Earth. — The  needle  under  these 
conditions  continues  to  be  deflected  until  the  magnetic 
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deflectiug  force  is  balanced  by  the  antagonizing  force  of 
the  earth's  field.  We  have  seen  above  (531)  that  a  mag- 
netic needle  of  moment  M'  placed  in  a  magnetic  field  of 
strength  H  experiences  a  couple  of  moment  M'!!  sin  0 
tending  to  bring  its  axis  to  coincide  with  the  meridian. 
Equating  these  two  equal  forces,  we  have  M  'U  sin  0  = 
{MM'  cos  0)/r';  wheuce  we  have  M  =  Hr*  tan  0;  r 
being  the  distance  between  the  centers  of  magnet  and 
needle. 

The  position  of  the  magnet  above  given,  with  refer- 
ence to  the  needle,  is  called  "  broadside  on."  If  the 
magnet  be  so  placed  that  its  axis  while  perpendicular  to 
the  meridian  and  to  the  needle  passes  through  the  cen- 
ter of  the  needle  (Fig.  278),  it  is  said  to  be  "  end  on."    In 
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this  case  the  resultant  force  is  twice  as  great,  and 
F  =  2//fl/r\  The  moment  of  the  couple  causing  the 
deflection  of  tha  needle  is  {2MM'  cos  fp')/r*f  and  the 
moment  of  the  magnet  is  now  ^Hr*  tan  0';  hence  tan 
0'  =  2  tan  0. 

554.  Defleotion-Metliods.  — Magnetometer.  —  The 
calculation  of  the  moment  of  a  magnet  from  the  formula 
M  =  ml  is  not  possible,  except  in  the  case  of  long,  thin, 
uniformly  magnetized  magnets,  and  then  only  approxi- 
mately. The  equations  given  above,  however,  enable 
us  to  obtain  this  moment  experimentally,  by  observing 
the  deflection  which  the  given  magnet  produces.  Since 
31  =  Hr*  tan  0,  the  absolute  value  of  the  moment  in  C. 
G.  S.  units  is  obtained  by  multiplying  together  the  tangent 
of  the  deflection-angle,  the  cube  of  the  distance  between 
the  center  of  the  magnet  and  that  of  the  needle  expressed 
in  centimeters,  and  the  value  of  the  horizontal  force  of 
the  earth's  field  in  dynes.     The  relative  moments  of  two 
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magnets  are  evidently  as  the  tangents  of  the  deflection, 
angles,  other  things  being  equal ;  since  if ,  :  Jl/,  : :  tan  0,  : 
tan  0,.  A  needle  so  arranged  that  the  deflections  can 
be  readily  observed,  is  called  a  magnetometer.  A  con- 
venient form  of  it  is  a  plane  silvered  mirror  having 
several  light  magnets  on  the  back,  and  suspended  by  a 
silk  fiber  so  as  to  oscillate  about  a  diameter ;  the  whole 
enclosed  in  a  suitable  case.  The  deflections  are  read  by 
means  of  a  telescope  and  scale  placed  at  a  convenient 
distance. 

B. — MAGNETIC   WORK  AND   ENERGY. 

555.  Magnetic  Potential  at  a  Point. — To  bring  a 
magnetic  pole  to  a  given  point  in  a  magnetic  field  it  is 
evident  (1)  that  work  must  be  done  by  or  upon  it,  and 
(2)  that  this  work  when  done  upon  it  must  be  stored  up 
in  it  as  potential  energy.  The  magnetic  potential  at  a 
point  in  a  magnetic  field  is  a  condition  at  the  point  such 
that  to  bring  a  unit  pole  there  will  require  the  ex- 
penditure of  positive  or  negative  work  upon  it.  The 
potential  of  a  pole  at  the  point  is  measured  by  the 
potential  energy  it  has  there ;  in  other  words,  by  the 
work  which  has  been  done  by  or  upon  it  to  bring  it 
there.  Magnetic  potential  is  therefore  essentially  analo- 
gous to  electrostatic  potential,  and  the  difference  of  mag- 
netic potential  between  two  points  is  measured  by  the 
amount  of  work  required  to  move  a  unit  pole  from  the 
one  to  the  other.  If  this  work  is  one  erg,  then  the 
difference  of  magnetic  potential  between  the  two  points 
is  unity. 

Thus  let  a  and  b  be  two  points  in  a  magnetic  field, 

Va  be  the  magnetic  potential  at  a,  and  F5  that  at  b.  The 
work  required  to  carry  a  unit  magnetic  pole  from  a  to  6 
against  the  magnetic  forces  is  evidently  Va  ~  Fi,.  But 
this  work  is  also  equal  to  Fl^  in  which  F  is  the  mean 
force  between  the  points  and  I  their  distance  ;  hence 
F '=-{Va'^  Vb)/l^  Now  by  the  law  of  magnetic  action 
F  =  mm' /v.     Equating  these  two  values  of  F,  we  have 

Va'^yb'=-  mm  /I ;  and  supposing  m'  to  be  a  unit  pole. 
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we  may  say  that  the  difference  of  potential  between  two 
points  in  a  magnetic  field  produced  by  a  pole  of  magnetic 
mass  m,  these  two  points  being  I  units  of  distance  apart» 
is  directly  proportional  to  the  magnetic  mass  of  the  pole 
and  inversely  proportional  to  the  distance  separating 
them.  If  F5  be  zero,  Va  =  w/^ ;  or  the  potential  due  to 
a  pole  m  at  a  distance  I  is  the  ratio  of  m  to  ?.  If  m'  be 
not  unity,  the  total  work  done  in  bringing  this  pole  from 
a  point  where  the  potential  is  zero,  i.e,,  from  an  infinite 
distance,  to  a  point  where  the  potential  is  F,  is  evi- 
dently m'  V.  But  in  a  uniform  field  F  =  m'H\  and  Wy 
which  is  equal  to  Fl,  is  also  equal  to  m'HL  Equating 
these  two  values  of  W,  we  have  V=  HI;  or  the  poten- 
tial between  two  points  in  a  magnetic  field  at  a  distance 
I  apart  is  the  product  of  the  intensity  of  the  field  by 
this  distance. 

556.  Variation  of  Potential  in  Magrnctic  Field. — A 
line  of  force  is  the  direction  along  which  the  resultant 
force  acts,  and  since  there  cannot  be  two  resultant  forces 
at  a  point,  two  lines  of  force  cannot  intersect.  From 
the  expression  F={Va'^  ^d)/^  it  appears  that  the  force 
in  any  direction  in  a  magnetic  field  is  simply  the  rate  of 
variation  of  the  potential  in  that  direction.  Whence  it 
follows,  that,  since  the  force  is  a  maximum  along  a  line 
of  force,  the  rate  of  variation  of  potential  along  a  line  of 
force  is  also  a  maximum  ;  and  a  line  of  force  may  be 
defined  as  that  direction  in  which  the  potential  varies 
most  rapidly.  Since  the  positive  direction  at  a  point  in 
a  magnetic  field  is  the  direction  in  which  a  marked  pole 
would  tend  to  move  if  placed  there,  and  since  a  body 
having  potential  energy  tends  to  move  in  the  direction 
in  which  the  potential  diminishes  most  rapidly,  it  is  evi- 
dent that  the  potential  along  a  line  of  force  diminishes 
most  rapidly  in  the  positive  direction. 

557.  Equipotential  Magrnetic  Surfaces. — About  a 
single  magnetic  pole  the  variation  of  potential  is  equal 
in  all  directions,  so  that  the  potential  is  the  same  at  the 
same  distance.  If  a  spherical  surface  be  described  about 
the  pole  as  a  center,  every  part   of  it  will  be  at  the 
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same  distance  from  the  pole,  and  hence  will  be  at  the 
same  potential.  Such  a  surface  is  called  an  equipotential 
surface ;  and  the  equipotential  surfaces  due  to  a  single  pole 
are  evidently  the  surfaces  of  concentric  spheres  having  the 
pole  as  their  common  center.  To  carry  a  unit  pole  from 
one  such  surface  to  the  next,  work  must  of  course  be 
done  ;  and  the  distance  between  these  surfaces  may  be  so 
chosen  that  this  work  may  be  unity.  Thus  if  the  mag- 
netic mass  of  the  pole  at  the  center  be  in  units,  the  po- 
tential on  the  surface  of  a  sphere  drawn  about  it,  whose 
radius  is  m  centimeters,  will  be  unity;  and  an  erg  of 
work  will  be  done  in  bringing  a  unit  pole  from  an  in- 
finite distance  to  this  surface  against  repulsion.  To  do 
two  ergs  of  work,  the  surface  must  be  at  only  half  this 
distance  from  the  pole  at  the  center;  since  then  V=2 
and  2  =  m/l ;  whence  I  =  im.  So  to  do  three  or  four 
times  the  work,  the  radius  of  the  equipotential  surface 
must  be  one  third  or  one  fourth  the  value  required  when 
only  one  erg  is  done  (Fig.  279).     The  distance  between 
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each  pair  of  surfaces  corresponds  to  the  same  work  done ; 
and  as  these  distances  in  the  above  example  are  ^in,  |w, 
•j^m,  it  follows  that  they  are  directly  proportional  to  the 
square  of  the  mean  distance  (the  geometrical  mean)  and 
inversely  proportional  to  the  magnetic  mass  of  the  pole  ; 
or  what  is  the  same  thing,  to  the  product  of  the  extreme 
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distances  divided  by  the  magnetic  mass  of  the  pole.  If 
F=  m/l^  and  V  =  m/l\  it  is  obvious  that  in  order  to 
have  F  -  F'  =  1,  m/l  -  m/V  or  m(\/l  -  1/V)  =  1 ;  whence 
V  —  I  =  IV fm ;  or  the  distance  between  each  of  the  equi- 
potential  surfaces  is  proportional  directly  to  the  product 
of  their  radii  and  inversely  to  the  magnetic  mass  of  the 
pole.  Thus  in  the  above  figure  the  radius  is  \m  for  the 
second  surface  and  \m  for  the  third ;  whence  the  distance 
between  the  two  is  (^w  X  iw)/m  or  \m.  The  mean  force 
acting  is  of  course  (F—  V')/\m  or  6(  T—  V')/m\  and 
the  work  done,  being  the  product  of  this  mean  force  by 
the  distance  through  which  it  acts,  is  6(  F  —  V')/m  X  m/^ 
=  V  —  V^ ;  that  is  to  say,  the  work  done  is  proportional 
to  the  diflference  of  potential  between  the  surfaces. 
Since  this  difference  is  unity,  the  distance  between  the 
-equipotential  surfaces  of  a  system  is  always  such  that 
unit  of  work  is  done  in  carrying  unit  pole  from  one  to 
the  other  against  the  magnetic  forces. 

Since  an  equipotential  surface  is  everywhere  perpen- 
dicular to  the  lines  of  force  of  the  field,  the  number  of 
such  lines  which  traverse  it  per  unit  of  area  represents 
the  intensity  of  the  field.  But  we  have  just  seen  that 
the  intensity  of  the  field,  as  measured  by  the  work  done 
in  moving  a  unit  pole  across  it,  is  the  reciprocal  of 
the  distance  between  the  equipotential  surfaces.  Hence 
the  flow  of  force  through  unit  area  of  an  equipotential 
surface  is  the  reciprocal  of  the  distance  between  that 
surface  and  the  next  in  order. 

If  the  field  be  uniform,  the  lines  of  force  are  straight, 
parallel,  and  equidistant,  and  the  equipotential  surfaces 
are  equidistant  planes  perpendicular  to  the  lines  of  force. 

558.  Tubes  of  Force, — The  strength  of  a  magnetic 
pole  is  mentally  pictured,  according  to  the  method  of 
Faraday,  by  the  number  of  lines  of  force  which  enter  or 
leave  it.  Each  of  these  lines  of  force  is  continuous, 
passing  from  the  marked  pole  to  the  unmarked  one  out- 
side of  the  magnet,  and  from  the  unmarked  to  the 
marked  pole  within  it.  The  amount  of  magnetization  at 
the  point  where  a  line  of  force  leaves  the  one  pole  of  a 


Digitized  by  VjOOQ IC 


652  PHYSICS. 

magnet  is  exactly  equal  and  of  contrary  sign  to  that  at  the 
point  where  it  enters  the  other.  Suppose  now  that  two 
areas  be  taken  on  two  consecutive  equipotential  surfaces, 
and  through  the  boundaries  of  these  areas  lines  of  force 
be  drawn ;  it  is  evident  that  these  lines  of  force  will  en- 
close a  tubular  space,  cylindrical  if  the  lines  of  force  be 
straight  and  parallel,  conical  if  they  be  straight  and  not 
parallel.  Such  a  system  of  lines  of  force  is  called  a  tube 
of  force;  and  since  the  number  of  lines  of  force  is  the 
same  at  all  parts  of  the  tube,  the  strength  of  the  magnet- 
ization is  the  same  at  each  of  its  cross-sections.  If  the 
area  enclosed  represent  unit  magnetization,  the  whole 
equipotential  surface  may  be  divided  up  into  such  unit 
tubes  of  force,  and  the  strength  of  a  pole  will  be  propor- 
tional simply  to  the  number  of  unit  tubes  which  thus 
abut  upon  it.  If  the  tube  be  conical,  its  two  bases  will 
be  unequal ;  although  the  strength  of  the  magnetization 
will  be  the  same  on  each.  Hence,  since  the  strength  of 
the  magnetization,  or  the  flow  of  force  through  these 
bases,  is  US,  or  the  product  of  the  flow  through  unit  of 
area  multiplied  by  the  number  of  units  of  area  or  the 
total  surface,  it  follows  that  HS  on  the  first  surface  must 
be  equal  to  H'S'  on  the  second  ;  i.e.,  that  this  product 
must  be  the  same  at  any  cross-section.  Since  HS  = 
irS\  we  have  HS  -  HS'  =  0,and  also  H  :  H'  \:  S'  :  Sv 
or  the  intensity  of  the  field  is  inversely  as  the  cross- 
section  of  the  tube. 

559.  Equipotential  Surfaces  due  to  Two  Poles. — 
Since  potentials  may  be  directly  added  together,  the 
potential  at  a  point  due  to  two  magnetic  poles  is  simply 
the  algebraic  sum  of  the  potentials  produced  by  the 
same  poles  acting  separately.  If  m/l  be  the  potential 
due  to  the  magnetic  pole  m  at  the  distance  Z,  and  —  m/V 
be  the  potential  due  to  the  equal  and  opposite  pole  —  m 
at  the  distance  l\  the  potential  due  to  both  poles  at  the 
point  P,  distant  I  from  the  one  pole  and  V  from  the  other, 
will  be  m/l  —  mjP  or  md/l  —  l/l').  Since  this  is  true  of 
every' point  in  the  field,  the  expression  r=  m(ly7  —  1/7') 
when  F  is  constant  represents  the  equation  of  an  equi- 
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potential  surface  due  to  both  poles,  over  which  the 
potential  has  the  constant  value  F.  If,  for  example^ 
two  points  be  taken  to  represent  two  opposite  poles,  and 
about  each  of  these  points  as  centers  spherical  equi- 
potential  surfaces  be  drawn  as  above  described,  it  is 
evident  that  at  the  points  where  the  circles  cut  one 
another  the  potential  due  to  the  separate  poles  must 
have  the  same  value ;  this  value  being  of  course  the 
algebraic  sum  of  the  separate  values.  By  marking  these 
intersections  with  their  values  thus  obtained,  and  by 


Fio.  280. 

drawing  curves  through  all  the  points  at  which  the  value 
is  the  same,  a  series  of  curves  will  be  obtained  which 
will  represent  the  equipotential  surfaces  due  to  both 
poles  taken  together  (Fig.  280).  In  the  special  case 
here  taken  these  surfaces  are  spherical  in  shape  and 
enclose  the  poles,  the  ratio  NP/SP  or  NQ/SQ  being 
constant  for  any  given  surface.  Those  about  the  marked 
pole  correspond  to  positive  values  of  the  potential,  and 
those  about  the  unmarked  pole  to  negative  ones.  Hence 
the  two  regions  are  separated  by  a  symmetrical  plane 
perpendicular  to  the  line  joining  the  poles,  whose 
potential  is  zero.  The  full  circles  are  drawn  for  succes- 
sive equal  changes  of  potential ;  and  the  dotted  circles, 
which  represent  lines  of  force  and  which  cut  the  first  set 
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at  riglit  angles,  are  so  drawn  that  the  amount  of  magnetic 
force  which  flows  in  a  given  time  through  the  space 
bounded  by  portions  of  each  contiguous  pair  is  the  same. 
(Tait.) 

560.  Energry  of  Magiietization, — The  work  which 
must  be  done  upon  a  magnet  to  reverse  its  position  in 
the  magnetic  field — work  which  is  done  against  the  mag- 
netic forces,  if  its  direction  coincides  with  that  of  the 
field  and  the  magnet  is  in  stable  equilibrium,  or  by 
these  forces  if  its  direction  is  opposite  to  that  of  the 
field — is  measured  by  the  product  of  the  force  acting 
by  the  distance  through  which  it  acts  ;  i.e.,  b}'  mH 
multiplied  by  I,  or  mlH;  which  since  ml  is  the  same  as 
M  is  Mil.  And  this  of  course  represents  the  change  of 
energy  of  the  magnet  due  to  its  position.  To  rotate  the 
magnet  from  a  position  in  which  it  makes  an  angle  a 
with  the  earth's  lines  of  force,  to  its  normal  position  of 
parallelism  with  these  lines,  requires  of  course  the  work 
corresponding  to  the  product  of  the  force  by  the  versed 
sine  of  the  angle  ;  i.e.,  to  mU.  ^1(1  —  cos  or),  or  to  i3IH 
(1  —  cos  a).  And  as  this  work  is  done  by  the  magnetic 
forces,  the  potential  energy  of  the  magnet  is  diminished 
by  this  amount. 

If  the  distance  is  very  great  with  respect  to  the  size 
of  the  magnet  we  may  proceed  as  follows :  The  potential 
at  P  (Fig.  281)  due  to  the  very 
small  magnet  NS  will  be  of  course 
m(l/r'  -  1/r")  or  m(r"  -  r')AV"  ; 
now  we  may  replace  r'^—r'  by  the 
approximate  value  I  cos  a  and  rV" 
by  r '.  Whence  V  =  {ml  cos  oi)/r* ; 
or,  representing  by  pi  the  moment 
Fio.281.  ^   of  this    small    magnet,    F  = 

{/I  cos  «)/r*.  If  now  a  circle  be  traced  about  0  as  a 
center,  perpendicular  to  the  magnetic  axis,  of  such  size 
that  its  surface  represents  numerically  the  value  ja  of 
the  magnetic  moment,  and  this  surface,  viewed  from  the 
point  P,  subtends  the  solid  angle  co,  this  angle,  since  it 
is  the  ratio  of  the  surface  which  subtends  it   to  the 
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square  of  the  radius,  will  be  equal  to  ///r'  seen  normally ; 
or  to  the  projection  of  //  perpendicular  to  r,  divided  by 
r*  when  seen  from  P\  and  hence  cw  =  (/i  cos  ^)/r'.  But 
this  is  exactly  the  value  of  V  above  given.  Whence 
F=  a)\  or  the  potential  of  a  minute  magnet  at  a 
point  is  measured  by  the  solid  angle  subtended 
by  a  surface  equal  to  the  moment  of  the  magnet, 
«s  seen  from  the  point,  the  surface  being  per- 
pendicular to  the  axis  of  the  magnet  at  its  mid- 
dle point  (Joubert).  But  the  potential  of  this  small 
magnet  represents  evidently  the  work  which  must  be 
expended  upon  a  unit  positive  pole  to  bring  it  from 
infinity  to  the  point  P,  against  the  forces  of  the  small 
magnet ;  or  to  bring  the  little  magnet  from  infinity  to  its 
actual  position,  in  presence  of  a  unit  magnetic  pole  at 
P,  But  this  is  evidently  the  total  energy  of  the  system 
consisting  of  the  small  magnet  and  the  unit  pole  at  P, 
If  the  pole  at  P  were  of  strength  m,  the  energy  of  the 
system  would  be  moj. 

To  carry  a  magnet  of  moment  M  from  a  field  of 
strength  U  to  infinity  requires  work  MU,  To  carry  a 
soft  iron  bar  to  the  same  distance  requires  half  this 
work.  The  other  half  ^MH  is  the  intrinsic  energy  of 
the  magnetization.  According  to  Joubert,  work  equiva- 
lent to  10000  to  15000  ergs  per  cubic  centimeter  must 
be  expended  upon  soft  iron  in  order  to  magnetize  it; 
and  from  120000  to  200000  ergs  per  cubic  centimeter 
upon  steel. 

C. — ^THEORY   OF  MAGNETIZATION, 

561.  Magrnetization  a  Molecular  Pheiiomeuou. — If 

an  electrified  body  while  under  induction  be  divided 
into  two  parts,  both  of  these  parts  on  separation  will  be 
found  to  be  electrified,  the  one  positively,  the  other 
negativel3^  But  if  a  magnet  be  broken  into  halves,  no 
such  result  appears.  Each  half  is  found  to  be  a  com- 
plete magnet,  two  new  poles,  of  strength  nearly  equal  to 
that  of  the  original  poles,  being  developed  on  the  two 
sides  of  the  fracture.     So  that  it  is  not  possible  to  ob- 
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tain  marked  or  unmarked  magnetization  alone.  More- 
over, as  this  subdivision  of  a  magnet  may  be  continued 
indefinitely  and  with  the  same  results,  each  particle 
being  always  a  complete  magnet,  it  follows  that  the 
magnetic  property  must  reside  in  the  smallest  particle 
capable  of  existing  by  itself ;  that  is,  in  the  molecule. 

562.  Theories  of  Poissou  and  of  Weber. — The  an- 
alogy  between  magnetic  and  electric  phenomena  led 
Poisson  to  propose  a  two  fluid  theory  of  magnetism. 
But  since  these  magnetic  fluids  cannot  pass  from  one 
molecule  to  the  next,  the  process  of  magnetization  on 
this  theory  must  consist  in  separating  more  or  less  the 
fluids  contained  in  each  molecule,  causing  an  accumula- 
tion of  the  one  fluid  at  one  end  of  the  molecule  and  of 
the  other  fluid  at  the  other. 

Weber,  on  the  other  hand,  propounded  the  theory 
that  the  molecules  of  a  magnetic  substance  are  always 
magnets;  and  that  the  reason  why  the  substance  ex- 
hibits no  magnetic  properties  is  simply  because  the 
magnetic  axes  of  the  molecules  are  turned  indifferently 
in  every  direction.  According  to  this  theory,  the  pro- 
cess of  magnetization  consists  in  rotating  these  axes 
more  or  less,  so  that  they  shall  all  point  in  the  same  di- 
rection. Evidently  if  the  magnetizing  force  be  powerful 
enough  to  place  these  axes  parallel  to  the  direction  of 
the  field,  the  maximum  amount  of  magnetization  pos- 
sible will  be  attained.  That  such  an  upper  limit  of 
magnetization  actually  exists,  Beetz  established  by  de- 
positing electrolytically  a  fine  filament  of  iron  parallel  to 
the  lines  of  force  of  a  magnetic  field.  The  filament  was 
found  to  be  so  strongly  magnetized  that  no  further  per- 
manent magnetization  could  be  produced  in  it  even  by 
a  powerful  magnetizing  force  ;  while  the  increase  of  the 
temporary  magnetization  was  but  slight.  Hence  it  would 
appear  that  at  the  instant  of  deposition  each  molecule 
had  its  axis  placed  in  the  direction  of  the  magnetizing 
force.  These  experiments  of  Beetz  would  seem  to  be 
decisive  in  favor  of  the  theory  of  Weber.  This  theory 
is  known  as  the  theory  of  magnetic  polarization. 
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Experiments.— 1.  Fill  a  glass  tube  with  steel  filings  and  magnet- 
ize them  by  drawing  the  marked  pol&  of  a  strong  magnet  from  the 
middle  point  toward  one  end,  and  the  unmarked  pole  from  this 
point  toward  the  other  end.  The  tube  will  act  as  a  magnet  and 
possess  polarity,  one  end  attracting  and  the  other  repelling  the 
marked  end  of  a  suspended  magnetic  needle. 

2.  Shake  the  tube  strongly  so  as  to  intermingle  thoroughly  the 
steel  particles.  If  now  the  magnetic  axes  of  the  filings  have  been 
made  to  point  in  all  directions  equally,  there  will  be  no  directive 
tendency  in  the  mass  as  a  whole,  and  both  ends  of  the  tube  will  at- 
tract the  marked  or  the  unmarked  end  of  a  suspended  needle.  Here 
it  is  plain  that  the  act  of  magnetization  consists  simply  in  so  arrang- 
ing the  axes  of  a  lot  of  already  magnetized  filings  that  their  polari- 
ties shall  all  point  in  the  same  direction. 

3.  Take  a  piece  of  watch-spring  at)out  ten  centimeters  long  and 
magnetize  it  in  the  ordinary  way.  Examine  the  strength  of  its  mag- 
netization by  ascertaining  how  large  a  nail  it  will  support.  Then 
break  the  magnet  at  its  middle  point ;  and  notice  that  two  complete 
magnets  will  result,  the  two  new  poles  developed  at  the  point  of 
fracture  being  nearly  the  equal  of  the  old  ones  m  strength. 

4.  Bend  a  watch-spring  magnet  until  the  two  ends  are  in  con- 
tact. The  ring  thus  formed  will  show  no  polarity  whatever  ;  thus 
proving  the  exact  equality  of  the  two  opposite  poles. 

563.  Electrical  Theory  of  Magriietization. — Am- 
pere's theory  supposes  that  each  magnetic  molecule  is 
the  seat  of  an  electric  equatorial  current  to  which  the 
axes  are  perpendicular.  The  further  consideration  of 
this  theory  must  be  postponed  until  after  we  have 
discussed  the  magnetic  properties  of  the  electric  cur- 
rent. 

Section  III. — Magnetic  Induction. 
A. — magnetic  susceptibility  and  permeability. 

564.  Induced  Magrnetlzation. — Whenever  a  mag- 
netic substance  is  placed  in  a  magnetic  field  it  acquires 
magnetic  properties  and  becomes  polarized.  The  pro- 
duction of  magnetization  in  this  way  is  called  magnetic 
induction.  Paramagnetic  substances  like  iron,  when 
placed  with  their  axes  parallel  to  the  lines  of  force  of 
the  field,  are  magnetized  in  the  positive  direction ;  i.e., 
so  that  the  end  where  these  lines  enter  becomes  an  un- 
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marked  pole  and  that  where  they  issue  a  marked  one. 
Diamagnetic  substances,  on  the  other  hand,  are  polar- 
ized in  the  inverse  direction ;  the  end  where  the  lines  of 
force  enter  becoming  a  marked  pole  and  that  from  which 
they  emerge  an  unmarked  pole.  Iron  which  is  soft  in 
the  technical  sense  is  soft  also  in  the  magnetic  sense, 
and  loses  its  magnetization  entirely  when  removed  from 
the  magnetic  field.  All  operations  which  tend  to  harden 
it,  such  as  hammering,  rolling,  and  the  like,  make  it  less 
easy  to  magnetize  aud  cause  it  to  retain  more  or  less 
magnetization  after  removal  from  the  field.  Soft  steel 
is  magnetized  almost  as  readily  as  soft  iron  and  loses  its 
magnetization  almost  as  readily.  But  when  hardened 
by  sudden  cooling,  it  becomes  the  best  material  known 
for  permanent  magnets.  The  total  induced  magnetiza- 
tion while  in  the  inducing  field  is  the  sum  of  the  tempo- 
rary and  permanent  magnetizations. 

505.  3Ia^iietic  Susceptibility. — The  amount  of  in- 
duced magnetization  which  is  developed  when  a  mag- 
netic substance  is  placed  in  a  magnetic  field  is  depend- 
ent 1^1)  upon  the  strength  of  the  field  and  (2)  upon  the 
magnetic  properties  of  the  substance  on  which  the  in- 
duction acts ;  that  is  to  say,  it  is  proportional  to  the 
product  of  the  strength  of  the  field  by  the  intensity  of 
the  magnetization  which  a  unit  field  produces  in  the 
substance.  Intensity  of  magnetization  /  has  been  de- 
fined as  the  ratio  of  the  magnetic  moment  to  the  volume ; 
or  in  the  0.  G.  S.  system,  as  the  magnetic  moment  of  one 
cubic  centimeter  of  the  substance.  So  that  if  k  repre- 
sent the  intensity  of  magnetization  of  a  magnetic  sub- 
stance in  the  form  of  a  long  thin  bar  when  placed  in  a 
unit  magnetic  field  parallel  to  the  lines  of  force,  the  total 
intensity  of  magnetization  when  the  substance  is  placed 
in  a  field  of  strength  //  will  be  kH;  whence  /  =  kH  and 
k=I/I£  The  relation  between  the  strength  of  the  field 
and  the  intensity  of  magnetization  which  it  produces 
in  a  long  thin  bar  of  a  substance  when  placed  parallel 
to  the  lines  of  force,  is  called  the  magnetic  Busceptibility 
of  the  substance,  the  induced  magnetization  being  the 
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gre«cter  in  proportion  as  the  susceptibility  is  greater. 
In  the  case  of  such  a  bar  the  ratio  of  the  intensity  of  the 
magnetization  to  that  of  the  field  producing  it,  or  the 
magijatization  produced  by  a  field  whose  strength  is 
unity,  which  ratio  is  represented  by  k,  is  called  the  co- 
efficient of  induced  magnetization  or  the  coefficient  of 
magnetic  sasce^tlbility. 

566.  Magnetic  Permeability. — Another  mode  of 
expressing  the  same  result  has  been  suggested  by  Lord 
Kelvin.  Since  the  number  of  lines  of  force  issuing  from 
a  pole  of  unit  magnetic  mass,  i.e.,  the  flow  of  force  from 
this  pole,  is  4;r,  the  number  of  such  lines  entering  or 
leaving  a  pole  of  magnetic  mass  i,  developed  in  a  unit 
field,  will  be  4:7rk;  and  the  total  number  of  lines  travers- 
ing the  cross-section  of  the  pole  assumed  to  be  unity 
will  be  1  -\-4:7rk,  or  the  number  due  to  the  field  plus  tlie 
number  due  to  the  pole  which  the  field  induces.  The 
relation  between  the  total  flow  of  force  induced  across 
unit  of  area  of  the  magnetic  substance  and  the  flow 
across  unit  section  of  the  indueiug  field  alone,  is  called 
by  Kelvin  the  magnetic  permeability  of  the  substance  ; 
and  magnetic  permeability,  or  //,  is  defined  as  the  ratio 
of  the  number  of  lines  of  force  induced  through  unit 
area  of  a  substance  to  the  number  ti  aver  sing  unit  area 
of  the  field.  Or,  calling  B  the  number  of  lines  traversing 
unit  area  of  the  substance,  i.e.,  the  magnetic  induction, 
and  //  the  strength  of  the  inducing  field,  we  have  u  = 
£/n ;  whence,  since  jn  =  l-\-  4:7rk,  we  have  B  =  //// 
=  II  -{-  4:7rkII=  H  -{-4:7tl,  That  is  to  say,  the  magnetic 
induction  is  equal  to  the  strength  of  the  field  increased 
by  4;r  times  the  intensity  of  the  magnetization.  If  in  the 
expression  fj.  =  B/II,  the  value  of  //  is  unity,  //  will  evi- 
dently represent  the  number  of  lines  of  force  which  trav- 
erse unit  area  of  the  substance  when  placed  in  a  field  of 
unit  strength  perpendicular  to  the  lines  of  force.  This 
is  called  the  coefficient  of  permeability  or  the  coefficient 
of  magnetic  induction.  Magnetic  permeability  may  be  con- 
sidered as  **  the  conducting  power  of  a  magnetic  medium 
for  lines  of  force  "  (Faraday) ;  or  as  "  the  specific  mag- 
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netic  inductive  capacity  of  the  medium  "  (Maxwell).  The 
total  flow  of  force  through  any  surface,  therefore,  is  BS; 
i.e.,  is  the  product  of  the  magnetic  induction  through 
unit  surface  by  the  number  of  such  units. 

567.  Liines  of  Inductiou.  —  The  directions  along 
which  magnetic  induction  takes  place  may  be  called 
lines  of  induction.  These  lines  coincide  with  lines  of  force 
only  in  a  magnetic  field.  Within  a  magnet  the  lines  of 
induction  are  not  parallel  to  the  lines  of  force,  but  have 
A  direction  varying  with  the  molecular  condition  of  the 
substance.  All  the  lines  of  induction  within  an  induced 
magnet  are  directed  from  the  negative  pole  to  the  posi- 
tive, while  outside  they  go  from  the  positive  toward  the 
negative  pole  ;  the  lines  of  force  in  both  cases  being 
directed  from  the  positive  toward  the  negative  pole 
(Maxwell).  The  result  is  that  a  magnetic  pole  continu- 
ally tends  to  repel  its  own  magnetization,  and  thus  to 
weaken  itself.  On  the  contrary,  two  opposite  magnetic 
poles  strengthen  each  other  by  induction  although  they 
weaken  each  other's  fields. 

568.  Curves  of  Magnetization.— Hysteresis. — When 
a  rod  of  iron  is  subjected  to  a  gradually  increasing  mag- 
netic field,  the  intensity  of  magnetization  increases,  at 
first  approximately  with  the  magnetizing  force,  and  then 
more  slowly  tending  toward  a  limit.  Since  therefore 
/,  or  the  intensity  of  magnetization,  has  still  a  finite 
value  when  Zf,  or  the  magnetizing  force,  is  infinite,  the 
value  of  i,  the  coefficient  of  susceptibility,  must  tend 
toward  zero  as  its  limit.  This  limiting  value,  toward 
which  the  intensity  of  magnetization  tends  as  a  maximum, 
is  called  the  point  of  saturation.  In  the  case  of  iron,  this 
term  has  reference  to  the  maximum  value  attainable  by 
a  bar  while  under  induction.  In  the  case  of  steel,  how- 
ever, the  term  is  usually  employed  with  reference  to 
permanent  magnetization,  so  that  steel  magnets  are 
sometimes  said  to  be  supersaturated.  That  is,  after 
magnetization  they  gradually  lose  their  force  at  a  de- 
creasing rate  for  days  and  even  weeks  frequently ;  becom- 
ing finally  normal.     This  process  may  be  hastened  by 
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any  operation  which  facilitates  molecular  readjustment, 
such  as  heating  and  cooling,  taps  with  a  hammer,  and 
the  like. 

If  the  results  of  magnetization  be  plotted,  making 
the  magnetizing  forces  the  abscissas  and  the  induced  in- 
tensities of  magnetization  the  ordinates,  curves  will  be 
obtained  (Fig.  282),  showing  the  law  of  variation  for  dif- 
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ferent  samples  of  metal.  In  the  case  of  soft  wrought- 
iron,  the  curve  rises  rapidly,  attaining  a  value  of  900 
C.  G.  S.  units  for  a  magnetizing  force  of  4  C.  G.  S.  units; 
then  it  changes  its  direction  and  develops  only  an  inten- 
sity of  1200  units  when  the  magnetizing  force  reaches 
24  units.  Under  the  action  of  very  intense  magnetizing 
forces,  Ewing  has  obtained  a  value  which  for  wrought- 
and  for  cast-iron,  for  several  kinds  of  steel,  for  nickel 
and  for  cobalt,  is  sensibly  constant.  The  field  required 
had  a  magnetizing  force  of  2000  C.  G.  S.  units  for  wrought- 
iron  and  for  nickel,  and  of  less  than  4000  C.  G.  S.  units 
for  cast-iron  and  for  cobalt  The  constant  value  of  ^nl 
in  the  equation  B  =  -ff  +  4;r/,  he  found  to  be  for  nickel 
5030  to  6470  C.  G.  S.  units,  for  cast-iron  15580  units,  for 
cobalt  16300  units,  and  for  wrought-iron  21360  units.  At 
these  high  values  the  maximum  intensity  of  magnetiza- 
tion of  wrought-iron  is  attained,  since  it  does  not  sen- 
sibly increase  when  the  field  varies  from  2000  to  20000 
€.  G.  S.  units. 
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If  a  long  thin  rod  of  iron  be  placed  in  a  magnetic 
field  parallel  to  the  lines  of  force,  and  if  the  strength  of 
the  field  be  raised  from  zero  to  a  certain  value  i/,  the 
curve  of  magnetization,  as  above, 
will  be  represented  by  the  line  OA 
(Fig.  283).  If  now  the  field  be  di- 
minished again  to  zero,  the  inten- 
sity will  not  follow  the  same  values 
in  decreasing  order,  but  will  de- 
scribe the  upper  curve  AA' \  so 
that  when  the  magnetizing  force 
has  become  zero,  the  magnetization 
has  a  considerable  value,  0A\  On 
increasing  again  the  strength  of  the  field  to  H^  the  lower 
curve  A^A  is  described,  and  so  on  ;  the  cycle  being  con- 
tinually traversed  in  the  order  indicated  by  the  arrows. 
To  secure  this  result,  however,  it  is  necessary  that  the 
bar  should  have  a  length  300  to  400  times  its  diameter, 
and  should  be  carefully  protected  from  vibration ;  the 
remanent  magnetization  being  practically  zero,  when  th*^' 
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bar  is  subjected  to  shocks.  If,  instead  of  causing  the 
magnetizing  force  to  vary  between  zero  and  77,  it  be 
made  to  oscillate  between  —  77  and  +  ^»  the  curve  de- 
scribed is  that  given  in  the  figure  (Fig.  284).  The  initial 
magnetization  is  represented  by  the  curve  OA,  the  mag- 
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netizing  force  increasing  from  zero  to  H.  As  the  values  of 
this  force  decrease  from  -\- Uio  —H^  the  magnetization 
follows  the  curve  AC  A  ;  and  as  it  increases  again  from 
— //^  to  +  //,  the  magnetization  describes  the  curve 
A'BA  ;  the  cycle  being  repeated  always  in  the  same 
order.  For  the  same  value  of  the  magnetizing  force, 
therefore,  the  magnetization  possesses  two  values,  being 
greater  in  the  descending  than  in  the  ascending  order  ; 
so  that  the  magnetization  of  a  bar  would  seem  to  depend 
not  upon  the  actual  conditions  of  the  experiment  alone, 
but  also  upon  its  previous  state.  There  is  therefore 
said  to  be  a  retardation  of  the  magnetization  in  relation 
to  the  magnetizing  force  ;  and  the  phenomenon  is  called 
hysteresis  by  its  discoverer,  Ewing.  The  curves  are  the 
more  separated  in  proportion  as  the  coercitive  force  is 
greater.  There  is  therefore  a  dissipation  of  energy  on 
magnetization,  the  amount  of  which  is  proportional  to 
the  area  of  the  cycle ;  and  hence  iron  is  heated  by  re- 
peated magnetization  and  demagnetization. 

509.  Values  of  Magnetic  Coustauts. — The  C.  G.  S. 
unit  of  intensity  of  magnetization  is  that  of  a  bar,  the 
magnetic  moment  of  which  is  one  C.  G.  S.  unit  and  the 
volume  of  which  is  one  cubic  centimeter.  The  C.  G.  S. 
unit  of  magnetic  moment  is  the  moment  of  a  bar  which 
when  placed  in  a  field  of  one  C.  G.  S.  unit  strength  with 
its  axis  perpendicular  to  the  lines  of  force,  is  acted  on 
by  a  C.  G.  S.  unit  couple.  Since  the  dimensions  of  force 
F  are  MLT~^^  the  dimensions  of  magnetic  mass  of  pole 
m  =  F^L  are  JUiL^T'\  the  dimensions  of  strength  of 
field  11=  F/m  are  M^L'^T'^ythe  dimensions  of  magnetic 
moment  M  =  ml  are  M^LiT'\  and  the  dimensions  of 
intensity  of  magnetization  /=  if/  Fare  M^L'^T'^,  or  the 
same  as  the  dimensions  of  strength  of  field. 

The  maximum  intensity  of  magnetization  of  which 
iron  is  capable  appears  to  be  about  1600  C.  G.  S.  units, 
attained  in  Bidwell's  experiments.  Ewing,  using  a  field 
varying  in  strength  from  0  to  50  C.  G.  S.  units,  obtained 
an  intensity  of  1200  C.  G.  S.  units  as  a  maximum.  The 
value  of  /  obtained  by  Rowland  for  cobalt  was  800  C.  G.  S. 
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units  as  a  maximum,  and  for  nickel  494.  For  steel  the 
permanent  intensity  of  magnetization  varies  with  different 
specimens,  from  400  C.  G.  S.  (Weber)  and  470  C.  G.  S. 
(von  Waltenhofen)  to  785  (Rowland)  and  878  (Hopkin- 
son).  Since  k  =  I/IIy  the  value  of  the  susceptibility  can 
be  obtained,  knowing  the  intensity  of  the  induced  mag- 
netization and  the  strength  of  the  inducing  field.  Its 
maximum  value  is  reached  when  the  field  is  very  feeble, 
when  the  iron  is  very  soft,  and  when  it  is  carefully  pro- 
tected from  vibration.  With  a  magnetizing  force  of  2*6 
to  3  units,  the  value  of  k  may  rise  to  200  or  275.  If, 
however,  the  rod  is  jarred  during  magnetization,  k 
reaches  its  maximum  with  a  field  of  a  strength  of  only 
0*2  unit,  and  may  then  reach  a  value  of  1600.  On  the 
other  hand,  with  very  intense  fields  the  magnetic  suscep- 
tibility may  fall  as  low  as  0'15.  The  value  of  k  for  iron 
is  given  by  Barlow  as  32*8,  by  Thalen  as  32  to  44,  by 
A.  Smith  as  80  to  90,  by  Stoletow  21  to  174,  by  Eowland 
in  Norway  iron  366,  and  by  Ewing  in  thin  sof t^iron  wires 
as  1300  to  1400.  In  the  case  of  steel,  k  reaches  its  max- 
imum of  from  10  to  35,  according  to  its  character,  with 
-a  magnetizing  force  of  25  to  40  C.  G.  S.  units. 

The  maximum  magnetic  induction  of  which  a  mag- 
netic substance  is  capable  is  the  same  quantity  as  its 
maximum  intensity  of  magnetization,  although  expressed 
in  terms  of  the  lines  of  force  traversing  unit  area  of  the 
metal.  The  magnetic  induction  B  is  47r  times  the  inten- 
sity of  magnetization  plus  the  strength  of  the  inducing 
field  ;  B  =  4;r7  -(-  H\  or  since  B  =  /^//and  /  =  kll,  we 
have  pi  =  1  -{-  4:7rk,  which  gives  the  permeability  in  terms 
of  the  susceptibility.  Thus,  for  example,  a  specimen  of 
iron  for  which  k  has  the  value  250,  will  have  a  permea- 
bility of  above  3000  and  be  capable  of  receiving  a  mag- 
netic induction  of  about  32000 ;  i.e.,  of  having  32000 
lines  of  force  traverse  it  per  square  centimeter.  The 
values  found  for  B  differ  greatly  according  to  the 
quality  of  the  iron  used.  Rowland  gives  16600  for 
wrought-iron,  Kapp  16740  for  wrought^iron,  20460  for 
sheet-iron,  and  23250  for  iron  wire ;  and  Hopkinson  18250 
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for  wrought-iron  and  19840  for  mild  steel.  In  a  field 
of  220,  the  induction  reached  11000  for  cast-iron ;  the 
residual  induction  being  about  5000.  The  induction  in 
gray  cast-iron  with  a  field  of  240  reached  10783 ;  in 
mottled  cast-iron  10546 ;  in  malleable  cast-iron  12408. 
Ewing  by  the  use  of  an  enormous  magnetizing  force  haa 
driven  the  induction  in  Lowmoor  iron  up  to  31560,  and 
even  to  40000 ;  the  permeability  being  lowered  in  the 
former  case  to  three  and  in  the  latter  to  two.  Hopkin- 
son  has  found  that  a  steel  containing  12  per  cent  of  man- 
ganese is  curiously  non-magnetic,  the  maximum  induction 
being  only  310.  If  Ewing's  values  be  plotted  with  the 
magnetizing  forces  as  abscissas  and  the  permeability  as 
ordinates,  the  curves  obtained  will  be  equilateral  hyper- 
bolas, having  II  =  0  and  //  =  1  as  asymptotes. 

The  following  table  gives  the  values  of  the  various 
magnetic  constants  as  determined  by  Bidwell : 

TABLE  OF  MAGNETIC  CONSTANTS. 


B 

k 

I 

/< 

B 

3-9 

151-0 

587 

1899-1 

7390 

10-3 

89-1 

918 

1121-4 

11550 

400 

30-7 

1226 

386-4 

15460 

1150 

11-9 

1370 

150-7 

17330 

2080 

70 

1452 

88-8 

18470 

4270 

3-5 

1504 

45-3 

19330 

585-0 

2-6 

1530 

33-9 

19820 

In  the  first  column  the  values  represent  the  number 
of  lines  of  force  per  square  centimeter  in  the  field  alone  ; 
in  the  last  column,  the  number  in  the  iron  within  the 
field.  Since  k  =  I/H  and  //  =  B/IT,  the  values  in  the 
other  columns  are  readily  obtained  from  these  (Thomp- 
son). 

The  value  of  the  susceptibility  k  is  always  positive 
for  paramagnetic  substances  such  as  iron ;  while  for  dia- 
magnetic  substances  such  as  bismuth  and  copper  it  has 
feebly  negative  values.  The  permeability  //,  however,  is 
always  positive.  In  the  case  of  paramagnetic  substances 
the  permeability  never  falls  below  unity.     The  value  of 
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k  for  bismuth  is  —  '0000025,  and  the  value  of  A'  is 
0'9999968584.  This  metal  is  the  strongest  diamagnetic 
substance  known,  and  its  permeability  is  the  smallest  of 
any  known  substance. 

ExAifPLES. — 1.  Suppose  a  rod  of  soft  iron  a  millimeter  in  diameter 
and  50  centimeters  long  to  be  placed  in  the  earth's  field  of  force, 
parallel  to  its  lines.  Since  the  strength  of  the  earth's  field  is  0'61 
dyne  at  Philadelphia,  the  intensity  of  the  induced  magnetization  in 
the  bar,  supposing  the  susceptibility  k'  to  be  40  for  this  inducing 
force,  will  be  0  61  x  40  or  244  C.  G.  S.  units. 

2.  Since  the  intensity  of  magnetization  is  the  ratio  of  the  mag- 
netic moment  to  the  volume,  the  magnetic  moment  of  this  bar  may 
be  obtained  by  multiplying  the  intensity  of  magnetization  above 
obtained,  by  the  volume.  The  volume  of  the  rod  is  ;r/V  or  04  cubic 
centimeter ;  whence  the  magnetic  moment  of  the  magnet  thus  made 
is  244  X  0-4  or  976  0.  G.  S.  units. 

3.  The  strength  of  the  i)ole  of  this  magnet  is  the  product  of  the 
intensity  of  magnetization  by  the  section  of  the  rod.  The  section  is 
iit(P  or  •0078r)4  square  centimeter;  whence  the  stn'iigih  of  the  ])ole 
is  24 -4  X  007854  or  0192  weber.  Such  a  pole  will  repel  a  similar 
pole  placed  at  a  distance  of  ten  centimeters  with  the  force  of  •192-/ 100, 
or  0  000369  dyne. 

4.  If  a  magntitized  steel  bar  a  centimeter  in  cross-section  bo 
arranged  to  move  about  a  pivot  in  a  horizontal  plane  the  force  act- 
ing on  each  of  its  poles  when  in  the  east  and  west  position,  sup- 
jK)sing  the  intensity  of  its  magnetization  to  be  785  C.  G.  S.  units— 
and  therefo?-e,  since  m  =  IS,  the  strength  of  each  pole  also  785 
O.  G.  S.  units— will  be  viH\  or,  since  the  value  of  //in  Philadelphia 
is  0195,  will  be  785  x  0195  or  1530  dynes.  This  is  equivalent  to 
1530/980  or  01561  gram-weight  for  each  pole  or  0-3122  gram- 
weight  for  iK^th  poles ;  and  this  is  the  weight  which  must  be  hung 
on  fine  cords  passing  over  pulleys  in  order  to  keep  the  magnet  in  it« 
east  and  west  position. 

5.  If  we  suppose  this  steel  bar  to  l)e  50  centimeters  long,  the 
couple  acting  on  it  in  its  east  and  west  position  will  have  a  moment 
Jf^or  miff,  if  M  =  ml,  The  moment  of  the  couple  will  be  785  x 
50  X  0195  or  7654  C.  G.  S.  units. 

570.  Magnetic  and  Electrostatic  Induction.  —  In 

magnetic  as  in  electrostatic  induction,  magnetization  by 
induction  precedes  attraction.  But  magnetic  induction 
differs  from  electrostatic  induction  in  the  fact,  first,  that 
it  acts  between  molecules  and  not  between  masses; 
second,   that   the   action    between    magnets  and   mag- 
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netic  substances  is  always  attractive  and  never  repulsive; 
and,  third,  that  magnetic  attraction  is  not  a  general 
property  of  matter,  but  is  limited  to  a  few  substances. 

B. — MAGNETIC  SOLENOIDS  AND   SHELLS. 

571.  Solenoldal  Filameut. — For  purposes  of  discus- 
sion, two  theoretical  arrangements  of  the  magnetization 
with  reference  to  the  magnetic  axis  are  employed.  In 
the  one  the  arrangement  is  linear  in  the  direction  of  the 
axis,  and  the  arrangement  is  called  Bolenoidal.  In  the 
other  it  is  superficial,  in  a  plane  perpendicular  to  the  axis, 
and  the  arrangement  is  called  lamellar.  A  series  of 
identical  magnetic  elements  placed  along  a  straight  or 
curved  line  so  that  their  axes  coincide  with  this  line  and 
all  point  in  the  same  direction,  constitutes  a  solenoldal 
filament.  Since  the  marked  pole  of  each  element  is  in  con- 
tact with  the  unmarked  pole  of  the  element  next  to  it, 
the  whole  constitutes  a  magnetic  filament  of  indefinitely 
small  and  constant  cross-section,  and  of  constant  in- 
tensity of  magnetization,  which  is  neutral  throughout  its 
length,  and  is  terminated  by  equal  magnetic  masses  of 
opposite  sign.  The  attraction  of  such  a  filament  is  re- 
duced simply  to  that  of  these  two  terminal  magnetic 
masses,  and  depends  only  on  their  position  ;  being  inde- 
pendent alike  of  the  form  and  of  the  length  of  the  filament. 
If  several  such  straight  filaments,  all  exactly  alike  and 
parallel,  be  suitably  associated,  they  will  form  a  cylinder 
whose  magnetization  will  be  uniform  throughout,  and 
will  be  free  only  at  the  terminal  faces.  Such  a  cylinder 
is  called  a  simple  solenoldal  magnet  ''A  magnetic  solenoid 
is  an  infinitely  thin  bar  of  any  form,  longitudinally  mag- 
netized with  an  intensity  varying  inversely  as  the  area 
of  the  normal  section  in  different  parts  *'  (Kelvin).  In 
the  case  of  such  a  magnetic  solenoid,  the  filament  of 
magnetic  matter  is  so  magnetized  that  the  intensity 
of  magnetization  is  the  same  at  every  cross-section ;  so 
that  the  product  of  this  intensity  into  the  area  of  a 
normal  section  is  everywhere  constant.     This  constant 
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product  is  called  the  magnetic  strength  of  the  solenoid; 
and  the  magnetic  moment  of  any  portion  of  it  is  equal 
to  the  product  of  the  magnetic  strength  of  the  portion 
by  its  length.  Since  /  =  nd/v,  the  magnetic  strength  IS 
is  equal  to  mlS/v  ;  which,  since  IS/v  =  1,  is  equal  to  m. 
In  other  words,  the  magnetic  strength  of  a  solenoidal 
magnet  is  what  we  have  called  the  magnetic  mass  of  a 
pole.  If  a  number  of  magnetic  solenoids  of  different 
lengths  be  placed  together,  so  as  to  produce  a  single 
indefinitely  thin  magnet,  this  magnet  is  called  a  complex 
solenoid;  and  its  strength  at  any  section  is  the  sum  of 
the  strengths  of  all  the  simple  solenoids  which  pass 
through  that  section.  "  The  action  of  a  magnetic  sole- 
noid is  the  same  as  if  a  quantity  of  positive  or  northern 
imaginary  magnetic  matter  numerically  equal  to  its  mag- 
netic strength  were  placed  at  one  end  and  an  equal 
absolute  quantity  of  negative  or  southern  matter  at  the 
other  end  "  (Kelvin).  The  action  of  a  magnetic  sole- 
noid is  therefore  independent  of  its  form,  and  depends 
solely  on  its  strength  and  on  the  position  of  its  extremi- 
ties. The  ends  of  a  solenoid  may  consequently  be  called 
in  the  strict  sense  its  poles.  The  potential  due  to  such 
a  solenoid  is  evidently  the  algebraic  sum  of  the  poten- 
tials of  its  ends.  So  that  if  m  and  —  m  be  the  strength 
of  the  poles,  and  ?,  and  Z,  the  distances  from  these  poles 
to  a  given  point,  the  potential  Fat  the  given  point  will 
be  simply  m/l^  —  m/l,;  or  F=m(l/?,  —  1/Z,).  If  the 
solenoid  be  closed  upon  itself  so  as  to  form  a  ring,  the 
potential  at  every  point  is  zero,  and  it  exerts  no  magnetic 
action  externally. 

672.  Magnetic  Shells. — If  the  magnetic  molecules, 
instead  of  being  arranged  linearly  with  their  axes  in  the 
same  line7  are  arranged  side  by  side,  in  a  plane  or 
curved  surface  perpendicular  to  the  direction  of  these 
axes,  an  infinitely  thin  sheet  of  magnetic  matter  will 
be  obtained,  which  is  called  a  magnetic  shell,  the  arrange- 
ment being  evidently  a  lamellar  one.  A  magnetic  shell 
is  therefore  defined  as  an  indefinitely  thin  sheet  of  a 
magnetic  substance  of  any  form,  magnetized  in  a  di- 
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rection  everywhere  normal  to  its  surface  with  an  inten- 
sity varying  inversely  as  the  thickness  in  different  parts 
(Kelvin).  The  constant  product  of  the  intensity  of 
magnetization  at  any  point,  into  the  thickness  at  that 
point,  is  called  the  magnetic  strength  of  the  shell  at  the 
point.  And  the  product  of  the  magnetic  strength  into 
the  area  of  any  plane  portion  is  the  magnetic  moment  of 
that  portion.  A  shell  whose  strength  is  everywhere 
equal  is  called  a  simple  magnetic  shell.  If  the  strength 
varies  from  one  point  to  another,  the  shell  is  called  a 
complex  magnetic  shell ;  and  the  result  may  be  viewed  as 
due  to  the  superposition  of  a  number  of  overlapping 
simple  shells.  The  potential  of  a  magnetic  shell  at  a 
point  -4,  whose  mean  distance  is  r  (Fig.  285),  is  the  quo- 


Fig.  286. 


tient  of  the  magnetic  moment  by  the  square  of  this 
distance  (560) ;  or  F  =  {^S  cos  oc)/r* ;  where  Acr  or  #  is 
the  magnetic  strength  of  the  shell,  S  its  area,  and  a 
the  angle  which  a  line  drawn  from  the  point  makes 
with  a  normal  to  the  positive  surface ;  i.e.,  with  the 
magnetic  axis.  But  the  solid  angle  subtended  by  a 
surface  S,  as  seen  from  a  point,  is  the  ratio  of  the 
component  normal  to  the  line  drawn  from  the  point  to 
the  surface,  to  the  square  of  the  mean  distance ;  i.e., 
00=  {S  cos  a)/r^.  Whence  F=  #(w ;  or  the  potential  at 
any  point  due  to  a  magnetic  shell  of  any  form  is  equal 
to  the  solid  angle  subtended  by  the  shell  at  that  point, 
multiplied  by  the  magnetic  strength  of  the  shell  (Gauss). 
Since  the  magnetic  strength  is  constant,  the  equipo- 
tential  surfaces  of  such  a  shell  are  defined  by  the  con- 
dition  that  from  every  point  on  any  one  surface   the 
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apparent  area  of  the  shell  is  the  same.  As  to  the  sign 
of  the  potential,  the  above  formula  shows  that  it  will 
be  positive  or  negative  according  as  the  angle  a  is  acute 
or  obtuse ;  i.e.,  according  as  the  point  views  the  posi- 
tive or  the  negative  surface  of  the  shell.  The  potential 
anergj  of  a  unit  positive  pole  at  a  point  on  the  positive 
side  of  the  shell  being  the  product  of  the  strength  of 
the  pole  into  the  potential  due  to  the  shell  at  the  given 
point,  is  of  course  ^oo ;  and  the  potential  energy  of  a 
positive  magnetic  pole  of  strength  m,  is  m^co.  Since 
«uch  a  pole  will  tend  to  move  in  the  direction  in  which 
its  potential  energy  diminishes  most  rapidly,  this  pole 
will  experience  a  force  tending  to  move  it  along  a  line 
of  force  from  the  positive  to  the  negative  side  of  the 
shell.  If,  however,  the  pole  be  fixed  instead  of  the 
shell,  the  shell  will  tend  to  move,  so  as  not  only  to 
diminish  its  positive  area,  but  to  increase  its  negative 
one ;  i.e.,  it  will  tend  to  rotate  on  a  diameter  as  an 
axis.  Hence  the  position  of  stability  of  a  magnetic 
shell  in  a  field  is  the  position  which  corresponds  to  the 
minimum  potential  energy ;  that  is,  when  the  number 
of  lines  of  force  which  enter  its  negative  surface  is  a 
maximum.  And,  in  general,  the  potential  energy  of  the 
shell  is  the  product  of  the  strength  of  the  shell  by  the 
number  of  lines  of  force  which  enter  its  negative  face, 
taken  with  the  contrary  sign,   W=  —  0Q, 

If  the  point  be  taken  indefinitely  near  to  the  sur- 
face of  the  shell,  or  if  the  shell  be  indefinitely  large, 
the  solid  angle  subtended  by  the  shell  will  differ  inap- 
preciably from  180°  or  2;r;  whence  the  potential  at  such 
a  point  will  be  27r0  ,  positive  if  the  point  be  opposite 
the  positive  face,  negative  if  opposite  the  negative  one. 
To  move  a  positive  magnetic  pole  of  strength  m,  there- 
fore, from  such  a  point  on  the  negative  side  of  the  shell 
to  a  similar  point  on  the  positive  side,  work  must  be 
done  upon  it  equivalent  to  the  difference  of  potentials 
between  the  points,  i.e.,  to  47r^m ;  so  that  the  po- 
tential on  the  positive  surface  of  the  shell  exceeds 
that  on  the  negative  surface  by  4t^.     So,  on  the  other 
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hand,  if  such  a  pole  of  strength  m  be  placed  on  the 
positive  side,  it  will  tend  to  move  round  to  the  negative 
side,  and  in  so  moving  will  do  an  amount  of  work  precisely 
the  equivalent  of  the  potential  energy  it  loses,  i^n^riu 
If  the  magnetic  shell  forms  a  closed  surface,  the  action 
it  exerts  upon  an  external  point,  being  the  algebraic 
sum  of  two  equal  and  opposite  values  ^S  and  —  ^6', 
will  of  course  be  zero.  The  potential  outside  a  closed 
magnetic  shell  is  everywhere  zero,  therefore ;  and  the 
potential  in  the  space  within  the  shell,  as  the  difference 
on  the  two  sides  is  4?r<P,  most  be  4;r0  ;  positive  if  the 
positive  face  is  turned  inward,  negative  if  the  reverse 
is  true.  Since  the  potential  is  zero  outside  the  shell 
and  is  constant  within  it,  such  a  shell  exerts  no  action 
on  a  pole  placed  either  inside  or  outside  of  it. 

0. — DISTRIBUTION  OF  MAGNETIZATION. 

573.  Distribution  within  a  Magnet. — Magnetization 
differs  from  the  electrification  of  conductors  in  the  fact 
that  its  distribution  is  not  confined  to  the  surface,  but 
penetrates  into  the  interior  ;  thus  resembling  the  elec- 
trification of  non-conductors.  In  consequence  the  ex- 
perimental determination  of  the  magnetic  distribution  in 
the  case  of  any  given  magnet  is  not  possible.  Whatever 
the  actual  distribution,  however,  it  is  capable  of  demon- 
stration that  its  action  as  a  whole  is  equivalent  to  that 
of  two  equal  superficial  layers  of  contrary  signs  distrib- 
uted over  the  surface  according  to  a  definite  law.  Such 
a  double  fictive  layer  will  not  be  in  general  a  layer  of 
equilibrium  and  the  lines  of  force  will  not  be  normal  to 
the  surface.  Its  total  mass  will  of  course  be  zero,  and 
its  component  masses  will  be  distributed  toward  the 
ends  of  the  magnet  and  separated  by  a  neutral  line. 
iCurther,  the  total  magnetism  of  a  magnet  is  made  up  of 
two  portions :  one  that  kept  in  place  by  the  coercitive  force 
and  called  fixed  magnetism ;  the  other  produced  by  the 
induction  of  the  first  portion  upon  the  magnetic  substance, 
and  which  is  induced  magnetism.     Since  these  two  react 
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upon  each  other  to  diminish  the  magnetization  as  a 
whole,  the  apparent  magnetization  of  a  magnet,  which  is 
all  that  is  directly  observable,  is  practically  of  little  use 
in  determining  either  the  intensity  or  the  distribution  of 
the  magnetism  in  the  magnet.  Calculation  shows,  how- 
ever, that  when  the  demagnetizing  force  is  proportional 
at  each  point  to  the  rigid  magnetization  there,  the  law 
of  distribution  is  the  same  as  if  this  secondary  inductive 
eflfect  did  not  take  place.  This  is  the  fact  in  the  case  of 
a  uniformly  magnetized  sphere,  of  an  ellipsoid  uniformly 
magnetized  along  one  of  the  axes,  and  of  an  indefinite 
straight  cylinder  magnetized  perpendicularly  to  the  axis. 
The  demagnetizing  force  is  the  least  possible  with  thin 
plates  or  for  very  long  cylinders. 

574.  Experimental  Determination  of  Distribution* 
— Every  actual  bar  magnet  may  be  looked  upon  as  a 
complex  magnetic  solenoid,  whose  cross-section  is  con- 
stant and  whose  strength  is  variable  at  different  parts  of 
its  length.  A  linear  arrangement  of  magnetized  particles 
all  exactly  equal  in  strength  would  produce  a  magnet 
with  poles  at  its  ends,  the  only  free  magnetization  being 
on  its  end  surfaces.  If  the  magnetized  particles  are 
unequal  in  strength  and  increase  from  the  center  toward 
the  ends,  there  will  be  a  maximum  of  free  magnetization 
at  these  ends ;  but  free  magnetization  will  also  exist  at 
intermediate  points,  being  zero  at  the  center,  then  rising 
to  a  maximum  and  decreasing  toward  the  ends,  where  the 
second  and  principal  maximum  is  reached.  If  as  a  third 
case  the  increase  in  the  magnetization  of  the  particles 
takes  place  from  the  ends  toward  the  center,  there  will 
be  no  effect  at  the  center,  and  the  free  magnetization  will 
gradually  increase  toward  the  ends,  where  it  will  reach 
its  maximum.  This  condition  of  things  is  the  one 
observed  in  actual  magnets.  And  in  fact  if  a  series  of 
short  steel  cylinders  be  arranged  axially  to  form  a  bar 
and  then  magnetized,  it  will  be  found  that  the  central 
ones  of  the  chain  are  more  highly  magnetized  than  those 
at  the  extremities.  In  consequence  of  this  presence  of 
free   magnetism   at   points   other  than  the  extremities 
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of  the  bar,  the  poles  of  the  magnet,  since  they  are  the 
points  through  which  the  resultant  force  passes,  are  not 
At  the  ends,  but  are  slightly  within  them. 

1.  Method  of  Oscillations. — Coulomb  sought  to  ascertain 
the  arrangement  of  magnetization  along  a  bar  by  oscillat- 
ing a  small  magnetic  needle  opposite  diflferent  points  of 
its  length.  The  needle  was  13*5  millimeters  long  and 
6*7  millimeters  in  diameter,  and  was  suspended  by  a  silk 
fiber.  In  order  to  decrease  the  rapidity  of  its  oscilla- 
tions, a  piece  of  copper  wire  25  millimeters  long  and  4*5 
millimeters  in  diameter,  with  its  axis  horizontal,  was 
fastened  beneath  the  needle  and  oscillated  with  it  The 
magnetic  bar  was  a  wire  73  centimeters  long  and  about  4 
millimeters  in  diameter,  fastened  to  a  board  and  fixed 
vertically  about  18  millimeters  from  the  needle  and  in 
the  magnetic  meridian  with  it.  Since  the  forces  acting 
are  as  the  square  of  the  number  of  oscillations,  we  have 
F  :f  -{-  F  ::  n'  :  iV',  where  F  is  the  force  of  the  earth's 
field  alone,/  that  of  the  magnet,  n  the  number  of  oscilla- 
tions per  minute  for  the  former,  and  N  for  the  latter  plus 
the  former.  Whence///"  =  ( AT*  —  n^)/n^.  Repeating  the 
experiment  at  a  point  13*5  millimeters  from  the  first,  we 
have/'  :  F::{N'*—  n*)/n\  Combining  these  equations, 
/ :/'  ::  j^  —  w'  :  iV"  —  n'.  In  this  way  the  magnetic 
forces  at  diflferent  points  of  the  bar  may  be  compared. 
Coulomb  assumed  that  the  perpendicular  component  of 
the  force  thus  obtained  was  proportional  to  the  density 
of  the  fictive  magnetic  lajer,  except  quite  close  to  the 
end.     Here  he  arbitrarily  doubled  the  oscillation  value. 

2.  Method  of  Torsion. — Coulomb  employed  also  the 
torsion  method  in  order  to  determine  the  distribution  of 
the  free  magnetism  along  a  bar.  A  magnetic  needle 
was  suspended  by  a  fine  metallic  wire  so  that  one  of  its 
poles  was  separated  from  a  similarly  magnetized  point 
on  the  vertical  wire  magnet  by  a  board  2  or  3  mm. 
thick.  By  rotating  the  torsion-head  so  as  to  bring  the 
repelled  end  of  the  needle  just  in  contact  with  the  board, 
when  opposite  different  points  on  the  wire  magnet,  the 
torsion-angle  measured  the  free  magnetism.     Since  the 
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end  of  the  wire  acted  on  one  side  of  the  needle  only. 
Coulomb  doubled  the  value  of  the  torsion  obtained  at 
this  point,  as  he  did  in  the  case  of  the  oscillation  method. 
In  the  figure  (Fig.  286)  the  torsion-values  thus  obtain€4 
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Fig.  286. 


are  plotted  as  ordinates  and  the  distances  along  the 
bar  as  abscissas ;  the  resulting  curve  showing  the  dis- 
tribution of  the  magnetization  as  ascertained  by  this 
method. 

3.  Method  of  Contact. — If  a  soft  iron  needle  be  em- 
ployed in  the  oscillation  method  above  described,  the 
result  obtained  with  it  will  be  proportional  to  the  square 
of  the  perpendicular  component  of  the  magnetization, 
since  the  magnetization  of  this  needle  is  due  solely  to 
the  strength  of  the  field.  Jamin  has  made  use  of  a 
modification  of  this  method,  by  placing  a  piece  of  soft 
iron  in  contact  with  the  magnet  at  diflferent  points  and 
measuring  with  a  dynamometer  the  force  necessary  ta 
detach  it.  Since  this  method  assumes  the  mutual  action 
between  the  bar  and  the  piece  of  soft  iron  to  be  constant, 
the  results  are  not  as  satisfactory  as  those  obtained  with 
magnets. 

4.  Method  of  Induction. — By  moving  a  wire  ring,  the 
ends  of  which  are  connected  with  a  galvanometer, 
through  a  given  distance  along  the  bar  at  different  points, 
currents  are  obtained  which  are  proportional  strictly  to 
the  perpendicular  component  of  the  magnetization  at 
these  different  points.  This  method,  originally  proposed 
by  Van  Rees  (1847),  was  the  one  used  by  Rowland  (1875> 
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in  his  studies  on  magnetic  distribution.  We  shall  refer 
again  to  it  after  considering  the  laws  of  induced  cur- 
rents. 

575.  Experimental  Results. — Coulomb  in  his  experi- 
ments sought  to  determine  the  distribution  of  the  mag-^ 
netization  in  cylindrical  magnets.  For  short  magnets, 
i.e.,  those  whose  length  is  less  than  fifty  times  their 
diameter,  he  found  that  the  perpendicular  force  at  each 
point  is  directly  proportional  to  the  distance  of  this 
point  from  the  center ;  so  that  the  curve  of  distribution 
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is  a  straight  line,  making  a  given  angle  a  with  the  axis 
of  the  bar  (Fig.  287) ;  a  tolerably  approximate  result 
since  Coulomb  himself  proved  that  for  short  bars  the 
magnetic  moment  varies  as  the  cube  of  the  length.  For 
bars  whose  length  is  more  than  fifty  times  the  diameter, 
no  free  magnetism  is  detectible  for  a  certain  distance 
on  the  two  sides  of  the  center,  although  the  distribution 
may  still  be  represented  by  a  triangle  having  a  base 
twenty-five  times  the  diameter  of  the  bar  (Fig.  288).     If 


Fio.  288. 

successive  equal  portions  of  the  bar  be  taken,  beginning 
at  the  end,  the  hypothenuses  of  the  resulting  triangles 
will  be  tangents  to  a  curve,  these  tangents  making  equal 
angles  with  each  other.  Hence  the  magnetic  moment 
tends  to  become  proportional  to  the  length. 

576.  Depth  of  Magriietization. — According  to  Jam iu, 
the  magnetization  of  a  bar  extends  to  a  greater  or  less 
depth,  depending  upon  the  strength  of  the  magnetizing 
force.     Indeed   by  placing  the  bar  successively  in  op- 


Digitized  by  VjOOQ  IC 


676  PHYSICS. 

posite  fields,  the  latter  one  weaker  than  the  former,  two 
opposing  magnetic  layers  may  be  superposed  in  the 
same  bar ;  so  that  even  when  the  apparent  magnetiza- 
tion of  a  magnet  is  zero,  it  may  be  strongly  magnetic. 
By  grinding  away  the  superficial  layer  of  such  an  appar- 
ently neutral  magnet,  or  by  dissolving  it  away  by  an  acid, 
he  succeeded  in  developing  the  magnetization  existing 
in  the  subjacent  layers.  The  possibility  of  thus  mag- 
netizing a  steel  bar  in  alternating  layers  of  opposite 
polarity  was  made  use  of  by  Henry  in  1842  to  explain 
the  fact  that  the  direction  of  magnetization  of  steel 
needles  by  the  Leyden  jar  discharge  was  anomalous; 
the  polarity  being  sometimes  in  one  direction  and  some- 
times in  the  other.  This  discharge,  he  says,  "is  a 
principal  discharge  in  one  direction  and  then  several 
reflex  actions  backward  and  forward,  each  more  feeble 
than  the  preceding,  until  equilibrium  is  obtained."  This 
conclusion  has  been  experimentally  verified  by  Garhart 
(541),  who  magnetized  steel  rods  6  cm.  long  and  1*8  mm. 
in  diameter  by  the  discharge  of  a  Leyden  battery,  and 
then  determined  their  magnetic  moments  by  the  deflec- 
tion method,  as  the  successive  layers  were  removed  with 
acid.  Plotting  the  results  with  moments  as  ordinates 
and  masses  as  abscissas,  a  curve  was  obtained  rising  to 
a  maximum  as  the  external  shell  was  removed  and  then 
decreasing  nearly  as  the  mass.  The  core  was  found 
always  free  from  magnetization. 

577.  Relation  between  Magrnetization  and  Elec- 
trification. —  Magnetization  and  electrification  have 
many  points  of  resemblance.  Excepting  in  the  fact  that 
the  magnetization  of  a  magnet  is  fixed  in  position  and 
has  no  tendency  to  pass  from  one  point  to  another  as 
electrification  has,  and  consequently  that  in  the  case  of 
magnetization  the  question  of  equilibrium  upon  con- 
ductors does  not  enter,  the  fundamental  laws  for  the  one 
are  the  same  as  for  the  other,  and  lead  to  similar  conse- 
quences. Magnetic  potential  is  defined  and  determined 
precisely  in  the  same  way  as  electrical  potential.  And 
inasmuch  as  the  unit  of  magnetic  quantity  is  selected  in 


Digitized  by  VjOOQ IC 


ENERGY  OF  uETIlERVORTICEa,— MAGNETISM,     6T7 

the  same  way  as  the  electrostatic  nuit  of  quantity, 
amount  of  magnetization  is  represented  by  the  same 
numerical  value  as  amount  of  electrification.  Moreover, 
the  two  are  distributed  in  the  same  manner  and  they 
give  the  same  strength  of  field,  in  the  sense  that  the 
force  at  each  point  is  the  same  in  direction  and  has 
the  same  value ;  and  hence  the  lines  of  force  are  the 
same,  the  equipotential  surfaces  are  the  same,  the  value 
of  the  potential  is  the  same  throughout,  and  is  repre- 
sented in  both  cases  in  the  C.  G.  S.  system  by  the  num- 
ber of  ergs  necessary  to  carry  a  positive  unit  from  infinity 
to  the  point  in  question.  This  resemblance  however  is 
numerical  only  and  does  not  at  all  imply  an  identity  in 
the  character  of  the  two.  Electrification  has  no  action 
upon  magnetic  substances  as  such  and  magnetization 
has  none  upon  electrified  bodies.  And  although  the 
two  fields  have  properties  depending  upon  the  same 
medium,  yet  these  properties  arise  from  distinct  modifi- 
cations of  this  medium,  which  while  coexisting  do  not 
act  upon  or  compound  with  each  other.  Electrification, 
as  we  have  seen,  is  due  to  aether  strain.  Magnetization 
and  magnetic  phenomena  appear  to  be  due  to  an  asther- 
motion  analogous  to  that  of  vortex-rings. 

578.  Dianiagrnetism.  —  A  paramagnetic  substance 
has  been  defined  as  one  having  a  positive  coefficient  of 
susceptibility  and  consequently  a  permeability  greater 
than  unity.  In  the  case  of  a  diamagnetic  substance  the 
coefficient  of  susceptibility  is  negative  and  the  permeabil- 
ity is  less  than  unity.  The  phenomena  exhibited  by 
paramagnetic  substances  as  distinguished  from  diamag- 
netic ones,  result  from  these  definitions.  Thus,  when  a 
paramagnetic  substance  is  placed  in  a  uniform  magnetic 
field,  since  its  permeability  is  greater  than  that  of  the 
field  more  lines  of  force  will  flow  through  it ;  while  if 
the  substance  be  diamagnetic,  its  permeability  is  less 
than  that  of  the  field  and  the  number  of  lines  is  dimin- 
ished. The  two  figures  here  given  which  we  owe  to 
Lord  Kelvin  show  the  two  effects  very  well ;  the  first 
(Fig.  289)  corresponding  to  a  substance  whose  permeabil- 
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ity  is  2'8  and  the  other  (Fig.  290)  to  one  whose  perme- 
ability is  0-48. 


Fio.  280. 


Fio.  290. 

579.  Conditions  of  Equilibrium  in  a  Magnetic 
Field. — If  an  isotropic  sphere — that  is,  a  sphere  magnet- 
ically similar  in  all  directions — be  placed  in  a  uniform 
magnetic  field,  it  will  become  magnetized  and  will  re- 
main at  rest  in  any  position.  But  if  it  be  aelotropic,  as 
when  cut  from  a  crystallized  substance,  the  susceptibil- 
ity will  be  diflferent  along  each  of  its  unequal  axes,  and 
the  sphere  will  rotate  until  one  of  these  axes  becomes 
parallel  to  the  direction  of  the  field.  The  equilibrium  is 
stable  however  only  when  the  energy  of  the  body  is  a 
minimum  ;  and  this  in  the  case  of  paramagnetic  sub- 
stances, is  only  when  this  axis  is  the  axis  of  maximum 
susceptibility ;  and  in  the  case  of  diamagnetic  media, 
when  it  is  the  axis  of  minimum  susceptibility.  If  the 
body  be  elongated,  it  will  place  its  longer  axis  parallel 
to  the  lines  of  force  if  isotropic,  whether  paramagnetic 
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or  diamagnetic.  But  if  the  substance  be  crystallized, 
there  is  antagonism ;  if  the  susceptibility  be  small,  the 
form  becomes  subordinate,  and  the  axis  of  maximum 
susceptibility  places  itself  parallel  to  the  direction  of 
the  field  ;  if  the  susceptibility  be  considerable,  the  form 
controls  the  result,  and  the  longest  axis  is  placed  along 
the  lines  of  force. 

If  the  magnetic  field  be  variable,  the  same  conclu- 
sions may  be  extended  to  a  body  so  small  that  the  field 
may  be  considered  uniform  within  the  space  it  occupies. 
If  such  a  small  body,  of  volume  v  and  susceptibility  Ar,  be 
placed  in  a  field  of  strength  Hj  with  its  axis  parallel  to 
that  of  the  field,  its  magnetic  moment  will  be  kllv  and 
its  energy  will  be  —  ^klPv,  If  the  field  be  uniform,  this 
body  will  be  in  equilibrium  ;  but  if  it  be  variable,  it  will 
tend  to  move  in  a  direction  depending  on  the  value  of  h 
If  k  be  positive,  i.e.,  if  the  substance  be  magnetic,  the 
body  will  move  toward  points  where  the  force  is  a  maxi- 
mum ;  i.e.,  it  will  be  attracted.  If  k  be  negative,  it  will 
move  in  the  direction  in  which  the  force  diminishes 
most  rapidly,  and  will  be  repelled.  In  consequence  if 
the  body  be  elongated,  it  will  place  itself  axially,  or 
parallel  to  the  lines  of  force,  if  it  be  paramagnetic ;  and 
equatorially,  or  at  right  angles  to  these  lines,  if  it  be 
diamagnetic.  Thus  in  all  cases  each  of  the  elements  of 
volume  of  a  paramagnetic  body  tends  to  move  toward 
points  in  the  field  where  the  force  is  a  maximum ;  and 
of  a  diamagnetic  body  toward  points  where  it  is  a  mini- 
mum. 

Section  IV. — Magnetism  of  the  Earth. 

A. — GENERAL  CONSIDERATIONS. 

580.  The  Earth's  Magnetic  Field. — ^A  magnetic  field 
is  recognized  by  the  fact  that  a  freely  suspended  magnet 
takes  a  definite  position  of  equilibrium  when  placed  in 
it.  The  fact  that  the  earth  is  surrounded  by  such  a 
field  so  that  a  magnetic  needle  takes  up  an  approximately 
north  and  south  position  in  consequence,  seems  to  have 
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been  known  to  the  Chinese  at  least  a  thousand  years  be- 
fore the  beginning  of  the  Christian  era  and  two  thousand 
years  before  this  property  of  the  needle  was  known  in 
Europe.  Indeed  as  early  as  the  third  or  fourth  century 
"  Chinese  vessels  navigated  the  Indian  Ocean  under  the 
direction  of  floating  magnetic  needles  pointing  to  the 
south ''  (Humboldt).  An  instrument  in  which  the  ten- 
dency of  a  magnetic  needle  to  place  itself  north  and 
south  is  made  use  of  to  fix  directions  upon  the  earth,  is 
called  a  compass.  In  the  mariner's  compass,  a  circular 
card  is  placed  upon  the  needle  and  moves  with  it.  It  is 
divided  into  32  equal  parts,  called  points,  the  axis  of  the 
needle  coinciding  with  the  line  passing  through  the 
north  and  south  points.  In  the  best  forms  of  compass 
several  small  needles  are  employed,  fastened  in  the  plane 
of  the  card.  The  compass  used  in  surveying  has  its 
graduation  fixed  the  needle  moving  within  or  above  it, 
its  agate  cap  resting  on  a  steel  pivot.  Where  sensitive- 
ness is  required  the  needle  is  frequently  suspended  by 
a  silk  or  quartz  fiber,  to  avoid  friction. 

581.  Naming  of  Magnetic  Poles.— Since  by  the  law 
of  magnetic  action,  dissimilar  poles  attract  and  similar 
poles  repel,  it  would  seem  necessary  to  call  the  pole  of 
a  needle  which  turns  to  the  north,  the  south  pole.  But 
since  custom  has  sanctioned  calling  it  a  north  pole,  con- 
fusion would  result  from  the  attempt  to  reverse  this 
naming.  Various  terms  have  been  suggested  for  desig- 
nating the  poles.  Faraday  made  a  mark  on  the  end  of 
the  magnet  which  turned  to  the  north  and  called  this 
end  the  marked  pole.  Airy  painted  red  the  end  which 
turned  to  the  north  and  blue  the  end  which  turned  to 
8outh,  calling  the  poles  by  these  colors.  Lord  Kelvin, 
following  the  Chinese  and  the  French  practice,  calls  the 
end  which  points  to  the  north,  the  true  south  pole  and 
the  end  which  points  iio  the  south,  the  true  north  pole. 
For  mathematical  discussion  the  north-seeking  end  of  a 
magnet  is  called  positive  and  the  south-seeking  end  neg- 
ative. Maxwell  says  ''the  magnetism  of  the  north  end 
of  a  magnet  is  Austral,  and  that  of  the  south  end  is  Bo- 
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real,"  meaning  by  the  north  end  the  end  which  points  to 
the  north,  and  vice  versa. 

582.  The  Force  of  the  Earth's  Field  simply  Direc- 
tive.— Within  any  limited  space  free  from  magnetic  sub- 
stances, such  as  that  of  an  ordinary  room  for  example, 
the  magnetic  field  of  the  earth  may  be  considered  as 
uniform  and  the  lines  of  force  as  equidistant  straight 
and  parallel  lines.  Since  a  positive  magnetic  pole  in 
such  a  field  experiences  a  force  in  the  positive  direction 
and  an  equal  negative  pole  an  equal  force  in  the  nega- 
tive or  opposite  direction,  the  total  force  acting  will 
be  due  to  the  combined  action  of  two  equal  and  oppo- 
site forces  upon  the  ends  of  the  magnet ;  i.e.,  the  force 
will  be  of  the  nature  of  a  couple,  and  its  value  when  the 
axis  of  the  magnet  is  horizontal  and  perpendicular  to 
the  direction  of  the  field  will  be  mlU\  or  MH^  if  M  rep- 
resent mZ,  the  moment  of  the  magnet  In  other  words, 
the  couple  experienced  by  a  magnet  in  the  earth's  field 
is  equal  to  the  product  of  the  moment  of  the  magnet  by 
the  intensity  of  the  field.  If  the  axis  of  the  magnet 
make  an  angle  a  with  the  lines  of  force,  the  couple  will 
be  MH  sin  a.  Hence  the  effect  of  the  earth's  field  is 
simply  to  rotate  the  magnet  into  the  position  where  its 
potential  energy  is  a  minimum,  and  its  equilibrium,  in 
consequence,  stable.  The  earth's  force,  therefore,  is  di- 
rective only. 

Experiments. — 1.  Slightly  oil  a  magnetized  sewing-needle,  and 
carefully  lay  it  on  the  surface  of  water.  It  will  float,  and  will  turn 
so  as  to  place  itself  in  a  north  and  south  direction ;  after  which,  if 
it  be  not  too  near  the  walls  of  the  vessel,  it  will  remain  at  rest. 
Thus  showing  the  action  of  no  force  tending  to  produce  a  motion  of 
translation.     The  motion  is  rotatory  only. 

2.  Bring  the  end  of  a  bar  magnet  into  the  vicinity  of  the  floating 
needle  and  opposite  to  one  of  its  poles.  The  needle  will  move 
toward  or  from  the  magnet,  always  keeping  parallel  to  itself.  Thus 
showing  an  excess  of  attraction  or  repulsion  by  the  magnet  for  that 
pole  of  the  needle  to  which  it  is  nearest.  If  the  end  of  the  magnet 
be  not  placed  in  the  axis  of  the  needle,  there  will  be  a  motion  of 
rotation  as  well  as  one  of  translation.  Evidently  the  force  of  trans- 
lation exists  only  where  the  length  of  the  needle  is  an  appreciable 
quantity  in  comparison  with  the  distance  of  the  magnet. 
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8.  Magnetize  a  second  similar  sewing-needle,  and,  holding  it 
vertically,  bring  one  of  its  ends  down  near  that  end  of  the  floating 
needle  which  is  of  opposite  polarity.  The  latter  will  move  toward 
the  second  needle  and  come  to  rest  with  a  |)oint  inside  its  end  oppo- 
site to  a  similar  point  inside  the  end  of  the  vertical  needle,  so  that 
the  two  needles  will  intersect  at  points  within  their  ends.  These 
points  are  evidently  the  poles  of  the  magnetic  needles. 

4.  Carefully  weigh  a  steel  bar  and  then  magnetize  it  strongly. 
It  will  be  found  to  have  the  same  weight  as  before ;  showing  that 
the  earth's  field  exerts  no  force  upon  it  in  the  vertical  direction. 

583.  Earth's  Field  in  greneral  not  Uiilibrm. — Fram 
one  point  to  another,  however,  upon  the  earth's  surface 
the  earth's  magnetic  field  changes  both  in  direction  and 
in  intensity,  and  this  very  irregularly.  Moreover,  even 
at  any  given  place,  these  values  are  not  constant,  but 
have  periodic  variations  of  greater  or  less  extent,  occu- 
pying more  or  less  time  for  their  completion.  To  deter- 
mine the  values  of  the  magnetic  field  at  different  places 
and  the  variations  of  these  values  is  the  object  of  gov- 
ernmental magnetic  surveys.  The  methods  and  results 
of  these  surveys  will  now  be  considered. 

B.— MAGNETIC   ELEMENTS. 

584.  Elements  of  Terrestrial  Field. — ^A  magnetic 
field  is  completely  determined  when  the  direction  and  the 
intensity  of  the  force  in  it  are  known  at  all  points.  In 
the  case  of  the  earth's  field,  it  is  convenient  to  consider 
(1)  two  directions  of  the  magnetic  force  ;  (a)  the  direction 
measured  in  a  horizontal  plane  which  the  horizontal 
component  of  the  force  makes  with  a  north  and  south 
line  also  in  this  plane ;  and  {h)  the  direction  which  the 
force  itself  makes  with  the  horizontail  at  the  place  of 
observation,  both  measured  in  the  same  vertical  plane ; 
and  (2)  two  intensities  of  this  force  measured  in  the 
horizontal  and  vertical  directions  respectively.  These 
values  for  a  given  place  are  called  generally  the  magnetic 
elements  of  the  place.  Individually  they  are  called 
declination,  inclination,  and  horizontal  and  vertical  intensity. 

585.  Magnetic  Declination. — If  we  call  the  geograph- 
ical meridian  the  vertical  plane  which  passes  through 
the  place  of  observation  and  the  geographical  poles  of 
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the  earth,  and  the  magnetic  meridian  the  vertical  plane 
coinciding  in  direction  with  that  of  the  earth's  field  and 
containing  therefore  the  axis  of  the  needle,  the  angle 
between  these  planes  is  called  the  magnetic  declination ; 
and  the  declination  is  said  to  be  east  or  west  according 
as  the  north-seeking  end  of  the  magnetic  needle  lies  to 
the  east  or  west  of  the  geographical  meridian.  Although 
the  fact  that  the  magnetic  needle  does  not  point  exactly 
north  and  south  appears  to  have  been  known  to,  and  its 
amount  to  have  been  determined  by,  the  Chinese  as  early 
as  the  twelfth  century,  yet  it  was  not  known  in  Europe 
until  the  thirteenth  ;  and  was  first  distinctly  delineated 
upon  Bianco's  charts  in  1436.  Columbus  in  1492  dis- 
covered a  point  of  no  declination  in  the  Atlantic  Ocean 
south  of  the  Azores ;  and  S.  Cabot  a  few  years  later,  a 
second  point  to  the  north  of  these  islands. 

586.  Measurement  of  Declination. — If  in  the  figure 
(Fig.  291)  the  vertical  plane  containing  OA  is  the  plane 
of  the  geographical  meridian,  and 
if  OM  is  in  the  plane  containing  the 
needle,  i.e.,  the  plane  of  the  mag- 
netic meridian,  then  or,  which  is  the 
angle  between  these  planes,  is  the 
declination.  The  instrument  used 
to  measure  this  angle  is  called  a 
declination-compass  or  declinometer. 
In  general  it  resembles  a  theodolite, 
and  consists  of  two  parts— a  mag- 
netic needle  for  fixing  the  magnetic 
meridian  and  a  telescope  for  de- 
termining the  geographical  merid- 
ian, both  mounted  side  by  side  and  movable  about  the 
same  vertical  axis,  which  is  provided  with  a  graduated 
circle.  The  needle  is  frequently  a  tube  of  steel  suspended 
by  a  silk  fiber,  and  having  a  fine  glass  scale  at  one  of  its 
ends  and  a  lens  at  the  other,  the  focal  length  of  the  lens 
being  the  length  of  the  tube,  so  that  the  scale  is  in  its 
principal  focus  and  the  rays  from  it  are  parallel.  When 
the  needle  is  at  rest,  the  zero  point  of  its  scale  should 
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coincide  with  the  cross-wires  of  a  small  reading  tele- 
scope mounted  upon  the  instrument.  The  position  is 
then  read  on  the  graduated  circle,  and  the  apparatus  is 
turned  about  the  vertical  till  the  axis  of  the  large  tele- 
scope comes  into  the  geographical  or  astronomical  me- 
ridian, determined  by  observing  the  sun  or  a  given  star. 
The  diflference  between  the  two  readings  gives  the  decli- 
nation angle.  To  eliminate  errors,  readings  are  made 
on  both  sides  of  the  circle,  and  also  with  the  needle 
rotated  on  its  axis  180°.  Since  the  needle  is  balanced, 
the  action  of  the  vertical  component  of  the  earth's  field 
is  eliminated. 

587.  Variation  of  Declination. — The  fact  that  for  a 
given  place  the  declination  is  not  constant,  but  changes 
with  time,  was  first  observed  about  1630.  In  1580, 
Boroughs  had  found  the  declination  in  London  to  be 
ir  18'  east;  in  1622,  Gunter  found  it  to  be  only  6°  15'; 
and  in  1634,  Gellibrand  observed  that  it  did  not  exceed 
4**  4'  49".  Moreover,  the  variation  is  a  periodic  one. 
'  Thus  in  Paris  in  1630  the  declination  was  4°  30'  east, 
in  1666  it  was  zero ;  then  it  became  west,  increasing 
steadily  until  1824,  when  it  reached  a  maximum  of  24°. 
It  is  now  slowly  decreasing,  being  15°  52'  west  in  1888. 
Hence  the  period  is  about  900  years.  In  London  the 
declination,  which  was  11°  18'  east  in  1580,  became  zero 
about  1663,  and  the  needle  pointed  true  north  and  soutli. 
It  then  became  westerly,  and  reached  a  maximum  value 
of  24°  30'  in  1818  ;  since  which  time  it  has  been  steadily 
diminishing,  and  in  1889  was  15*^  42'  west.  Its  present 
annual  rate  of  decrease  is  about  five  minutes.  In  Phila- 
delphia in  1835  the  declination  was  3°  11'  west ;  and  it 
has  been  increasing  slowly,  until  in  1890  it  was  6*9°  west, 
and  is  increasing  at  the  rate  of  4*4'  annually.  This 
change  of  long  period  is  called  the  secular  variation  of 
the  declination.  Besides  this  there  are  two  other 
periodic  variations,  called  respectively  the  diurnal  and 
the  annual  variations.  The  first  of  these,  which  depends 
upon  the  rotation  of  the  earth,  was  discovered  by  Graham 
in  1722.     In  the  northern  hemisphere,  the  north-seeking 
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end  of  the  needle  begins  at  sunrise  to  move  from  east  to 
west,  and  attains  the  extreme  western  limit  of  its  swing 
about  two  hours  after  noon.  It  then  slowly  returns 
toward  the  east,  reaching  its  original  position  about  ten 
o'clock,  and  remaining  practically  stationary  through 
the  night.  The  swing  of  the  needle  during  its  daily 
variation  is  small  in  middle  latitudes  but  is  1^  or 
more  in  high  latitudes,  and  is  nearly  proportional  to 
the  arc  described  by  the  sun.  In  Philadelphia,  accord- 
ing to  the  observations  of  Bache,  the  mean  arc  of 
the  vibration  in  summer  is  10^'  and  for  winter  6^' ;  the 
mean  for  the  entire  year  being  7^'.  It  increases  toward 
the  magnetic  pole.  The  annual  variation  of  the  declina- 
tion was  first  observed  by  Cassini  in  1780.  It  reaches 
its  maximum  in  Europe  about  the  time  of  the  vernal 
equinox,  decreases  steadily  until  the  summer  solstice, 
and  then  slowly  increases  during  the  nine  following 
months.  Its  value  is  small,  not  exceeding  a  few  min- 
utes. Moreover,  the  variation  itself  is  found  to  vary 
periodically.  In,  1850  Schwabe  announced  a  periodicity 
in  the  occurrence  of  sun-spots,  the  period  being  about 
11  years.  And  almost  simultaneously  Lamont  and 
Sabine  announced  a  similar  period  in  the  range  of  vibra- 
tion of  the  magnetic  needle,  the  maxima  and  minima  of 
the  one  set  of  curves  coinciding  closely  with  those  of  the 
other.  So  that  it  would  appear  that  the  condition  of 
the  sun*s  surface  has  much  to  do  with  the  magnetic  con- 
dition of  the  earth. 

Besides  these  periodic  variations  of  declination 
there  are  irregular  variations,  or  perturbations,  as  they 
are  called.  These  disturbances  are  observed  at  the  time 
of  earthquakes  or  volcanic  eruptions,  and  particularly 
during  a  display  of  the  aurora  borealis.  The  disturbance 
produced  by  the  aurora  is  so  great  as  sometimes  to  cause 
a  variation  of  1°  or  2°.  These  perturbations  are  felt 
over  wide  areas,  and  are  often  called  magnetic  storms. 

588.  Isogronic  and  Agonic  Lines. — The  astronomer 
Halley  in  1700  proposed  to  draw  a  line  through  all  those 
places  on  the   earth  at  which   the   declination  is  the 
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same.  These  lines  are  called  isogonic  lines,  and  the 
particular  line  for  which  the  declination  is  zero  is 
called  an  agonic  line.  From  the  chart  published  by  the 
U.  S.  Coast  and  Geodetic  Survey  it  appears  that  for  1890 
(Fig.  292,  Frontispiece)  the  isogonic  line  of  +  7°  (west 
declination)  enters  the  United  States  near  Atlantic  City, 
and  passes  northwesterly  near  Philadelphia,  Bethlehem, 
Wilkesbarre,  Oswego,  Ithaca,  and  Rochester.  Going 
south  the  westward  declination  decreases,  and  the  agonic 
line  is  found  to  enter  the  United  States  near  Charleston, 
and  to  pass  in  a  N.N.W.  direction,  through  the  moun- 
tains of  North  Carolina  and  West  Virginia,  passing  near 
Marietta,  Columbus,  Sandusky,  and  Toledo,  Ohio,  and 
Ann  Arbor,  Michigan.  The  isogonic  line  of  —  7°  en- 
ters the  United  States  near  Galveston,  passes  in  a  direc- 
tion a  little  to  the  east  of  north  by  Hot  Springs,  Ark. ; 
Jefferson  City,  Mo.  ;  Keokuk,  Iowa  City,  and  Dubuque, 
Iowa ;  and  La  Crosse  and  Chippewa  Falls,  Wis.  The 
isogonic  line  of  —  17°  enters  the  U.  S.  from  the  Pacific 
near  San  Francisco,  and  passes  in  an  E.N.E.  direction 
near  Virginia  City  and  Salt  Lake,  through  Wyoming, 
Montana,  and  North  Dakota.  It  will  be  observed  that 
all  these  lines  are  extremely  irregular,  the  declination 
being  affected  largely  by  local  conditions,  apparently. 

589.  Magnetic  Inclination. — The  magnetic  inclina- 
tion at  a  given  point  is  the  angle  which  a  plane  contain- 
ing the  axis  of  a  freely  suspended  magnetic  needle  makes 
with  a  horizontal  plane ;  i.e.,  it  is  the  angle  by  which 
such  a  needle  is  depressed  below  the  horizontal,  and 
hence  is  sometimes  called  the  dip.  It  was  discovered 
by  Hartmann  in  1544  and  first  measured  by  Norman  in 
1576.  Having  carefully  balanced  the  needles  of  his 
compasses  before  magnetizing  them,  Norman  observed 
that  after  he  had  touched  "  the  yrons  with  the  stone, 
that  presentlie  the  north  point  thereof  would  bend  or 
decline  downward  under  the  horizon  in  some  quantitie.  " 
Exact  measurements  gave  him  the  value  71°  50'  for 
the  inclination  in  that  year  in  the  city  of  London. 

690.    Measurement   of    luelination, — The    instru- 
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ment  used  for  measuring  the  dip  is  called  an  inclination 
compass,  or  inclinometer ;  or  sometimes  a  dip  circle.  In 
principle  it  consists  simply  of  a  magnetic  needle 
mounted  with  great  delicacy  on  a  horizontal  axis  so  as 
to  move  only  in  a  vertical  plane,  and  provided  with  a 
graduated  circle.  When  the  plane  of  the  circle  is  in  the 
magnetic  meridian,  only  the  component  of  the  earth's 
force  in  that  vertical  plane  acts  upon  the  needle,  and  its 
axis  places  itself  parallel  to  the  lines  of  force.  The  angle 
read  off  on  the  circle  is  the  angle  of  the  dip.  Evidently, 
if  T  (Fig.  293)  be  the  direction  of  the  lines 
of  force,  and  therefore  that  of  the  axis  of  the 
needle  also,  //  the  horizontal  and  V  the  ver- 
tical component,  the  plane  of  the  figure  being 
that  of  the  magnetic  meridian,  we  have  11/ T 
=  cos  6  and  V/T=  sind;  whence  V/II  =  tan 
6  and  ///  V=  cot  S,  If,  however,  the  plane 
of  the  circle  is  not  that  of  the  meridian,  the 
horizontal  component  is  not  H,  but  //  cos  y5,  fio.  293. 
where  /3  is  the  angle  between  these  planes.  Hence  cot 
<y'  =  //  cos  /3/V=  cot  d  cos  /3 ;  in  which  d'  is  the  ap- 
parent and  6  the  true  dip.  Evidently,  when  /3  =  0,  6' 
=  6;  or  the  dip  shown  by  the  needle  is  the  true  one. 
If,  however,  /3  =  ^tt,  cot  d'  =  0  and  6'  =  ^tt  or  90° ;  and 
hence  the  needle  is  vertical.  This  fact  is  made  use  of 
in  setting  the  instrument.  The  graduated  circle,  which 
is  mounted  so  as  to  move  about  a  vertical  axis,  is  placed 
with  its  plane  approximately  east  and  west,  and  is  then 
adjusted  until  the  needle  is  vertical.  By  turning  it  now 
through  90°,  the  plane  of  the  circle  will  be  in  the  me- 
ridian. To  eliminate  errors  of  centering,  both  ends  of 
the  needle  should  be  read;  to  eliminate  errors  of 
graduation,  the  circle  should  be  turned  through  180° ; 
to  eliminate  errors  in  the  magnetic  axis,  the  needle 
should  be  turned  about  this  axis  180°  ;  and  to  eliminate 
errors  in  the  position  of  the  center  of  gravity  of  the 
needle,  its  magnetism  should  be  reversed.  So  that  the 
final  result  is  the  mean  of  sixteen  readings. 

691.  Variations  of  Inclination, — The  value  of  the 


Digitized  by  VjOOQ IC 


688  PHT8IC8, 

inclination  at  different  points  upon  the  earth's  surface 
is  of  course  different.  Moreover,  the  value  for  any 
given  point  is  not  constant,  but  varies  from  the  same 
causes  that  affect  the  declination.  In  a  general  way  it 
may  be  said  that  the  inclination  increases  from  the 
equator  toward  the  poles.  Thus,  for  1885,  the  inclina- 
tion at  the  following  places  in  North  America  is  com- 
puted as  follows,  the  latitude  being  also  given  : 

VARIATION  OF  DIP  WITH  LATITUDE. 

Place.  Latitude  N.  iDclination. 

Panama 9°  33° 

Mexico 19^30'  44-5° 

Key  West 24°  30'  54-5° 

New  Orleans 30°  60° 

Charleston 33°  64° 

St.  Louis 38°  38'  69" 

Washington 38°  53'  70-547° 

Baltimore 39°  18'  71-16° 

Philadelphia 40°  71-38° 

New  York 40°  43'  71-932^ 

Chicago 41°  53'  72-41° 

Boston 42°  21'  73116° 

Albany 42°  39'  73-995° 

Montreal 45°  30'  76° 

Winnipeg 49°  53'  80° 

Point  Barrow 71°  30'  83° 

With  regard  to  the  secular  variation  of  the  inclination, 
the  value  observed  in  London  in  1576  by  Norman  was 
71°  50'.  It  then  increased  slowly,  and  in  1720  reached 
its  maximum  value  of  74°  42'.  Since  then  it  has  been 
decreasing,  being  67°  25'  in  1888.  The  earliest  recorded 
observation  of  dip  on  this  continent  was  made  at 
Unalashka  in  1778 ;  although  systematic  determinations 
were  not  made  until  about  1820.  Loomis,  comparing 
the  observations  of  Sabine  and  Franklin  (1822-25)  with 
others  made  in  1835,  concludes  upon  a  mean  value  of 
—  1*8'  as  the  annual  diminution  of  the  dip  in  the  eastern 
portion  of  the  United  States.     Schott  in  1856  showed 
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that  in  the  northeastern  United  States  the  dip  decreased 
until  about  1843,  when  it  became  stationary.  It  then 
began  to  increase,  reaching  in  1856  an  annual  increase 
of  2*7'.  But  curiously  enough  this  wave  of  increase  was 
of  short  duration,  and  reached  its  maximum  about 
1859,  when  the  value  again  began  to  decrease  and  has 
continued  to  the  present  time,  the  annual  rate  at  Phila- 
delphia being  about  —  5*5'  and  at  Washington  3*5'. 
Since  the  rate  of  decrease  is  decreasing  toward  the 
south  and  west,  it  must  soon  become  zero.  And  upon 
the  chart  of  the  Coast  Survey  Schott  has  given  a  shaded 
band  skirting  the  northern  coast  of  Cuba,  passing  over 
lower  Louisiana  and  central  Texas,  through  Mexico, 
crossing  the  Gulf  of  California,  following  the  coast 
northward  and  passing  oflf  to  sea  near  San  Francisco, 
throughout  which  the  rate  of  the  annual  variation  of  the 
inclination  in  1885  was  zero,  and  where  therefore  the 
inclination  then  had  a  constant  value.  The  dip  is  less 
in  summer  than  in  winter,  and  less  at  night  than  in  the 
daytime. 

592.  Isocliuic  Liines.— Magrnetic  Equator. —  Lines 
drawn  through  points  upon  the  earth  having  the  same 
value  for  the  inclination  are  called  isocUnic  lines.  Since 
the  value  of  the  dip  increases  with  the  latitude,  there 
must  be  in  the  vicinity  of  the  equator  an  aclinic  line,  or 
line  where  there  is  no  dip  and  the  needle  remains  hori- 
zontal. This  line  is  called  the  magnetic  equator.  Be- 
ginning, for  example,  on  the  east  coast  of  Brazil,  in  south 
latitude  16'',  it  passes  eastward  and  a  little  to  the  north 
toward  the  coast  of  Africa,  intersecting  the  geographical 
equator  about  2°  east  longitude,  and  entering  Africa  at 
the  Gulf  of  Benin  ;  then  continuing  its  slight  northerly 
direction  it  meets  the  parallel  of  lO"*  north,  and  moves 
east  to  Cochin  in  Hindostan  ;  then  turning  south  again 
it  cuts  the  equator  in  170*"  west  longitude,  continuing  on 
until  it  meets  South  America  in  latitude  T  S.  on  the 
coast  of  Peru,  and  thus  to  the  point  of  departure.  So 
again,  since  the  dip  increases,  it  must  finally  reach  a 
point  near  the  pole  where  its  value  is  90°  and  the  needle 
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is  vertical.  Such  a  point  is  called  a  magnetic  pole. 
Gauss  calculated  that  in  1838  the  north  magnetic  pole 
was  at  73°  35'  N.  and  95°  39'  W.  Ross  in  1831  observed 
that  in  latitude  70°  5'  N.  and  longitude  96°  45'  W.  the 
inclination  was  89°  59',  or  within  one  minute  of  being  ver- 
tical. Schwatka  in  1879  concluded  from  his  observa- 
tions that  the  pole  had  shifted  to  longitude  99°  35'  W. 
Gauss's  position  for  the  south  magnetic  pole  was  latitude 
72°  35'  S.,  longitude  150°  10'  E.  This  pole  has  not  yet 
been  reached.  Ross  in  1841  observed  in  latitude  76° 
12'  S.,  longitude  163°  2'  E.,  an  inclination  of  88°  40' ;  from 
which  he  concluded  that  the  magnetic  pole  was  about 
256  kilometers  distant. 

The  isoclinic  line  of  69°  (see  Frontispiece)  passes 
across  the  United  States  from  near  Norfolk  by  Rich- 
mond, Louisville,  St.  Louis,  Topeka,  Cheyenne,  Boise 
City,  and  Portland.  That  of  72°  passes  near  Princeton, 
Harrisburg,  Pittsburgh,  Fort  Wayne,  Chicago,  Iowa 
City,  Deadwood,  Helena,  and  Vancouver. 

593.  Magnetic  Intensity. — The  third  magnetic  ele- 
ment is  magnetic  intensity;  i.e.,  the  strength  of  the 
magnetic  field  at  the  point  in  question.  Instead  of 
determining  the  total  force  directly,  it  is  found  more 
convenient  to  determine  by  experiment  its  horizontal 
component;  and  then  to  calculate  the  total  force  from 
this ;  since  T  =  II/cos  S,  Moreover,  the  value  of  If,  or 
the  horizontal  component  of  the  earth's  magnetic  force, 
is  a  constant  of  importance  in  certain  physical  determi- 
nations. The  first  attempt  to  ascertain  the  value  of  the 
magnetic  intensity  appears  to  have  been  made  by  Gra- 
ham in  1723,  who  measured  the  oscillations  of  his  dip- 
ping-ueedle,  in  order  to  see  if  they  were  constant  and  to 
compare  the  value  of  the  magnetic  force  with  that  of 
gravity.  In  1769,  Mallet  compared  the  oscillations  of  a 
dipping-needle  at  different  stations  in  Europe  in  order 
to  compare  their  magnetic  intensities.  The  first  accu- 
rate observations  were  those  of  Humboldt,  made  about 
1800,  in  South  America. 

594.  Measurement  of  Intensity. — We  owe  to  Gauss 
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(1833)  the  method  at  present  in  use  for  determining  the 
value  of  the  horizontal  component  of  the  earth's  field  in 
absolute  measure.  It  consists  of  two  distinct  opera- 
tions. By  the  first,  which  is  a  method  of  oscillations, 
the  product  of  the  horizontal  component  by  the  moment 
of  the  magnet  is  obtained.  By  the  second,  which  is  a 
deflection  method,  the  ratio  of  the  magnetic  moment  to 
the  horizontal  component  is  obtained;  whence,  having 
both  the  product  and  the  quotient  of  two  quantities, 
either  of  the  quantities  can  be  calculated. 

L  Method  of  Oscillations. — Whenever  a  body  oscillates 
under  the  action  of  a  force,  the  square  of  the  time  of  a 
single  oscillation  is  directly  proportional  to  the  moment 
of  inertia  of  the  body  about  the  axis  of  oscillation,  and 
inversely  proportional  to  the  directive  force.  In  the 
case  of  a  magnetic  needle  the  directive  force  is  MII\ 
i.e.,  is  the  product  of  the  moment  of  the  magnet  by  the 
horizontal  component  of  the  earth's  magnetism.  So 
that  we  may  write  t  z=:n  Vl/Mll  for  the  time  of  a  single 
oscillation.  Whence  we  have  MH  =>  n^I/f.  Since  the 
number  of  oscillations  is  the  reciprocal  of  the  time,  we 
may  also  write  MH=:  n^n^L 

II.  Method  of  Deflections. — ^The  magnet  N8  is  placed 
with  its  axis  on  an  east-and-west  line  passing  through  the 
center  of  a  delicate  magnetometer  needle  ns  and  at  a 
definite  distance  r  from  it  (Fig.  294).     The  needle  will 
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be  deflected,  and  will  take  up  a  position  of  equilibrium 
between  the  two  couples ;  i.e.,  the  displacing  couple  due 
to  the  magnet  {2MM'  cos  0)/r'  (r  being  the  distance  be- 
tween the  centers  and  0  the  angle  of  deflection)  and  the 
restoring  couple  of  the  earth,  M'H  sin  0.    Equating 


Digitized  by  VjOOQ IC 


692  PHY8IC8. 

these  values,  {2MM^  cos  0)/r*  =  M'Hsin  0;  and  there- 
fore M  =  illr*  tan  0  (553) ;  whence  M/II  =  ir'  tan  <p. 
Errors  are  eliminated  by  reversing  the  magnet,  by 
placing  it  on  the  opposite  side  of  the  needle,  and  by 
repeating  the  experiment  with  diflferent  values  of  r; 
both  ends  of  the  needle  being  always  read. 

Since  for  a  rod  of  small  diameter,  of  mass  w,  and 
of  length  21,  the  moment  of  inertia  is  rwf/3,  the  formula 
for  JfU  becomes  ml*7r*n*/3 ;  so  that  the  product  MH 
is  readily  calculable  by  squaring  the  number  of  oscil- 
lations in  a  second  and  substituting  this  value  in  this  ex- 
pression. Having,  therefore,  Mil  =  A  and  M/H  =  B, 
we  obtain,  by  multiplying  these  equations,  M  =  VAB, 
and  by  dividing  them,  H  =  VA/B.  Whence  the  value 
of  ZTis  obtained. 

595«  Variation  of  Magnetic  Intensity, — Like  the 
other  magnetic  elements,  the  intensity  varies  from  point 
to  point  of  the  earth's  surface  when  measured  at  the 
same  instant,  and  also  varies  from  time  to  time  when 
measured  at  the  same  place.  In  the  Coast  and  Geodetic 
Survey  tables  for  1885  the  value  of  the  horizontal  com- 
ponent and  of  the  total  force  are  given  as  follows  for  the 
places  designated : 

Place.  Horizontal.                    Total. 

New  Orleans -2775  dyne  -5519  dyne 

Charleston -2551  "  -5847  " 

San  Francisco .. .  -2531  "  -5451  " 

St.  Louis -2135  "  -6003  " 

Washington -2026  "  -6087  " 

Baltimore -1978  "  -6128  " 

Philadelphia....  -1951  «  -6110  " 

Chicago -1877  "  -6216  " 

New  York -1872  "  -6048  " 

Boston -1704  "  -5898  " 

Albany -1695  "  -6156  " 

Montreal 1474  "  -6119  " 

It  will  be  seen  that,  owing  to  the  increase  of  the  dip 
with  the  latitude,   the   horizontal   component  steadily 
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decreases.    The  total  force,  however,  varies  very  irregu- 
larly from  point  to  point. 

During  the  twenty  years  prior  to  1860,  the  horizontal 
component  of  the  earth's  force  in  the  eastern  United 
States  was  slowly  decreasing,  the  annual  rate  being 
about  one  thousandth  part  of  the  whole.  About  this 
year  it  reached  its  minimum  limit,  and  has  since  been 
ste^adily  increasing.  The  total  force,  on  the  other  hand, 
has  been  continually  decreasing  from  the  time  of  the 
earliest  observations.  The  value  of  the  annual  change 
of  the  horizontal  force  in  C.  G.  S.  units,  as  given  by 
Schottin  1885,  is  at  Boston  +  -00031,  at  Philadelphia  + 
•00023,  at  Baltimore  +  -00009,  at  Havana  —  -00016,  at 
San  Francisco  —  -00022,  and  in  Washington  State  — 
•00032.  In  consequence  of  this  change  of  sign,  from  in 
creasing  to  decreasing  variation  of  the  horizontal  force, 
there  is  a  belt  where  the  annual  change  is  zero.  This 
belt  about  the  epoch  1885  crossed  the  United  States 
from  Si  Augustine,  through  Nashville,  St.  Louis,  Chey- 
enne, and  Butte  City,  to  British  Columbia. 

596.  Isodynamic  Lines,  Horizontal  and  Total, — 
Lines  drawn  through  those  places  where  the  earth's 
force  has  the  same  value,  are  called  iBodynamic  lines. 
Evidently  the  character  of  the  isodynamic  lines  repre- 
senting the  horizontal  force  will  be  quite  different  from 
those  which  represent  the  total  force.  The  former  cross 
the  United  States  in  nearly  an  east  and  west  direction, 
inclining  to  the  north  a  little  as  they  go  westward.  Thus 
the  isodynamic  line  of  -1844  dyne  (see  Frontispiece) 
passes  near  New  York,  Cleveland,  Ann  Arbor,  Chicago, 
Dubuque,  Helena,  and  New  Westminster,  B.  C.  The  iso- 
dynamic lines  have  therefore  a  general  parallelism  with 
the  isoclinic  lines.  The  isodynamic  lines  for  the  total 
force  are  exceedingly  irregular,  being  greatl}^  influenced 
by  local  causes  apparently.  Thus  the  line  of  -5994  dyne 
passes  through  New  Brunswick  in  a  direction  to  the  east 
of  south,  enters  the  Atlantic  near  Eastport,  turns  west- 
ward, crosses  Cape  Cod,  turns  south  and  enters  the 
United  States  near  the  Virginia  and  North  Carolina  line, 
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touches  the  coast  again  near  Wilmington,  then  turns 
sharply  to  the  west  and  north,  passing  near  Charlotte, 
Chattanooga,  Springfield,  Mo.,  and  Denver,  and  entering 
British  Columbia  through  Idaho  and  Washington.  The 
line  of  -6225  dyne  passes  E.S.E.  through  the  northern 
part  of  Lake  Superior  and  Lake  Huron,  makes  a  closed 
loop  in  the  Province  of  Ontario,  reaching  its  eastern 
limit  near  Ottawa,  then  passes  W.S.W.  through  the 
southern  end  of  Lake  Huron,  turns  east  agaio  through 
Lake  Erie,  then  west  through  northern  Ohio,  Indiana, 
and  Illinois,  and  passing  through  Iowa,  Nebraska,  and 
Wyoming,  enters  British  Columbia  through  Montana. 

597.  Automatic  Records.  —  In  magnetic  observa- 
tions the  variations  of  short  period,  such  as  the  annual 
and  diurnal  changes  as  well  as  the  disturbances,  are 
registered  by  means  of  photography  on  self-recording 
instruments.  The  needle  carries  a  mirror  which  reflects 
a  beam  of  light  on  a  strip  of  sensitive  paper  moving 
over  a  cylinder  driven  by  clockwork.  The  curves  de- 
scribed are  those  of  the  declination  and  of  the  hori- 
zontal and  vertical  components  of  the  intensity. 

C. — THEORIES  OF  THE  EARTH'S  MAGNETISM. 

598.  Theory  of  Gilbert. — The  first  precise  theory  of 
the  earth's  magnetism  is  to  be  found  in  the  remarkable 
book  of  Gilbert,  published  in  1600,  and  entitled  "  De 
Magnete."  A  careful  study  of  the  terrestrial  magnetic 
phenomena  known  to  him  led  him  to  enunciate  his 
theory  in  the  following  words:  "Magnus  magnes  ipse 
est  globus  terrestris  *' ;  i.e.,  "  the  earth  itself  is  a  great 
magnet.*'  He  assumed  that  only  the  solid  portions  of 
the  earth  are  magnetic,  and  thus  accounted  for  changes 
in  the  direction  of  the  needle. 

599.  Subsequent  Theories. — Bond,  in  1676,  sup- 
posed the  earth  to  be  encompassed  by  a  magnetic  sphere, 
having  an  axis  inclined  S"*  30'  to  that  of  the  earth,  and 
revolving  somewhat  more  slowly  than  the  earth.  Halley 
in  1692  supposed  the  earth  to  have  four  magnetic  poles, 
two  belonging  to  an  outer  magnetic  shell  and  two  to  an 
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inner  one,  of  which  two  shells  the  earth  is  made  up, 
variation  being  due  to  a  difference  in  their  rates  of  revo- 
lution. Biot  in  1805  supposed  the  earth  to  contain  a 
central  magnet  with  its  poles  close  together.  Hansteen 
in  1819  adopted  the  hj- pothesis  of  four  poles.  He  sup- 
posed that  by  the  action  of  the  sun  or  that  of  its  satel- 
lites a  planet  may  have  magnetic  axes  developed  in  it, 
one  more  in  number  than  it  has  moons.  The  slow 
motion  of  the  resultant  axis  accounts  for  the  secular, 
the  earth's  rotation  for  the  annual,  variation.  Gauss, 
in  1833,  however,  made  a  remarkable  mathematical  in- 
vestigation on  the  distribution  of  the  earth's  magnetism, 
and  decided  on  two  poles  only.  In  his  view  the  earth 
does  not  contain  a  single  great  magnet,  but  is  made  up 
of  irregularly  diifused  magnetic  elements,  which,  taken 
together,  have  a  remote  resemblance  to  the  condition  of 
an  ordinary  magnet.  The  application  of  Gauss's  formula 
required  the  determination  of  24  numerical  coefficients. 
He  computed  the  value  of  the  inclination,  the  hori- 
zontal force,  and  the  total  intensity  for  91  places  on  the 
earth's  surface,  and  found  the  results  to  agree  remarkably 
with  those  observed.  In  1820  Oersted  had  observed 
the  production  of  magnetism  by  means  of  an  electric 
current;  and  in  1822  Seebeck  had  discovered  thermo- 
electricity. Combining  these  two  discoveries,  Grover  in 
1849  proposed  the  theory  that  the  magnetism  of  the 
earth  is  due  to  electrical  currents  circulating  around  it, 
produced  by  the  action  of  the  sun  and  modified  by  the 
earth's  motion ;  a  theory  which  is  now  generally  adopted. 
600.  Constants  of  Terrestrial  Magrnetism. — The 
phenomena  of  terrestrial  magnetism  may  be  roughly 
represented  by  an  indefinitely  short  magnet  placed 
within  the  earth,  and  inclined  about  15°  to  the  earth's 
axis  of  rotation.  The  lines  of  the  field,  as  shown  in  the 
figure  (Fig.  295),  are  symmetrical  with  reference  to  PP\ 
the  earth's  magnetic  axis,  and  the  line  EE'  perpendicular 
to  this  axis  represents  the  magnetic  equator.  Magnetic 
parallels  may  be  drawn,  on  each  of  which  the  magnitude 
and  direction  of  the  force  is  constant.     These  are  there- 
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fore  isomagnetic  lines.  The  inclination  at  any  latitude 
0  is  given  by  the  expression  tan  7=2  tan  0 ;  and  the 
total  force  by  the  formula  T*  =  T^  (1  +  3  sin*  0),  in 
which  T^  is  the  total  force  at  the  equator.  Evidently 
every  great  circle  through  P  and  P'  is  a  magnetic 
meridian ;  so  that  the  angle  at  which  these  meridian? 
intercept  the  geographical   meridian  of  a  place  is  itr 
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declination.  One  of  the  geographical  meridians  passes 
through  the  magnetic  pole  and  coincides  with  a  magnetic 
meridian.  Evidently  for  points  on  this  combined  merid- 
ian the  declination  is  zero,  and  this  meridian  constitutes 
an  agonic  line. 

Experiments. — 1.  Magnetize  a  steel  disk  by  placing  it  in  a  strong 
field  with  a  diameter  parallel  to  the  lines  of  force.  Place  the  disk 
thus  magnetized  in  the  vertical  lantern,  and  over  it  place  a  glass 
plate  on  which  soft  iron  filings  have  been  sifted.  On  slightly  jarring 
the  plate,  the  filings  will  arrange  themselves  along  the  lines  of  force, 
forming  a  magnetic  phantom  representing  in  miniature  that  of  a 
section  of  the  earth. 

2.  Suspend  a  minute  magnetic  needle  by  a  fiber  of  silk,  and  carry 
it  about  through  the  field  thus  shown.  Opposite  the  poles  the  axis 
of  the  needle  is  radial,  and  here  the  inclination  is  90**.  Opposite  the 
equator  the  axis  is  tangential,  and  the  inclination  is  0^  At  inter- 
mediate points  the  dip  varies  according  to  the  formula  above  given. 

601,   Magnetic  Moment  of  the  Earth. — Upon  the 
hypothesis  of  Gauss  above  given,  the  earth's  magnetic 
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moment  may  be  calculated.  Since  the  intensity  of  mag- 
netization is  the  ratio  of  the  magnetic  moment  to  the 
volume,  we  have  M  =^  IV^  TJi*.  So  that  calling  T^  or 
the  total  force  at  the  equator  0*33,  and  ^'  =  (8  X  10")/;rS 
we  find  for  the  earth's  magnetic  moment  8*5  x  10"  C.  G. 
S.  units.  Consequently  we  have  for  the  intensity  of 
magnetization  of  the  earth 

,      M         M  T,R       37;        0-99       ^^^^ 

^  ""  F  ■"  \nR'  ""  \nl^  "  4;r  "  1256  -  ""'^> 
or  about  one  three- thousandth  of  that  of  an  ordinary  steel 
magnet  It  results  from  the  calculations  of  Gauss  that 
the  total  magnetic  action  of  the  earth  is  the  same  as  that 
which  would  result  if  in  each  cubic  meter  of  its  volume 
there  were  contained  nine  magnets  of  steel  each  of  a  mass 
of  half  a  kilogram^  and  each  saturated. 
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CHAPTER  IV. 

ENERGY  OF  iETHER-FLOW.— ELECTRO- 
KINETICS. 

Section  I. — Transference  of  Electrification. 

A. — electric  currents. 

602.  Electric  Flow. — Whenever  two  points  at  differ- 
ent electric  potentials  are  connected  by  a  conductor,  a 
transference  of  electrification  takes  place  through  this 
conductor,  producing  an  electric  current.  Since  the 
transference  is  assumed  to  take  place  from  the  point  of 
higher  to  the  point  of  lower  potential,  the  direction  of 
the  current  is  the  direction  in  which  positive  electrifica- 
tion is  transferred.  This  current  continues  until  both 
ends  of  the  conductor  have  the  same  potential.  It  is 
therefore  temporary  if  the  quantity  of  electrification  is 
limited ;  as  when,  for  example,  a  Leyden  jar  is  dis- 
charged. But  if  by  any  device,  such  as  a  voltaic  cell, 
the  difference  of  potential  be  maintained  constant,  the 
flow  of  current  is  continuous,  and  is  the  same  through 
every  cross-section  of  the  circuit. 

603.  Speed  of  Transference. — When  electrification 
is  transferred  to  a  conductor,  the  first  result  attained  is 
the  charging  of  that  conductor ;  i.e.,  the  raising  it  to 
a  potential  equal  to  that  of  the  source.  But  the  quan- 
tity which  must  be  transferred  to  raise  the  conductor  to 
this  potential  is  a  function  of  the  capacity  of  this  con- 
ductor. So  that  the  time  of  the  appearance  of  a  charge 
at  the  remote  end  of  a  linear  conductor,  such  as  a  wire, 
will  depend  not  only  upon  the  length  but  also  upon  the 
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capacity  of  this  conductor.  Moreover,  a  minimum  of 
charge  will  appear  at  the  remote  end  in  a  minimum  of 
time ;  and  this  charge  will  gradually  increase  until  the 
wire  is  fully  charged.  The  time  which  has  elapsed 
since  the  flow  began,  and  which  represents  the  speed  of 
transference  of  the  electrification,  is  therefore  variable, 
since  it  is  dependent  upon  the  delicacy  of  the  apparatus 
used  to  detect  the  electrification  at  the  remote  end  of  the 
wire.  Evidently,  therefore,  the  speed  of  electrical  trans- 
ference along  a  wire  can  have  no  constant  value ;  since 
it  varies,  not  only  with  the  capacity  of  the  conductor,  but 
also  with  the  delicacy  of  the  devices  employed  for  de- 
tecting the  arrival  of  the  potential  difference  at  its  end. 
604.  Current-strengrth.— Ohin'sLiaw. — The  quantity 
of  electrification  which  is  transferred  depends  obviously 
upon  the  time  t  during  which  the  current  flows ;  so  that, 
for  example,  calling  Q  the  quantity  transferred  meas- 
ured in  coulombs,  and  /  the  current  measured  in  am- 
peres, we  have 

Q  =  It.  [70J 

Moreover,  since  the  current-strength  is  measured  by  the 
quantity  transferred  in  unit  time,  and  since  this  quan- 
tity is  the  greater,  the  greater  the  difference  of  potential 
between  the  ends  of  the  conductor,  /  will  evidently  be 
directly  proportional  to  F—  F',  or  E,  the  difference  of 
potential.  Again,  experiment  shows  that  the  current  is 
also  dependent  upon  the  dimensions  and  material  of  the 
conducting  wire.  Since  no  known  material  conducts 
perfectly,  all  conductors  are  said  to  offer  resistance  to  the 
flow  of  electrification ;  this  resistance  being  the  recipro- 
cal of  the  conductivity.  Hence  the  current-strength, 
which  varies  directly  with  the  conductivity  of  the  wire, 
will  vary  inversely  as  its  resistance.  The  current- 
strength  in  any  conducting  circuit,  then,  is  a  function  of 
two  variables,  and  of  two  only ;  the  difference  of  poten- 
tial directly  and  the  resistance  inversely;  whence  we 
have 

I-=E/R,  [71] 
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in  which  H  represents  the  resistance  of  the  circuit 
This  relation  was  first  enunciated  by  Ohm  in  1827,  and 
is  known  as  Ohm's  law.     It  may  be  stated  as  follows  : 

The  current-strength  in  any  circuit  is  directly 
proportional  to  the  sum  of  the  electromotive 
forces  in  the  circuit  and  inversely  proportional 
to  the  sum  of  the  resistances. 

605.  Besistauce.  —  Resistance  appears  to  be  the 
agency  by  which  the  electrical  energy  of  a  circuit  is 
transformed  into  other  forms  of  energy;  but  of  its 
nature  we  know  nothing.  It  can  be  defined  only  in 
terms  of  the  difference  of  potential  and  the  current- 
strength,  and  is  the  ratio  between  them,  since  B  =  E/L 
In  a  conducting  wire  it  varies  directly  with  the  length 
of  this  wire  and  inversely  with  its  cross-section.  It  also 
varies  with  the  material  of  which  the  conductor  is 
made;  so  that  if  we  call  the  absolute  resistance  of  a 
wire  of  unit  length  and  unit  section,  made  of  a  particular 
material,  the  specific  resistance  of  that  material,  we  may 
say  that  the  actual  resistance  varies  directly  as  the 
specific  resistance  of  the  material  of  the  conductor. 
Calling  I  the  length  of  the  conductor,  8  its  section,  and  p 
the  specific  resistance  of  the  material,  we  have 

R=:  pl/8, 

which,  since  8  =  nr^  or  iTrd',  becomes  R  =  pl/nr^  or 
iipL/nd*.  Resistance  is  measured  practically  in  ohms^ 
and  specific  resistance  in  microhms. 

606,  Electrokinetic  Units. — Current-strength  may 
be  measured  in  units  based  upon  the  electrostatic  units 
already  considered  (469,  482,  507).  Thus  the  electro- 
kinetic  unit  of  current  may  be  defined  by  the  equation 
/  =  Q/t  as  the  number  of  absolute  electrostatic  units  of 
quantity  transferred  in  unit  of  time ;  and,  from  Ohm's 
law,  E  =  IR,  since  ^=  F—  F',  the  electrostatic  differ- 
ence of  potential,  we  may  define  the  electrokinetic  unit 
of  resistance  as  the  resistance  of  a  conductor 
through   which   one   electrokinetic   unit  of   cur- 
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rent  flows  when  one  unit  of  electrostatic  poten- 
tial-difference is  maintained  between  its  ends. 
The  dimensions  of  electrostatic  difference  of  potential 
are  M^DT'^  (507);  and  the  dimensions  of  electro- 
kinetic  current-strength  are  M^LiT^*.  Consequently 
the  ratio  of  these  quantities,  which  represents  the  di- 
mensions of  electrokiuetic  resistance,  is  T/L.  The 
reciprocal  of  this  is  L/T;  and  this,  which  represents 
electrokinetic  conductivity,  is  a  speed. 

In  general,  however,  another  absolute  system  of  units 
is  employed,  based  upon  the  magnetic  effects  of  the 
current,  and  hence  called  an  electromagnetic  system  of 
units.  These  will  be  considered  in  connection  with 
electromagnetism  (669). 

607.  Applications  of  Ohm's  Law. — The  law  of  Ohm 
may  be  applied  to  calculate  the  current-strength,  not 
only  in  a  simple  circuit,  but  also  in  the  conductors  of  a 
complex  one.  Two  general  modes  of  arranging  electrical 
devices  in  a  circuit  are  in  use :  in  the  first  these  devices 
are  arranged  consecutively  one  after  the  other  (Fig.  296), 

HHHHHH'- 
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the  current  flowing  successively  through  each  of  them, 
— A — B — C — D — ;  this  is  called  an  arrangement  in 
series.    In  the  second  the  devices  are  arranged  side  by 


Fio.  297. 


side  (Fig.  297)  or  parallel  to  each  other,  the  current 
flowing  simultaneously  through  them ;  this  is  called  an 
arrangement  in  multiple.     Obviously  these  two  methods 


Digitized  by  VjOOQ IC 


702 


PHYSICS. 


ma.j  be    combined    to    constitute  an   arrangement    in 
multiple  series;  as  in  Fig.  298  for  example. 


H 


H 


H 


Fig.  2g6. 


608.  Series  Arrangements.  —  Suppose  several  elec- 
trical generators — meaning  by  this  term  any  device  for 
maintaining  a  constant  potential  difference — to  be  con- 
nected in  series  ;  i.e.,  the  negative  terminal  of  one  to  the 
positive  terminal  in  the  next  as  in  Figure  296.*  Each  gen- 
erator develops  a  certain  potential  difference  ;  and  since 
these  are  added  together  in  connecting  the  generators 
in  series,  the  difference  of  potential  of  the  whole,  calling 
e  that  developed  by  one  generator,  is  equal  to  ^e ;  or 
equal  to  ne  if  n  equal  generators  be  used.  Moreover, 
each  generator  has  a  resistance  r,  depending  upon  the 
materials  and  mode  of  construction  ;  whence  the  total 
resistance  of  the  set  will  be  J2'r,  or  nr  if  n  equal  gen- 
erators be  employed.  Hence  calling  lit  the  total  in- 
ternal resistance,  Bi  =  2r  or  nr.  If  now  we  call  Ji^, 
the  resistance  of  the  conducting  wire  used  to  connect 
the  terminals  of  the  first  and  last  generators,  i.e.,  the 
total  external  resistance,  we  have  by  Ohm's  law : 


/= 


2e 


ne 


E 


:Er  +  R.      nr-\-R,      Ri-r  R, 

But  in  the  circuit  external  to  the  generators  we  may 
have  various  devices  ;  such  as  a  galvanometer,  a  lamp,  a 
motor,  etc.     So  that  the  total  resistance  of  the  external 

♦  The  conventional  mode  of  representiug  such  generators  is  shown 
in  the  figure  ;  the  sliort  thick  lines  indicating  the  negative  side  and  the 
long  fine  ones  the  positive. 
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circuit  R^  will  be  w;  +  gr  +  ^+^5  calling  w^  gr,  Z,  m  the 
resistances  of  the  wires,  galvanometer,  lamp,  and  motor. 
Whence 

j_  ^^  _  ^  ~      ^  r721 

609.  Multiple  Arrangements.  —  Suppose  a  single 
generator  to  have  its  terminals  connected  by  several 
wires  in  multiple.  Evidently  the  current  will  divide 
into  as  many  portions  as  there  are  wires.  Moreover,  the 
conductivity  of  the  entire  set  of  wires  will  be  the  sum  of 
the  separate  conductivities ;  so  that  (7  =  c  +  c,  -j-  c^,  + 
<j^,,  +  .  .  .  c„.  But  since  c  =  1/r,  this  may  be  written 
1/B  =  1/r  +  1/r,  +  1/r,,  +  1/r,,,  +  . . .  1/r,..    Whence 

1  ^  n^//^///  +  ^//^///  +  ^^/^///  +  ^/^// . 
B 


and       i?  = ^ ZIi![i/[mi .     Or  the 

resistance  of  a  number  of  conductors  arranged  in  parallel 
or  multiple,  is  the  product  of  all  the  resistances  divided 
by  the  sum  of  the  products  of  the  resistance  of  each 
conductor  into  all  the  others  except  one.  Obviously  if 
these  resistances  are  all  equal,  B  =  ry4r"  or  \r ;  and 
hence  the  total  resistance  of  four  equal  parallel  con- 
ductors is  one  fourth  of  the  resistance  of  any  single  con- 
ductor. If  several  equal  generators  be  arranged  in  mul- 
tiple as  shown  in  Figure  297,  the  difference  of  potential 
Eoi  the  group  will  be  that  of  a  single  generator  only,  e ; 
but  the  resistance  of  the  group  Bi  will  be  proportional  to 
the  reciprocal  of  the  number  of  generators.  In  the  same 
way  the  total  resistance  Bg  of  a  number  of  equal  de- 
vices, lamps  for  example,  in  the  external  circuit  will  be 
proportional  to  the  reciprocal  of  the  number  of  such 
devices.  So  that  if  n  generators  in  multiple  each  of 
resistance  r  be  connected  to  an  external  circuit  contain^ 
ing  m  devices  in  multiple  each  of  resistance  r, ,  we  shall 
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have  Ri  =  r/n  and  B,  =  rjm.    Whence  by  the  law  of 
Ohm 

/=      ^     =  _i?L«A_.  [73] 

610.  Multiple-series  Arrangements.  —  When  both 
methods  of  arranging  circuits  are  simultaneously  em- 
ployed, the  formulas  Above  given  may  be  combioed. 
Given  N  generators,  arranged  m  in  series  and  n  in 
multiple,  we  have  mn  =  N.  So  that  if  R^  be  the  ex- 
ternal resistance,  -B<  =  mr/n  and  the  law  of  Ohm  gives  us 

r          me  Ne 

/= or 


n 


If  S  devices  each  of  resistance  r,  be  arranged  in  multiple 
series  in  the  external  circuit,  a  devices  being  in  series 
and  i  devices  in  multiple,  8  =  st  and  Be  =  *^iA>  ^^^ 
the  current-strength  will  be 

7-—       ^^      —       ^'^      —       ^^  rjA-] 

~  i?i  +  -Bg  ""  mr  ,  ^Tj^  ~  mrt-^nsr^ 

611.  Branched  Circuits. — Shunts.  — The  most  fre- 
quent case  in  practice  is  where  only  two  multiple 
circuits  are  employed  but  of  different  resistances.  Either 
of  these  branched  circuits  is  said  to  be  a  shunt  circuit  to 
the  other.  Thus,  for  example,  if  a  galvanometer  G  and 
a  coil  S  are  placed  on  two  parallel  circuits  (Tig.  299), 
the  coil  will  act  as  a  shunt  to  the  galvanometer  and  will 
reduce  the  current  flowing  through  it  in  proportion  as 
its  resistance  is  less  in  comparison.  As  in  this  case 
Bf  the  total  resistance  between  a  and  &,  is  equal  to 
G8/{G  +  ^1  we  have,  calling  /'  the  total  current  flowing 
and   supposing  the   potential  difference  E  between  a 
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and  ft  to  be  constant,  /'  =  E/B  =  E/{GS/{G  +  S))  = 
E{0+  S)/GS.  Since  if  the  galvanometer  alone  were 
in  the  circuit,  I—E/Q,  we  have  /:/'::!:((?  +  S)/S ; 
i.e.,  /'=/((? +  *S)/*S;  whence  the  fraction  {G-\'S)/S 
Is  called  the  multiplying  power  of  the  shunt,  since  it 


Fio.  «M. 

increases  the  total  current  in  this  ratio.  Moreover, 
if  the  galvanometer  alone  were  in  circuit,  the  cur- 
rent 7=^/ (?;  and  with  the  shunt  alone  I"  =zE/S\ 
whence  I"  \  I\\  G  :  S.  Now  since  the  current  /'  when 
both  are  in  circuit  is  equal  to  I-\-  /",  i.e.,  to  1/G  -j-  1/*^'' 
or  ( G^  -1"  S)/GS,  it  is  evident  that  in  this  case  this  current 
must  divide  between  the  two  circuits  in  the  inverse 
ratio  of  their  resistances.  Of  the  total  current  in  the 
circuit,  then,  the  fraction  S/{G -^  S)  will  flow  through 
the  galvanometer  and  the  fraction  G/{  G  -{-  S)  through 
the  shunt.  So  that  if  the  galvanometer  have  nine  times 
the  resistance  of  the  shunt,  one  tenth  of  the  current  will 
flow  through  the  galvanometer  and  nine  tenths  through 
the  shunt. 

612,  KIrchhoff's  Laws. — Two  laws  have  been  de- 
rived by  Kirchhoflf  from  Ohm's  law  which  are  frequently 
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useful.    Suppose  a  current  flowing  from  J  to  a  (Fig.  300) 
through  the  three  branched  conductors.     Since  at  the 
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point  a  as  we  have  just  seen,  /=  /'  +  -?  "+  ^'^\  i*  follows 
that 

I'  +  r'J{.I'"^I^O.  [76] 

Whence  the  first  law : 

I.  The  algebraic  sum  of  the  currents  which 
meet  at  a  point,  in  any  arrangement  of  circuits, 
is  always  zero.  This  result  is  evident,  since  if  the 
quantity  brought  to  the  point  a  by  the  branch  conduc- 
tors /',  7"  and  I*''  be  not  equal  to  the  quantity  /car- 
ried away  by  the  main  conductor,  there  will  be  an 
accumulation  of  electrification  at  this  point  and  conse- 
quently a  rise  of  potential  there ;  which  is  contrary  to 
the  hypothesis  that  the  potential  difference  between  a 
and  b  is  maintained  constant. 

In  the  second  case,  suppose  a  closed  circuit,  a,  ft,  c,  d, 
c,/  (Fig.  301),  made  up  of  six  con- 
ductors. The  current  t,  in  ab  will 
)d  be  ( Fa  —  F5  )/r, ;  whence  i,r,  =  V^ 
—  Fft.  In  6c,  i>,  =  V^  —  V^\  and 
so  on  until  in  /a,  i^r^  z=Vf—Va' 
Fio.  J  01.  On    adding    these    equations    to- 

gether, the  differences  of  potential  disappear  and  we 
have 

*yi+V,+^^+*>4+*>»+^^«  =  0 ;  i.e.,  Sir  =  0.     [76] 

Whence  the  second  law  of  Kirchhoff : 

II.  In  a  closed  circuit  composed  of  several 
conductors  arranged  in  series,  the  sum  of  the 
products  obtained  by  multiplying  the  resist- 
ance of  each  conductor  by  the  current  flowing 
through  it,  is  equal  to  zero. 

In  case  the  circuit  contains  electromotive  forces  the 
second  law  requires  some  modification.  Here  the  dif- 
ferences of  potential  on  summation  do  not  vanish,  but 
have  a  positive  value.  Hence  the  sum  of  ir  is  not  zero, 
but  has  a  value  equal  to  the  sum  of  E;  or  2  E  =  2  ir. 
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Undertheseconditions,tlie  sum  of  the  products  of  the 
resistance  and  the  current-strength  in  each  of 
the  conductors,i8  equal  to  the  sum  of  the  electro- 
motive forces  in  the  circuit. 

613.  Fall  of  Potential  in  a  Circuit If  Ohm's  law 

be  plotted,  making,  in  the  formula  E  =  IR,  the  ordi- 
nates  diflferences  of  poten- 
tial and  the  abscissas  re- 
sistances, the  result  will  be 
a  straight  line,  inclined  to 
the  axis  of  abscissas  by  an 
angle  whose  tangent  is  rep-  fio.  aoa. 

resented  by  the  current-strength.  But  by  Ohm's  law,  / 
is  an  inverse  function  of  R.  Hence  if  ^  be  constant, 
the  angle  will  vary  with  R,  decreasing  as  the  resistance 
increases.  Thus  the  fall  of  potential  in  an  external  cir- 
cuit supposed  homogeneous  may  be  as  represented  in 
Figure  302,  where  E/R  =  tan  a=i  L    While  if  we  consider 

also  the  internal  circuit  (Fig. 

303),  of  resistance  -B^,  we 
^        ^^  have  the  fall  of  potential  in 

the  generator  E'  —  E=IRi. 
Re  -^^  Since,  however,  the  current 

Fio  808.  IS  the  Same  in  all  parts  of 

the  circuit,  E/R^  =  {E-E)/Ri ;  whence  E  :  E'  -- E 
::  Rg  :  Rf ,  and  also  E  :  E  ::  R^  +Ri  :  R^;a.s is  evident 
from  the  figure.  In  general,  if  there  be  any  closed  cir- 
cuit through  which  a  current  is  flowing,  the  fall  of  po- 
tential in  any  portion  of  this  circuit  is  proportional  to 
the  resistance  of  that  part  of  the  circuit.  Or  calling 
e  the  fall  of  potential  E^  —  E,  in  the  diagram  above, 
e  :  E  ::Ri  :  R^.  For  the  internal  circuit  we  have  e  =  IRi , 
and  for  the  external  circuit  E  —  IR^,  Whence  JF+e 
or  E'  =I{Re  +  Ri) ;  the  result  given  by  Ohm's  law  for 
the  entire  circuit. 

614.  Law  of  Maximum  Current. — It  is  often  desir- 
able so  to  arrange  a  given  number  of  generators  that 
they  will  give  the  maximum  current  with  a  given  ex- 
ternal resistance.     The  laws  of  multiple-series  circuits. 
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taken  in  connection  with  the  law  of  Ohm,  enable  this 
to  be  done.  Let  N  be  the  total  number  of  generators, 
let  them  be  arranged  m  in  series  and  71  in  multiple,  and 
let  -Be  l>®  ^^®  given  external  resistance,  r  being  the 
resistance  of  each  generator.  We  have  shown  above 
(610)  that  the  current  obtained  with  the  above  arrange- 
ment of  generators  is 

Ne      ^      e 
■"  mr  -|-  nR^  r  ,   R^ 
n      m 

Evidently  when  the  quantity  r/n  +  -B«/^  is  a  minimum, 
the  current-strength  I  will  be  a  maximum.  When  the 
product  of  two  quantities  is  constant,  their  sum  is  least 
when  they  are  equal.  Now  the  product  of  r/n  and  RJm 
is  rRJnm  or  rRJN.  Here  the  numerator  is  constant 
since  it  is  the  product  of  the  resistance  of  a  single  given 
cell  by  the  given  external  resistance  ;  and  the  denomi- 
nator is  also  constant,  since  it  is  the  given  number  of 
cells  to  be  employed.  Hence  the  sum  r/n-^-RJm  is 
least  when  r/n  =  RJm.  Multiplying  both  members  by 
in,  we  have  mr/n  =  R^ ;  but  mr/n  is  the  resistance  of 
the  N  generators  combined  in  n  series  of  m  each.  Hence 
the  rule  that  to  obtain  the  maximum  current  with  a 
given  external  resistance,  the  generators  should  be  ar- 
ranged so  that  their  combined  resistance  equals  that  of 
the  given  external  resistance. 

615.  Energy  of  the  Current. — The  potential  energy 
of  a  quantity  of  electrification,  Q  coulombs  for  example, 
raised  to  a  potential  of  V  volts  is  4^  F  volt- coulombs  or 
joules.  The  energy  contained  in  a  condenser  of  capacity 
C  farads  charged  to  a  potential  V  volts  is  \CV^  joules ; 
or  since  (7=  Q/V^  is  4(?F' joules.  When,  therefore,  a 
quantity  Q  flows  through  a  wire  from  the  potential  V  to 
V,  its  loss  of  energy  is  QV-QV  or  Q{V-  V) ;  and 
this  energy  is  expended  in  work.  "Whence  W  = 
Q{V-  V)  =  /(F-  Vy,  If  Q  and  V  are  expressed  in 
electrostatic  C.  G.  S.  units,  the  work  done  will  be  ob- 
tained in  ergs. 
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616.  Law  of  Joule. — The  experimental  establishment 
of  the  energy  of  an  electric  current  is  due  to  Joule.  The 
work  W  done  by  a  current  /,  in  the  time  t,  according  to 
the  law  of  Joule,  is  equal  to  the  product  of  the  current- 
strength  /,  the  time  ^  and  the  fall  of  potential  E ;  or 

W^{V^  V')lt  =  EIt.  [77] 

Since  jE?=  IR  by  Ohm's  law,  we  have  W=  Plit ;  or  if 
we  substitute  the  value  of  /=  E/R,  we  get  W=  IPt/Ii ; 
all  of  which  are  equivalent  expressions.  Since  /  =  Q/t, 
the  equation  W,  =  EI  =  I*B  =  E^/R  evidently  expresses 
the  work  in  ergs  which  is  done  by  the  current  in  each 
second ;  i.e.,  the  rate  of  work  or  the  activity.  If  E  be 
measured  in  volts,  R  in  ohms,  and  /  in  amperes,  W  will 
be  expressed  in  joules  per  second  or  watts. 

617.  Law  of  Maximum  Efficiency. — Since  the  work 
which  is  done  in  any  circuit  or  part  of  a  circuit  is  pro- 
portional to  the  fall  of  potential  in  that  circuit  or  part 
of  a  circuit,  and  since  the  fall  of  potential  is  itself  pro- 
portional to  the  resistance,  it  is  evident  that  the  work 
done  in  the  different  parts  of  a  circuit  is  proportional  to 
the  resistances  of  those  parts.  Thus  if  in  a  given  circuit 
the  internal  resistance  is  Rt  and  the  external  resistance 
R^y  the  work  per  second  done  by  the  current  in  the 
internal  circuit  will  be  /'/?<  and  in  the  external  circuit 
rR^ ;  the  whole  work  being  of  course  /*(  A  +  Re)-  If  -E" 
is  the  potential  difference  of  the  generator  on  open 
circuit,  E'  =  /{Rt  +  R^y  And  if  the  fall  of  potential  in 
the  generator  be  e  and  that  on  the  external  circuit  be  E, 
evidently  e  —  Ilit  and  also  E  =  IR^ ;  and  since  E'  = 
E+e,  E'  =1  I{Ri  +  Re)  as  before.  In  this  case  PR^  rep- 
resents the  energy  expended  per  second  in  the  generator 
and  therefore  uselessly  ;  while  PR^  represents  the  energy 
expended  in  the  external  circuit  and  therefore  available 
for  useful  purposes.  We  may  indicate  by  W^  the  total 
work  of  the  circuit,  by  Wu  the  useful  work  done  by  the 
generator,  and  by  Wjf  the  non^vailable  work.  In  which 
case  wo  have  TTy  =  /'(5,  +  R;)  or  KI,  W^  =  PR,  or  EI, 
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and  Wii  =  Plii  or  eL  The  efficiency  of  the  arrangement 
is  the  ratio  of  the  nseful  work  to  the  total  energy 
expended ;  or  Wu/  JfV  But  this  ratio  is  equal  to  EI/ E lot 
E/E ;  i.e.,  to  PRJ1\R^  +  i?,)  or  RJ{R^  +  R^.  How- 
ever, then,  the  total  yield  may  itself  vary,  the  efficiency 
may  be  increased  by  increasing  still  more  rapidly  the 
useful  work.  Now  it  is  easily  shown  that  if  E'  and  R^  be 
constant,  W^  is  a  maximum  when  R^  =  R^  (614).  Under 
this  condition  the  efficiency  is  equal  to  RJ^R^  or  to  0*5  ; 
and  the  maximum  useful  work  is  one  half  the  total 
work.  As  TFi7  =  i  TFj.  =  i^'/,  and  /  =  E'/2Ri,  we  have 
for  the  maximum  useful  work  the  value  E'^/i.Ri.  It 
should  be  observed,  however,  that  this  condition  of 
maximum  work  is  not  the  condition  of  maximum  effi- 
ciency. Evidently,  the  efficiency  will  be  the  greater  as 
Wu  approaches  more  nearly  the  value  Wj^  But  as 
Wu/Wj,=  E/E  =  RJ{Ri  +  Re)y  it  is  clear  that  the 
efficiency  will  be  the  greater  in  proportion  as  the  drop 
in  potential  in  the  generator  is  smaller,  and  therefore  as 
E  approaches  E^ ;  or  in  other  words,  in  proportion  as  the 
resistance  of  the  generator  is  smaller,  and  so  the  value 
Rg/{Ri  +  Rg)  approaches  unity.  Thus,  for  example,  if 
Ri  =  i^e,  the  ratio  Re/{Rt  +  Re)  is  9  :  10  and  the  effi- 
ciency is  90  per  cent.  This  ratio  is  frequently  called  the 
economic  coefficient  of  the  system  and  is  denoted  by  rj.  In 
the  above  example  the  total  work  in  the  circuit  is  only 
one  fifth  of  that  done  when  the  external  and  internal 
resistances  are  both  equal  to  unity.  But  the  useful  w^ork 
done  is  more  than  one  third  of  the  maximum  ;  and  hence 
the  efficiency  increases  from  fifty  to  ninety  per  cent. 
Evidently,  therefore,  in  theory  if  the  internal  resistance 
were  zero,  the  ratio  RJ{Ri  +  R^  would  become  unity 
and  the  efficiency  would  reach  100  per  cent,  its  theoretical 
maximum. 

618.  Variable  Period. — When  one  terminal  of  a 
generator  is  connected  to  a  long  insulated  linear  con- 
ductor, such  as  a  telegraph  wire,  a  current  will  flow  ioto 
the  conductor  until  its  potential  is  raised  to  that  of  the 
terminal ;  the  amount  of  charge  being  directly  propor- 
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tional  to  the  capacity  of  the  conductor,  and  the  time  of 
charge  inversely  proportional  to  the  current-strength, 
and  therefore  directly  proportional  to  the  resistance  of 
the  conductor.  Conversely,  if  the  end  of  the  conductor  be 
removed  from  the  generator  and  connected  to  the  ground, 
there  will  be  a  flow  of  current  from  the  conductor  to 
earth,  until  its  potential  is  zero  and  a  quantity  of  electri- 
fication equal  to  its  charge  has  flowed  to  earth  in  the 
form  of  a  current.  If,  however,  the  remote  end  of  the 
wire,  as  well  as  the  second  terminal  of  the  generator,  be 
put  to  earth,  then  the  potential  will  rise  until  it  equals 
that  of  the  first  generator-terminal,  only  at  the  near  end, 
and  will  fall  toward  the  remote  end,  where  it  will  be 
zero.  When  communication  is  first  established,  a  wave 
of  current  traverses  the  wire,  the  increase  of  potential  at 
any  point  being  represented  by  the  ordinates  of  a  curve 
called  the  arrival-curve,  the  abscissas  of  which  represent 
times.  The  time  elapsing,  after  communication  with  the 
generator  is  established  until  the  flow  is  constant,  is 
called  the  variable  period.  It  depends  not  on]j  upon  the 
potential  difference  at  the  generator-terminals,  but  also 
upon  the  resistance  and  electrostatic  capacity  of  the 
conductor.  And  since  both  these  quantities  vary  as  the 
length,  the  time  of  charge  varies  as  the  square  of  the 
length.  Thus  in  Wheatstone's  experiment,  the  difference 
of  potential  necessary  to  produce  a  sjmrk  appeared  at 
the  end  of  a  wire  365  meters  long  in  somewhat  less  than 
a  millionth  of  a  second.  But  it  does  not  follow  that  it 
would  traverse  a  wire  a  million  times  as  long  in  an  entire 
rtecond,  as  he  supposed.  In  fact,  since  I  a  Vi,  it  would 
travel  only  one  thousand  times  as  far  in  one  second  as 
in  one  millionth  of  a  second,  for  the  same  potential  dif- 
ference and  in  a  wire  of  the  same  material ;  which  is  less 
than  400  kilometers.  The  wave-front  reaches  the  point 
a  of  the  wire  OR  (Fig.  304)  in  the  time  t,  and  the  points 
b  and  R  in  the  times  t'  and  <".  But  when  it  has  just 
reached  6,  it  has  a  value  al  at  a ;  and  reaches  the  values 
a2  and  a3  only  after  the  wave-front  has  reached  the  end 
R  or  has  attained  the  permanent  state.     If,  however,  the 
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contact  with  the  generator  be  an  instantaneous  one,  the 
condition  of  things  is  as  shown  in  the  second  diagram 


Fio.  ao4. 


(Fig.  305).  The  potential  rises  from  0  to  ^  at  once ; 
but  as  the  supply  of  charge  is  cut  off,  it  falls  to  3  as  the 
wave  travels  to  b,  and  to  2  and  1  as  it  reaches  c  and  H. 


So  that  at  every  point  on  the  conductor  there  is  a  rise  of 
potential  as  the  charge  approaches  it,  and  a  fall  as  it 
recedes.  A  more  abrupt  wave  results  from  a  reversal  of 
the  electrification,  such  as  is  produced  by  connecting  the 
positive  and  negative  terminals  of  the  generator  to  the 
conductor  alternately.  In  application  of  these  principles 
it  is  evident  that  the  retardation  of  signals  will  be  greater 
in  a  telegraph  cable  than  in  a  similar  air-conductor; 
since  the  cable  being  a  condenser  has  a  greater  electro- 
static capacity.  The  Atlantic  cable,  for  example,  shows 
a  hundredth  part  of  the  maximum  potential- value  at  the 
remote  end,  in  about  one  fifth  of  a  second ;  while  it  re- 
quires  108  seconds  to  attain  0*9  of  its  maximum,  and 
would  require  an  infinite  time  to  attain  this  maximum  it- 
self.    The  signals  in  such  a  cable  are  alternately  positive 
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and  negative ;  and  to  increase  their  sharpness  condensera 
of  large  capacity  are  employed  at  each  of  its  ends. 


Section  II. — Transformation  of  Electrokinetio  Energy* 
A. — thermal  relations  of  the  current. 

(a)  Production  of  Heat  from  the  Current. 

619.  Conversion  of  £lectric  Current-energry  into> 
Heat-energry. — Whenever  an  electric  current  traverses  a 
conductor,  the  entire  energy  of  this  current  is  trans- 
formed into  some  other  kind  of  energy.  This  may  be 
heat  and  light,  the  energy  of  chemical  separation  or  the 
energy  of  mechanical  motion.  If  none  of  the  electric 
energy  be  expended  in  eflfecting  chemical  changes  or  in 
developing  mechanical  motion,  the  whole  of  it  must  evi- 
dently appear  in  the  circuit  as  heat.  It  appears  to 
be  solely  through  the  agency  of  what  is  termed  resist- 
ance in  the  circuit  that  this  transformation  is  effected ; 
the  amount  of  heat  developed,  other  things  being  equal,, 
being  directly  proportional  to  the  resistance.  From  the 
law  of  Joule  (616)  the  energy  expended  in  one  second  in 
a  circuit  of  resistance  H  through  which  a  current  of 
strength  /  is  flowing,  is  the  product  of  the  resistance  by 
the  square  of  the  current-strength,  i.e.,  W=  I*Ji.  But 
since  the  work  in  absolute  units  or  ergs  corresponding  to 
one  unit  of  heat  (water-gram-degree)  is  4*2  X  10',  or  J 
(335),  it  follows  that  J1=W/J=  PR/Jiu  water-gram- 
degrees  per  second. 

620.  Distribution  of  Heat  in  the  Circuit. — More- 
over, the  distribution  of  heat  in  the  various  parts  of  a 
circuit  is  proportional  to  the  resistances  of  those  parts. 
If  Hi  be  the  internal  resistance  and  Re  the  external 
resistance,  PRi/J  and  I^R^/J  will  be  the  heat-units 
developed  in  the  two  portions.  And  so  if  R^  consist  of 
two  parts  r  and  r, ,  in  series,  the  heat  produced  in  each 
will  be  /*  r/J  and  /*  rJJ.  If  r,  has  100  times  the  resist- 
ance of  r,  100  times  as  much  heat  will  be  developed  in 
it  for  a  given  value  of  /.     Evidently  in  these  cases  the 
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fall  of  potential  is  proportional  to  the  resistances  ;  and 
so  the  heat-energy,  which  varies  as  EI  and  therefore  is 
proportional,  for  an  equal  current-strength,  to  the  fall 
of  potential,  is  also  proportional  to  the  resistances. 

Experiments. — 1.  Join  end  to  end  a  number  of  pieces  of  iron 
wire  of  different  diameters  but  of  the  same  length,  and  pass  a 
current  through  them,  gradually  increasing  its  strength.  The 
smallest  wire,  since  its  resistance  is  greatest,  will  be  most  heated. 

2.  Join  a  number  of  pieces  of  wire  of  the  same  diameter  and 
length  but  of  different  materials,  such  as  iron  and  copper.  The 
iron  may  be  heated  to  bright  redness  by  a  suitable  current,  while 
the  copper,  owing  to  its  less  specific  resistance,  remains  invisible. 

3.  Pass  through  a  long  and  fine  iron  wire  a  current  sufficient  to 
bring  it  to  dull  redness,  and  then  shorten  the  wire  progressively. 
The  current  increases  as  the  resistance  diminishes,  until  finally  the 
wire  is  melted. 

4.  Bring  the  wire  to  dull  redness  as  in  the  last  experiment,  and 
then  plunge  a  loop  of  it  into  melting  ice.  By  thus  cooling  one  por- 
tion its  resistance  is  lessened,  the  current-strength  is  increased,  and 
the  un-immersed  portion  of  the  wire  becomes  incandescent. 

621.  £ffect  of  Temperature  on  Resistance. — ^As  the 

last  experiment  shows,  the  specific  resistance  of  conduc- 
tors is  a  function  of  the  temperature.  In  general,  this 
resistance  increases  as  the  temperature  rises.  This  is 
the  case  with  the  metals.  But,  on  the  other  hand, 
certain  substances,  and  notably  carbon,  diminish  in  re- 
sistance when  heated.  The  same  fact  has  been  observed 
by  Weston,  in  a  special  alloy  made  of  manganese  and 
copper.  Calling  Bt  the  resistance  at  t°  and  J^^  that  at 
O'',  the  expression 

i?,  =  i?Xl  +  ^0  [78] 

gives  the  relation  between  these  resistances,  a  being 
the  coefficient  of  resistance-change  with  temperature ; 
or  in  brief  the  temperature-coefficient ;  i.e.,  the  change 
in  resistance  for  unit  length  of  a  conductor  when 
heated  from  0**  to  1°.  The  equation  is  similar  to  that 
given  for  heat-expansion  and  the  coefficient  a  is  ob- 
tained by  its  transformation  thus  : 

a  =  (i?,  -  B.VIiJ'. 
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If  tlje  yariation  of  resistance  with  temperature  is  not 
uniform,  a  third  term  must  be  added  to  the  equation : 

The  coefficient  for  metals  and  their  alloys   in  general 
is  positive,  though  it  is  much  smaller  for  alloys  than 
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for  the  simple  metals ;  so  that  alloys  are  preferred  for 
resistance  coils.  Thus,  for  example,  while  silver  has 
a  temperature-coefficient  of  0*00380,  copper  of  000388, 
aluminum  of  0-00390,  platinum  of  000247,  iron  of  0-00463, 
and  mercury  of  0-00088,  an  alloy  of  2  parts  of  gold  and 
1  of  silver  has  a  coefficient  of  only  000065,  an  alloy 
of  9  platinum  and  1  iridium  a  coefficient  of  0*00133, 
one  of  2  platinum  and  1  silver  a  coefficient  of  0*00025, 
and  german-silver  a  coefficient  of  0-00040.     Platinoid,  a 
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german-silver  containing  one  or  two  per  cent  of  tung- 
sten, has  a  temperature-coefficient  of  only  0*00022.  The 
table  (Fig.  306)  constructed  by  Benoit  shows  these  re- 
sults graphically.  In  it,  the  abscissas  represent  tem- 
peratures and  the  ordinates  the  specific  resistances  of  the 
metals  and  alloys  given,  expressed  in  microhms.  In  gen- 
eral, the  lines  for  alloys  are  straighter  and  their  slope  is- 
less  than  in  those  for  the  pure  metals.  The  coefficient  of 
carbon,  on  the  other  hand,  is  negative  and  varies  for  dif- 
ferent specimens  from  00004  to  0*0005,  so  that  the  re- 
sistance of  the  filament  of  an  incandescent  lamp  when 
lighted  is  only  about  half  its  resistance  when  cold. 
Nichols  has  shown  experimentally  that  the  resistance 
of  the  ferro-manganese-copper  alloy,  when  containing 
about  18  per  cent  of  ferro-manganese,  is  practically 
independent  of  temperature ;  its  coefficient  being  posi- 
tive when  the  percentage  is  less  than  this  and  negative 
when  it  is  greater. 

As  the  temperature  decreases,  the  variation  in  the 
specific  resistance  of  the  pure  metals  with  temperature 
decreases  also,  the  temperature-coefficient  appearing  to 
reach  a  point  about  —  123°,  where  it  has  the  same  value 
for  them  all  (Cailletet,  Wroblewski).  This  result  seema 
to  confirm  Clausius's  statement  tliat  the  specific  resist- 
ance of  a  metallic  conductor  vanishes  at  the  absolute 
zero. 

622.  Rise  of  Temperature  In  Conductors. — When 
a  given  amount  of  heat  energy  is  expended  upon  a  con- 
ductor, the  rise  of  temperature  produced  in  it  is  a  func- 
tion of  its  specific  heat,  of  its  mass,  and  of  its  radiating 
surface.  Were  there  no  cooling  by  radiation,  the  tem- 
perature would  continue  to  rise  indefinitely.  In  fact 
it  does  continue  to  rise  until  the  loss  by  radiation  bal 
ances  the  heat  received  from  the  current.  The  hea^ 
produced  by  a  current  of  /amperes  in  a  wire  of  resistance 
H  ohms  is  /*7?/e7  water-gram-degrees  per  second  or  ia 
/'  pl/nr'J,  since  R  =  fH/nr'  (605).  The  heat  lost  by 
the  conductor  per  second  is  proportional  to  2;rH,  its 
surface,  to  e,  the  heat  radiated  per  second  per  unit  of 
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surface  per  unit  excess  of  temperature  above  the  air^ 
and  to  Tj  this  excess  of  temperature ;  accepting  New- 
ton's law  of  cooling.  Whence  I  ^fH/nr^J^z^nrl .  e «  T ;  and 
we  have  for  the  temperature  of  the  conductor : 

Tz=z  rp/^n^r*eJ.  [79} 

Hence  the  rise  of  temperature  in  a  conductor  is  pro- 
portional directly  to  7",  the  square  of  the  current- 
strength,  and  to  p,  the  specific  resistance  ;  and  inversely 
to  the  cube  of  the  radius,  r,  and  to  e,  the  emissive  power. 
If  yyr*  be  constant,  i.e.,  if  the  radius  of  the  conductor 
varies  as  the  square  root  of  the  cube  of  the  current- 
strength,  the  rise  of  temperature  in  the  conductor  will 
also  be  constant.  In  practice,  a  copper  wire  should 
not  be  made  to  carry  more  than  6  amperes  per  mil- 
limeter of  cross-section  if  it  is  naked,  or  from  2  to  S 
amperes  if  it  is  covered. 

As  to  the  value  of  e,  or  the  amount  of  radiation,  ex- 
periment has  shown  that  the  loss  from  an  unpolished 
copper  surface  per  second  is  about  0"00025  of  one 
water-gram-degree  per  square  centimeter  of  surface  per 
degree  excess  of  temperature  above  the  surrounding 
medium.  Hence  for  every  watt  which  it  is  required  to 
dissipate,  the  conductor  should  have  a  surface  of  from 
0*15  to  0*20  square  centimeter. 

Example.— Required  the  limiting  temperature  of  a  copper  wire 
0165  centimeter  in  diameter,  through  which  a  current  of  10 
amperes  is  flowing.  Substituting  in  tlie  above  temperature-formula 
the  corresponding  values,  p  for  copper  being  1  -65  microhms, 

T^ ^'x^g5xlO» ^ 

2 X (314;' X (083/ X  00025x4-2x10'  * 

Hence  the  temperature  of  the  wire  would  rise  until  it  reached  13 '01^ 
above  that  of  the  surrounding  air,  when  it  would  remain  constant. 

628,  Temperature  of  Fusion. — It  is  often  desirable 
to  calculate  the  current-strength  required  to  bring  a 
conductor  of  given  dimensions  and  material  to  the  fus- 
ing point    For  this  purpose  it  is  necessary  only   to 
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substitute  the  value  of  this  fusing  point  for  Tm  the 
above  equation. 

Example. —Required  the  diameter  of  a  lead  wire  which  will  be 
just  fused  by  a  current  of  7*2  amperes.  Since  for  lead  r=  886' 
and  p  =  19*85  microhms,  we  have 


-1^ 


0-72'xl9  85xl0» 

-=  0058  cm. 


2  X  (3  14)«  X  00025  x  4*2  x  10^  x  835 

And  therefore  the  diameter  is  0058 x 2  or  0  106  centimeter. 

If  K  be  the  total  radiation  in  watts  per  square  centi- 
meter, the  total  heat-loss  from  a  wire  of  diameter  d  and 
length  I  will  be  ndlK  watts.  So  that  if  the  current- 
strength  be  /  amperes  and  the  resistance  H  ohms,  the 
number  of  watts  produced  will  be  I^R  or  l\4:pl/nd^)\ 
since  R  =  pl/s  and  «  =  ^  ^rd*.  If  the  watts  radiated 
equal  the  watts  produced,  the  temperature  is  constant 
and  TtdlK  =  I\4:pl/7rd*) ;  whence  /'=  d*(7rV/4/o)  and  /  = 
d^  i^7rV/4p.  Calling  a  the  constant  quantity  under  the 
radical  sign,  /  =  ad'  or  d  =  (//a)'.  Since  k  is  the  radia- 
tion per  square  centimeter  in  joules  per  second  or  watts, 
and  since  e  is  the  water-gram-degrees  or  heat-units 
radiated  per  square  centimeter  per  second  for  unit  dif- 
ference of  temperature,  the  heat-units  radiated  for  T® 
diflference  of  temperature  per  second  will  be  Te.  .  More- 
over, since  one  water-gram-degree  is  equal  to  4*2  joules 
or  J,  Te  water-gram-degrees  per  second  will  be  equal 
to  TeJ  joules  per  second.  Whence  TeJ^:  k.  If  in  the 
equation  /=  ad*,  d  be  made  equal  to  unity,  1=  a;  or 
<i  represents  the  current  in  amperes  required  to  fuse  a 
wire  one  centimeter  in  diameter.  Preece  has  calculated 
the  values  of  a  from  this  formula  for  several  metals  and 
alloys  with  the  results  given  in  the  following  table : 

FUSING  CURRENT  IN  AMPERES. 

Substance.  For d=  I  cm.  For  d  =  1  mm. 

Copper 2530-0  80*0 

Aluminum 1873-0  59-2 

Platinum 1277-0  40*4 
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Substance.  For  d  =  X  cm.  For  (2  =  1  mm. 

German-silver 12920  408 

Platinoid 11730  37-1 

Iron 7764  241 

Tin .     405-5  128 

Lead 3406  10-8 

Alloy  2  lead  and  1  tin .     325*5  10-3 

These  values  have  great  practical  importance  in  electric 
lighting  since  it  is  found  necessary  to  interpose  a 
fusible  conductor  termed  a  "  cut-out "  somewhere  in  the 
circuit,  of  such  dimensions  that  if  subjected  to  a  current 
strong  enough  to  endanger  the  safety  of  the  lamps  or 
other  devices  on  that  circuit,  the  conductor  will  melt 
and  thereby  open  the  circuit.  In  using  the  above  fig- 
ures for  this  purpose,  it  should  be  remembered  that  if 
the  fusible  strip  be  a  short  one,  the  loss  of  heat  by  con- 
duction to  the  clamps  at  its  ends  becomes  material. 
Thus  while  a  current  of  11  amperes  will  fuse  a  lead  wire 
of  1  millimeter  diameter  if  it  is  ten  centimeters  long,  it 
will  require  a  current  of  nearly  18  amperes  if  it  is  only 
one  quarter  as  long. 

624*  Thermic  Measurin^c-instrumeiits. — Inasmuch 
AS  the  total  heat  developed  in  a  circuit  is  proportional 
to  the  square  of  the  current-strength,  it  is  evident  that 
this  total  heat  may  be  used  to  measure  the  current- 
strength.  This  is  called  the  calorimetrical  method  of 
measuring  currents.  From  Joule's  equation  H  =  W/J 
=  l^Rt/J,  we  have  /•  =  JH/RL  A  coil  of  wire  of 
known  resistance,  say  B  ohms,  is  placed  in  a  known  mass, 
m  grams,  of  a  liquid  of  specific  heat  cr,  at  the  tempera- 
ture jT^.  The  current  is  allowed  to  flow  through  the 
wire  for  i  seconds  and  the  temperature  T^  is  again 
noted.  The  number  of  heat-units  (water-gram-degrees) 
developed  by  the  current,  or  fi,  is  equal  to  m(7\— Tjcr; 
and  hence  /•  =  (Jm{T^-'T)a/Rt).  Since  this  method 
-determines  /  *  it  may  be  used  either  for  direct  or  alter- 
nating currents.  Corrections  should  be  made  for  the 
materials  of  the  calorimeter,  for  the  change  in  the  resist^ 
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ance  of  the  wire  and  the  change  in  the  specific  heat  of 
the  liquid  with  temperature. 

625.  Expanslou-meters. — The  expansion  of  a  con- 
ducting  wire  by  the  heat  produced  in  it  by  the  current 
has  also  been  utilized  for  measuring  currents  ;  and  since 
when  jR  is  constant,  as  it  is  when  the  meter  is  in  shunt 
circuit  with  the  main  conductor,  Eis  proportional  to  /, 
such  meters  are  used  for  measuring  differences  of  poten- 
tential  also.  In  the  Cardew  voltmeter,  for  example,  the 
current  traverses  a  long  wire  of  platinum-silver,  enclosed 
in  a  brass  tube  for  protection  ;  and  the  expansion  of  this 
wire  by  the  heat  developed,  suitably  amplified,  is  re- 
corded by  an  index  moving  over  a  graduated  dial,  em- 
pirically graduated.  Ayrton  and  Perry  have  modified 
this  voltmeter  and  rendered  it  more  sensitive  ;  so  that  it 
indicates  differences  of  3  or  4  volts.  Geyer  has  devised 
a  registering  amperemeter,  consisting  of  a  curved  strip 
of  german-silver  and  of  an  insulated  wire  which  is  fast- 
ened at  one  end  to  the  strip  and  fixed  at  the  other,  like 
the  string  of  a  bow.  When  a  current  traverses  the 
system,  the  wire  is  heated  more  than  the  strip,  and  by 
its  greater  expansion  allows  the  strip  to  straighten  and 
so,  by  means  of  a  pencil  at  the  junction,  to  trace  a  curve 
upon  a  moving  paper.  As  in  the  former  case,  all  these 
instruments  indicate  directly  the  value  of  7* ;  and  since 
this  quantity  is  always  positive  whatever  the  sign  of  /, 
they  may  be  used  either  for  direct  or  for  alternating 
currents. 

626.  Production  of  Light  by  the  Current.— When- 
ever bodies  are  sufficiently  heated  they  become  luminous. 
The  temperature  at  which  substances  emit  light  depends 
upon  the  character  of  the  substance  heated.  Draper 
gives  525°  and  Weber  370°  as  the  lowest  temperature  at 
which  bodies  become  luminous.  The  increase  of  light 
with  temperature  is  very  rapid,  a  platinum  wire  heated 
by  the  current  giving  thirty-six  times  as  much  light  at 
1300°  as  at  1000°  (Draper).  Indeed  the  experiments  of 
Yiolle  show  that  if  at  800°  a  platinum  surface  emits  a 
light  of  0-108,  at  1000°  the  light  is  182,  at  1200°  it  i& 
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17-8,  at  1400^  100,  at  1600°,  327,  and  at  1775°,  587.  So 
that  the  light  emitted  increases  much  more  rapidly  than 
the  heat  developed,  being  approximately  proportional  to 
the  square  of  this  heat.  But  inasmuch  as  the  heat 
developed,  in  a  lamp  for  example,  is  proportional  to  the 
square  of  the  current-strength,  it  follows  that  the  increase 
of  light  is  proportional  to  the  fourth  power  of  the  cur- 
rent-strength. In  other  words,  by  doubling  the  current 
supplied  to  a  lamp  it  would  emit  sixteen  times  as  much 
light.  Since  such  a  lamp  supplied  with  current  will  rise 
in  temperature  until  the  heat  produced  and  that  radiated 
are  equal,  we  have  Stefan's  law  of  radiation  as  follows  : 

The  quantity  of  heat  lost  by  radiation  is  propor- 
tional to  the  fourth  power  of  the  absolute  tem- 
perature. 

627.  Electric  Lighting. — Two  general  methods  are 
in  use  for  producing  light  by  the  action  of  an  electric 
current.  The  older  of  these — first  employed  by  Davy  in 
1809 — is  known  as  the  arc  light,  and  is  produced  by 
bringing  the  carbon  terminals  of  a  sufficiently  powerful 
generator  into  contact  and  then  separating  them.  The 
current  continues  to  flow  across  the  intervening  gap, 
developing,  in  consequence  of  the  great  resistance  there, 
a  most  intense  heat  which  raises  these  terminals  to  vivid 
incandescence.  If  the  carbons  be  horizontal,  the  upward 
current  of  air  causes  the  luminous  stream  to  assume  an 
arched  form  ;  whence  the  name  "  electric  arc." 

In  the  second  and  more  recent  method,  known  as  the 
incandescence  light,  the  current  is  caused  to  traverse  a 
continuous  conductor  of  small  section  and  of  high  re- 
sistance; the  heat  developed  in  this  conductor  being 
sufficient  to  raise  it  to  a  light-giving  temperature. 

«28.  Tlie  Electric  Arc. — An  examination  of  the  ends 
of  the  carbons  producing  the  arc  light  shows  that  the 
light  is  emitted  from  the  solid  carbons  themselves,  which 
are  in  a  condition  of  vivid  incandescence ;  the  space 
between  them  being  filled  with  ignited  carbon  vapor  giv- 
ing a  bluish-purple  light  and  having  only  a  feeble  radiat- 
ing power.     According  to  Bosetti's   measurements,  the 
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positive  terminal  is  the  hotter,  its  temperature  being 
about  3900° ;  while  that  of  the  negative  terminal  is  only 
3150**.  tie  gives  for  the  value  of  the  arc  itself  between 
the  terminals,  4800°.  With  a  direct  current  it  is  observed 
that  the  positive  carbon,  which  is  the  brighter,  is  hol- 
lowed out  in  the  form  of  a  crater,  while  the  negative 
carbon  is  pointed.  If  the  experiment  be  made  in  vacuo, 
so  that  combustion  is  avoided,  a  transport  of  particles  is 
observed  to  take  place  between  the  electrodes,  passing 
from  the  positive  to  the  negative  carbon,  and  building 
the  latter  up  at  the  expense  of  the  former.  Hence  the 
positive  carbon  is  consumed  much  more  rapidly  than  the 
negative  one  and  the  position  of  the  arc  is  continually 
changing. 

To  maintain  an  arc  light  requires  a  potential-differ- 
ence between  the  carbons  of  about  50  volts ;  of  which  30 
volts  measures  the  opposing  or  counter-electromotive 
force  of  the  arc  itself  and  20  volts  is  the  fall  due  to  the 
resistance,  which  is  variable  with  its  length.  For  a 
light  of  1000  candles  the  rate  of  work  or  activity  EI  is 
50  X  15  or  750  watts  ;  about  three-fourths  of  a  kilowatt. 

620.  Arc  Lamps. — An  electric  arc  lamp  is  a  device 
for  holding  the  carbons  of  an  arc  light  and  for  maintain- 
ing the  light  constant  by  means  of  suitable  mechanism. 
The  latter  function  it  is  which  has  given  the  name 
regulator  to  such  lamps.  Two  distinct  operations  must 
be  performed  by  a  regulator:  first,  it  must  separate  the 
carbons  to  produce  the  light ;  and  second,  it  must  feed 
these  carbons  forward  as  fast  as  they  are  consumed,  so 
as  to  preserve  the  light  from  extinction  and  to  keep  the 
'length  of  the  arc  constant  Moreover,  the  lamp  must  be 
capable  of  operating  independently,  so  as  to  be  used  in 
a  circuit  with  other  lamps  without  being  affected  by 
their  variations.  In  case  the  lamp  is  to  be  used  in  the 
focus  of  a  mirror  or  of  a  lens,  as  in  lighthouse  illumina- 
tion,— in  which  case  it  is  known  as  a  focusing  lamp, — 
it  is  required  to  perform  still  a  third  function  ;  i.e.,  it 
must  feed  the  carbons  forward  in  the  exact  proportion 
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in  which  they  are  consumed,  so  as  to  preserve  the  arc 
constant  in  its  position. 

In  commercial  arc-lighting  the  lamps  are  ordinarily- 
arranged  in  series  ;  so  that  if  50  volts  be  the  difference 
of  potential  required  to  maintain  each  one  of  them, 
60  such  lamps  will  require  a  potential-difference  at 
the  generator-terminals  of  3000  volts.  In  this  system, 
called  the  series  system  of  lighting,  the  potential-differ- 
ence is  high  and  is  variable  with  the  number  of  lamps ; 
while  the  current-strength  is  low — about  9  or  10  am- 
peres— and  is  maintained  constant  One  of  the  most 
extensively  used  series  lamps  is  the  Brush  lamp,  in 
which  a  ring-clutch,  surrounding  the  upper  carbon- 
holder  and  controlled  by  an  electromagnet  in  circuit 
with  the  carbons,  lifts  this  holder  as  soon  as  the  current 
passes,  and  thus  separates  the  carbons  to  produce  the 
light.  Moreover,  this  magnet  is  antagonized  by  a  sec- 
ond one  in  shunt  circuit  with  it,  for  the  purposes  of 
regulation ;  since  whenever  the  arc  becomes  too  long 
and  is  in  danger  of  extinction,  the  increased  resistance 
thus  developed  throws  more  current  into  the  antagoniz- 
ing shunt  magnet,  enabling  it  to  overcome  the  main 
magnet  and  so  to  allow  the  carbons  to  feed  together. 
Since  the  result  is  due  to  the  differential  action  of  two 
magnets,  one  situated  in  the  main  and  the  other  in  a 
shunt  circuit,  such  lamps  are  generally  known  as  differ* 
ential  lamps. 

One  of  the  best  focusing  lamps  in  use  is  the  lamp 
invented  by  Serrin  (1859).  The  upper  carbon  is  sup- 
ported above  the  lower  one  by  a  holder  bent  twice  at 
right  angles;  this  holder  by  its  weight  operating  a 
clockwork  by  means  of  a  rack  cut  on  its  side.  The 
lower  carbon-holder  is  parallel  with  the  first,  and  is 
raised  by  a  chain  operated  by  the  clockwork,  so  that  as 
the  upper  carbon  descends  the  lower  one  rises  to  meet 
it,  the  gearing  being  so  constructed  that  the  lower  or 
negative  carbon  rises  one  half  as  rapidly  as  the  upper 
one  falls ;  this  being  assumed  as  the  ratio  of  consump- 
tion.    An   electromagnet  in  the   main  circuit  acts   on 
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au  armature  attached  to  an  articulated  parallelogram 
carrying  the  clockwork,  so  as  to  depress  the  lower 
<;arbon-holder  which  is  attached  to  it,  and  at  the  same 
time  to  bring  a  detent  into  play  to  stop  the  motion  of 
this  clockwork.  When  not  in  use  the  carbons  are  in 
<;ontact.  On  passing  the  current,  the  electromagnet 
draws  down  its  armature  with  the  attached  parallelo- 
^am ;  thus  establishing  the  arc  at  the  carbon  terminals 
and  locking  the  clockwork.  As  the  carbons  bum  away, 
the  resistance  of  the  arc  increases  ;  and  the  magnet 
losing  its  power,  the  antagonizing  springs  raise  the 
parallelogram,  releasing  the  clockwork  and  allowing 
the  upper  carbon  to  feed  downward  and  the  lower  one 
upward  in  the  ratio  determined,  of  two  to  one.  Lontiu 
{1877)  modified  the  lamp  by  putting  the  magnet  in  a 
shunt  circuit  and  reversing  its  position.  The  carbons 
being  separated  when  the  lamp  is  not  in  action,  the 
passage  of  the  current  affects  the  magnet  only.  Its 
armature  is  raised,  the  clockwork  is  released,  and  the 
carbons  feed  together.  As  soon  as  they  touch,  the 
shunt  magnet  loses  its  power  and  the  parallelogram 
falls,  carrying  with  it  the  lower  carbon  and  establishing 
the  arc  ;  the  shunt  magnet  regaining  its  power  when  the 
arc  attains  a  length  greater  than  that  for  which  it  is  ad- 
justed. The  regulation  is  more  perfect  with  this  device 
than  with  that  of  Serrin. 

630.  Incandescence  Lamps. — The  first  successful  in- 
candescence lamp  was  made  by  Edison  in  1879.  Pre- 
vious experimenters  had  used  continuous  conductors  of 
platinum  and  even  carbon  for  this  purpose.  But  Edison 
was  the  first  to  perceive  clearly  the  conditions  to  be  ful- 
filled in  order  to  ensure  success,  not  only  as  concerns  the 
lamp  itself,  but  also  with  regard  to  its  economy  when 
used  upon  a  circuit.  The  incandescence  lamp  of  Edison 
is  shown  in  the  figure  (Fig.  307).  The  light-giving 
portion  is  a  thread  or  filament  of  carbon,  made  by 
cutting  a  strip  of  bamboo  to  the  proper  dimensions  and 
then  carbonizing  it  at  a  very  high  temperature.  This 
filament  is  then  attached  to  conducting  wires — which 
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are  of  platinum  where  they  pass  through  the  glass — and 
is  enclosed  in  a  pear-shaped  globe  of  glass,  which  is 
then  exhausted  to  a  high  degree.  The  re- 
sistance of  the  filament  when  hot  is,  for  the 
16-candle  lamp  designed  to  be  used  on  a 
110-volt  circuit,  about  240  ohms ;  so  that 
the  current  required  to  maintain  the  light 
is  about  0-46  of  an  ampere.  Consequently 
the  number  of  watts  expended  in  the  lamp 
is  50*6,  and  the  efficiency  of  the  lamp  or 
the  number  of  watts  expended  per  candle 
is  about  31.  Inasmuch  as  the  light  emitted 
by  an  incandescence  lamp  increases  so  much 
more  rapidly  than  the  energy  expended  upon 
it,  the  economy  is  the  greater  the  higher  the 
temperature  and  the  larger  the  number  of 
watts  expended.  But  this  high  temperature  deteriorates 
the  filament  and  shortens  its  time  of  service.  So  that 
efficiency  must  be  sacrificed  to  some  extent  to  durability. 
And  the  economy  is  a  maximum  when  the  cost  of  the  in- 
crease in  efficiency  and  that  of  the  decrease  in  durability 
exactly  balance  each  other. 

In  incandescence  lighting  the  lamps  are  arranged  gen- 
erally in  multiple  upon  the  distributing  circuits,  the 
generator  being  of  a  kind  suited  to  maintain  a  constant 
difference  of  potential  between  the  two  main  conductors  ; 
this  difference  being  that  required  by  each  single  lamp, 
i.e.,  110  volts  in  the  Edison  system.  In  comparison  with 
the  arc  system  in  series,  it  is  a  very  low  pressure  system, 
and  therefore  cannot  give  a  dangerous  shock  when  the 
wires  are  handled.  The  large  volume  of  current  required 
to  feed  so  many  lamps  in  multiple,  necessitates  the  use  of 
large  mains ;  and  this  has  led  to  the  devising  of  extremely 
ingenious  systems  of  distribution,  one  of  the  best  of 
which  is  the  three- wire  system  of  Edison.  In  this  system 
two  generators  are  connected  as  in  series,  two  mains  lead 
from  the  extreme  terminals,  and  a  third  main  from  the 
junction  between  the  two  generators.  The  lamps  are 
placed  between  one  of  the  two  outer  mains  and  the  third 
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or  middle  one.  When  the  same  number  of  lamps  is. 
active  on  the  two  sides,  the  effect  is  the  same  as  if  the 
lamps  of  each  pair  are  in  series ;  and  since  this  doubled 
resistance  is  met  by  the  doubled  potential  difference  of 
the  two  generators,  the  current  through  each  lamp  is 
the  same,  and  they  operate  normally.  Because  the  po- 
tential difference  is  doubled,  the  current  is  also  doubled 
and  the  energy  is  quadrupled.  Hence,  to  deliver  the 
same  energy,  it  is  possible  to  halve  the  diameter  of  the 
mains,  i.e.,  to  make  them  of  one  fourth  the  cross-section. 
In  place  of  two  conductors  of  unit  section,  therefore, 
there  are  in  the  three-wire  system  three  mains,  each  of 
one  fourth  this  section ;  or  the  ratio  of  mass  in  the 
conductors  is  2  :  f  or  1  :  f ;  a  saving  of  five  eighths  in 
the  cost  of  the  mains.  If  lamps  are  extinguished  on  one 
side,  current  flows  along  the  third  main  to  supply  the 
excess  required ;  and  so  each  lamp  is  independent  of  all 
the  rest. 

(6)  Production  of  Current  from  Heat. 

631.  Tliermo-electrifioatioii, — While  the  conversion 
of  electrical  energy  into  heat  is  easy  and  complete,  the 
conversion  of  heat  into  electrical  energy  is  difficult  and 
incomplete ;  the  conditions  being  analogous  to  those 
controlling  the  relations  of  heat  to  mechanical  energy. 
In  1821  Seebeck  observed  that,  when  one  of  the  junctiona 
of  a  circuit  of  two  metals  is  heated,  the  potential-differ- 
ence between  these  metals  is  increased  at  this  heated 
junction  ;  so  that  on  closing  the  circuit  a  current  may  be 
obtained  through  it.  This  potential  difference  thus  de- 
veloped between  two  metals,  is  a  function  not  only  of 
the  temperatures  at  the  junctions,  but  also  of  the  sub- 
stances employed.  It  depends  also  upon  the  mean 
temperature  of  the  junctions  as  well  as  upon  the  differ- 
ence of  temperature  which  exists  between  them.  The 
potential-difference  in  a  circuit  of  two  metals  at  the  mean 
temperature  <°,  when  one  junction  is  kept  half  a  degree 
above  t^  and  the  other  half  a  degree  below  it,  is  called 
the  thermo-electric  power  of  these  metals.     The  following 
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table  gives  approximately  the  thermo-electric  powers  for 
certain  metals,  the  mean  temperature  being  20°.  The 
potential-differences  are  given  in  microvolts  per  degree^ 
and  are  referred  to  that  of  lead  taken  as  zero  (Jenkin) : 

THERMOELECTRIC  POTENTIAL- DIFFERENCE. 


Bismuth +97-0 

Cobalt +22-0 

German  silver . . .  + 11*75 

Mercury +   0-418 

Lead 0 


Platinum —     0*9' 

Copper  (pure) —     3*8 

Antimony —     60 

Iron —  17-5 

Tellurium —502-0 


Examples.— Thus,  german-silver  in  this  toble  is  positive  with  re- 
giird  to  lead  and  iron  is  negative.  Hence  the  current  will  flow  through 
the  heated  junction  from  the  german-silver  to  the  iron  ;  and  if  the 
difference  of  temperature  between  the  junctions  be  10*',  the  poten- 
tial-difference between  them,  being  the  product  of  the  thermo-elec- 
tric power  by  this  temperature- difference,  will  be  292*5  microvolts. 
The  circuit  being  entirely  metallic,  its  resistance  is  low  ;  and  there- 
fore the  current-strength  in  a  thermo-electric  circuit  is  quite  con- 
siderable. 

632.  Thermo-electric  Generators. — A  thermo-elec- 
tric generator  is  simply  a  transformer  of  lieat-energj'- 
into  electric  energy ;  and  consequently  is  subject  to 
Carnot's  law  of  efficiency.  Even  under  the  best  con- 
ditions available  in  practice,  however,  the  efficiency  of 
this  conversion  is  much  less  than  the  conversion  into 
mechanical  energy ;  since  Kayleigh  has  shown  that  an 
iron-german-silver  couple  will  transform  into  electric 
energy  only  one  three-hundredth  part  of  the  heat  that  a 
perfect  heat-engine,  working  between  the  same  temper- 
ature-limits, will  transform  into  mechanical  energy. 
While  this  yield  may  and  no  doubt  will  be  increased  in 
the  future,  there  seems  no  reason  to  believe  that  a 
thermo-couple  will  recover  more  heat  in  useful  forms 
than  does  the  steam-engine. 

The  earlier  thermo-generators  employed  bismuth 
and  antimony  as  the  metals.  The  thermo-multiplier  of 
Nobili  and  Melloni  (1834),  which  was  used,  as  we  have 
nl'.f^ady  seen  (364),  for  the  detection  of  heat,  was  thua 
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constructed.  Marcus  (1865),  and  subsequently  Farmer, 
used  german-silver  in  combination  with  an  alloy  of  anti- 
mony and  zinc.  Becquerel  (1866)  employed  artificial 
copper  sulphide  as  the  positive  element  of  the  couple ; 
finding  that  the  potential  difference  between  it  and  ger- 
man-silver is  ten  times  that  between  bismuth  and  cop- 
per. The  thermo-generators  in  actual  use  at  present 
are  those  of  Noe  and  of  Clamond.  Both  use  a  zinc-anti- 
mony alloy  for  the  positive  metal ;  but  in  the  Noe 
generator  the  negative  metal  is  german-silver,  while  in 
the  Clamond  it  is  iron.  The  alloy  in  the  Noe  generator 
is  cast  in  the  form  of  cylinders  about  8  mm.  in  diame- 
ter and  22  mm.  long,  a  (Fig.  308),  the  german-silver  wire 


Fio.  308. 

being  attached  in  the  process  of  casting.  A  copper  rod  r 
cast  in  one  end  serves  to  conduct  the  heat  to  the  junction. 
The  couples  are  placed  horizontally  and  arranged  radi- 
ally, their  copper  rods  being  in  the  center,  l&y  means 
of  a  gas  or  alcohol  flame  the  inner  ends  of  these  copper 
rods  are  heated  ;  and  by  means  of  an  open  cylinder  of 
thin  metal  soldered  to  the  outer  end  of  the  cylinder,  the 
outer  ends  of  the  couples  are  kept  cool  by  radiation. 
Each  german-silver  wire  is  soldered  to  the  outer  end  of 
the  next  couple  in  order.  The  potential  difference  of 
each  couple  under  working  conditions  is  about  0*1  volt, 
and  the  internal  resistance  0025  ohm.  In  the  Clamond 
generator,  the  alloy  is  cast  in  flat  spindle-shaped  plates  B, 
as  shown  in  the  figure  (Fig.  309),  the  iron  strips  L  being 
cast  into  the  ends.  These  couples  are  then  combined 
into  a  flat  ring,  the  outer  end  of  one  couple  being  sol- 
dered to  the  inner  terminal  of  the  succeeding  one.  These 
rings   are  placed   one   above  the  other,  separated   by 
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rings  of  asbestos  paper,  and  are  connected  together 
either  in  series  or  in  multiple,  as  may  be  desired.  In 
the  cylindrical  space  enclosed 
by  them  is  a  gas-burner,  Z>, 
made  of  an  earthenware  tube, 
pierced  with  holes.  Air  and 
gas  enter  at  the  bottom,  and 
the  flames  in  the  annular 
space  between  the  tube  and 
the  couples  heat  the  inner 
ends  of  these  couples,  while 
their  outer  ends  are  cooled  by 
radiation.  A  generator  con- 
sisting of  120  couples  ar- 
ranged in  series,  and  thus 
heated,  gave  a  potential  dif- 
ference of  8  volts,  and  had 
an  internal  resistance  of  3*2 
ohms.  Combined  with  an 
external  circuit  of  equal  re- 
sistance, electric  energy  was  produced  at  the  rate  of 
5  w^atts  ;  the  quantity  of  gas  consumed  being  180  cubic 
decimeters  per  hour.  If  we  assume  that  one  cubic  de- 
cimeter of  gas  gives  in  burning  5200  water-gram-degrees, 
this  expenditure  of  gas  produces  200  water-gram-degrees 
per  second,  which  is  equivalent  to  1084  watts.  Hence 
the  efficiency,  or  the  ratio  of  the  energy  produced  to  the 
energy  supplied,  is  as  5  :  1084  or  less  than  ^^^.  To 
produce  a  kilowatt-hour  would  require,  at  the  above 
rate,  the  consumption  of  36  cubic  meters  of  gas ;  costing, 
at  six  cents  a  cubic  meter,  the  sum  of  about  S2.16. 
Since  the  production  of  a  kilowatt-hour  by  a  steam- 
engine  costs  only  about  five  or  six  cents  at  the  most,  the 
commercial  use  of  existing  thermo-generators  as  a  source 
of  electrical  energy  is  practically  prohibited. 

633.  Pyroniagrnetic  Generator. — Edison  has  made 
use  of  the  fact  that  iron  ceases  to  be  magnetic  at  about 
770**  and  nickel  at  340**,  for  the  purpose  of  effecting  the 
conversion   of    heat-energy  into   electric   energy.     His 
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pyromagnetic  generator  consists  in  principle  of  a  thin 
iron  tube  placed  in  a  strong  magnetic  field  and  sur- 
rounded by  a  coil  of  wire.  Under  ordinary  conditions 
this  tube  is  of  course  magnetized.  But  on  directing 
through  it  a  hot  blast  and  heating  it  to  770®,  it  loses  its 
magnetism.  This  decrease  of  magnetism  by  heating 
the  tube  and  the  increase  of  magnetism  by  cooling  it, 
produces  an  electric  current  in  the  coil,  the  energy  of 
which  has  the  heat  for  its  source.  By  arranging  a 
«eries  of  such  tubes  in  a  circle,  by  providing  a  rotating 
screen  to  admit  the  hot  blast  into  them  in  succession, 
and  by  suitably  connecting  the  coils  so  as  to  assist  each 
other,  a  continuous  current  may  be  obtained  from  the 
generator.  A  similar  principle  may  obviouslj'  be  utilized 
in  the  construction  of  a  motor.  This  ingenious  device, 
however,  is  evidently  subject  to  the  second  law  of  thermo- 
dynamics, the  experimental  results  thus  far  obtained 
with  it  not  showing  any  gain  in  efficiency  over  a  tbermo- 
•electric  generator. 

6J54.  Phenomenon  of  Inversion. — Volta's  law  of  con- 
tact  (650)  teaches  us  that  no  current  flows  through  a 
circuit  of  dissimilar  metals  when  their  junctions  are  all 
at  the  same  temperature.  Whence  it  follows  that  the 
algebraic  sum  of  the  potential-differences  developed  at 
these  junctions  is  zero.  Seebeck's  discovery  that  a 
current  does  flow  in  such  a  circuit  when  one  of  the  junc- 
tions diflfers  in  temperature  from  the  others,  proves  that 
the  potential-difference  of  contact  is  a  function  of  the 
temperature,  so  that  now  the  algebraic  sum  of  these 
•differences  is  no  longer  equal  to  zero.  Experiment  shows 
that  in  general  this  potential-difference  is  directly  pro- 
portional to  the  temperature  ;  so  that  if  for  a  given  pair 
of  metals  e  represents  the  potential  difference  at  <. ,  e  +  ^ 
will  represent  this  difference  at  ^„  +  1,  e  -j-  2e  at  t^  -f  2, 
etc.,  €  representing  the  increase  of  potential-difference  for 
one  degree. 

Example.— Thus  at  18*  the  contact  potential-difference  between 
iron  and  copper  is  146000  microvolts,  the  iron  being  positive  to  the 
copper.     From  the  table  above  given,  the  thermo-electric  power  of 
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cDese  metals  at  this  temperature,  i.e.,  the  potential-difference  for  a 
temperature-difference  of  one  degree,  is  —  13*7  microvolts.  So  that 
Jit  19'  the  potential-difference  between  iron  and  copper  will  be 
146000  —  13-7  microvolts,  at  20**  146000  —  27  4  microvolts,  etc. 

From  this  it  follows  that  if  a  closed  circuit  be  formed 
of  an  iron  wire  and  a  copper  wire,  and  if  one  of  the 
junctions  be  maintained  at  20°  and  the  other  at  19°,  the 
potential-difference  at  the  former  will  be  13*7  microvolts 
greater  than  at  the  latter ;  and  this  potential-difference 
it  is,  which,  due  to  the  difference  of  temperature  at  the 
junctions,  produces  the  thermo-electric  current  This 
variation  of  the  thermo-electric  power  with  tempera- 
ture, however,  is  not  constant.  Gumming  (1823)  observed 
that  on  increasing  the  mean  temperature,  even  with  a 
constant  temperature-difference,  the  potential-difference 
between  two  junctions  decreases,  becomes  zero,  and 
finally  increases  in  the  other  direction. 

Example. — Thus  the  thermo-electric  power  of  copper  and  iron, 
which,  as  we  have  seen,  is  13*7  microvolts  at  19',  the  copper  being 
positive  to  the  iron,  disappears  at  274*5%  their  thermo-electric  powers 
for  this  mean  temperature  being  equal.  At  higher  temperatures 
their  relative  position  is  reversed,  the  iron  being  now  positive  to  the 
ijopper.  If  the  temperature  be  530*  for  one  of  the  junctions,  the 
other  remaining  at  19%  the  higher  temperature  being  as  much  above 
274-5  as  the  lower  one  is  below  it,  the  potential-differences  will  be 
equal  and  opposite,  and  their  algebraic  sum  will  be  zero.  There  will 
be  no  current 

The  point  of  temperature  at  which  a  given  pair  of 
metals  have  the  same  thermo-electric  power,  and  beyond 
which  consequently  their  potential-differences  are  re- 
versed in  sign,  is  called  the  neutral  point.  The  maximum 
potential-difference  is  obtained  when  one  of  the  junctions 
is  at  this  temperature  and  the  other  is  as  far  away  from 
it  as  possible.  If  the  mean  temperature  be  the  tem- 
perature of  the  neutral  point,  no  current  whatever  flows 
through  the  circuit  In  order  to  calculate  the  potential- 
difference  in  any  given  case,  therefore,  it  is  necessary  to 
know  the  temperature  of  the  neutral  point  for  the  given 
metals. 
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635.  Thermo-electric  Diagrain. — By  means  of  a 
properly  constructed  thermo-electric  diagram,  therefore, 
all  that  is  known  about  this  subject  may  be  represented. 
Such  a  diagram,  first  suggested  by  Lord  Kelvin  and 
afterward  completed  by  Tait,  is  given  in  the  figure  (Fig. 
310).     In  this  diagram  lead  is  taken  as  the  standard 
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metal,  for  a  reason  presently  to  be  explained  (637).  The 
thermo-electric  powers  with  respect  to  lead,  given  in 
microvolts,  are  represented  as  ordinates  and  the  tem- 
peratures as  abscissas.  It  will  be  observed  that  the 
variation  of  thermo-electric  power  with  temperature,  for 
each  of  the  metals  given,  is  represented  by  a  straight 
line.  And  since  the  potential-diflfereuce  is  the  product 
of  the  thermo-electric  power  for  the  mean  temperature 
by  the  diflference  of  temperatures,  it  is  evident  that  this 
potential-difference  for  any  two  given  metals  is  the  area 
of  the  trapezoid  enclosed  between  the  given  temperature- 
ordinates  and  the  variation-lines  for  the  given  metals. 
Where  two  metallic  lines  intersect,  they  have  the  same 
thermo-electric  power  ;  and  the  temperature  correspond- 
ing is  the  neutral  point.  Evidently  the  areas  of  the 
triangles  on  the  two  sides  of  the  neutral  point  will  be 
equal  if  their  bases  are  equal ;  i.e.,  if  the  temperatures 
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on  opposite  sides  are  equal.  In  other  words,  the  poten- 
tial-diflference  will  be  zero  if  the  neutral  point  is  the 
mean  temperature. 

Since  the  area  which  represents  the  potential-diflFer- 
ence  is  proportional  to  >cf,  the  product  of  the  thermo- 
electric power  K  and  the  temperature  t,  and  since  k  also 
varies  as  f,  the  potential-diflference  itself  varies  as  f .  So 
that  the  curve  showing  the  variation  of  potential-diflfer- 
ence with  temperature  is  a  parabola.  The  thermo- 
electric diagram  of  Gaugain  is  based  upon  this  relation. 

Example.— It  is  required  to  calculate  the  potential-difference  for 
a  cadmium-palladium  couple,  the  two  junctions  being  maintained  at 
ISC'*  and  50^  The  thermo-electric  power  of  cadmium  at  50°  is  —  4 
microvolts  as  compared  with  lead.  At  150**  it  is  —  8  microvolts. 
That  of  palladium  at  50°  is  +  7*5  microvolts  and  at  150°  10'7  micro- 
volts. The  thermo-electric  power  of  the  two  metals  at  50°  is 
75  _  (_  4)  or  11-5  microvolts  ;  and  at  150'  it  is  10*7  — (—  75)  or 
18*7  microvolts.  The  area  of  a  trapezium  is  the  product  of  the  height 
into  the  mean  value  of  the  bases ;  i.e.,  is  (18*7  -H  ll-5)/2  x  100  or 
1510  microvolts.  Again,  in  the  diagram,  the  thermo-electric  power 
for  the  mean  temperature  is  evidently  the  mean  value  of  these  bases  ; 
which  in  the  present  case  is  9-2— (—5-9)  or  15*1.  Whence  the 
potential-difference  for  100"  is  15  1  x  100  or  1510  microvolts,  as 
before. 

More  accurate  results  may  be  obtained,  however, 
from  a  table  of  values.  Inspection  of  the  diagram 
shows  that  for  a  given  metal  the  ratio  of  its  thermo- 
electric power  as  compared  with  lead,  to  the  distance 
measured  from  the  neutral  point  to  the  mean  given  tem- 
perature, is  the  tangent  of  the  angle  which  the  line  for 
this  given  metal  makes  with  the  axis  of  abscissas  ;  i.e., 
the  line  for  lead.  Calling  this  angle  or,  we  have  tan  a  = 
D.  P.  /  T.  D. ;  whence  the  potential-diflference  for  1°,  or 
the  thermo-electric  power,  is  obtained  by  multiplying 
tlie  temperature-diflference  between  the  neutral  point 
with  lead  and  the  mean  temperature  by  the  tangent  of  the 
angle  of  inclination.  ^  Calling  T^  the  mean  temperature 
and  Tn  the  neutral  point,  T^  —  T^  will  represent  the 
temperature  diflference  and  (T^  —  T^  tan  a  will  represent 
the  potential-diflference  for  1^  between  the  given  metal  and 
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lead.  So  if  (Tn'-  TJ)  tan  a'  be  this  difference  for  a 
second  metal,  the  potential-difference  between  the  first 
a,nd  second  metal  will  be  their  algebraic  sum  ;  i.e., 
{T^  —  T^)  tan  a  -  ( T/  —  TJ)  tan  a\  Again,  these  values 
may  be  tabulated  by  stating  the  thermo-electric  power  in 
microvolts  at  0°  with  the  mean  temperature-correction 
added  as  a  function  of  this  temperature.  The  necessary 
constants  are  given  in  the  following  tables  : 


THERMO  ELECTRIC  POWER  IN  MICROVOLTS.    (TArr.) 


Iron 

Cadmium . 
Platinum. 

Zinc 

Silver 

•Copper . . . 


(At  the  Temijerature  i\) 


+ 17-84  - 
+  2-66  + 
2-60- 
2-84  + 
214-f 
1-36  + 


+ 

+ 
+ 


•0487^ 
04291 
•0076t 
•0240^ 
•0150< 
0095< 


Lead 0 

Tin -    0'48+-0055^ 

Aluminum -    077  +  "OOSQi 

Palladium -    6  26--0a59< 

German-silver .  —  1207  --  •0512< 

Nickel ~  22  04  -  0512< 


THERMOELECTRIC  TABLE.    (Jbnkin.) 

Neutral  Point  Tangent  of  Angle 

with  Lead.  with  Lead-line. 

Iron +  35r  +  -0420 

Palladium -  181**  +  -0311 

German-silver —  314°  +  '0251 

Zinc -    32°  -.-0289 

Silver -  115°  -  -0146 

Copper -    68°  —0124 

Lead 

Tin +   45°  +-0067 

Aluminum -  113°  +  '0026 

Cadmium -    69°  --0364 

Example. — To  compute  the  potential-difference  for  a  cadmium- 
palladium  couple  whose  junctions  are  at  50*  and  150",  we  have  for 
(Tn  —  Tm)  tan  a  in  the  case  of  cadmium  (—69—100)  x  —  -0864 
or  4-  6  15 ;  and  in  the  case  of  palladium  (—  181  —  100)  x  -i-  0811 
or  —  8*74.  The  difference  of  these  values  is  1489,  which,  multi- 
plied by  the  mean  temperature-difference,  gives  1489  microvolta. 
Or,  to  calculate  the  value  by  the  first  table,  we  have  for  the  differ- 
ence between  cadmium  and  palladium  (2*66  -h -04290  —  (  —  6*25  — 
'03590  =  8-91  -h  -0788^  ;  which  for  t  =  100"  becomes  891  +  7*88  or 
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16*79  microvolts;  and  this  multiplied  by  100  gives  1679  microvolts 
for  the  total  potential -difference. 

636.  Peltier  Effect.— In  1834,  Peltier  noticed  that 
when  an  electric  current  is  sent  through  a  junction  of 
two  metals  it  causes  either  an  absorption  or  an  evolu- 
tion of  heat  according  to  its  direction.  And  further, 
that  absorption  is  produced  whenever  the  current  passes 
in  the  same  direction  as  that  developed  by  heating  the 
junction,  and  evolution  of  heat  is  produced  whenever  the 
current  passes  in  the  opposite  direction.  This  phenom- 
enon is  called  the  Peltier  effect. 

Experiment. — Peltier's  cross  consists  of  two  bars,  one  of  bis- 
muth, B,  the  other  of  antimony,  A,  placed  at  right  angles  and  halved 
together  at  the  junction.  If  a  current  be  sent  from  the  generator  C 
as  indicated  by  the  arrows  (Fig.  811)  through  the  junction  from  A 
to  B,  opposite  to  that  produced  by  heating 
the  junction,  the  current  will  develop  heat 
at  the  junction  by  Peltier's  law.  And  this 
heat  will  produce  a  current  on  the  other 
side  of  the  cross,  flowing  as  the  arrows 
indicate,  from  B  to  A  through  the  junction, 
and  from  Aio  B  through  the  galvanometer. 
If  the  generator  current  be  reversed,  cold 
will  be  produced  at  the  junction  ;  and  in 
1838  Lenz  succeeded  in  freezing  water  at  ^lo.  sit. 

this  junction,  previously  cooled  by  melting 

snow.  If  a  current  be  sent  through  a  compound  bar,  consisting  of 
a  bar  of  bismuth  at  the  center  and  two  of  antimony  at  the  ends, 
both  phenomena  will  appear  simultaneously ;  heat  appearing  where 
the  current  passes  from  antimony  to  bismuth  and  cold  where  it 
passes  from  bismuth  to  antimony.  Two  small  air-thermometers 
placed  at  the  junctions  will  indicate  these  opposite  eflfects. 

Since  the  Peltier  effect  is  quite  feeble,  it  is  often 
masked  by  the  Joule  effect  or  the  ordinary  heating 
effect  due  to  the  current.  But  inasmuch  as  the  Peltier 
effect  is  reversible,  it  may  be  detected  and  even  meas 
ured  by  a  suitable  arrangement  of  the  circuit  Edlund 
has  suggested  the  form  shown  in  the  figure  (Fig.  312). 
When  the  current  passes  as  the  arrow  indicates,  it  goes 
from  A  io  B  through  the  left-hand  junction  and  from  B 
to  A  through  the  right-hand  one ;  producing  heat  in  the 
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former  and  cold  in  the  latter.  So  that  by  enclosing  the 
junctions  in  bulbs  of  glass  connected  by  a  small  hori- 
zontal tube  containing  a  drop  of  mercury,  the  motion  of 
the  mercury  will  be  due  solely  to  the  Peltier  effect. 
Evidently  the  Joule  effect  is  the  same  at  both  junctions, 
and  is  represented  by  /V ;  while  the  Peltier  effect  is  op. 


FlO.  313. 


posite  at  the  two  and  is  proportional  to  IV.  In  the 
above  apparatus,  the  total  heat  in  ergs  developed  or  ab- 
sorbed  at  a  junction  is  Jff;  and  this  is  the  sum  of  the 
Joule  and  the  Peltier  effects.  Hence  JH=  /V  +  /Fat 
one  junction  and  JH'  =  /V  —  /  F  at  the  other.  The 
difference  J{II  —  H')  =  2/ F  measures  the  Peltier  effect 
alone.  If  the  heat  be  expressed  in  water-gram-degrees, 
the  fall  of  potential  at  the  junction  expressed  in  volts 
is  F  =  4-2////.  In  general  it  is  exceedingly  small ; 
amounting  in  the  case  of  the  junction  of  copper  with 
an  alloy  of  bismuth  and  ten  per  cent  of  antimony  to 
only  00219  volt  at  25°  and  to  0-0274  volt  at  100^  This 
appears  as  a  counter-electromotive  force  developed  by 
the  generator  current.  Evidently  the  Peltier  effect 
vanishes  at  the  neutral  point. 

637.  Thomson  Effect. — Since  the  energy  of  a  thermo- 
electric  current  can  have  no  other  source  than  the  heat 
supplied  to  the  circuit,  the  inversion-effect  discovered 
by  Gumming  led  Lord  Kelvin  to  the  conclusion  that  in  a 
thermo-electric  circuit  there  must  be  some  other  counter- 
electromotive  force  than  that  observed  by  Peltier.     He 


Digitized  by  VjOOQ IC 


ENERGY  OF  jETHER FLOW.- ELECTROKINETICS.   TM 

supposes  a  couple  the  hot  junction  of  which  is  at  the 
neutral  point,  the  other  being  at  a  lower  temperature. 
Since  at  the  hot  junction  the  Peltier  effect  is  nil^  the  heat 
cannot  be  absorbed  there.  Moreover,  at  the  cold  junc- 
tion heat  is  evolved,  not  absorbed.  Hence  there  must  be 
B,n  absorption  of  energy  in  the  wires  themselves  in  virtue 
of  the  difference  of  temperature  at  their  ends.  Experi- 
ment confirmed  this  conclusion,  and  showed  that  an  elec- 
tric current  in  an  unequally  heated  conductor  tends  to 
reduce  differences  of  temperature  in  certain  metals  such 
as  copper,  and  to  increase  these  differences  in  other 
metals  such  as  iron.  When  therefore  the  current  trav- 
erses a  copper  wire  from  its  cold  to  its  hot  end,  there  is 
an  absorption  of  heat,  and  vice  versa.  This  is  called  the 
Thomson  effect,  or  sometimes  the  electric  convection  of 
heat.  In  a  copper-iron  thermo-electric  couple  with  the 
hotter  junction  at  the  neutral  point  (Fig.  313),  the  cur- 
rent passes  from  cold  to  hot 
in  the  copper,  and  from  hot 
to  cold  in  the  iron,  and 
there  is  absorption  of  heat 
in  both  metals,  their  result- 
ing  potential-differences  being 

added.  Since  Le  Roux  in  1867  showed  that  the  Thom- 
son effect  is  null  or  exceedingly  small  in  lead,  this  metal 
is  taken  as  zero  in  the  thermo-electric  diagram. 

638.  Energry  of  the  Thermo-current. — Since  the 
energy  expended  in  the  circuit  of  a  thermo-current,  like 
that  of  any  other  electric  current,  follows  Joule's  law, 
this  energy  must  be  derived  from  the  heat  absorbed  by 
the  circuit  itself.  We  have  seen  that  this  absorption  of 
heat  may  take  place  at  a  junction,  producing  a  difference 
of  potential  there,  the  Peltier  effect,  or  it  may  take  place 
in  one  of  the  metals  of  the  couple  producing  a  difference 
of  potential  between  the  ends  of  this  metal,  the  Thom- 
son effect.  The  algebraic  sum  of  these  two  differences 
of  potential  is  that  of  the  thermo-electric  couple. 

Examples. — 1.  The  total  potential-difference  for  a  copper-iron 
couple,  whose  junctions  are  at  0°  and  100',  is  obtained  by  multiply- 
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ing  the  thermo-electric  power  by  the  temperature-difference.  The 
thermo-electric  power  is,  by  the  table,  (17-34  —  '04870—  (1*36  + 
•00950  =  15-98  —  5-82^  x  50  =  13  07.  Aud  this  multiplied  by  100  is 
1307  microvolts  as  the  potential-difference. 

2.  The  Peltier  potential-difference,  being  the  product  of  the 
thermo-electric  power  by  the  absolute  temperature  of  the  junction, 
is  for  the  hot  junction  (12  47  —  2  31)  x  373,  or  10*16  x  373  =  3790 
microvolts.  For  the  cold  junction  it  is  (17*34  —  1*36)  x  273,  or 
15*98  X  273  =  4363  microvolts.  Since  these  two  values  are  in 
opposite  directions,  their  algebraic  sum  is  573  microvolts,  the 
efficient  potential-difference. 

3.  The  Thomson  potential-difference  is  the  product  of  the  differ- 
ence of  the  thermo-electric  power  at  the  two  ends  by  the  absolute 
temperature  of  its  middle  point.  Hence  for  the  iron  it  is 
(0487  X  100)  X  (273  -H  \{0  +  100)),  or  1573  microvolts.  For  the 
copper  it  is  (0095  x  100)  x  323,  or  307  microvolts.  Since  these  two 
potential  differences  are  in  the  same  direction  the  total  potential- 
difference  is  their  sum  or  1880  microvolts. 

4.  The  potential-difference  of  the  Peltier  effect  being  in  one  di- 
rection and  that  of  the  Thomson  effect  being  in  the  other,  their  dif- 
ference or  1307  microvolts  is  the  thermo-electric  potential- difference 
of  the  couple  as  above. 

639.  Method  of  computing  Energry  by  Diagram.— 

The  same  general  result  may  be  reached  by  construction, 
using  the  principle  of  the  thermo-electric   diagram  of 
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Fig.  314. 


Tait  (Fig.  314).  Let  the  two  inclined  lines  represent  the 
rate  of  variation  of  the  thermo-electric  power  with  tem- 
perature  for  copper  and  iron  respectively,  as  compared 
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with  lead,  this  rate  being  positive  for  copper  and  nega- 
tive for  iron ;  the  current  therefore  flowing  through  the 
heated  junction  from  the  copper  to  the  iron  as  the  arrowa 
show.  The  thermo-electric  power  is  represented  by  the 
ordinates  and  the  absolute  temperature  by  the  abscissas. 
Hence  O  is  the  absolute  zero,  and  00  and  00'  the  tem^ 
peratures  of  the  two  junctions  respectively.  Since  the 
area  CC'I'I  is  the  product  of  the  mean  thermo-electric 
power  by  the  temperature-diflference,  it  represents  the 
total  potential  difference  in  the  circuit.  And  therefore  if 
unit  current  flows  through  it,  this  area  will  also  represent 
the  energy  of  this  current.  The  area  D 'B'C'I'  which  is 
the  product  of  the  thermo-electric  power  at  the  hotter  junc- 
tion by  the  absolute  temperature  of  this  junction,  repre- 
sents the  Peltier  eff'ect  at  this  junction,  as  the  area  DICB 
represents  this  eflfect  at  the  colder  one ;  heat  being  ab- 
sorbed at  the  former  and  evolved  at  the  latter.  The  area 
BB '  C  C,  being  the  product  of  the  difference  of  the  thermo- 
electric power  at  the  two  ends  of  the  copper  wire  by 
the  mean  temperature-difference,  represents  the  Tliorason 
effect  in  this  metal ;  and  the  area  DD  'I' I,  this  effect  in 
the  iron.  Since  the  current  passes  from  cold  to  hot  in 
the  copper  and  from  hot  to  cold  in  the  iron,  there  is  ab- 
sorption in  both  metals.  There  is  absorption  of  heat 
then  from  C  to  C\  from  C"  to  /',  and  from  /'  to  /;  and 
therefore  the  area  BCG'l'ID  represents  the  energy 
taken  in,  while  the  area  DICB  represents  that  given 
out.  The  difference  CC'I'I  represents  the  energy  utilized 
in  the  current  in  the  circuit ;  or  if  the  current  be  unity, 
this  area  represents  the  potential-difference.  Since  the 
line  for  lead  is  parallel  to  the  temperature-axis,  the  in- 
clination of  the  copper  line  to  both  these  lines  is  the 
same.  Whence  the  tangent  of  the  angle,  or  the  ratio  of 
the  thermo-electric  power  to  the  absolute  temperature, 
is  GC/OG.  Consequently,  (?  (7  for  copper  (positiye)  and 
KI  for  iron  (negative)  represents  what  Lord  Kelvin  calls 
the  specific  heat  of  electricity. 
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B. — CHEMICAL  RELATIONS  OF  THE  CURRENT. 

(a)  Conversion  of  Electrokinetic  Energy  into  Chemical 
Energy. 

640.  Convection-transference. — ^Besides  the  trans- 
ference of  electrification  which  takes  place  in  metallic 
conductors,  there  is  a  transference  which  takes  place  in 
liquids,  producing  chemical  changes  in  them.  This 
transference  appears  to  be  of  the  nature  of  an  atomic  con- 
vection, each  atom  or  atomic  group  which  is  concerned 
in  it  being  electrically  charged  and  carrying  its  charge 
with  it  in  the  direction  of  transference.  The  electrical 
charge  upon  a  free  atom  is  thus  calculated  by  Lodge. 
Experiment  shows  that  about  1*5  X  10"  positive  elec- 
trostatic units  must  be  expended  upon  the  hydrogen,  and 
an  equal  number  of  negative  units  upon  the  oxygen,  of 
one  gram  of  water  in  order  to  set  these  constituent 
gases  free.  Hence  if  we  assume  that  this  gram  of  water 
contains  10'*  molecules,  there  will  be  expended  upon 
each  molecule  3  X  10 ~"  electrostatic  units;  one  half 
this  charge  going  to  the  two  atoms  of  univalent  hydro- 
gen, the  other  half  to  the  single  atom  of  bivalent  oxygen. 
Each  atom  of  hydrogen  therefore  will  have  a  charge  of 
nearly  10""  electrostatic  unit.  And  since  the  charge  on 
all  univalent  atoms  or  atomic  groups  is  the  same,  it 
follows  that  every  such  atom  or  atomic  group  which 
is  capable  of  taking  part  in  this  transference  must  be 
charged  with  10~"  electrostatic  unit.  This  quantity 
therefore  appears  to  be  a  natural  unit  of  electrification  ; 
the  smallest  quantity  which  actually  takes  part  in  any 
chemical  change.  It  is  less  than  the  hundred-trillionth 
of  a  coulomb.  Moreover,  the  electrical  charge  of  the 
atom  increases  with  its  valence,  a  bivalent  atom  or 
atomic  group  having  twice  this  charge,  a  trivalent  atom 
three  times,  and  so  on.  Furthermore,  it  is  the  view  of 
von  Helmholtz  that  each  kind  of  matter  has  a  specific 
attraction  for  electricity,  some  kinds  for  positive,  other 
kinds  for  negative ;    and   hence  that  chemism  itself  is 
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due  essentially  to  the  electrical  attraction  of  oppositely 
charged  atoms. 

641.  Electrolysis. — In  some  liquids,  such  as  mer- 
cury, the  transference  of  electrification  is  effected  by  con- 
duction precisely  as  in  solid  metals.  In  others,  such 
as  petroleum  and  turpentine,  there  is  no  transference 
through  the  liquid,  but  only  displacement  within  it;  the 
liquid  acting  like  a  solid  dielectric.  In  still  other 
liquids,  such  as  acids,  alkalies,  and  salts  for  example, 
either  fused  or  dissolved  in  water,  the  transference  takes 
place  solely  by  atomic  convection.  This  process  of 
transference  is  called  electrolysis  or  electrolytic  conduc- 
tion ;  and  the  substances  in  solution  whose  constituent 
atoms  or  atomic  groups  act  to  carry  the  electric  charges 
are  called  electrolytes.  These  constituents  themselves 
are  called  ions;  and  the  conductors  by  which  the 
current  passes  into  and  out  of  the  solution  are  called 
electrodes;  the  one  by  which  the  current  enters  being 
called  the  positive  electrode  or  anode,  and  the  other  the 
negative  electrode  or  kathode.  Those  ions  which  go  to 
the  anode  on  electrolysis  are  of  course  negative,  and  are 
called  anions;  while  those  which  go  to  the  kathode  are 
positive,  and  are  called  kathions.  These  names  were 
proposed  originally  by  Faraday. 

Example. — If  an  aqueous  solution  of  hydrogen  chloride  be  sub- 
jected to  the  action  of  the  current  it  will  be  electrolyzed.  The  elec- 
trolyte hydrogen  chloride  will  yield  the  kathion  hydrogen  and  the 
anion  chlorine.  The  hydrogen  ions  will  travel  in  one  direction  in 
the  liquid,  carrying  their  positive  electrical  charges  to  the  kathode. 
The  chlorine  ions  will  travel  in  the  opposite  direction,  transferring 
their  negative  charges  to  the  anode. 

642.  Laws  of  Electrolysis. — ^We  owe  to  Faraday 
(1833j  the  establishment  of  the  general  laws  governing 
electrolysis.     These  laws  are  two  in  number : 

I.  The  amount  of  chemical  change  which  takes 
place  in  any  electrolytic  circuit  is  directly  pro- 
portional to  the  quantity  of  electrification  trans- 
ferred through  that  circuit. 

II.  For  the   same   quantity  of   electrification 
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transferred  through  any  circuit,  the  amounts  of 
the  different  electrolytes  decomposed  in  that 
circuit — and  therefore  the  amounts  of  the  ions 
set  free — are  propor,tional  to  the  chemical  equi- 
valents of  these  different  electrolytes  or  ions. 

The  first  law  asserts  simply  a  proportionality  between 
the  mass  of  the  electrolyte  decomposed  (or  of  the  ion 
set  free)  and  the  current;  i.e.,  the  quantity  of  electrifi- 
cation transferred  per  second.  Experiment  shows  that 
one  absolute  electrostatic  unit  of  quantity  sets  free 
346  X  10"'*  gram  of  hydrogen ;  Le.,  one  coulon^b  sets 
free  10-38  micrograms.  And  conversely,  to  set  free  one 
gram  of  hydrogen  96340  coulombs  must  be  transferred 
through  the  circuit.  If  therefore  50  coulombs  be  thus 
transferred,  519  micrograms  of  hydrogen  will  be 
liberated;  and  this  whatever  be  the  time  occupied  in 
this  transference.  So  that  a  current  of  five  amperes  for 
ten  seconds  effects  the  same  amount  of  decomposition, 
for  example,  as  a  current  of  one  ampere  for  fifty  seconds. 
If  we  call  the  quantity  of  any  electrolyte  which  is  de- 
composed by  a  unit  current  in  unit  time  the  electro- 
chemical equivalent  of  that  electrolyte,  then  the  first  law 
states  that  the  quantity  decomposed  by  a  given  current 
in  a  given  time  is  simply  the  product  of  the  electro- 
chemical equivalent  by  the  current-strength  and  by  the 
time  of  the  experiment.  This  law  is  a  necessary  conse- 
quence of  convection-transference  ;  since  if  the  charge 
for  a  given  ionic  atom  be  constant,  the  amount  of  elec- 
trification transferred  must  be  proportional  to  the 
number  of  such  atoms  concerned  in  the  transference. 

The  second  law  asserts  that  if  several  electrolytes 
be  included  in  the  same  circuit,  so  that  the  same  current 
traverses  them  all,  the  relative  amounts  of  these  elec- 
trolytes which  are  decomposed  will  be  proportional  to 
their  chemical  equivalents.  The  chemical  equivalent  of 
an  ion  is  defined  as  the  smallest  quantity  of  it  which 
enters  into  combination  with  or  replaces  an  atom  of 
hydrogen;  i.e.,  as  the  quantity  of  that  ion  which  is 
chemically  equivalent  to  an  atom  of  hydrogen.     Since 
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the  valence  of  any  atom  is  the  number  of  hydrogen  atoms 
to  which  this  atom  is  equivalent,  it  is  evident  that  if  we 
divide  the  atomic  mass  by  the  valence  we  shall  obtain 
the  mass  which  is  equivalent  to  one  atom  of  hydrogen ; 
i.e.,  the  chemical  equivalent.  Thus  the  chemical  equiva- 
lents of  the  univalent  ions  hydrogen,  chlorine,  and  sodium, 
for  example,  are  1,  35-37,  and  23,  being  numerically  the 
same  as  their  atomic  masses  ;  while  the  chemical  equiva- 
lents of  the  bivalent  ions  oxygen,  calcium,  and  zinc  are 
7*98,  19-95,  and  32*44,  respectively ;  these  numbers  being 
the  quotients  of  their  atomic  masses  divided  by  two.  So 
the  chemical  equivalent  of  a  trivalent  ion  is  one  third, 
that  of  a  quadrivalent  ion  is  one  fourth,  of  the  atomic 
mass.  In  the  case  of  an  electrolyte,  its  chemical  equiva- 
lent may  be  defined  as  that  quantity  of  it  which  con- 
tains only  a  single  monad  atom  of  the  same  kind ;  i.e., 
either  positive  or  negative.  Thus  the  molecule  of  hy- 
drogen chloride,  for  example,  contains  but  a  single  posi- 
tive atom  and  a  single  negative  one.  Hence  its  chemical 
equivalent  is  36*37,  the  same  numerically  as  its  mo- 
lecular mass.  A  water-molecule,  however,  contains  two 
monad  hydrogen  atoms,  and  hence  its  chemical  equiva- 
lent is  17*96  ;  or  one  half  its  molecular  mass. 

According  to  the  second  law,  therefore,  the  relative 
quantities  of  hydrogen,  of  sodium,  of  oxygen,  and  of  zinc 
set  free  in  the  same  circuit  are  proportional  to  the 
numbers  1,  23,  7*98,  and  32*44,  respectively.  So  that  if 
we  call  the  chemical  equivalent  of  a  substance  expressed 
in  grams  its  gram-eqnivalent,  it  is  evident  that  for  a  given 
current  the  same  number  of  gram-equivalents  of  the 
electrolyte  will  be  decomposed  and  the  same  number  of 
ionic  gram-equivalents  set  free  whatever  be  the  nature 
of  this  electrolyte.  Now,  as  above  stated,  one  coulomb, 
i.e.,  a  current  of  one  ampere  for  one  second,  sets  free 
10*38  micrograms  of  hydrogen,  and  hence  the  mass  of 
oxygen  or  of  sodium  thus  set  free  will  be  10-38x  7*98  or 
10-38  X  23,  i.e.,  82*8  micrograms  of  oxygen  or  238*7  micro- 
grams of  sodium.  So  that  the  statement  of  the  second 
law  is  that  the  electro-chemical  equivalent  of  any  elec- 
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trolyte  or  of  any  ion  is  simply  the  product  of  the  elec- 
tro-chemical equivalent  of  hydrogen  by  the  chemical 
equivalent  of  the  acting  substance.  In  general,  there- 
fore, if  6  represent  the  chemical  equivalent  of  an  ion 
and  m  the  mass  of  hydrogen  set  free,  expressed  in  micro- 
grams per  coulomb,  the  absolute  mass  of  the  ion  set 
free,  also  expressed  in  micrograms  per  coulomb,  i.e.,  its 
electrochemical  equivalent,  will  be  me.  Moreover,  the 
mass  set  free  by  the  transfer  of  n  coulombs,  will  evi- 
dently  be  mne.  Since,  however,  Q  =  It,  the  n  coulombs 
is  equal  to  a  current  of  a  amperes  for  t  seconds,  orn  = 
at ;  so  that  the  mass  of  the  ion  in  micrograms  set  free  in 
t  seconds  by  a  current  of  a  amperes,  will  be  mate. 

This  law,  also,  flows  necessarily  from  the  fact  of  con- 
vection-transference. Since  the  same  electrical  charge 
is  transferred  by  each  ionic  atom  whatever  its  nature, 
and  since  the  relative  masses  of  these  ionic  atoms  are 
proportional  to  their  chemical  equivalents,  it  follows 
that  equal  quantities  of  electrification,  on  passing  through 
diflFerent  electrolytes,  require  for  their  transport  equiva- 
lent quantities  of  these  ions. 

643.  Voltameter. — Upon  the  first  law  above  given, 
Faraday  based  a  method  of  measuring  the  strength  of  a 
current.  Since  the  amount  of  an  ion  set  free  is  propor- 
tional to  the  quantity  of  electrification  transferred,  it  is 
obvious  that  by  determining  the  mass  of  the  ion  evolved 
in  a  given  time,  the  amount  of  the  electrification  traus- 
f erred  may  be  ascertained.  The  apparatus  required  for 
the  purpose  is  called  a  voltameter,  and  the  method  the 
voltametric  method.  The  ions  ordinarily  employed  in  this 
method  are  hydrogen,  copper,  and  silver. 

The  hydrogen  voltameter  consists  of  a  glass  vessel 
provided  with  platinum  electrodes  and  filled  with  dilute 
sulphuric  acid.  On  passing  the  current,  both  hydrogen 
and  oxygen  gases  are  evolved,  but  the  former  only  is 
collected,  the  latter  being  allowed  to  escape.  From  the 
known  volume  of  the  hydrogen  set  free,  corrected  for 
pressure  and  temperature,  its  mass  is  easily  calculated. 
And  since  one  coulomb  sets  free  10-38  micrograms,  the 
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number  of  coulombs  transferred  through  the  electrolyte 
is  obtained.  If  the  duration  of  the  experiment  be  t 
seconds,  the  quotient  of  the  coulombs  divided  by  t  gives 
the  average  strength  of  the  current  in  amperes. 

In  the  copper  voltameter  a  saturated  solution  of 
copper  sulphate  is  made  use  of,  slightly  acidified  with 
sulphuric  acid.  Two  copper  plates  are  suspended  in  the 
solution,  serving  as  electrodes.  On  passing  the  current 
the  anode  is  attacked  and  dissolved,  and  copper  is 
deposited  on  the  kathode.  So  that  the  increase  in  the 
mass  of  this  kathode  represents  the  amount  of  copper 
deposited.  If  this  be  expressed  in  micrograms,  then 
since  one  coulomb  sets  free  328  micrograms  of  copper,  the 
quotient  of  the  copper  deposited  divided  by  328  gives  the 
number  of  coulombs  which  has  traversed  the  solution. 
And  this  number,  divided  by  the  time  of  the  experiment 
in  seconds,  gives  the  mean  value  of  the  current-strength 
in  amperes. 

It  is  evident  that  the  results  will  be  the  more  accurate 
in  proportion  as  the  chemical  equivalent  of  the  ion 
employed  is  higher.  In  the  most  precise  voltametric 
work,  therefore,  the  silver  voltameter  is  preferred,  since 
the  chemical  equivalent  of  this  metal  is  nearly  108.  The 
solution  employed  is  generally  a  five  per  cent  solution 
of  the  nitrate,  slightly  acidified  with  nitric  acid.  Two 
silver  plates  are  made  use  of  as  the  kathode,  and  one, 
placed  between  them,  as  the  anode.  The  strength  of  the 
current  should  not  exceed  from  two  to  five  milliamperes 
per  square  centimeter  of  kathode  surface.  The  electro- 
chemical equivalent  of  silver  as  determined  by  Rayleigh 
is  1117*94  micrograms  per  coulomb.  Kohlrausch  ob- 
tained the  value  1118*3  micrograms  and  Mascart  the 
value  1115*6  micrograms  per  coulomb. 

644.  Table  of  Electro-chemical  Equivalents. — In 
the  following  table  the  electro-chemical  equivalents  of 
some  of  the  most  important  elemental  ions  are  given,  all 
of  these  ions  being  positive  except  oxygen,  chlorine,  and 
nitrogen,  which  are  negative.  By  dividing  the  atomic 
mass  in  the  second  column  by  the  valence  in  the  third, 
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the  chemical  equivalent  given  in  the  fourth  column  is 
obtained.  And  this  number  multiplied  by  the  electro- 
chemical equivalent  of  hydrogen  in  micrograms  per 
coulomb  gives  the  electro-chemical  equivalent  of  the 
ion  in  the  fifth  column,  also  in  micrograms  per  coulomb. 
The  numbers  in  the  sixth  column  are  the  reciprocals  of 
those  in  the  fifth,  given  in  grams.  The  electro-chemical 
equivalents  of  compound  ions  such,  for  example,  as  the 
univalent  radical  hydroxyl  OH,  and  the  bivalent  radical 
oxy sulphury  1  SO^,  are  similarly  obtained ;  the  chemical 
equivalent  of  such  a  radical  being  the  sum  of  its  com- 
ponent atomic  masses  divided  by  its  valence. 


ELECTRO-CHEMICAL  EQUIVALENTS. 


Element.  ^^j;^^ 

Hydrogen 1 

Oxygen 15  96 

Chlorine 86-37 

Nitrogen 1401 

Aluminum 2704 

Lead 20640 

Zinc 6488 

Nickel 58-60 

Mercury 19980 

<  I  (i 

Copper...*.*..!!!!  6318 

It  <« 

Silver.!!!!!!!!!!  107-7 

Gold 196-2 


Electr(vchemical  Equivalents. 

Vftlence 

Chem. 

Coulombs 

Equiv. 

per  coulomb. 

per  gram. 

1 

1 

10-88 

96340 

2 

7-98 

82-88 

12070 

1 

85  87 

867  10 

2724 

8 

4-67 

48-47 

20680 

8 

9-01 

93  60 

10700 

2 

103-20 

1071  -00 

9337 

2 

82-44 

836-70 

2970 

2 

29  30 

804  20 

8287 

2 

99-90 

1037  00 

964-3 

1 

199-80 

207400 

482  2 

2 

81-59 

327  90 

8050 

1 

6318 

655  80 

1525 

1 

107-7 

111800 

894-5 

8 

65-4 

678  90 

14730 

645.  Secondary  Actions. — The  results  of  simple  elec- 
trolysis are  frequently  complicated  by  supplementary 
chemical  actions  taking  place  at  the  electrodes.  If  a 
solution  of  hydrogen  chloride  be  electrolyzed,  the  two 
ions  hydrogen  and  chlorine  appear  as  such  at  the  elec- 
trodes and  become  free.  But  if  a  solution  of  sodium 
chloride  be  so  treated,  the  kathion  sodium  on  being  set 
free  immediately  attacks  the  water  surrounding  the 
kathode,  becoming  converted  into  sodium  hydroxide  and 
setting  free  hydrogen.  So  when  hydrogen  sulphate  is 
electrolyzed,  while  hydrogen  appears  at  the  kathode,  the 
anion  SO^  decomposes  the  water  at  the  anode,  uniting 
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Flu.  315. 


With  its  hydrogen  to  form  hydrogen  sulphate  again  and 
setting  the  oxygen  free  (Fig.  315).  The  oxygen  and 
hydrogen  gases,  therefore,  obtained 
in  the  ratio  of  one  to  two  by  volume 
when  dilute  sulphuric  acid  is  acted 
upon  by  the  current  are  due  to  a 
secondary  action,  ^^ater  itself  not 
being  an  electrolyte.  For  a  third 
example,  sodium  sulphate  may  be 
mentioned.  Secondary  decomposi- 
tion takes  place  at  both  electrodes, 
sodium  hydroxide  being  formed  and 
hydrogen  being  set  free  at  the 
kathode,  and  sulphuric  acid  being 
formed  and  oxygen  set  free  at  the 
anode.  A  similar  secondary  action 
occurs  when  the  anode  is  acted 
upon  by  the  anion.  If  a  solution  of 
copper  sulphate  be  electrolyzed  by  means  of  electrodes 
of  copper,  the  anion  SO^  will  attack  the  anode  and  form 
copper  sulphate  with  it ;  the  quantity  of  copper  thus 
dissolved  at  the  anode  being  exactly  the  same  as  the 
amount  deposited  at  the  kathode.  If  a  solution  of  lead 
nitrate  be  subjected  to  electrolysis,  metallic  lead  will  be 
deposited  on  the  kathode  and  lead  peroxide  upon  the 
anode.  So  if  lead  electrodes  be  used  in  dilute  sulphuric 
acid,  the  oxygen  s<3t  free  at  the  anode  will  attack  the  lead 
aud  convert  it  into  peroxide. 

Experiments.— I.  Fill  a  U-tube  with  a  strong  solution  of  sodium 
chloride,  add  to  it  sufficient  red  litmus  solution  to  color  it  distinctly, 
introduce  into  it  a  pair  of  platinum  strips  to  act  as  electrodes,  and 
pass  a  current  through  it.  Hydrogen  will  be  set  free  at  the  kathode, 
and  the  solution  will  be  turned  blue  by  the  sodium  hydroxide  formed 
by  secondary  action  at  this  point ;  while  the  solution  in  contact  with 
the  anode  will  be  bleached  by  the  evolved  chlorine. 

II.  Repeat  the  experiment  with  solution  of  sodium  sulphate, 
making  the  litmus  purple  in  color  by  an  exact  neutralization.  On 
passing  the  current,  the  litmus  will  be  reddened  at  the  anode  by  the 
sulphuric  acid  formed  there,  and  blued  at  the  kathode  by  the  sodium 
hydroxide  there  produced.  At  the  same  time  oxygen  and  hydrogen 
gases  will  be  evolved. 


Digitized  by  CjOOQ IC 


748  PHYSICS 

646.  Miration  of  the  Ions. — It  has  been  observed 
that  when  a  solution  of  copper  sulphate  is  electrolyzed 
between  copper  electrodes  the  solution  surrounding  the 
kathode  becomes  continually  weaker,  while  that  near  the 
anode  continually  increases  in  strength.  So  that  with 
horizontal  electrodes  blue  streaks  can  be  seen  descend- 
ing when  the  anode  is  made  the  upper  plate ;  while  if 
the  kathode  is  above,  the  upper  layers  of  the  liquid  be- 
come colorless.  When  platinum  electrodes  are  used,  the 
liquid  becomes  gradually  weaker  at  both  electrodes,  but 
it  weakens  two  or  three  times  as  fast  at  the  kathode  as 
at  the  anode.  This  result,  due  clearly  to  the  migration 
of  the  ions,  was  explained  by  Hittorf  (1853)  upon  the  hy- 
pothesis that  different  ions  travel  through  the  liquid  at 
different  rates ;  this  rate  for  the  SO^ ,  for  example,  being 
greater  than  that  for  the  Cu.  Kohlrausch  has  experi- 
mentally confirmed  this  view,  and  has  shown  that  each 
ion  has  its  own  rate  of  motion  in  a  given  liquid,  indepen- 
dent of  the  particular  ion  with  which  it  may  have  been 
combined.  Moreover,  he  has  proved  that  hydrogen  travels 
faster  than  any  other  ion,  its  speed  in  nearly  pure  water, 
under  a  fall  of  potential  of  one  volt  per  linear  centimeter, 
being  about  1'08  centimeters  per  hour ;  that  of  potassium 
under  similar  circumstances  being  0*205  centimeter,  of 
sodium  0-126  cm.,  of  lithium  0-094,  of  silver  0-166,  of  chlo- 
rine  0-213,  of  iodine  0-216,  and  of  NO,  0-174  centimeter.  It 
is  upon  the  sum  of  the  speeds  of  the  two  opposite  ions 
that  the  conductivity  of  a  liquid  depends  ;  and  therefore 
acids  which  are  hydrogen  compounds  have  a  higher  con- 
ductivity than  their  salts. 

647.  Theory  of  Electrolysis. — One  of  the  fundamen- 
tal facts  of  electrolysis  is  that  the  products  of  the  decom- 
position appear  only  at  the  electrodes,  no  such  products 
being  set  free  within  the  electrolyte  itself.  The  first 
attempt  to  account  for  this  fact  was  made  by  Grotthus 
(1805),  who  supposed  the  molecules  of  the  electrolyte, 
KCl  for  instance,  to  be  arranged  in  rows  between  the  elec- 
trodes, their  positive  faces  being  turned  toward  the  ka- 
thode and  their  negative  faces  toward  the  anode  (Fig.  316). 
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The  end  molecules  in  immediate  contact  with  the  elec- 
trodes are  first  decomposed,  the  anion  CI  escaping  at  the 
anode  and  the  kathion  K  at  the  kathode.  Then  the  kathion 
of  the  end  molecule  on  the  positive  side  combines  with  the 
anion  of  the  next  contiguous  molecule  ;  and  the  anion  of 
the  end  negative  molecule  combines  with  the  kathion  of 
the  molecule  next  to  it ;  a  series  of  successive  decompo- 
sitions and  recompositions  taking  place  along  the  entire 
line,  and  resulting  in  the  liberation  of  free  ions  only  at 


.(^"k)    (p'^    fe^a 


Fig.  816. 

the  electrodes.  This  theory  is  insufficient,  since  it  re- 
quires a  finite  force  to  effect  the  decomposition  within 
the  electrolyte  ;  and  no  such  force  has  ever  been  observed, 
the  experiments  of  von  Helmholtz  proving  that  the  inte- 
rior of  an  electrolyte  can  stand  not  the  slightest  electro- 
static stress.  Hence  Clausius  (1857)  modified  the  theory 
by  introducing  into  it  certain  considerations  based  on 
the  kinetic  theory  of  matter.  He  supposes  that  by  colli- 
sion of  the  moving  molecules  of  the  electrolyte  some  of 
them  are  dissociated  or  separated  into  their  ions,  and 
that  it  is  these  dissociated  and  charged  ions  alone  which 
are  influenced  by  the  electrodes.  Arrhenius  (1887)  ex- 
tended this  view  of  the  subject,  and  showed  that  solutions 
of  salts  and  of  strong  acids  and  bases,  i.e.,  those  sub- 
stances which  constitute  the  chief  electrolytes,  contain 
these  substances  as  such  only  to  a  small  extent,  by  far 
the  greater  part  being  dissociated  into  ions.  The  physi- 
cal properties  of  a  solution  of  potassium  chloride  for 
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example,  such  as  its  osmotic  pressure  and  the  depression 
of  its  freezing  point,  show  that  almost  all  of  this  salt 
splits  up  into  its  ions  potassium  and  chlorine  on  being 
dissolved.  It  is  these  dissociated  and  free  ions,  one  set 
of  which  is  positive  and  the  other  negative,  and  each  of 
which  carries  the  same  numerical  electrical  charge,  that 
the  theory  of  Kohlrausch  (1886)  supposes  to  act  in  effect- 
ing electrolytic  transference.  The  motion  of  these  ions 
is  proportional  to  the  slope  of  potential  through  the 
liquid ;  but  for  a  given  slope  of  potential  and  a  given 
solvent  each  ion  is  supposed  to  have  a  speed  of  travel 
which  is  specific  to  itself.  The  actual  value  of  this  speed 
for  certain  ions  has  just  been  given.  Electrolytic  con- 
duction  then  appears  to  consist  of  an  actual  motion  of 
free  and  charged  ions  ;  a  continuous  procession  of  posi- 
tively charged  kathions  moving  toward  the  kathode,  and 
a  similar  procession  of  negatively  charged  anions  toward 
the  anode.  The  cause  of  this  motion  is  evidently  the 
difference  of  potential  at  the  electrodes.  And  when  these 
dissociated  ions  arrive  at  these  electrodes,  the  difference 
of  potential  which  has  brought  them  there  may  or  may 
not  be  suflScient  to  separate  their  electric  charges  from 
them.  If  it  is,  the  charge  neutralizes  that  of  the  elec- 
trode, the  ionic  atoms  combine  with  others  of  the  same 
kind,  and  the  substance  is  evolved  in  the  free  state.  If 
it  is  not,  the  charged  ions,  accumulating  at  the  oppositely 
charged  electrodes,  set  up  there  an  opposing  or  counter- 
electromotive  force  which  is  called  polarization. 

048.  Work  done  in  Electrolysis.  —  According  to 
Faraday's  second  law,  equivalent  quantities  of  different 
electrolytes  are  decomposed,  and  equivalent  quantities 
of  the  ions  set  free,  by  the  same  quantity  of  electrifica- 
tion. But  since  the  amount  of  energy  absorbed  in  the 
decomposition  of  these  different  electrolytes  is  not  the 
same  for  them  all,  it  follows  that  the  work  done  in  effect- 
ing this  decomposition  cannot  be  the  same;  and,  therefore, 
that  the  amount  of  work  done  in  any  circuit  by  one 
coulomb,  for  example,  is  not  constant,  but  depends  upon 
the  nature  of  the  electrolyte  which  it  traverses.     Now 
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the  heat-energy  absorbed  in  decomposing  M  grams  of 
an  electrolyte  is  evidently  MII^  in  which  II  is  the  heat 
absorbed  in  decomposing  one  C.  G.  S.  unit  of  mass ; 
and  the  work  done  in  this  decomposition  is  MIIJ 
joules.  On  the  other  hand,  the  electrical  work  done  in 
any  circuit  is  always  equal  to  the  product  of  the  quantity 
of  electrification  transferred  and  the  fall  of  potential  in 
the  circuit ;  i.e.,  to  EQ.  Since  to  decompose  M  grams 
of  an  electrolyte  would  require  Qy  coulombs  {y  being 
the  electrochemical  equivalent  in  grams  per  coulomb) 
we  have  the  equation  EQ  =.  IIJyQ;  or  E=  IlJy.  In 
other  words,  the  work  in  joules  which  is  required 
to  effect  the .  decomposition  of  one  electro- 
chemical equivalent  of  an  electrolyte  repre- 
sents  numerically  the  difference  of  potential 
in  volts  which  exists  between  the  electrodes. 
Consequently,  to  obtain  the  potential-difference  in  volts 
necessary  to  decompose  a  given  electrolyte,  it  is  neces- 
sary only  to  calculate  the  energy  absorbed  in  its  decom- 
position— or,  what  is  the  same  thing,  the  energy  set  free 
in  forming  it — expressed  in  joules. 

Examples.— Thus,  for  example,  the  heat  of  combination  of  hydro- 
gen with  oxygen  is  34180  water-gram-degrees  per  gram.  Since  its 
electrochemical  equivalent  is  10*38  micrograms  or  0-00001088  gram 
per  coulomb,  the  heat  of  decomposition  of  one  electrochemical 
equivalent  of  water  is  0*355  w.  g.  d.  And  since  one  w.  g.  d.  is  equal 
to  4-3  joules,  0-855  w.  g.  d.  =  0*355  x  4-3  or  1-49  joules.  Hence  the 
difference  of  potential  required  to  decompose  water  is  1*49  volts. 
Less  than  this  fails  to  do  so. 

Again,  when  zinc  dissolves  in  sulphuric  acid,  the  value  of  5"  is 
1670  w.  g.  d.;  and  since  y  is  0003367,  the  value  of  HyJ  is  1670  x 
-0003867  X  4-3  or  3*86  joules. 

When  copper  dissolves  in  sulphuric  acid,  H  has  the  value  909*5 
and  y  the  value  0003279.  Whence  HyJ  has  a  value  of  909*5  x 
•0003279x4*3  or  1*352  joules. 

If  now  in  any  process  zinc  is  dissolving  in  sulphuric  acid  and 
copper  is  being  deposited  from  sulphuric  acid  at  the  same  time,  the 
work  done  is  positive  in  the  first  case  and  negative  in  the  second, 
and  the  difference,  or  3-860  —  1*252  joules,  is  1*108  joules.  Conse- 
quently the  potential-difference  between  the  copper  and  zinc  will  bo 
1108  volts. 
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(6)  Conversion  of    Chemical    Energy   into    Electrokinetic 

Energy. 

649.  Production  of  £lectrical  £nergry  from  Chem- 
ical Energy. — lu  electrolysis,  work  is  done  upon  the 
electrolyte  by  the  current,  and  the  electrical  energy  ex- 
pended appears  as  chemical  energy  in  the  separated  ions. 
Conversely,  the  chemical  energy  of  separated  ions  may 
be  transformed  into  electrical  energy.  Thus  for  every 
electrochemical  equivalent  of  an  element  which  goes  into 
combination,  one  coulomb  of  electrification  becomes 
free.  The  potential  under  which  it  is  set  free,  since  the 
quantity  of  electrification  is  unity,  is  represented,  as  above 
stated,  by  the  heat-energy  evolved  by  the  union,  ex- 
pressed in  joules.  Thus,  for  example,  when  one  electro- 
chemical equivalent  of  zinc,  336*7  micrograms,  dissolves  in 
sulphuric  acid,  the  heat-energy  set  free  is  2*36  joules.  If, 
however,  the  energy  evolved  in  this  chemical  action  be 
electrical,  it  is  represented  by  EQ,  and  its  value  is  also  2*36 
joules.  Hence,  since  Q  is  unity,  the  potential-difference 
developed  is  2*36  volts,  as  a  maximum.  This  production 
of  electrical  energy  by  means  of  chemical  action  has 
given  origin  to  various  devices  for  the  purpose,  called 
hydro-electric  batteries. 

650.  Volta's  Theory  of  Contact. — By  means  of  his 
condensing  electroscope,  Volta  proved  that  when  two 
different  metals  are  brought  into  contact  and  then 
separated,  they  are  both  equally  charged,  but  with 
opposite  electrifications;  zinc,  for  example,  under  these 
circumstances  becoming  positive,  and  copper  negative. 
Since  this  difference  of  potential  produced  by  contact  is 
developed  whenever  any  two  dissimilar  substances  what- 
ever are  made  to  touch,  the  law  of  Volta  may  be  stated 
thus : 

Whenever  two  substances,  at  the  same  tem- 
perature, are  brought  in  contact,  a  finite  differ- 
ence of  potential  is  established  between  them, 
this  difference  of  potential  being  independent 
of  their  dimensions,  of  their  form,  of  the  extent 
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of  the  surfaces  in  contact,  and  of  the  absolute 
value  of  the  potential  upon  either  of  them,  and 
dependent  only  upon  the  chemical  or  physical 
characters  of  the  substances  themselves,  and  the 
medium  in  which  they  are  immersed. 

The  mechanism  of  this  electrification,  according  to 
Lodge,  may  be  thus  stated :  Assuming  with  von  Helm- 
holtz  that  all  substances  have  a  specific  attraction  for 
electricity,  but  in  different  degrees,  a  piece  of  zinc  and  a 
piece  of  copper  in  air  will  attract  the  negatively  elec- 
trified oxygen  atoms  differently,  the  zinc  more  than  the 
copper.  A  flow  of  oxygen  atoms  to  both  plates  will  take 
place,  and  the  union  between  them  will  set  free  the 
negative  charges;  this  process  going  on  until  the  zinc 
as  well  as  the  copper  becomes  so  highly  charged  nega- 
tively that  the  action  ceases.  Because  therefore  the 
attraction  of  the  zinc  is  the  greater,  its  charge  will  be 
the  greater,  its  negative  potential  continually  rising.  As 
a  matter  of  fact,  a  plate  of  zinc,  insulated  in  air,  has  a 
potential  1*8  volt  below  that  of  the  surrounding  atmos- 
phere ;  while  a  plate  of  copper  has  a  potential  only 
about  0*8  volt  belqw.  In  consequence  the  apparent 
difference  of  potential  between  zinc  and  copper  in  air  is 
about  one  volt.  When  now  the  two  metals  are  made  to 
touch,  a  flow  of  electrification  takes  place  across  the 
junction,  until  the  potential-difference  between  them  is 
equalized.  But  evidently,  since  the  attractions  for  elec- 
tricity are  not  the  same,  the  charges  will  not  be  simul- 
taneously equalized.  The  zinc  will  remain  positively, 
the  copper  negatively,  charged,  although  both  are  at  the 
same  potential.  The  apparent  difference  of  potential 
between  zinc  and  copper  in  air,  as  observed  in  Volta's 
experiment  and  in  the  still  more  refined  one  of  Lord 
Kelvin,  is  due  to  the  fall  of  potential  in  the  air  near  the 
metals.  Since  the  zinc  is  1*8  volt  below  the  air  and  the 
copper  0*8  volt  below,  the  metals  when  in  contact  are 
evidently  1'3  volt  below,  this  being  the  mean  difference; 
the  original  potential-difference  between  each  metal  and 
the  air  in  contact  with   it   remaining   unchanged,     in 
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consequence  there  is  a  fall  of  potential  of  one  volt  from 
the  air  in  contact  with  the  zinc  to  the  air  in  contact  with 
the  copper.  This  is  what  the  electrometer  indicates, 
and  which  is  ordinarily  called  the  potential-difference 
between  zinc  and  copper.  In  air  no  further  effect  takes 
place ;  since  the  air,  being  a  dielectric,  is  simply  thrown 
into  a  slight  electrostatic  strain  by  the  opposite  charges 
on  the  two  metals. 

If,  however,  the  two  metals  be  immersed  in  an  elec- 
trolyte, the  result  is  quite  different,  since  there  are  in 
the  liquid  the  potentially  free  or  dissociated  atoms 
necessary  to  electrolytic  conduction.  A  procession  of 
negatively  charged  atoms  continually  moves  toward  the 
positive  zinc,  and  one  of  positively  charged  atoms  toward 
the  negatively  charged  copper,  thus  preserving  the  zinc 
continually  at  a  negative  potential  and  the  copper  at  a 
positive  one ;  so  that  on  connecting  the  metals  by  means 
of  a  conducting  wire  outside  of  the  liquid,  a  current 
flows  from  the  copper  to  the  zinc  plate  through  this 
wire. 

By  assuming  then  an  attraction,  either  between  the 
atoms  of  matter  themselves,  or  between  these  atoms  and 
electricity,  it  follows,  since  every  free  atom  has  its  own 
charge,  that  an  isolated  substance  must  be  charged  and 
have  a  potential  different  from  that  of  the  surrounding 
medium ;  the  energy  of  this  charge  being  derived  from 
the  potential  energy  of  the  attracting  system.  And 
further,  that  when  two  such  conducting  substances  are 
immersed  in  an  electrolyte  and  placed  in  contact,  the 
chemical  potential  energy  of  the  system  is  continually 
converted  into  the  potential  electrical  energy  of  the 
terminals,  and  this  again  into  the  kinetic  energy  of  cur- 
rent flow.  In  the  external  circuit  this  energy  appears 
as  heat,  light,  mechanical  motion,  etc. 

651.  Volta's  Contact  Series. — Metals,  like  other 
electrics,  may  be  classed  in  a  series  in  the  order  of  their 
electrochemical  characters.  Moreover,  the  potential- 
differences  in  air  between  them  may  be  measured  and 
the  series  may  be  made   quantitative.     The  following 
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table  gives  these  contact  potential-differences  for  varioas 
substances  as  observed  by  Ayrton  and  Perry  at  a  tem- 
perature of  18°.  The  values  with  an  asterisk  were  ob- 
tained by  calculation ;  those  without,  by  direct  experi- 
ment. 

'contact  potential-differences  in  air  in  volts 

Carbon.      Platinum.  Copper.  Iron.  Lead.      Zino 

Carbon 0           011»»  0  870  0-485*  0858  1096 

Platinum -  0118»         0  0-288  0  869  0-771  0  981 

Copper -0  370    -0-288  0  0146  0-542  0750 

Iron -0  485*  -0-869  -0146  0  0-401*  OOOO* 

Lead -0858    -0771  -0-542  -0-401*  0  0*210 

Zinc -1096    -0981  -0750  -0  600* -0210        0 

In  this  table  the  positive  character  of  the  substances 
named  increases  from  above  downward  and  also  from 
left  to  right ;  carbon  being  the  most  strongly  negative 
(or  least  strongly  positive),  while  zinc  is  most  strongly 
positive.  A  minus  sign  indicates  that  the  substance 
named  above  it  is  negative  to  the  substance  named 
to  the  left  of  it.  Thus  platinum  is  negative  to  iron. 
Moreover,  the  potential-diflference  between  any  two  sub- 
stances in  the  table  is  very  nearly  the  sum  of  the 
intermediate  differences  of  potential.  Thus  the  poten- 
tial-difference between  carbon  and  lead  is  that  between 
carbon  and  platinum  —  0*113,  plus  that  between  plati- 
num and  copper  —  0-238,  plus  that  between  copper  and 
iron  —  0*146,  plus  that  between  iron  and  lead  —  0401, 
which  is  —  0*898  ;  which  is  as  near  —  0*858  as  could  be 
expected,  the  metals  measured  being  those  of  commerce. 

652.  Law  of  Successive  Contacts, — We  may  rep- 
resent conventionally  the  potential-difference  between 
two  substances  A  and  B  by  the  symbol  ^  |  ^ ;  in  which 
the  positive  substance  is  placed  on  the  right,  and  the 
numerical  value  of  the  expression  is  the  excess  of  this 
potential-difference  ;  as  for  example  Pt  |  Fe  =  0-369  volt 
Evidently  the  dissimilar  substances  thus  placed  in  con- 
tact may  be  of  any  kind  whatever  ;  not  only  may  they 
be  two  metals,  but  also  two  liquids,  a  metal  and  a  liquid. 
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and  even  two  pieces  of  the  same  metal  at  different  tem- 
peratures. If  now  we  write  in  this  way  a  number  of 
metals  connected  in  series,  thus  : 

Pt  I  Cu  +  Cu  I  Fe  +  Fe  I  Pb  +  Pb  I  Zn  =  Pt  I  Zn, 

we  express  the  fact  above  stated  that  the  extreme  poten- 
tial-difference Pt  I  Zn  is  simply  the  sum  of  the  mean 
potential-differences  in  the  series.  Since  these  are  re- 
spectively -  0-238,  —  0-146,  -  0-401,  and  -  0-210,  their 
sum  —  0-995  is  very  closely  —  0*981,  the  value  given  for 
Pt  I  Zn.  So  that  if  the  same  metal  terminate  both  ends 
of  the  series,  it  follows,  inasmuch  as  ^  |  -4  =  —  -^  |  ^, 
that  the  difference  of  potential  between  these  ends  is 
zero ;  thus : 

A  I  B  +  B\  C-\-C\D+D\  F-f -f  i^l  ^  =  0. 

Hence  it  results  :  1st,  that  when  several  metals  form 
a  contact-series  the  potential-difference  between 
the  extreme  members  of  the  series  is  the  same 
as  if  these  metals  were  in  direct  contact;  and 
2d,  that  when  a  series  of  metals  all  at  the  same 
temperature  forms  a  closed  circuit,  the  alge- 
braic  sum  of  the  potential-differences  in  that 
circuit  is  zero;  and  hence  there  can  be  no  current 
through  the  circuit. 

The  conditions  are  changed,  however,  when  the  tem- 
perature of  one  of  these  contacts  is  altered,  or  when  the 
dissimilar  metals  constituting  the  ends  of  the  series  are 
immersed  in  an  electrolyte.  In  the  former  case  a  new 
difference  of  potential  is  developed  in  the  circuit  in 
virtue  of  the  Peltier  effect ;  and  this  produces  a  thermo- 
electric current  In.  the  latter  case  a  chemical  source 
of  energy  intervenes,  as  we  have  already  shown ;  a  new 
potential-difference  being  thus  produced  on  these  termi- 
nal plates,  thereby  causing  a  hydro-electric  current  in 
the  closed  external  circuit. 

053.  Hydro-eleetrlc  Generators.— Voltaic  Cells. — If 
a  number  of  pairs  of  zinc  and  copper  disks  be  arranged 
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alternately  in  contact,  the  potential-difference  of  the 
combination  will  evidently  be  that  of  a  single  pair  only ; 
or  if  an  additional  disk  be  added  to  make  the  terminal 
metals  the  same,  this  potential-difference  will  be  zero. 
But  now  if  an  electrolyte  be  placed  between  each  pair  of 
disks,  the  difference  of  potential  will  increase  with  the 
number  of  pairs.  In  1800,  Volta  himself  constructed  a 
generator  upon  thi^.  plan,  using  for  the  purpose  disks  of 
silver  and  of  zinc,  each  pair  being  separated  by  a  disk 
of  cloth  moistened  with  salt  water,  the  silver  disks  all 
facing  in  one  direction  and  the  zinc  disks  in  the  other. 
Owing  to  its  form,  the  disks  being  piled  one  on  the 
other,  the  apparatus  became  known  as  Yolta's  pile ;  the 
term  voltaic  cell  being  applied  in  later  years  to  similar 
arrangements  using  liquids,  and  voltaic  battery  to  a 
group  of  such  cells  connected  together.  As  the  pressure 
of  the  upper  portions  of  the  column  in  Volta's  pile 
forced  the  liquid  out  of  the  cloth  disks  in  the  lower 
portions  and  so  impaired  the  effect,  Volta  constructed 
another  battery  by  placing  the  disks  in  a  series  of  glass 
cups,  the  silver  disk  in  each  cup  being  joined  by  a  wire 
to  the  zinc  disk  in  the  next.  If  dilute  sulphuric  acid  be 
used  as  the  electrolyte,  the  difference  of  potential  for 
each  cell  will  be  about  one  volt. 

054.  Polarization. — Suppose  a  plate  of  zinc  and  one 
of  copper  to  be  immersed  in  dilute  sulphuric  acid.  The 
negative  ion  SO^  will  be  set  free  on  the  zinc  surface, 
combining  with  it  to  form  ZnSO^  and  charging  it  nega- 
tively. The  positive  ion  H  will  be  set  free  on  the  copper 
surface,  and  will  escape  as  free  hydrogen,  charging  the 
plate  positively.  If  a  wire  be  made  to  connect  the  two 
plates,  a  current  will  flow  through  it,  the  energy  ex. 
pended  coming  from  the  conversion  of  the  zinc  into  sul- 
phate. Inasmuch,  however,  as  the  solution  of  zinc  in 
sulphuric  acid  is  capable  of  giving  a  potential-difference 
of  2-36  volts  (649),  while  in  fact  the  potential-difference 
between  the  zinc  and  copper  plates  in  the  above  cell  is 
only  about  one  volt,  it  is  evident  that  this  evolution 
of   hydrogen  upon  the  copper   plate  has  developed   a 
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counter-electromotive  force  of  about  1'36  volts.  The 
production  in  a  voltaic  cell  of  an  electromotive  force  con- 
trary to  that  normal  to  the  action  going  on  within  it,  and 
therefore  weakening  the  current,  is  called  polarization 
(647).  Moreover,  the  hydrogen  exerts  also  a  mechanical 
action  in  virtue  of  its  gaseous  state.  It  covers  the  cop- 
per surface  with  a  non-conducting  gaseous  layer,  which 
prevents  contact  with  the  liquid  to  a  greater  or  less 
degree,  and  thus  increases  the  resistance  of  the  celL 
Since  by  Ohm's  law  the  current  in  any  circuit  varies  in- 
versely as  the  resistance  in  it,  the  current  yielded  by 
such  a  battery  rapidly  falls  in  strength  after  the  circuit 
is  closed.  Baising  the  plates  out  of  the  liquid  frees 
their  surfaces  from  the  gas,  and  thus  restores  their 
action  on  subsequent  immersion. 

655.  Constant  Voltaic  Cells.—  Such  cells  as  those  just 
described  fail  to  furnish  a  constant  current.  They  may 
be  made  to  do  so,  however,  by  surrounding  the  plate  on 
which  the  hydrogen  is  set  free  by  some  solution  capable 
of  chemically  absorbing  this  gas.  Daniell  in  1836  pro- 
posed the  use  of  copper-sulphate  solution  for  this  purpose. 
The  Daniell  cell  consists  of  a  glass  jar  containing  dilute 
sulphuric  acid  in  which  the  zinc  is  placed ;  and  of  a 
smaller  jar  within  this,  made  of  porous  earthenware,  and 
containing  a  saturated  solution  of  copper  sulphate, 
within  which  the  copper  plate  is  placed.  When  the  cell 
is  in  action,  copper  is  deposited  continually  on  the  copper 
plate  and  the  polarization  is  practically  zero.  In  order 
to  avoid  the  resistance  of  the  porous  cylinder,  C.  Varley 
(1855)  proposed  to  keep  the  two  solutions  separate  by 
the  action  of  gravity,  in  virtue  of  their  differing  densities. 
The  gravity  cell  consists  of  a  glass  jar  having  copper, 
sulphate  crystals  at  the  bottom,  surrounding  the  copper 
plate.  Upon  this  saturated  solution  rests  the  lighter 
dilute  sulphuric  acid  in  which  the  zinc  is  suspended. 
On  closed  circuit,  the  zinc  dissolves  to  form  zinc  sulphate, 
and  the  copper  of  the  copper  sulphate  is  deposited  on 
the  copper  plate ;  so  that  there  is  a  sharp  line  of  demar- 
kation  between  the  solutions,  and  the  copper  solution 
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does  not  come  in  direct  contact  with  the  zinc  plate.  It 
is  essential  to  the  proper  working  of  this  cell  that  it  be 
kept  on  closed  circuit. 

Grove  in  1839  suggested  nitric  acid,  and  Poggendorff 
in  1842  suggested  chromic  acid,  as  the  depolarizing  sub- 
stance. In  the  Orove  cell,  the  kathode  is  of  platinum, 
and  it  is  immersed  in  nitric  acid  contained  in  a  porous 
cup  ;  while  the  zinc  plate  or  anode  is  plunged  in  dilute 
sulphuric  acid  contained  in  an  outer  jar.  Bunsen  in 
1842  substituted  carbon  for  the  platinum ;  and  subse- 
quently employed  chromic  in  place  of  nitric  acid.  In 
these  cells  the  hydrogen  combines  with  the  loosely  held 
oxygen  of  the  nitric  or  chromic  acid,  which  surrounds 
the  kathode;  and  thus  preserves  the  contact  with  the 
liquid. 

In  the  Leclanche  cell,  the  kathode  is  of  carbon,  and 
is  surrounded  with  a  mass  of  solid  manganese  dioxide. 
This  is  reduced  by  the  hydrogen  evolved  during  the 
action  of  the  cell,  and  therefore  acts  as  the  depolarizing 
agent.  The  zinc  is  immersed  in  a  solution  of  ammonium 
chloride ;  and  as  this  is  neutral,  it  exerts  no  action  until 
the  circuit  is  closed.  Hence  this  form  of  cell  is  largely 
used  for  open  circuit  work,  such  as  call-bells,  telephones, 
and  the  like. 

In  the  Lalande-Chaperon  cell,  an  improved  form  of 
which  has  been  introduced  in  this  country  by  Edison, 
the  kathode  consists  of  a  compacted  plate  of  copper 
oxide,  the  exciting  liquid  being  a  moderately  strong 
solution  of  potassium  hydroxide.  The  zinc  dissolves  in 
the  alkaline  solution  and  the  copper  oxide  is  reduced  to 
metallic  copper  by  the  evolved  hydrogen.  This  cell  is 
remarkably  free  from  local  action,  and  has  a  very  low 
internal  resistance. 

656.  Local  Action. — Theoretically,  there  should  be 
no  consumption  of  zinc  in  a  voltaic  cell  when  it  is  yield- 
ing no  current.  In  fact,  however,  whenever  commercial 
zinc  is  placed  in  dilute  acid,  the  evolution  of  hydrogen 
at  once  begins.  This  is  due  to  inequalities  in  the  zinc, 
either  physical  or  chemical,  one  portion  of  the  zinc  being 


Digitized  by  VjOOQ IC 


760  PHYSICS. 

more  positive  than  another ;  and  so  a  voltaic  action  is 
set  up  locally  between  adjacent  portions  of  the  zinc 
plate.  This  local  action  may  be  prevented  by  covering 
the  zinc  surface  with  mercury,  or  amalgamating  it,  as  it 
is  termed  ;  by  which  all  parts  of  it  are  reduced  to  elec- 
trical equality  and  no  solution  of  the  zinc  takes  place  on 
open  circuit.  In  all  cells  using  acid  or  alkaline  liquids 
in  contact  with  the  zinc,  amalgamation  is  an  advantage. 
In  general  the  term  "  local  action  '*  is  applied  to  any 
changes  going  on  in  a  cell  on  open  circuit  which  reduces 
the  potential  energy  of  the  cell. 

057.  Standard  Cells. — It  is  convenient  to  have  a 
concrete  standard  of  electromotive  force,  for  determin- 
ing relative  values  of  this  unit  by  direct  comparison. 
Such  voltaic  cells  as  are  used  for  this  purpose  are 
called  standard  cells.  Two  types  of  standard  cells  have 
been  employed — the  Daniell  cell  and  the  Clark  cell. 
The  best  form  of  standard  Daniell  cell  is  that  de- 
vised by  Kelvin  (1871).  A  short  and  rather  wide 
glass  jar  contains  at  bottom  the  zinc  plate  immersed 
in  saturated  zinc-sulphate  solution.  Above  this  the 
copper  plate  is  suspended ;  the  half-saturated  solu- 
tion of  copper-sulphate  which  is  to  cover  it  being  in- 
troduced from  an  exterior  funnel,  connecting  with  a 
siphon  tube  terminating  horizontally  within  the  jar  at 
the  surface  of  the  zinc-sulphate  solution.  By  raising 
the  funnel  the  liquid  it  contains  flows  into  the  jar  and 
rests  upon  the  heavier  zinc-sulphate  solution.  At  the 
conclusion  of  the  experiment  the  funnel  is  lowered  and 
the  liquid  flows  back  into  it.  The  electromotive  force 
of  this  cell  is  1*072  volts  at  15°;  and  its  temperature- 
coeflicient  is  practically  negligible.  Modifications  of 
this  battery  have  been  proposed  by  Lodge,  by  Fleming, 
and  by  the  author.  The  Latimer-Clark  cell  (1873), 
as  modified  subsequently  by  llayleigh  (1885)  and  by 
Carhart  (1889),  consists  of  a  glass  tube  having  a  platinum 
wire  sealed  into  its  lower  end,  into  which  is  poured  pure 
mercury,  then  a  paste  made  of  mercurous  sulphate 
and  zinc-sulphate  solution  (saturated  at  0°),  both  being 
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chemically  pure.  Upon  this  paste  rests  a  zinc-sulphate 
solution  also  saturated  at  0®,  the  zinc  cylinder  contained 
in  it  being  separated  from  the  paste  by  a  cork  partition. 
The  tube  is  then  filled  with  marine  glue.  The  electro- 
motive force  of  the  Rayleigh  cell  is  1-434  volts,  and  that 
of  the  Carhart  cell  1440  volts,  both  at  15°.  The  tem- 
perature-coeflScient  of  the  Carhart-Clark  cell  is  0*0004 
at  0^.  The  Clark  form  of  cell  on  account  of  its  material 
advantages  has  been  generally  adopted  in  practice. 

658.  Energry  of  the  Voltaic  Cell.  —  The  potential- 
difference  between  the  terminals  of  a  voltaic  cell  may 
in  certain  cases  be  calculated.  In  the  Daniell  cell,  for 
example,  this  potential-difference  is  the  algebraic  sum 
of  the  separate  contact  potential-differences  between  the 
constituents.    Arranging  these  thus  we  have : 

CuSO*  I  Cu  -f  CuSO*  I  ZnSO*  +  Zn  |  ZuSO*  -f  Cu  |  Zn 
+  0070  -00»5  +0-480  +0750    =1-155 

The  sum  of  the  separate  contact -differences  of  potential, 
therefore,  according  to  Ayrton  and  Perry's  tables, 
is  1*155  volts,  while  the  actual  potential-difference  of 
the  cell,  measured  directly,  varies  from*  1*068  to  1*081. 
Moreover,  the  potential-difference  may  also  be  calcu- 
lated from  the  energy  of  the  zinc  consumed.  The  quantity 
of  electrification  set  free  by  the  solution  of  one  electro- 
chemical equivalent  of  zinc  in  acid  is  one  coulon^b ;  but 
the  energy  set  free  in  this  operation  is  2*36  joules ;  i.e., 
2*36  volt-coulombs.  That  is  to  say,  the  one  coulomb 
to  generate  this  energy  must  fall  through  a  potential- 
difference  of  2-36  volts.  In  the  same  way  one  electro- 
chemical equivalent  of  copper  sets  free  one  coulomb  of 
electrification,  but  1*252  joules  of  energy;  whence  the 
one  coulomb  must  fall  through  1*252  volts.  In  the 
Daniell  cell,  the  zinc  is  dissolved,  but  the  copper  is  de- 
posited. The  work  in  the  former  case  is  positive,  and 
in  the  latter  negative.  The  difference,  or  1*108  volts,  is 
therefore  the  effective  potential-difference  of  the  celL 
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A  similar  calculation  may  be  made  for  the  Grove 
celL     AiTanging  the  potential-differences  as  follows  : 

HNO,  I  Pt  +  H,80«  I  HNO,  +  Zn  |  H.SO*  +  Pt  |  Zn 
+  0-672  +0078  +0-241  +0-981     =1*972 

we  see  that  theii*  sum  gives  1*972  volts  as  the  potential- 
difference  of  the  entire  cell ;  while  the  value  as  obtained 
experimentally  is  about  1*94  volts. 

659.  Thermal  Considerations. — In  the  case  of  a 
voltaic  cell,  we  have  assumed  that  £Q  =  MHJ\  ie., 
that  the  electrical  energy  produced  is  equal  to  the 
chemical  energy  expended.  Von  Helmholtz  has  pointed 
out,  however,  that  this  is  true  only  when  the  electro- 
motive force  of  the  cell  is  independent  of  temperature ; 
i.e.,  when  its  temperature-coefficient  is  zero.  In  the 
Daniell  cell,  this  is  practically  the  fact ;  and  hence  the 
electromotive  force  calculated  by  the  above  equation  is 
closely  identical  with  the  observed  value.  Since  in  this 
equation  M=  Qy^  we  have  E=JHy\  or  ^*2Hy,  ex- 
pressed in  joules  per  water-gram-degree.  But  y  =  10-386, 
where  e  is  the  chemical  equivalent  of  the  ion  ;  and  Hy 
= 10-38 //e;  or  calling  lie  the  heat  of  combination  h  of 
one  chemical  equivalent  of  the  ion,  we  have  E=^'2  X 
10-38A  =  ah  microvolts.  If  in  this  equation  £  be  made 
equal  to  unity,  h  =  1/44  or  -02272.  Hence  02272  water 
gram-degree  corresponds  to  one  microvolt  or  22720 
water-gram -degrees  to  a  volt.  From  thermodynamic  con- 
siderations von  Helmholtz  writes  the  above  equation  E 
=  •000044A  ±  T{dE/dT) ;  in  which  the  added  term  rep- 
resents an  electromotive  force  existing  as  a  function 
of  the  absolute  temperature  T^  and  which  may  act  with  or 
in  opposition  to  the  normal  one.  Recent  researches  have 
made  it  probable  that  this  is  a  Peltier  effect  produced 
when  the  current  traverses  the  junctions  in  the  battery, 
either  of  metals  with  liquids  or  of  liquids  with  each  other. 
Thus,  for  example,  the  observed  electromotive  force  of 
a  cell  Pb  I  PbSO,  |  ZnSO,  |  CuSO,  |  Cu  was  061  volt  at 
20'' ;  while  that  calculated  from  the  heats  of  formation  of 
lead   and  copper  sulphates  was  only  0*383.     Now  by 
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direct  experiment  the  Peltier  effect  Cu  |  CuSO^  |  Cu  was 
found  to  be  0-00066,  and  the  effect  Pb  |  PbSO,  |  ZnSO,  | 
PbSO,  I  Pb  was  found  to  be  -  00011  volt.  The  ab- 
solute  temperature-coefficient  dE/dT  for  both  is  -OOOTT 
and  that  of  T{dE/d  T)  is  293  X  -00077  =  0-225  voli  Now 
0-383  +  0-225  =  0-608  volt,  as  above. 

660,  Energry  of  the  Voltaic  Circuit, — Having  the 
potential-difference  i?  of  a  voltaic  cell  when  on  open  cir- 
cuit expressed  in  volts,  the  total  energy  expended  by  such 
a  single  cell  in  the  time  t  is  evidently  Elt  joules ;  where 
/  is  the  current  strength  in  amperes.  Or  as  ^  =  It^  we 
have  W  =  EQ  joules.  For  a  battery  of  n  such  cells  in 
series,  the  potential-difference  is  nE  or  E'  and  the  work 
nEQ  or  E'Q^  the  current  and  time  remaining  constant. 
If,  however,  these  be  made  to  vary,  then  by  Ohm's  law 
the  current  /'  produced  by  n  cells  in  series,  each  of  resist- 
ance r,  the  external  resistance  /?«  remaining  constant,  is 
nE/(nr  +  R^  (608).  The  current  7'  produced  by  n  such 
cells  in  parallel  is  nE/(r  +  nR^  (609).  While  if  m  cells 
are  arranged  in  series  and  n  in  multiple,  the  current  J' 
produced  is  7nnE/{mr -{- nR^)  (610).  Calculating  from 
these  formulas  the  values  of  JF'  and  /',  the  total  energy 
expended  in  the  circuit  will  be  the  continued  product 
E'lr  joules. 

Since  the  work  done  in  the  several  portions  of  a  cir- 
cuit is  proportional  to  the  resistances  of  those  portions, 
the  total  energy  above  obtained  may  be  divided  into  two 
parts :  one  the  useful  work  expended  in  the  external 
circuit ;  the  other  the  unavailable  energy  expended  use- 
lessly as  heat  in  the  battery  itself.  Calling  i?,  and  R^ 
these  two  resistances,  the  fall  of  potential  through  the 
external  circuit  will  be  ERj{Ri  -f-  RX  while  that  in  the 
battery  will  be  ERt/{Ri  +  R^-  Hence  the  external  work 
done  will  be  WRJ{Ri  +  i?,),  the  internal  work  being 

WR,/{R,4- r:). 

That  arrangement  of  cells  in  a  battery  which  will 
produce  the  maximum  useful  effect  depends  upon  the 
resistance  of  the  external  circuit,  and  has  been  already 
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discussed  under  the  law  of  maximum  efficiency  (617)r 
The  rule  for  maximum  current  has  also  been  considered. 
661.  Secondary  Batteries. — Gautherot  (1801)  ob- 
served that  a  pair  of  platinum  wires  after  use  in  elec- 
trolysis was  capable  of  giving  an  inverse  current ;  and 
Bitter  (1803)  constructed  a  pile  of  plates  differing  from 
the  pile  of  Volta  only  in  the  fact  that  all  the  plates  were 
of  copper,  alternating  with  disks  of  moistened  cardboard. 
On  connecting  this  Bitter's  pile  with  the  Volta  pile  for  a 
short  time,  he  found  that  it  became  charged  and  was 
capable  of  producing  an  inverse  current.  Volta  (1805) 
explained  correctly  the  result  as  depending  upon  the 
decomposition  of  the  electrolyte  between  the  plates  ;  as 
due  in  fact  to  the  polarization  of  the  electrodes.  Plants 
(1860)  proved  the  exceptional  efficiency  of  lead  for  this 
purpose,  and  constructed  the  first  batteries  of  this  sort 
which  were  commercially  useful.  Such  batteries  are 
termed  secondary  or  polarization  batteries. 

Experiments. — 1.  Place  in  dilute  sulphuric  acid  two  platinum 
plates,  and  connect  them  with  two  or  more  Daniell  cells  arranged  in 
series.  After  a  few  minutes  disconnect  the  cells  and  put  the  plates 
in  circuit  with  a  galvanometer.  A  current  will  traverse  the 
galvanometer  in  the  inverse  direction  to  that  which  charged  the 
plates ;  but  this  current  will  be  very  brief  in  duration. 

2.  Charge  the  plates  a  second  time,  and  by  means  of  an  eleo- 
trometer  measure  the  difference  of  potential  between  them.  It  will 
be  found  to  be  about  1*5  volts ;  which  is  the  electromotive  force 
between  oxygen  and  hydrogen. 

8.  Deposit  upon  one  of  these  plates  a  layer  of  peroxide  of  lead, 
by  making  it  the  anode  in  a  solution  of  lead  nitrate.  Immerse  this 
plate  in  dilute  sulphuric  acid,  together  with  the  hydrogen  plate  of 
the  last  experiment.  The  difference  of  potential  between  them  will 
be  found  to  be  the  same  as  before. 

4.  Place  two  platinum  plates  in  solution  of  lead  nitrate,  and  by 
the  action  of  a  current  cover  one  with  metallic  lead  and  the  other 
with  lead  peroxide.  On  immersing  them  in  dilute  sulphuric  acid, 
the  potential-difference  will  be  found  to  be  about  two  volts. 

5.  Finally,  let  a  platinum  plate  covered  with  lead  peroxide  be 
immersed  in  dilute  sulphuric  acid  with  a  plate  of  amalgamated  zinc 
The  potential-difference  will  reach  a  value  as  high  as  2*5  volts. 

6.  Place  two  lead  plates  in  dilute  sulphuric  acid  and  connect  them 
with  several  Daniell  cells  until  gas  is  evolved  from  them.    Then 
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connect  them  with  a  galvanometer  of  moderately  high  resistance,  and 
note  the  time  required  to  discharge  the  plates.  Reverse  the  connec- 
tion with  the  battery  and  charge  the  lead  plates  a  second  time.  It 
will  now  be  observed  that  the  time  of  discharge  is  considerably 
greater  than  before.  By  a  repetition  of  this  process,  the  yield  of 
current  (i.e.,  the  storage  capacity)  is  continually  increased. 

In  all  these  cases  the  electrolyte  is  decomposed,  its 
ions  being  carried  to  the  respective  electrodes  and  either 
deposited  upon  or  united  with  them.  The  energy 
expended  by  the  current  is  stored  up  as  the  potential 
energy  of  the  separated  ions ;  this  potential  energy  being 
re-converted  into  the  energy  of  the  current  when  the 
circuit  is  closed  through  the  galvanometer ;  whence  the 
name  storage  batteries,  or  accnmnlators,  applied  to  these 
cells.  Moreover,  the  work  done  in  separating  the  ions 
being  QE  joules,  the  current-energy  given  by  them  on 
reuniting  will  also  be  QJ?  joules ;  i.e.,  will  be  Q  coulombs 
under  a  potential-difference  of  E  volts.  Thus  the  energy 
which  must  be  expended  upon  nine  grams  of  water  to 
decompose  it  is  about  142500  joules ;  and  this  is  also  the 
energy  which  the  one  gram  of  hydrogen  it  contains  would 
evolve  on  uniting  with  the  eight  grams  of  oxygen.  But 
since  the  atomic  charges  in  the  nine  grams  of  water  are 
only  96340  coulombs,  it  follows  that  in  order  to  develop 
this  energy  the  fall  of  potential  should  be  about  1*49 
volts.  The  potential-difference  of  a  secondary  cell,  there- 
fore, depends  solely  upon  the  contacts  within  it ;  while 
the  amount  of  energy  stored  up  in  it  is  a  function  only 
of  the  mass  of  the  ions  deposited  upon  the  electrodes. 
The  energy  of  such  a  cell,  unlike  that  of  a  condenser,  is, 
in  joules,  the  entire  product  of  its  potential-difference  in 
volts  by  the  quantify  of  its  charge  in  coulombs ;  or  in 
watt-hours,  is  the  continued  product  of  the  volts  by  the 
amperes  by  the  hours. 

662.  Actual  Storage  Cells  or  Accumulators. — The 
secondary  or  storage  cell  of  Plante  consists  simply  of 
two  sheets  of  lead,  rolled  together  in  a  spiral  and  im- 
mersed in  dilute  sulphuric  acid;  contact  being  pre- 
vented by  strips  of  rubber  placed  between  the  plates. 
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On  passing  a  current  through  such  a  cell,  oxygen  is  set 
free  on  the  anode  and  unites  with  it  to  form  peroxide ; 
while  the  hydrogen  evolved  on  the  kathode  reduces  any 
oxide  there  to  metallic  lead.  On  discharging  the  cell 
and  reversing  the  current,  the  oxide  formed  from  the 
plate  by  the  corrosion  due  to  the  electrolytic  oxygen  is 
reduced  by  the  hydrogen  now  set  free  upon  this  plate ; 
while  the  oxygen  corrodes  in  its  turn  the  other  plate. 
So  that  finally  a  suflSciently  thick  layer  of  peroxide  is 
obtained  on  the  anode  and  of  metallic  lead  on  the 
kathode,  to  yield  a  current  of  several  amperes  for  many 
hours,  with  the  difference  of  potential  existing  under 
these  conditions  between  metallic  lead  and  lead  peroxide; 
i.e.,  two  volts.  The  capacity  of  the  cell  is  given  either 
in  ampere-hours,  or  in  watt-hours ;  i.e.,  a  battery  which 
will  give  a  current  of  ten  amperes  for  twenty  hours  has 
a  current-capacity  of  200  ampere-hours ;  or  if  the  poten- 
tial-difference be  100  volts  (50  cells  each  of  2  volts)  it 
has  an  energy-capacity  of  20000  watt-hours.  If  dis- 
charged at  the  rate  of  ten  amperes,  the  rate  of  work  of 
the  current  would  be  1000  volt-coulombs  or  joules  per 
second ;  i.e.,  one  kilowatt ;  and  as  746  volt-amperes  or 
watts  is  a  horse-power,  the  activity  of  the  battery  would 
be  nearly  1*5  horse-powers.  This  rate  in  theory  it 
would  maintain  for  20  hours. 

One  objection  to  the  Plante  cell  thus  produced  is  the 
length  of  time  needed  to  "  form  "  the  layer  of  active 
matter  upon  the  plates  by  electrolytic  corrosion.  Brush 
in  1879  and  Faure  in  1880  suggested,  in  order  to  shorten 
the  time  of  formation,  to  apply  a  layer  of  lead  oxide  di- 
rectly to  the  lead  plates  before  immersing  them  in  the 
acid.  By  the  action  of  the  current,  hydrogen  is  set  free  on 
the  kathode  and  reduces  this  oxide  to  metallic  lead,  and 
oxygen  is  evolved  on  the  anode  and  raises  the  oxide  to 
peroxide.  In  its  present  form  this  type  of  cell  consists 
of  a  support-plate  or  grating  preferably  of  an  alloy  of 
lead  with  a  few  per  cent  of  antimony,  the  perforations 
in  this  plate  being  filled  with  lead  oxide  under  pressure. 
After  the  cell  is  formed  the  oxygen  or  anode  plate  con- 
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tains  lead  peroxide,  the  hydrogen  or  kathode  plate 
metallic  lead.  The  storage  capacity  of  these  cells  is 
about  12  ampere-hours  per  kilogram  of  lead. 

The  Main  storage  battery  uses  peroxide  of  lead  and 
zinc.  The  positive  plate  consists  of  thin  laminsB  of  sheet 
lead  separated  by  powdered  graphite,  riveted  together 
and  thickly  perforated.  It  is  practically  a  Plants  plate, 
and  is  formed  in  the  same  way  by  corrosion  under  the 
action  of  the  current,  the  layer  of  peroxide  being  about 
a  millimeter  thick.  The  negative  plate  is  of  zinc  with  a 
core  of  copper,  the  whole  kept  well  amalgamated.  The 
solution  is  dilute  sulphuric  acid  containing  zinc  sulphate. 
On  charging,  zinc  is  electrolytically  deposited  on  the 
kathode  plate  while  the  anode  plate  is  peroxidized,  the 
storage  capacity  depending  on  the  quantity  of  the  ions 
deposited  on  the  plates ;  being  ordinarily  from  16  to  18 
ampere-hours  per  kilogram  of  metal  in  the  cell.  The 
difference  of  potential  between  zinc  and  lead  peroxide, 
however,  is  2*5  volts ;  and  this  gives  this  cell  a  great 
advantage,  since  with  the  same  current-capacity  in 
ampere-hours,  one  fourth  more  energy-capacity  in  watt- 
hours  is  obtained.  The  chief  defect  of  the  battery 
appears  to  be  its  tendency  to  local  action ;  but  this,  it  is 
claimed,  may  be  completely  overcome  by  keeping  the 
zinc  well  amalgamated. 

The  theoretical  advantages  of  secondary  batteries 
are  very  considerable.  They  have  in  general  a  high 
electromotive  force  and  a  low  internal  resistance,  and 
hence  are  suited  to  deliver  a  large  volume  of  current. 
Moreover,  there  is  no  waste  in  their  operation,  no  con- 
sumption of  material ;  the  only  wear  in  cells  of  the 
Faure  or  active-matter  type  being  due  to  corrosion  of 
the  positive  plates,  which  must  be  renewed  at  intervals. 
The  electric  energy  which  is  stored  in  them  on  charging, 
however,  is  recovered  again  on  discharge  only  to  the 
amount  of  70  or  80  per  cent.  The  defects  of  this  form 
of  cell  are  found  in  practice  to  be  numerous.  The  elec- 
tromotive force  on  discharge  must  not  be  allowed  to  fall 
below  1*8  volts,  since  then  the  lead  oxide  is  converted 
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into  sulphate  and  the  cell  is  injured.  Moreover,  if  a 
certain  discharge  rate  is  exceeded  the  plates  buckle  and 
are  brought  in  contact  Indeed,  the  present  forms  of 
active-matter  cell  seem  to  require  constantly  the  atten- 
tion of  experienced  persons. 

A  secondary  cell  differs  from  a  primary  one  only  in 
the  fact  that  in  the  former  the  energy  has  an  electrical 
origin  and  in  the  latter  a  chemical  one.  In  a  zinc- 
peroxide  cell,  for  example,  made  up  with  the  zinc  of 
commerce,  the  first  discharge  takes  place  as  a  primary 
battery,  the  energy  being  stored  in  the  zinc  from  the 
carbon  which  has  reduced  it  chemically  from  its  ore.  If 
after  discharge  it  is  re-charged  by  a  current,  the  re-de- 
position of  zinc  restores  the  cell  to  its  primitive  condi- 
tion. But  now  the  energy  stored  up  in  the  zinc  has  an 
electrical  origin,  and  the  cell  acts  as  a  secondary  battery. 


0. — ^MAGNETIC   RELATIONS  OF  THE  CURBENT. 

(a)  Electromagnetism. 

663.  Oersted's  Discovery. — Although  a  relation  be- 
tween electric  and  magnetic  phenomena  had  long  been 
siispected,  it  was  not  until  1819  that  experimental  proof 
of  this  relation  was  obtained.  In  that  year.  Oersted  of 
Copenhagen  showed  that  a  wire  carrying  an  electrical 
current  caused  the  deflection  of  a  magnetic  needle. 

Experiment. — 1.  Place  a  wire  conveying  a  current  near  to  and 
parallel  with  a  magnetic  needle  at  rest  in  the  meridian  (Fig.  817)» 


Fio.  817. 


The  needle  will  turn  about  its  point  of  suspension  and  come  to  rest 
in  a  position  more  or  less  inclined  to  the  meridian. 
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2.  Place  the  wire  above  the  needle  and  pass  the  current  through 
It  in  a  direction  from  south  to  north.  The  north-seeking  end  of  the 
needle  will  turn  toward  the  west.  If  the  current  pass  from  north  to 
south,  the  north-seeking  end  of  the  needle  will  turn  to  the  east.  Place 
the  wire  below  the  needle  and  the  phenomena  will  be  reversed; 
the  north-seeking  end  turning  to  the  east  when  the  current  flows  from 
south  to  north  and  to  the  west  when  it  flows  from  north  to  south. 

3.  Bend  the  wire  into  a  loop  and  place  it  so  that  the  current  flows 
over  the  needle  along  one  side  of  the  loop  and  under  the  needle 
along  the  other.  If  it  flows  from  north  to  south  over  the  needle 
it  will  flow  from  south  to  north  beneath  it.  Both  these  actions 
conspire  to  turn  the  north-seeking  end  toward  the  east,  and  the 
effect  is  multiplied. 

4.  Place  the  conducting  wire  vertical 
and  opposite  to  the  marked  end  of  a 
magnetic  needle  (Fig.  318).  If  the 
current- flow  be  upward,  as  shown  in 
the  figure,  the  marked  or  north-seeking 
end  of  the  needle  will  move  toward  the 
east. 

664,  Ampere's  Rule. — To  keep 
these  facts  in  mind,  Ampere  pro- 
posed the  following  simple  rule  : 
Suppose  a  person  lying  in  the  con- 
ductor and  facing  the  needle  ;  if 
the  current  pass  from  his  feet  toward  his  head,  the 
north-seeking  end  of  the  magnet  will  be  deviated  toward 
his  left  hand.  To  eliminate  the  earth's  magnetic  action, 
Ampere  used  a  dipping  needle  (590),  with  its  axis  of 
rotation  parallel  to  the  earth's  lines  of  force.  Under 
these  conditions  the  needle  places  itself  rigorously 
perpendicular  to  the  conducting  wire.  Moreover,  he 
inverted  Oersted's  experiment,  making  the  conductor 
movable  and  the  magnet  fixed.  If  the  wire  conveying 
the  current  be  vertical  and  be  placed  in  the  plane  of  the 
meridian  opposite  the  end  of  the  magnet,  then  since 
action  and  reaction  are  equal  a  person  lying  in  the  wire 
and  looking  in  the  direction  of  the  lines  of  force  of  the 
magnet  (i.e.,  toward  the  south-seeking  or  from  the  north- 
seeking  end),  the  current  flowing  from  his  feet  toward 
his  head,  will  experience  a  force  tending  to  move  the 
conducting  wire  toward  his  left  hand. 


Fio.  81& 
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665.  Current-field. — Inasmuch  as  a  freely  suspended 
magnetic  needle  always  tends  to  place  itself  parallel  to 
the  lines  of  force  of  a  magnetic  field,  it  is  evident  that 
this  action  of  the  current  must  be  due  to  the  production 
of  a  magnetic  field  surrounding  the  conductor,  and  ex- 
tending to  a  greater  or  less  distance  from  it. 

Experiments.— 1.  Place  a  card  on  which  iron-filings  have  been 
sprinkled,  over  a  wire  conveying  a  current,  and  tap  the  card  gently 
with  the  finger.  The  filings  will  be  seen  to  arrange  themselves  in 
lines  perpendicular  to  the  direction  of  the  wire ;  showing  that  the 
lines  of  force  of  a  current-field  are  normal  to  the  current-flow. 
2.  Pass  the  wire  through  the  card  perpendicular  to  its  plane  (Fig. 

819)  and  gently  tap  it  as  be- 
fore. The  filings  will  be  seen 
to  arrange  themselves  in  con- 
centric circles  about  the  wire 
as  an  axis,  which  circles  rep- 
resent the  lines  of  force. 

8.  Place  a  small  magnetic 
needle  near  the  card.     If  the 
current  flow  from  below  up- 
A  ward,  the  needle  will  take  a 

Fio.  819.  position  tangent  to  these  cir- 

cles, with  its  north-seeking  end  pointing  in  the  direction  of  the  flow 
of  force  indicated  by  the  arrows.  So  that  the  positive  direction  of 
the  lines  of  force  in  a  current-field  is  opposite  to  the  motion  of  the 
hands  of  a  watch  when  the  curreut-fiow  is  from  below  upward,  and 
vice  versa. 

(If  a  glass  plate  be  used  in  these  experiments  in  place  of  the 
card,  the  phenomena  may  be  projected  on  a  screen.) 

Ampere  conclusively  demonstrated  that  the  field 
produced  by  a  current  is  identical  in  all  respects  with 
the  field  produced  by  a  magnet.  The  above  experiments 
show  that  the  lines  of  force  of  a  current-field  are  circles 
having  the  wire  for  their  center,  and  having  their  plane 
perpendicular  to  its  length.  Whence  it  follows  that  the 
equipotential  surfaces  are  radial  planes  parallel  to  the 
axis  of  the  conductor  and  equidistant.  Since  unit  work 
must  be  expended  on  unit  pole  to  move  it  from  one  of 
these  surfaces  to  the  next,  to  carry  it  completely  round 
the  wire  at  unit  distance  would  require  Fl  ergs.  But  the 
force  -F  exerted  by  a  current  of  strength  I  on  unit  pole  at 
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unit  distance  is  27;  and  the  distance  moved,  {,  is  2;r. 
Whence  the  work  done  is  4;r/  ergs,  and  there  are  4;r7 
equipotential  surfaces.  Conversely,  energy  correspond- 
ing to  47r/  ergs  is  lost  for  every  revolution  of  unit  pole 
under  the  action  of  the  current  In  this  case  /  is  to  be 
expressed  in  electromagnetic  measure  (669). 

666.  Current-field  Intensity. — The  intensity  of  a 
magnetic  field  at  any  point  has  been  defined  (530)  as  the 
force  with  which  it  acts  on  a  unit  pole  placed  at  the 
point ;  i.e.,  H  -^f/m.  Since  Faraday  showed  with  the 
voltameter  that  the  magnetic  effects  of  a  current  are 
directly  proportional  to  its  strength,  and  Biot  and 
Savart  that  these  effects  in  the  case  of  an  indefinitely 
extended  current  vary  in  the  inverse  ratio  of  the  dis- 
tance between  the  conductor  and  the  pole,  we  have  evi- 
dently Hi=^ki/d\  in  which  h  represents  the  force  of 
unit  current  at  unit  distance.  Biot  and  Savart  sent  the 
current  through  a  long  vertical  wire  and  hung  a  small 
magnetic  needle  near  it  in  a  plane  perpendicular  to  the 
meridian  (Fig.  320).  Noting 
the  number  of  oscillations  n 
under  the  action  of  the  earth's 
field  alone  H\  then  passing  the 
current  and  again  noting  the 
oscillations,  first  at  a  distance 
d  where  the  intensity  of  the 
current-field  is  h  and  then  at 
d'  where  it  is  h\  three  equa- 
tions are  obtained,  n*  =  KH' 
(in  which  K  is  the  needle-con- 
stant), N*  =  K{H'  +  A),  and 
ir*  =  K{ir  +  hy  Combining 
these,      {N' -  ny{N''  -  n^)  p,o.  wo. 

=  h/h' ;  and  this  ratio  of  in- 
tensities was  found  in  all  cases  to  equal  the  inverse 
ratio  of  distances ;  or  h/h'  =  d'/d.  Consequently,  if  the 
magnetic  mass  of  the  pole  be  m,  we  have/  =  kim/d ;  or, 
the  force  with  which  a  straight  current  indefinite  in  length 
acts  upon  a  magnetic  pole  is  perpendicular  to  the  plane 
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passing  through  the  current  and  the  pole,  is  directed 
toward  the  left  of  the  current  (i.e.,  toward  the  left  hand 
of  a  person  swimming  with  the  current  and  looking  in 
the  negative  direction  of  the  lines  of  force),  and  in  mag- 
nitude is  inversely  as  the  distance  between  them.  Evi- 
dently fd  =  kim ;  and  fd  is  a  couple  whose  magnitude 
is  kim,  tending  to  make  the  pole  rotate  about  the  current 
as  an  axis.  A  complete  magnet  has  no  tendency  to  move, 
however,  since /n  =  — /r 

667.  liaw  of  Laplace. — That  reciprocal  action  of  a 
current- element  and  a  pole  which  satisfies  the  experi- 
ment of  Biot  and  Savart  has  been  shown  by  Laplace  to 
be  a  simple  consequence  of  the  law  of  inverse  squares  as 

given  by  the  equation  0  =  {kirn  J  da  sin  a)/d* ;  in  which 

<p  is  the  mutual  force  exerted,  m  the  magnetic  mass  of 
the  pole,  i  the  strength  of  the  current,  ds  the  length  of 
the  element,  d  the  distance  between  them,  and  a  the 
angle  between  the  element  and  a  line  drawn  to  the 
pole  from  its  middle  point.  Since  m/rP  =  F,  which 
is  the  strength  of  the  field  at  0  due  to  the  mass  m  at 
P,  and  since  ds  sin  a  is  the  height  of  the  parallelo- 
gram (Fig.  321)  constructed  with  the  element  ds  and  the 


Fio.  821. 

force  F  as  sides,  Fds  sin  a  =  dA ;  and  Laplace's  law 
may  be  written  0  =   /  kid  A  ;  or  0  =  /  Id  A  if  A  =  1.     In 

other  words,  the  force  experienced  by  a  current-element 
placed  in  a  magnetic  field  is  equal  to  the  product  of  the 
current-strength  expressed  in  electromagnetic  measure 
by  the  area  of  a  parallelogram  having  the  element  and 
the  field-intensity  as  sides.  Evidently  this  force  0  will 
be  normal  to  the  plaue  of  the  parallelogram,  and  its 
direction  will  be  toward  the  left  of  an  observer  placed  in 
the  current  and  looking  in  the  direction  of  the  force. 
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668.  Circular  Current. — To  apply  this  law,  the  force 
i¥ith  which  a  circular  current  acts  on  a  unit  pole  placed 
on  its  axis  at  some  point  P  (Fig.  322)  may  be  calculated. 
Since  the  angle  which  any  ele- 
ment of  the  circle  makes  with 
A  line  drawn  to  P  is  90®,  sin 
a  =  1 ;  and  if  the  current  be 
unity,  Laplace's  formula  gives 

us  0  =  /  ds/d^.   Besolving  this 

force  0,  which  is  perpendicular 

to   AP^  into   two   components,  fxo.  aa. 

one  along  the  axis  and  the  other  normal  to  it,  we  have 

for  the   former   component   0   cos   OAP  =  0r/d  =  F\ 

whence  F  =J  rds/d*.     The  element  of  current  in  this 

case  is  the  length  of  a  circle  of  radius  r ;  i.e.,  2nr,  and 
hence  i^  =  27rr^/d*  =  25/d' ;  which  is  the  force  in  dynes 
exerted  along  the  axis  by  an  electromagnetic  unit  of 
current  upon  a  unit  pole  placed  at  the  point  P.  At  the 
center  of  the  circle,  r  =  rf ;  and  hence  F  =  2n/r,  With 
a  current  of  /units  and  a  pole  of  strength  m,  F  =  2nml/r. 
If  the  coil  has  n  turns,  F ^=  2nnml/r,  Moreover,  since 
Hi  =  F/niy  we  have  Hj  =  2;r//r. 

669.  Electromagnetic  System  of  Units. —A  system 
of  units  has  been  constructed  based  on  the  electromagnetic 
actions  of  the  current,  and  hence  called  the  electromag- 
netic system.  From  the  above  expression  for  F,  we  have 
/=  Fr/2nm  =  Fr*/lm^  since  2nr  =  Z;  and  hence  we  may 
define  the  electromagnetic  unit  of  current  as  that  cur- 
rent which  flowing  through  unit  length  of  a  cir- 
cular arc  of  unit  radius,  exerts  unit  force  upon  a 
unit  pole  placed  at  its  center.  The  electromagnetic 
system  of  units  is  obtained,  therefore,  by  making  the  nu- 
merical coefficient  unity  in  its  fundamental  law,  the  law  of 

Laplace,  F  =  him  I  ds/d* ;  just  as  the  electrostatic  system 

of  units  is  produced  by  making  this  coefficient  unity  in  the 
fundamental  electrostatic  law  of  Coulomb,  F  -zi.  IcQ^/d*. 
A  C.  6.  S.  electrostatic  unit  of  quantity  is  that  quantity* 
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which  attracts  a  similar  quantity  at  a  centimeter  distance 
with  the  force  of  a  dyne.  A  C.  G.  S.  electromagnetic  unit 
of  quantity  is  that  quantity  which  flowing  per  second 
through  a  circular  arc  a  centimeter  in  length  and  a 
centimeter  in  radius  will  exert  the  force  of  a  dyne  on  a 
C.  G.  S.  unit  pole  placed  at  its  center.  Unfortunately 
these  two  units  of  quantity  have  not  the  same  value. 
The  electromagnetic  unit  of  quantity  is  about  3  X  10'* 
times  greater  than  the  electrostatic  unit ;  and  of  course 
the  same  ratio  is  preserved  throughout  the  system. 
From  the  expression  above  /  =  J'Y/lm,  we  get  [/] 
=  [IJ2l^T'^]  as  the  dimensional  electromagnetic  equa- 
tion of  unit  current ;  and  since  Q  =  It,[Q]  =  [/J  J/ 4],  So 
from  the  expression  Q  =  d  VF  we  get  for  the  dimen- 
sional electrostatic  equation  of  unit  quantity  [y]  = 
[/J  J/*  r- »].  Dividing,  we  find  for  the  ratio  LT'  \  which 
is  the  dimensions  of  a  speed.  And  we  observe  that 
3  X  10",  which  is  the  ratio  of  the  electromagnetic  to  the 
electrostiitic  unit  of  quantity,  represents  the  speed  of 
light.  Calling  this  ratio  r,  we  may  represent  the  relation 
of  the  electrostatic  units  to  the  electromagnetic  units  iu 
the  C.  G.  S.  system  as  follows : 

1  Electromagnetic  unit  of  quantity  =  v  Electrostatic  units 
1  *'  **  current   =  o  '*  " 

1  **  **  capacity  =  v"  "  •* 

V  "  units  of  potential  =  1  **         unit. 

tJ*  "  **       resistance  =1  **  *' 

From  this  relation  the  following  table  of  values  is 
obtained : 

VALUES  OF  PRACTICAL  UNITS. 

Units.  Name.  E.  S.  Value.  E.  M.  Value. 

Quantity Coulomb  3  X  10*  10"* 

Current Ampere  3  x  10*  10"* 

Potential-diflference.  Volt  \  x  lO"*  10* 

Resistance Ohm  I  x  10""         10* 

Capacity. Farad  9  X  10'*  lO"* 
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670.  Galvanometer  Measiirements.^A  galvanometer 
is  an  instrumeDt  for  measuring  the  strength  of  a  current 
by  means  of  the  deflection  which  this  current  produces 
upon  a  magnetic  needle  placed  in  its  field.  For  detect- 
ing the  presence  or  the  direction  of  a  current,  a  rectan- 
gular coil,  consisting  of  a  number  of  turns  of  wire  placed 
in  the  meridian  and  enclosing  the  needle,  is  quite  suffi- 
cient. But  for  accurate  measurement  of  the  strength  of 
a  current,  the  instrument  must  be  so  constructed  that 
the  deviation  of  the  needle  is  proportional  either  to  the 
current-strength  itself,  or  to  some  function  of  it  Two 
forms  of  galvanometers  are  in  common  use,  in  one  of 
which  the  current  is  proportional  to  the  tangent  of  the 
deflection-angle,  and  in  the  other  to  the  sine  of  this 
angle.  These  instruments  are  called  tangent  and  sine 
galvanometers  therefore,  respectively. 

671.  Tang^eiit  Galvanometer. — The  needle  of  a  gal- 
vanometer is  acted  on  by  two  forces :  one  the  deflecting 
force  of  the  current,  the  other  the  restoring  force  of  the 
earth's  field.  When  the  plane  of  the  galvanometer  coil 
is  in  the  meridian,  tlie  lines  of  force  of  its  field  are  per- 
pendicular to  those  of  the  earth's  field,  and  the  needle, 
solicited  by  two  perpendicuhir  forces,  takes  up  a  result- 
ant position  of  equilibrium  between  them.  Calling  ml 
(Fig.  323)  the  moment  of  the 
needle,  //  the  horizontal  inten- 
sity of  the  earth's  fiekl  and  / 
that  of  the  current,  0  being 
the  deflection-angle,  then  the 
length  of  the  arm  is  I  cos  <p  for 
the  current  and  I  sin  0  for  the  ^ 
earth's  magnetism.  Whence 
the  earth's  couple  on  the  needle 
is  31 TI  sin  0  and  that  of  the 
current  J//cos  0.  In  the  posi- 
tion of  equilibrium  these  two 
couples  are  equal ;  and  hence 
I  =  H  tan  0.  If  a  second  current  produce  a  deflection  0', 
we  have  /'  =  //tan  0';  whence  /  :  /'  ::  tan0  :  tan  0';  or 
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in  this  instrument  the  deflecting  powers  of  two  carivnt^ 
are  directly  proportional  to  the  tangents  of  the  deflections. 

672.  Sine  Galvanometer. — In  this  instrument,  the 
coil  is  always  maintained  parallel  to  the  needle,  by  ro- 
tating its  plane  as  the  needle  is  deflected.  Consequently 
the  component  of  the  earth's  couple  is  balanced  by  the 
entire  force  of  the  coil,  and  we  have  IM  =  IIM  sin  0. 
Whence  I  ^=-  H  sin  0,  and  the  deflecting  force  of  the  cur- 
rent is  proportional  to  the  sine  of  the  deviation-angle. 
Since  sin  90°  is  1,  while  tan  90*^  is  oo,  the  sine  compass 
can  be  used  to  measure  only  very  weak  currents  com- 
pared with  those  which  are  measured  by  means  of  tho 
tangent  galvanometer. 

673.  Absolute  Galvanometers. — To  determine  the 
value  of  the  current-strength  in  absolute  measure,  the 
constant  of  the  galvanometer  must  be  determined.  This 
constant  is  the  intensity  of  the  field  in  C.  G.  S.  units 
which  is  produced  by  unit  current  If  the  galvanometer 
be  so  constructed  that  the  constant  can  be  calculated 
from  its  dimensions,  then  it  is  called  an  absolute  galva- 
nometer. Suppose  the  coil  to  be  constructed  of  a  single 
circle  of  wire  of  radius  r.  Then  the  deflecting  force  of 
this  coil.  i.e.,  the  intensity  of  its  field  at  the  center,  is 
27r//r  (668).  Whence  we  have  ^nl/r—  Hi^u<t>\  and 
I={IIr  tan  <l>)/^n.  The  value  27r/r  is  the  deflecting 
power  of  the  coil  for  unit  current-strength.  It  is  called 
the  galvanometer-constant.  Representing  it  by  G,  the 
Above  expression  becomes  /  =  {H/G)  tan  0.  The  ratio 
H/G  is  the  galvanometer  reduction-factor,  and  is  frequent- 
ly  represented  by  h  In  the  equation  T=  k  tan  0,  it 
represents  the  current  strength  required  to  give  a  deflec- 
tion-angle whose  tangent  is  unity  ;  i.e.,  an  angle  of  45°. 
Hence  by  multiplying  the  tangent  of  any  other  deflection, 
angle  by  the  reduction-factor,  the  absolute  current- 
strength  in  C.  G.  S.  units  is  obtained. 

674.  Experimental  Determination  of  the  Reduction 
Factor. — If,  however,  the  galvanometer-constant  cannot 
be  measured  directly,  then  it  is  necessary  to  determine 
the  reduction-factor  experimentally.     This  may  be  done 
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by  means  of  a  calorimeter  or  a  voltameter.  A  current 
is  sent  through  the  galvanometer,  placed  in  series  with 
the  calorimeter,  the  same  current  going  through  both ; 
this  current  being  adjusted  to  give  a  deflection  of  about 
45°.  The  deflection  is  read  at  intervals,  and  the  temper- 
ature  of  the  liquid  in  the  calorimeter  noted.  If,  for  ex- 
ample, m  grams  of  water  be  raised  T^^  then  mT  water- 
gram-degrees  of  heat  have  been  evolved.  But  a  cuiTent 
of  strength  /'  has  been  flowing  for  the  same  time  t 
through  a  resistance  R ;  and  this  current  has  developed 
/'•^^/«/ water-gram-degrees.  Whence  mT  =I'^Rt/JvL\iA 
/'  =  VmTJ/Bt  C.  G.  S.  units  of  current.  If  the  coppei 
voltameter  be  used,  the  current-strength  in  absolute 
electromagnetic  units  is  obtained  by  dividing  the  mass 
of  copper  deposited  in  the  time  <,  expressed  in  micro- 
grams, by  3279  and  by  L  Having  the  mean  current- 
strength  /'  during  the  experiment,  determined  by  either 
of  the  above  methods,  and  also  the  mean  angle  of  de- 
flection 0',  we  have  k  =  T/tsLU  (f>\ 

675.  Uniform  Galvanometer-field. — The  theory  of 
the  tangent  galvanometer  now  given  assumes  the  ratio 
ot  H  to  G  to  be  constant,  and  supposes,  therefore,  the 
current-field  to  be  as  uniform  as  the  earth's  field.  In 
practice  this  result  is  secured  in  two  ways  :  first,  by 
making  the  needle  very  short,  i.e.,  one  tenth  to  one 
fifteenth  of  the  radius  of  the  coil,  so  that  it  does  not 
move  out  of  the  region  where  the  lines  of  force  are 
parallel ;  and  second,  by  providing  the  galvanometer 
with  two  equal  and  parallel  coils  having  the  needle 
placed  midway  on  their  common  axis. 

076.  Beflectingr  Galvanometers. — For  use  in  accu- 
rate measurement,  Lord  Kelvin  has  devised  reflecting 
galvanometers  of  great  delicacy  (Fig.  324).  The  needles 
form  an  astatic  system,  the  upper  combination  being 
cemented  on  the  back  of  a  silvered  mirror,  and  the 
whole  suspended  by  a  quartz  fiber.  The  coils  are 
circular,  are  small  in  diameter,  and  are  quite  thick ;  and 
they  surround  closely  one,  or  sometimes  both,  of  the 
needle  systems  ;   thus   producing  a  very  intense  field. 
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If  the  mirror  M  be  concave,  then  by  means  of  a 
lamp  and  a  narrow  opening  in  front  of  the  flame, 
placed  at  O  (Fig.  325),  a  line  of  light  is  thrown  on 
the  mirror  and  reflected  back  to  B  upon  a  graduated 
millimeter  scale  just  above  the  opening.  If  the  mirror 
be  plane,  the  deflections  upon  the  scale  are  read  oflE 
directly  by  means  of  the  telescope  T ;  the  ratio  of  the 
scale-number  to  the  distance  between  the  scale  and  the 
mirror  expressed  in  millimeters  being  the  tangent  of 

twice  the  angle  a  moved  by 
the  mirror.  Since  the  scale 
is  so  short,  and  the  distance 
at  which  it  is  placed  is  about 
a  meter,  no  appreciable  error 
is  committed  in  taking  the 
arcs  for  the  tangents  and  in 
considering  the  current- 
strengths  as  directly  propor- 
tioual  to  the  scale-readings. 
By  the  use  of  shunts,  re- 
ducing the  current  through 
the  galvanometer  to  one  tenth, 
one  hundredth,  or  one  thou- 
sandth, the  range  of  these 
serviceable  instruments  may 
be  very  considerably  ex- 
tended. The  magnetic  sys- 
tem is  controlled  by  means 
of  the  curved  directing- mag- 
net shown  in  the  figure. 

In  the  Deprez-d'Arsonval 
galvanometer  (1882)  the  mag- 
net is  fixed  and  the  coil  is 
movable  (Fig.  326).  A  com- 
pound U -magnet  of  steel  is  supported  vertically  on 
a  stand,  its  poles  being  upward.  Between  these  poles 
is  suspended  a  rectangle  consisting  of  a  large  number 
of  turns  of  fine  wire,  the  ends  of  which  terminate  above 
and  below  in  hard-drawn  silver  or  copper  wires  serving 
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as  the   supporting  axis.     The   upper  wire  is  fastened 
to  an  adjustable  screw,  held  by  a  lateral  pillar.     The 
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lower  wire  is  attached  to  a  flat  elastic  strip  of  metal, 
the  tension  oi  which  is  regulated  by  a  similar  screw. 
Through  these  wires  the  current  passes  to  the  coil. 
Within  the  rectangle  an 
iron  tube  is  supported,  serv- 
ing to  concentrate  the  mag- 
netic field.  The  upper  end 
of  the  rectangle  carries  a 
mirror,  by  means  of  which 
the  angles  of  deflection  are 
read  with  a  telescope  and 
scale.  When  a  current 
passes  through  the  coil,  it 
tends  to  rotate  so  as  to 
place  its  plane,  which  nor- 
mally  coincides  with  that  of 
the  poles  of  the  magnet, 
perpendicular  to  this  direc- 
tion, and  thus  to  enclose 
the  maximum  number  of 
lines  of  force.  The  couple 
due  to  the  current  is  an- 
tagonized, and  finally  balanced,  by  the  couple  of  torsion 
of  the  wire.     To  avoid  the  set  sometimes  experienced  in 
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the  wire,  as  well  as  to  increase  the  seusitiveness  of  the 
instrument,  Gerard  replaced  the  straight  wire  by  a  helix 
of  phosphor-bronze  wire,  the  rectangle  being  suspended 
on  a  cocoon  fiber  or  a  quartz  fiber  in  its  axis.  On  short- 
circuiting  the  instrument  and  oscillating  the  rectangle, 
the  currents  induced  in  the  coil  bring  it  speedil}-  to  rest. 
Whence  the  name  aperiodic  given  to  this  galvanometer. 

677*  Galvanometric  Mode  of  Measuriug:  Potential. 
— Evidently,  if  the  galvanometer  terminals  be  connected 
to  points  at  different  potentials,  a  current  will  flow 
through  it  And  hence  the  amount  of  current  thus 
passing  may  be  used  to  measure  this  difference  of 
potentials.  In  order  that  the  instrument  may  not  itself 
produce  too  great  a  fall  in  the  potential  to  be  measured, 
however,  a  galvanometer  for  measuring  potential-differ- 
ences must  be  made  of  high  resistance,  say  from  five  to 
fifty  thousand  ohms  or  more.  And  then  the  current 
through  it,  and  therefore  the  deflection  it  gives,  is  closely 
proportional  to  the  difference  of  potential  at  its  termi- 
nals. If  the  use  of  no  current  is  permissible,  then  clearly 
the  measurements  must  be  made  with  an  electrometer. 

678.  Ballistic  Galvanometer. — It  is  often  desirable 
to  measure  the  discharge  of  a  condenser  galvanometri- 
cally.  For  this  purpose,  since  the  time  is  so  short,  the 
ballistic  principle  is  made  use  of.  From  dynamics  we 
have  Ft  =■  Ms  iJS) ;  i.e.,  the  impulse  of  a  force  is  meas- 
ured by  the  momentum  it  produces. 
Moreover,  the  speed  a  acquired  by  a 
body  in  falling  through  a  distance  a 
under  the  action  of  the  force  of  gravity 
gr  is  «  =  V'2gra.  Hence  Ma  =  V2M^ga ; 
or  in  the  case  of  the  earth's  magnetic 
field,  where  the  force  acting  is  not  Mg 
but  ni/7.  Ma  =  VimHMa.  Now  a  is  the 
direct  distance  through  which  the  body 
has  moved  in  the  direction  of  the  force 
(Fig.  327) ;  hence  a  =  f  —  6  =  Z  —  i  cos  a  =  Z{1  —  cos  a)  = 
1(2  sin'  ^a).  Moreover,  the  force  F  exerted  by  the  cur- 
rent on  a  galvanometer  needle,  =  Gml\  and  hence  i^i^  = 
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Omit  =  OmQ.  Whence  OmQ  =  V^mHMl  sin"  ^a  = 
2  VmUMl  sin  ^a ;  and 

Q  =  2J^Bin^a.  [79] 

Consequently,  when  the  galvanometer-needle  is  moved 
by  an  impulse  like  the  discharge  of  a  condenser,  the 
quantity  of  electrification  traversing  the  galvanometer  is 
directly  proportional  to  the  sine  of  half  the  angle  of  de- 
flection. The  needle  of  a  ballistic  galvanometer  should 
have  a  slow  period  of  oscillation,  so  that  during  the  time 
of  the  discharge  it  may  not  be  sensibly  displaced.  It 
should  be  short  and  of  small  mass,  should  be  strongly 
magnetized,  and  should  have  a  moderately  strong  di- 
recting field.  The  coil  should  have  a  large  number  of 
turns. 

079.  Ammeters  and  Voltmeters. — For  commercial 
uses,  measuring  instruments  called  ammeters  and  volt- 
meters are  employed  ;  these  being  empirically  graduated 
so  that  with  the  former  instrument  the  current-strength 
in  amperes,  or,  with  the  latter,  the  potential-difference 
in  volts  between  its  terminals,  may  be  read  off  directly. 
The  voltmeter  is  generally  only  a  high-resistance  am- 
meter.    It  is  placed  in  shunt  circuit. 

680.  Electromagrnets. — Since  an  electric  current  pro- 
duces  a  magnetic  field  in  its  vicinity,  and  since  a  bar  of 
iron  is  magnetized  when  placed  in  a  magnetic  field,  it  is 
evident  that  a  bar  of  iron  may  be  magnetized  by  a  cur- 
rent. Such  a  bar  thus  magnetized  is  called  an  electro- 
magnet; the  first  electromagnet  having  been  made  by 
Arago  in  1820.  Moreover,  since  the  lines  of  force  are 
perpendicular  to  the  axis  of  the  current,  the  bar  is  to 
be  placed  at  right  angles  to  the  wire ;  and  the  effect  is 
multiplied  by  winding  the  wire  many  times  around  the 
bar,  after  the  manner  of  a  helix.  The  direction  of 
polarity  in  the  bar  depends  only  upon  the  direction  of 
the  current  in  the  helix.  Maxwell  represents  the  direc- 
tion of  the  lines  of  force  in  a  helix  as  the  same  as  that 
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in  which  the  axis  of  a  corkscrew  advances  when  it  is 
rotated  in  the  same  direction  as  that  in  which  the  cur- 
rent flows  in  the  helix.  Ampere's  rule  shows  that  when 
swimming  with  the  current  and  facing  the  interior  of 
the  helix  the  marked  end  is  on  the  left  hand.  Or  look- 
ing down  upon  one  end  of  a  helix,  it  will  be  a  marked 
end  if  the  current  circulates  in  it  counter-clockwise, 
Fig.  328 ;  and  vice  versa.  The  intensity  of  the  field  pro- 
duced by  an  element  of  the 
current  is  given  by  the  law 
of  Laplace,  this  intensity 
being  the  ratio  of  the  whole 
force  F  produced  by  the  cur- 
Fio.838.  j.^^^    t^    ^Yie    strength    of  the 

pole  m,  on  which  it  acts;  ie.,  ///=  F/m  (668).  For  an 
actual  current,  the  field  intensity  depends  upon  its  form 
as  well  as  on  the  current-strength.  A  system  of  equal 
circular  currents  small  and  parallel  to  each  other  was 
called  by  Ampere  a  solenoid.  If  a  helix  be  wound  with 
an  even  number  of  layers,  it  becomes  equivalent  to  a 
solenoid,  and  consists  of  a  series  of  circular  currents 
normal  to  its  axis,  the  components  of  the  spires  of  the 
uneven  layers  along  the  axis  being  balanced  by  those  of 
the  spires  of  the  even  layers,  since  the  current  in  these 
components  flows  oppositely  ;  i.e.,  in  the  one  outwardly, 
and  in  the  other  inwardly.  In  such  a  helix,  of  very  con- 
siderable  length  as  compared  with  its  diameter,  the  mag- 
netic field  produced  by  the  current  may  be  considered 
uniform,  and  the  lines  of  force  parallel  to  its  axis.  Call- 
ing I  its  length,  N  the  number  of  turns  of  wire  in  it,  and 
I  the  current-strength,  the  intensity  of  field  Hi  =  ^nl/r 
=  4:7cNI/l^  since  I  =27trN;  or  if  n  =  N/l,  the  number 
of  turns  in  unit  of  length,  Hj  =  4;rn/. 

Experiment. — Coil  a  wire  into  a  helix,  and  attach  its  ends  to 
plates  of  copper  and  zinc.  Immerse  these  plates  in  acidulated  water 
contained  in  a  weighted  glass  vessel  (Fig.  329),  and  float  the  whole 
in  water.  As  shown  by  the  arrows,  a  current  will  flow  through  the 
helix,  and  will  develop  magnetic  polarity  in  it;  so  that  the  lielix 
will  place  itself  with  its  axis  in  the  meridian,  and  its  ends  will  re- 
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spond  to  magnetic  attractions  and  repukions.    This  apparatus  is 
known  as  De  la  Rive's  ring.   The  solenoid  80  (Fig.  333)  acts  similarly. 


Fio. 


681.  Equivalence  of  Current  sand  Magrnets. — Since 
a  magnetic  field  of  the  same  character  can  be  produced 
either  by  a  current  or  by  a  magnet,  it  is  pertinent  to 
inquire  when  these  are  equivalent.  The  intensity  of 
field  produced  by  a  circular  current  of  strength  /  and 
radius  r  (and,  therefore,  of  surface  nr^^)  at  a  point  P  on 
its  axis   distant  d  from  its  plane  (Fig.  330),  is  H^  = 


Fio.  880. 

27tr^I/<P  =  2SI/d*  (668).  If  a  magnetic  needle  whose 
moment  is  ml  be  placed  at  P,  it  will  be  acted  on  by 
a  couple  of  the  value  of  the  product  of  these  quanti- 
ties, 2SI.ml/d*,  Substituting  now  for  the  circular  cur- 
rent a  bar  magnet  NS  whose  moment  is  J/,  it  will 
produce  a  couple  acting  on  the  needle  whose  value  is 
2M.7nl/d*  (553).  Evidently  these  couples  will  be  equal 
when  M=^SI;  in  other  words,  a  magnet  is  the 
equivalent  of  a  current  when  its  moment  is  equal 
to  the  product  of  the  current-strength  by  the 
area  of  the  circular  current.  In  the  case  of  a  mag- 
netic shell,  the  action  of  a  closed  current  is  identical 
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with  that  of  a  magnetic  shell  of  the  same  contour^ 
when  the  magnetic  power  of  the  shell  is  equal  to  the 
current-strength  in  electromagnetic  units. 

082.  Closed  Magnetic  Circuits. — The  analogy  be- 
tween magnetic  and  electric  closed  circuits,  originally 
suggested  by  Faraday,  has  led  to  the  application  of  the 
law  of  Ohm,  in  form  at  least,  to  the  former ;  as  appears 
to  have  been  done  first  by  Rowland  in  1873.  The  mag- 
netomotive force  £&  of  the  one  corresponds  to  the  elec- 
tromotive force  E  of  the  other ;  the  magnetic  resistance 
U  to  the  electric  resistance  Ji^  and  the  flow  of  magnetic 
force  0  to  the  flow  of  current  /.  Consequently,  we  may 
write  the  law  of  Ohm  for  the  magnetic  circuit  in  the 
form  0  =  M/^  analogous  to  I=^E/R,  its  form  for 
the  electric  circuit.  The  magnetomotive  force  Jfil  which 
generates  the  flow  of  induction  is  represented  by  4;riW, 
in  which  -^is  the  whole  number  of  turns  in  the  solenoid, 
and  /  the  current  flowing  through  it.  The  specific 
magnetic  resistance,  i.e.,  the  resistance  of  unit  length 
of  a  magnetic  conductor  of  unit  cross-section,  is  the  re- 
ciprocal of  the  magnetic  permeability,  yw.  If  p  be  the 
specific  magnetic  resistance  for  a  rod  of  given  material, 
I  its  length,  and  8  its  section,  we  have  the  total  magnetic 

I       \  I      . 
resistance   or  lS=p  — =  -.-;    in  entire   analoirv  with 

electric  resistance.  Hence  the  complete  expression  for 
the  flow  of  magnetic  force  in  a  circuit  is  : 


*  =  i7tNl/[-.^^z=^7rNlM8/l. 


[80] 


As  in  the  case  of  dielectrics,  the  specific  magnetic  re- 
sistance of  air  is  taken  as  unity ;  so  that  para-magnetic 
substances  whose  permeability  is  greater  than  that  of 
air  have  a  less  specific  resistance,  and  diamagnetic  sub- 
stances a  greater  one.  Specific  magnetic  resistance  is 
very  variable,  since  it  depends  not  only  on  the  nature  of 
the  substance  itself,  but  also  on  the  magnetomotive  force 
applied  to  it  and  on  the  previous  magnetic  history  of 
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the  body  magnetized.  On  applying  an  armature  to  a 
U-magnet,  its  magnetic  potential  falls,  just  as  the 
electric  potential  falls  at  the  terminals  of  a  generator 
when  it  is  short-circuited.  But  the  flow  of  magnetic 
induction  increases  in  the  one  case  exactly  as  the  flow 
of  current  increases  in  the  other.  A  piece  of  iron  placed 
near  a  magnet,  constitutes  a  part  of  the  magnetic  circuit; 
of  greater  permeability  than  the  air,  and  therefore  of 
less  resistance.  The  flow  of  force  is  increased,  and  the 
iron  is  attracted  by  the  magnet. 

083.  Magnetization  by  Currents. — The  magnetism 
developed  in  a  magnetic  substance  when  placed  in  a 
magnetic  field  depends  not  only  upon  the  intensity  of 
the  field,  but  also  upon  the  nature  of  the  substance,  upon 
its  physical  condition,  upon  the  temperature,  etc.  While 
a  current-field  induces  magnetism  precisely  in  the  same 
way  as  a  magnet  field,  yet  since  a  current-field  may  be 
made  much  stronger,  a  higher  induction  may  be  ob- 
tained by  means  of  it.  Electromagnets  are  hence  pre- 
ferred for  all  purposes  where  intense  magnetic  action 
is  desired.  The  intrinsic  energy  of  magnetization  as 
already  shown  is  half  the  potential  energy  of  a  given 
magnet  in  a  given  field  (560);  i.e.,  if  J/^^  represent  the 
potential  energy  of  a  magnet  of  moment  31  in  a  field  of 
intensity  //,  one  half  this  value  will  represent  the  work 
which  must  be  expended  on  it  in  order  to  magnetize  it. 
Hence  W  =  iMH  =  ^III.  To  separate  the  armature 
of  such  a  magnet  to  a  distance  /,  the  force  exerted  is 
W/l  or  imlf.  But  m  =  JS,  and  for  a  closed  circuit  II  = 
AttJ  =  B.  Whence  F  =  27tJ*S  =  B'S/Stt  dynes,  or 
4  X  lO'^B^S  grams.  So  that  for  a  magnet  of  good  steel, 
having  a  permanent  magnetic  induction  B  of  10000 
units,  the  lifting  force  will  be  about  4000  grams  per 
square  centimeter  of  cross-section.  In  the  case  of  an 
electromagnet,  the  same  result  is  reached  thus:  The  flow 
of  induction  for  a  bar  of  iron  of  section  S  is  BS.  But 
this  flow  has  just  been  shown  to  be  4tnNI^S/l,  So  that 
B  =  4t7tNIfi/l\  or  calling  inNI  the  magnetomotive 
force  m,B  =  fiSLf^/l-   Whence  F=  {S/87rXfiSl/^/iy  dynes. 
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For  a  given  magnetomotive  force,  the  magnetic  induction 
B  is  directly  proportional  to  the  permeabilitj-  and  in- 
versely proportional  to  the  length  of  the  magnetic  circuit 
For  an  electromagnet  to  have  a  high  lifting  power,  the 
cores  must  be  short  and  large,  in  order  that  the  permea- 
bility may  remain  as  great  as  possible.  The  value  of  B 
in  iron  has  been  pushed  as  high  as  20000  C.  G.  S.  units; 
or  twice  the  value  obtained  in  steel.  An  electromagnet 
of  this  iron,  under  these  conditions,  would  have  a  lifting 
power  of  16000  grams  nearly,  per  square  centimeter  of 
cross-section  (Joubert). 

084.  Ampere-turns, — The  above  value  of  F  ex- 
pressed in  grams  is  4  X 10  "  \Mj;iJlfS.  Since  M  =  4:nNI, 
the  value  of  NI  =  ViSl/pi .  VF/S ;  in  which  /  is  given  in 
amperes.  The  expression  NI  is  the  product  of  the 
number  of  turns  of  wire  in  the  coil  by  the  current- 
strength,  and  represents  the  magnetizing  power  of  the 
coil.  From  the  above  formula,  therefore,  the  number 
of  ampere-turns  required  to  produce  an  electromagnet 
of  a  given  lifting  power  may  be  calculated,  the  dimen- 
sions of  the  core  and  the  permeabilit}'  of  the  iron  being 
given.  For  example,  if  yw  =  300,  F  =  500  kilograms,  the 
two  cores  being  each  25  cm.  in  section  and  15  cm.  long, 
the  centers  being  separated  10  cm.,  I  will  be  50  cm. 
Substituting  in  the  equation  JV/  =  1251/^ .  VF/S^-we  have 

125  X  ^  X  a/5000M  ^j  2083  ampere-turns  required. 

(6)  Electrodynamics, 

685.  Principles  of  Electrodynamics. — The  mutual 
action  of  currents  upon  each  other,  which  constitutes  the 
subject  of  electrodynamics,  was  developed  by  Ampere  in 
1821.     The  principles  enunciated  by  him  are  as  follows  : 

I.  Currents  which  are  parallel  and  which  flow 
in  the  same  direction,  attract  each  other;  while 
parallel  currents  which  flow  in  opposite  direc- 
tions repel  each  other. 

II.  Currents  which   are  not  parallel   attract 
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each  other  if  they  both  flow  toward  or  both  flow 
from  the  point  of  intersection;  and  they  repel 
each  other  if  one  flows  toward  and  the  other 
away  from  this  point. 

Evidently  this  action  is  due  in  all  cases  simply  to  the 
magnetic  current-fields ;  and  since  equilibrium  is  un- 
stable unless  the  lines  of  force  are  parallel  and  in  the 
same  direction,  the  above  principles  may  be  generalized 
by  saying  that  whenever  two  currents  are  brought  near 
each  other  a  mechanical  stress  is  produced  between 
them  in  such  a  direction  as  to  make  the  flow  of  force, 
and  hence  their  potential  energy,  a  maximum. 

Experiments. — 1.  Support  a  rectangle  of  wire -ff  (Fig.  331)  upon 
a  suitable  stand  8^  so  that  it  can  rotate  freely  around  a  vertical 


Fio.  3;3i. 

axis.  Send  a  current  through  it  and  bring  near  to  and  in  front  of 
one  of  its  sides  a  bundle  of  parallel  wires  if  through  which  a  current 
flows  in  the  same  direction.  The  rectangle  will  turn  so  as  to  bring 
its  side  into  contact  with  the  parallel  wire. 

2.  By  means  of  the  commutator  (7,  reverse  the  current  in  the 
rectangle  so  that  it  now  flows  in  the  opposite  direction  to  that  in  the 
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side  of  the  bundle  of  parallel  wires  nearest  it.    That  side  of  the  rect- 
angle will  move  away  from  the  parallel  wire. 

8.  Place  the  bundle  of  wires  horizontally  above  the  rectangle, 
intersecting  the  upper  side  of  it  at  its  middle  point,  and  making  an 
angle  with  this  side.     If  the  current  flow  from  A  U)  B  (Fig.  332) 

through  the  bundle  of  wires,  and  from 
C  to  D  through  the  side  of  the  rect- 
angle contiguous  to  it ;  i.e.,  if  on  the 
lower  side  it  flow  toward  the  inter- 
section 0  and  on  the  upper  side  from 
it,  the  rectangle  will  rotate  clockwise 
so  as  to  make  the  currents  parallel. 
J.     jjg  If,  however,  the  current  in  the  bundle 

of  wires  be  made  to  flow  in  the 
■opposite  direction  from  B  U>  A  ;  i.e.,  if  on  the  upper  side  it  be  made 
to  flow  toward  the  intersection,  while  the  current  in  the  rectangle 
flows  from  it,  and  vice  versa,  then  the  rectangle  will  rotate  in  the 
other  direction  or  counter-clockwise. 

4.  Suspend  a  helix  of  wire  so  that  its  lower  end  just  dips  into 
mercury,  and  send  a  current  through  it.  Owing  to  the  attraction 
of  the  parallel  currents  in  the  adjoining  spires  the  helix  will  shorten 
and  lift  the  end  out  of  the  mercury,  thus  breaking  the  contact. 
The  weight  of  the  coil  will  lower  the  end  again  and  re-establish  it ; 
and  so  on,  the  coil  continuing  to  vibrate  vertically.  This  apparatus 
is  known  as  Roget's  oscillating  spiral. 

The  above  apparatus  may  be  employed  to  show  the 
converse  of  Oersted's  experiment,  the  magnet  being  fixed 
and  the  conducting  wire  movable. 

Experiments.—!.  Bring  the  marked  pole  of  a  magnet  near  one 
side  of  the  rectangle,  the  magnet  being  horizontal.  If  the  current 
in  the  rectangle  is  flowing  from  below  upward,  the  rectangle  will 
move  so  as  to  leave  the  marked  pole  on  the  left  of  an  observer  lying 
in  the  wire  and  facing  the  pole.  If  the  current  be  downward,  the 
direction  of  rotation  will  be  reversed. 

2.  Place  the  magnet  horizontally  above  the  rectangle,  its  axis 
forming  a  small  angle  with  the  upper  side.  The  rectangle  will 
rotate  so  as  to  place  its  plane  perpendicular  to  the  axis  of  the  mag- 
net. Holding  the  magnet  so  as  to  pass  through  the  rectangle,  all 
the  actions  conspire  to  make  the  two  perpendicular. 

3.  Insert  a  magnet  into  the  axis  of  the  oscillating  spiral  above 
mentioned.  If  its  poles  be  opposed  to  those  of  the  coil  the  coil  will 
be  brought  to  rest.  If  the  poles  of  the  magnet  and  those  of  the  coil 
Agree  in  name,  the  oscillations  will  be  increased  in  amplitude. 
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SiDce  the  lines  of  force  of  the  magnet  are  parallel 
to  its  length,  while  those  of  the  rectangle  are  perpen- 
dicular to  its  plane,  stable  equilibrium  requires  that  the 
plane  of  the  rectangle  shall  be  at  right  angles  to  the 
axis  of  the  magnet.  Indeed,  if  the  suspended  wire  be 
in  the  form  of  a  circle,  and  a  sufficient  current  be  sent 
through  it,  the  circle  will  turn  so  as  to  place  its  plane 
east  and  west,  and  its  axis  north  and  south.  Thus  the 
axis  will  be  parallel  to  the  magnetic  meridian,  and  the 
circuit  will  enclose  within  its  contour  the  maximum 
number  of  lines  of  force,  according  to  MaxwelFs  rule. 
This  sensitiveness  to  the  earth's  field  is  sometimes  un- 
desirable ;  and  it  may  be  obviated  by  winding  a  double 
rectangle  (Fig.  333,  H'\  so  that  the  direction  of  the 


rn 
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curi'ent  in  the  upper  half  of  each  portion  is  opposite 
to  that  in  the  lower,  the  whole  thus  constituting  an 
astatic  system. 

680.  Quantitative  Relations.— The  following  rela- 
tions were  established  by  Ampere :  (1)  The  force  ex- 
erted between  two  current-elements  is  directed  along 
the  line  joining  their  centers,  is  proportional  to  the 
product  oi  their  lengths  and  to  the  product  of  their  cur- 
rent-strengths ;  it  varies  inversely  as  the  square  of  their 
distance  and  is  a  function  of  their  relative  directions ; 
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(2)  the  direction  of  the  force  changes  when  that  of  either 
of  the  currents  is  reversed ;  if  both  currents  are  re- 
versed, it  remains  unaltered  ;  (3)  the  action  of  two  cur- 
rent-elements, one  of  which  is  perpendicular  to  the 
other  at  its  center,  is  zero ;  (4)  a  sinuous  current 
(Fig.  333,  aS)  has  the  same  action  as  a  straight  current 
(Fig.  333,  D)  between  the  same  points  ;  and  hence  two 
such  currents,  if  opposite  in  direction,  neutralize  each 
other  and  produce  an  adynamic  system.  Representing  by 
a  and  h  (Fig.  334)  two  current-elements  of  lengths  I  and 
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Vj  and  resolving  these  along  three  rectangular  axes,  we 
have  for  the  components  of  the  former,  f  cos  6z=a\  and 
I  sin  6  =  a'' ;  and  for  those  of  the  latter  V  cos  ^'  =  6',  T 
sin  ^'  cos  CO  =  b'\  and  I  sin  ^'  sin  oj  =  b"\  In  virtue  of 
the  third  relation  above  given,  the  action  of  a'  upon  6" 
and  6"'  and  that  of  a''  on  b'  and  b"\  is  zero.  There 
remain,  therefore,  only  the  action  of  a'  upon  b\  and  that 
of  a"  upon  b'\  The  action  of  a'  upon  6'  is  that  of  two 
elements  in  the  same  straight  line  ;  and  the  action  of  a" 
upon  6"  is  that  of  two  parallel  elements,  perpendicular 
to  the  line  joining  them.  The  force  exerted  between 
the  components  of  each  of  these  pairs  is  proportional 
to  the  product  of  their  lengths,  to  the  product  of  their 
current-strengths  and  to  the  square  of  the  distance  r 
between  them.  For  the  action  of  a''  on  h^\  therefore, 
we  have 

WW 
f  =  — —  (sin  0  sin  0'  cos  gj), 
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and  for  the  force  acting  between  a'  and  6',  we  have 

/'=-^'(c08  6'C03n 

since  the  effect  of  the  two  elements  acting  in  the  same 
line  is  half  that  of  the  two  parallel  elements  at  the  same 
distance,  and  is  in  the  opposite  direction.  The  total  action 
i^  which  takes  place  along  the  line  00'  in  virtue  of  both 
these  actions  is  their  algebraic  sum  evidently : 

F=z  ??^'(sin  6  sin  6'  cos  a?  -  ^  cos  0  cos  6').  [81] 

But  if  0  be  the  angle  which  the  two  elements  make  with 
each  other,  we  have  cos  0  =  cos  0  cos  0'  -f"  ^^  ^  sin  6' 
cos  GO ;  and  substituting  this  value  in  the  equation  for 
jF,  we  have 

F  =  £L^  (cos  0  -  f  cos  ^  cos  e'\  [82] 

T 

which  is  the  form  of  the  equation  given  by  Amp&re.  If  the 
two  elements  are  parallel  to  each  other  and  perpendicu- 
lar to  the  line  joining  them,  0  =  0,  and  6^  =  ^'  =  90*" ; 
whence  for  the  force  between  these  elements  we  have 
F  =H'lV/r^.  So  if  the  elements  are  in  the  same 
straight  line,  0,  6,  and  0'  are  all  zero,  and  jF  =  —  ii'Ky 
2r'.  Since  two  parallel  currents  in  the  same  direction 
attract  each  other,  the  value  of  F  in  the  first  case  above. 
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being  positive,  indicates  an  attraction  ;  whence  in  the  sec- 
ond case,  being  negative,  it  indicates  a  repulsion.  That 
the  consecutive  elements  of  the  same  current  actually 
do  repel  each  other  Ampere  proved  by  floating  a  wire 
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frame  F  on  mercury,  as  shown  in  the  figure  (Fig.  335). 
On  establishing  contact,  the  frame  recedes  from  the 
conducting  wires. 

687.  Electrodyiiamlc  System  of  Units. — Strictly 
speaking,  the  current-elements  above  given  should  be 
written  dl  and  cM';  and  then  if,  by  means  of  the  formula, 
the  force  exerted  upon  a  current  of  length  Z  by  a  current 
of  indefinite  length  be  calculated,  it  will  be  found  to 
equal  i J7/r.  If  now,  in  the  expression  F  =  J J7/r,  the 
acting  force,  the  length  of  the  current,  and  the  distance 
of  the  indefinite  current  each  be  made  unity,  and  if  the 
currents  themselves  be  made  equal,  these  currents  will 
each  be  equal  to  unity.  That  is  to  say,  if  {  =  J',  i 
=  ^Fr/L  And  we  may  define  the  electrodynamic  unit 
of  current  as  that  rectilinear  current  which  is 
attracted  by  an  indefinite  rectilinear  current 
placed  at  a  distance  equal  to  its  length,  with  a 
unit  of  force.  From  the  dimensions  of  the  other  units, 
their  values  in  the  electrodynamic  system  can  be  readily 
computed. 

688.  Electrodynamic  Action  of  two  Closed  Cir- 
cuits.— Suppose  two  closed  circuits  in  the  form  of  squares 
(Fig.  336),  having  sides  a  and  6,  and  carrying  currents 
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J  and  I',  in  the  direction  of  the  arrows,  the  plane  of  6 
being  perpendicular  to  that  of  a  and  passing  through  its 
center,  d  being  the  distance  between  their  centers.  Let 
the  circuit  a  be  fixed,  and  b  capable  of  rotation  about 
yF  as  an  axis.     This  latter  circuit  is  evidently  acted  on 
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by  a  couple  due  to  the  mutual  action  of  the  currents. 
The  side  a'  repels  h"  with  a  force  obii'/d'^ ;  and  the 
component  of  this  force  normal  to  the  side  b"  is  abii' 
sin  OV'a'/d'^  =  a'bUyM'*.  In  the  same  way  a"  pro- 
duces upon  6''  an  attraction  whose  component  along  the 
normal  has  the  same  value  ;  and  hence  the  total  force  is 
a'6{$yrf".  Since  the  arm  of  the  couple  is  ^,  the 
moment  of  this  couple  is  a''6'Hy2d'*.  On  the  side  b\ 
there  is  produced  in  a  similar  way  a  similar  and  like 
couple.  So  that  the  total  moment  acting  to  rotate  the 
circuit  b  is  ia'b'  M\l/d'*-\-  l/d"').  If  d  be  so  great  with 
reference  to  the  dimensions  of  the  squares  that  we  may 
write  d  =  d'  =  d'\  then  the  total  rotating  force  R  =  aV 
U'/d* ;  or  calling  a"  and  6'  the  surfaces  of  these  squares, 
R  =  SS'ii'/d\       If  now   we  make   S=  S'  =  \,i  =  i' 

and  J?  =  Ts  J  we  have  f  =  1 ;  and  since  these  results  are 

independent  of  the  form  of  the  circuit,  we  may  say  that 
the  electrodynamic  unit  of  current  is  that  currt  nfc 
which  traversing  two  circular  conductors  each 
of  surface  equal  to  unity,  placed  with  their 
planes  normal  to  each  other  and  at  a  consider- 
able distance,  so  that  the  center  of  the  first  is 
on  the  normal  erected  to  the  center  of  the 
second,  produces  in  the  first  circuit  a  couple 
the  moment  of  which  is  the  reciprocal  of  the 
cube  of  the  distance  between  the  centers 
(Weber).  If  the  square  b  be  fixed  and  a  be  movable 
about  the  axis  XX\  the  moment  will  be  one  half  that 
above  calculated. 

080.  Ratio  of  the  Electrodynamic  to  the  Eleetro- 
magiietic  Unit  of  Current. — It  has  been  shown  (668) 
that  a  cun*ent  of  surface  S  produces  upon  a  magnetic 
needle  of  moment  J/  at  a  distance  d  a  couple  whose 
value  is  represented  by  R'  =  2SIM/d* ;  where  /  is  the 
current-strength  in  electromagnetic  measure.  But 
magnets  are  equivalent  to  currents  when  M  =  SI  (681) ; 
i.e.,  when  the  moment  of  the  former  is  numerically 
equal  to  the  product  of  the  surface  into  the  current- 
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strength  of  the  latter.  Hence  we  may  replace  21  in  the 
above  formula  by  S'l' ;  and  we  have  B'  =  iSS'I/yd\ 
Since  these  couples  are  equal,  B^  =  By  and  2iiS'/r/d*  = 
SS'W/d\  If  the  surfaces  be  equal  in  both  cases,  and 
I=J'  and  l  =  r,  we  have  F  =  27«;  or  J  =  /V2. 
That  is  to  say,  the  current-strength  in  electrodynamic 
units  is  equal  to  that  in  electromagnetic  units  multiplied 
by  the  square  root  of  two  ;  and  the  electromagnetic  unit 
is  equal  to  the  electrodynamic  unit  multiplied  by  V2, 
The  electromagnetic  unit  of  current,  then,  is  1*4  times 
as  large  as  the  electrodynamic  unit  Hence,  to  obtain 
the  value  of  the  rotation-couple  above  given,  when  the 
current  flowing  through  both  circuits  is  measured  in 
electromagnetic  measure,  it  is  necessary  to  multiply  by 
two  the  value  obtained  from  the  formula. 

690.  Elect  rod  yiiamometers. — These  principles  are 
applied  in  practice  to  the  construction  of  current-meas- 
uring instruments,  first  proposed  by  Weber  in  1846  and 
called  electrodynamometers.  They  consist  substantially 
of  two  coils  of  wire  placed  with  their  axes  either  per- 
pendicular to  each  other  or  in  the  same  straight  line ; 
one  of  these  coils  being  fixed,  the  other  capable  of 
motion.  They  may  be  divided  into  two  classes  cor- 
responcling  to  this  construction,  the  one  class  being 
called  torsion  electrodynamometers  and  the  other 
balance  electrodynamometers.  In  Weber's  instrument, 
which  belongs  to  the  first  class,  the  smaller  and  movable 
coil  is  suspended  bifilarly  within  the  larger  and  fixed 
coil,  with  its  axis  at  right  angles  to  that  of  the  latter. 
The  two  suspending  wires  carry  the  current  to  the  inner 
coil ;  and  when  this  coil  is  rotated  by  the  current,  this 
bifilar  suspension  develops  a  restoring  couple  which  is 
proportional  to  the  sine  of  the  angle  of  deflection.  As 
the  electrodynamic  couple  is  proportional  (1)  to  the 
])roduct  of  the  two  current-stren^hs  in  the  coils,  (2)  to 
the  cosine  of  the  angle  of  rotation,  and  (3)  to  a  constant 
depending  on  the  construction  of  the  instrument,  we 
have  K  sin  a  =  IT  cos  a.  Whence  IT  =  k  tan  a ;  or 
if  the  same  current  is  sent  through  both  coils,  /"  =  /c 
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tan  a  ;  i.e.,  the  square  of  the  current-strength  is  propor- 
tional to  the  tangent  of  the  angle  of  deviation.  Since 
the  couple  acting  in  the  electrodynamometer  is  a  func- 
tion of  the  square  of  the  current-strength,  it  is  entirely 
independent  of  the  direction  of  the  current,  the  square 
of  both  positive  and  negative  currents  being  positive. 
Hence  this  instrument  is  used  to  measure  alternating  as 
well  as  direct  currents.  The  actual  current-strength, 
however,  is  measured  only  in  the  case  of  the  direct 
current ;  the  quantity  measured  in  the  case  of  alternat- 
ing currents  being  4  (/')„,  or  the  square  root  of  the 
mean  square  of  the  current-strength. 

The  electrodynamometer  of  Siemens  &  Halske  (Fig. 
337)  is  intended   for    industrial    measurements.      The 
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interior  coil  is  rectangular  in  shape  and  is  fixed.  The 
outer  coil  is  also  rectangular,  but  consists  of  only  a  single 
turn  or  a  few  turns  of  wire.  It  is  supported  on  a  cocoon 
or  a  quartz  fiber,  with  its  plane  perjiendicular  to  that  of 
the  inner  coil.  Its  two  ends  dip  into  mercury  cups  at 
different  levels  beneath  it,  by  which  it  receives  current 
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Surrounding  the  suspending  fiber  is  a  wire  helix,  the 
lower  end  of  which  is  attached  to  the  movable  rectangle, 
while  the  upper  end  is  fastened  to  a  milled  head  carry- 
ing an  index  movable  over  a  graduated  circle.  A  second 
index  fastened  to  the  movable  rectangle  points  to  the 
zero  of  the  circle  when  this  rectangle  is  perpendicular 
to  the  other  one.  This  index  should  face  the  other  one 
when  no  current  is  passing  and  no  torsion  exists  on  the 
helix.  On  passing  a  current  through  both  coils  in  suc- 
cession a  couple  is  developed  which  causes  the  rectangle 
to  rotate.  By  turning  the  milled  head  in  the  opposite 
direction,  the  torsion  of  the  helix  is  made  to  balance  this 
couple,  and  the  index  on  the  rectangle  returns  to  zero. 
The  angle  of  torsion  is  then  read  off  on  the  circle  and 
the  current-strength  obtained  by  comparison  with  a  table 
of  values  given  by  an  empirical  calibration  of  the  instru- 
ment. Generally,  the  fixed  coil  is  double,  and  consists  of 
two  wires,  a  coarser  and  a  finer  one  ;  thus  rendering  the 
instrument  available  for  a  wider  range  of  current- 
strengths. 

Since  the  couple  producing  the  rotation  in  these 
instruments  is  A//',  or  kP  when  the  coils  are  in  series, 
it  is  evident  that  if  one  of  the  coils,  the  movable  one  for 
example,  be  made  of  very  fine  wire  and  be  connected  as 
a  shunt  to  the  other  coil,  the  current  traversing  it  will 
be  the  measure  of  the  potential-difference  at  the  terminals 
of  the  instrument ;  and  hence  the  couple  will  be  kfil ;  or 
in  other  words,  the  couple  will  be  proportional  to  the 
energy  of  the  current,  and  the  electrodynamometer  will 
act  as  a  watt-meter. 

691.  Electrodynamlc  Balances. — Recently  Lord 
Kelvin  has  contrived  improved  electrodynamometers  of 
the  second  class,  in  which  the  force  or  couple  due  to  the 
electric  action  is  balanced  by  weights.  .  The  main  dif- 
ficulty in  this  class  of  instruments  is  in  conveying  the 
current  to  the  movable  coil,  especially  when  this  current 
is  of  considerable  strength.  Thi^  is  accomplished  in 
these  instruments  by  means  of  a  metallic  hinge  or  joint, 
on  which  the  movable  part  is  suspended.     This  movable 
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part,  as  shown  in  the  diagram  (Fig.  338),  consists  of  two 
coilsy  A  and  B^  supported  at  the  ends  of  a  horizontal 
beam  like  that  of  a  balance.     Two  fixed  coils,  a  and  b^ 


are  arranged  opposite  each  of  the  movable  ones,  one 
being  above  it  and  the  other  below  it ;  so  that  when  the 
current  passes  through  the  system  the  movable  portion 
turns  about  its  center  0.  Weights  are  employed  to  bring 
it  back  to  zero,  and  by  knowing  the  weight  required,  the 
current  may  be  indicated.  Several  types  of  instrument 
have  been  constructed,  giving  a  range  from  0*1  ampere 
to  2500  amperes ;  or  by  using  fine  coils,  from  10  to  200 
volts.  The  form  of  these  balances  is  shown  in  the 
annexed  figure  (Fig.  339).    Evidently,  by  the  use  of  both 
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high  and  low  resistance  coils,  these  instruments  may  be 
used  as  watt-meters ;    and  by  certain  peculiarities  of 
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construction  they  have  been  converted  into  direct  read- 
ing instruments. 

092.  Electrodyuamic  Rotations.  —  Under  suitable 
<5onditions,  the  mutual  action  between  two  currents  may 
be  made  to  produce  continuous  motion.  Thus,  for 
example,  suppose  that  a  vertical  current  ab  (Fig.  340)  be 
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Fio.  341. 


made  to  approach  an  indefinitely  long  horizontal  one  AB, 
Since  on  the  left  side  of  the  point  of  intersection  both 
tjurrents  approach  this  point,  and  on  the  right  side  one 
current  recedes  from  it,  while  the  other  approaches  it, 
the  electrodynamic  action  will  be  attractive  in  the  left- 
hand  quadrant  and  repulsive  in  the  right-hand  one,  as  is 
shown  by  the  arrows ;  the  resultant  of  which  will  be  a 
force  parallel  to  and  in  the  opposite  direction  to  the 
indefinite  current.  If  the  finite  current  ba  flow  from  the 
intersection  (Fig.  341),  it  will  experience  a  force  tending 
to  displace  it  parallel  to  the  in- 
definite current  and  in  the  same 
direction.  Precisely  the  same  re- 
sult follows  in  the  case  of  radial  cur- 
rents with  reference  to  circular  ones. 
A  radial  current  Oa  or  Ob  (Fig.  342) 
flowing  toward  a  circular  one  expe- 
riences a  force  tending  to  move  it  in 
the  opposite  direction  to  that  in 
Fio.  84«.  which  the  circular  current  is  flow- 

ing.    These  actions  were  simultane- 
ously demonstrated  by  Ampere  by  means  of  the  simple 
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apparatus  shown  in  the  figure  (Fig.  343),  which  is  used 
on  the  stand  shown  in  Fig.  331.  A  circular  coil  of  wire 
B  on  this  stand  encloses  a  flat  copper  dish  containing 
diluted  sulphuric  acid.  In  the  center  is 
a  vertical  rod  S  having  a  mercury  cup 
at  its  upper  end,  in  which  rests  the 
pivot  of  the  rectangular  frame  F^  the 
lower  ends  of  which  are  fastened  to  a 
flat  metal  ring  dipping  into  the  acid.  ^®-  ^^ 

When  the  current  in  the  rectangular  frame  flows  as  the 
arrows  indicate,  that  in  the  coil  being  clockwise,  a  con- 
tinuous  counter-clockwise  rotation  takes  place,  due  to 
the  conjoint  effect  of  the  vertical  currents  and  of  the 
radial  currents,  both  of  which  produce  rotation  in  the 
same  direction. 

693.  Electroniaguetie  Kotations. — Since  every  cur- 
rent  is  surrounded  by  4;r/equipotential  surfaces,  which 
are  radial  planes  parallel  to  its  axis  (665),  an  amount  of 
energy  equal  to  ^7tl  ergs  expended  upon  unit  pole  by 
the  current  will  cause  it  to  travel  once  round  the  current- 
axis.  If  the  mass  of  the  pole  be  m,  ^nml  ergs  must  be 
,  expended.     So  that  the  expenditure  con- 

tinuously of  this  energy  will  cause  continu- 
ous rotation,  the  speed  depending  on  the 
rate  of  expenditure.  Since  action  and  re- 
action are  equal,  the  current  may  also  be 
made  to  revolve  about  the  pole ;  this  result 
being  dependent  upon  the  construction 
of  the  apparatus.  Take,  for  example,  a 
marked  pole,  N  (Fig.  344),  and  suppose  a 
semicircular  conductor,  AB^  placed  near  it, 
movable  about  a  diameter  as  an  axis,  this 
axis  coinciding  with  that  of  the  magnet 
'^^  *^  If  the  current  flow  from  above  downward 
as  shown,  the  conductor  will  tend  to  revolve  about  its 
axis  in  the  direction  viewed  from  above,  of  the  hands  of  a 
watch.  These  conditions  are  very  easily  realized  experi- 
mentally as  follows : 
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Experiment. — Close  a  tube  of  glass  of  suitable  size  with  two 
11  corks  (Fig.  345).    Through  the  upper  cork  pass  a  copper 

|Cjt^  wire  ending  below  in  a  hook  and  supporting  a  similar 
\ h  wire  hung  on  the  hook.  The  lower  cork  carries  a  mag- 
net. If  now  mercury  be  poured  in  so  as  to  cover  the 
end  of  the  movable  wire,  and  a  current  be  sent  through 
the  apparatus,  the  wire  will  rotate  continuously  about 
the  pole ;  in  one  direction  if  the  pole  is  the  marked  one, 
in  the  other  if  it  is  the  unmarked  one.  Reversal  of  the 
current  reverses  the  direction  of  the  rotation. 

Faraday  in  one  of  his  experiments  attached 
the  magnet  by  a  flexible  cord  to  the  conductor 
entering  the  bottom  of  a  vessel  filled  with 
mercury.  On  touching  the  mercury  surface 
at  its  center  with  the  other   conductor,  the 

Y    upper  pole  of  the  magnet  rotated  about  this 
conductor  as  an  axis.     Ampere  modified  this 
g         experiment  by  weighting  a  cylindrical  magnet 
Fio.  845.     with  platinum  at  its  lower  end  and  then  float- 
ing it  vertically  in  mercury  (Fig.  346,  A).     If  one  of 
the  conducting  wires,  a,  be   placed  in  a  globule  of 
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mercury  in  a  cavity  formed  on  its  upper  end,  and  the 
other  wire,  6,  in  the  mercury  in  the  vessel,  the  mag- 
net rotates  on  its  own  axis  in  a  direction  determined 
by  the  direction  of  the  polarity  of  the  magnet  and  of  the 
current.  If  the  vertical  wire,  a  (Fig.  346,  -B),  be  made 
to  touch  the  surface  of  the  mercury,  the  weighted  magnet 
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being  placed  excentrically,  this  magnet  will  revolve  about 
the  conducting  wire.  With  the  marked  pole  uppermost, 
and  the  flow  of  the  current  as  shown,  the  rotation  in  both 
cases  is  counter-clockwise.  Indeed,  if  a  cylindrical 
magnet  be  supported  vertically  between  two  pivots  (Fig. 
347),  and  one  of  the  conducting  wires  be  touched  to  one 
of  these  pivots,  while  the  other 
wire  be  pressed  on  the  circum- 
ference of  the  magnet  at  its  mid- 
dle point,  the  magnet  will  rotate. 
Liquids  and  even  gases  may  be 
made  to  rotate  in  the  same  way 
as  solids.  Davy  showed  the  rota- 
tion of  mercury  by  placing  two 
platinum  electrodes  just  below 
the  surface  of  this  liquid,  and 
then  bringing  down  from  above  a 
magnetic  pole.  If  this  be  a 
marked  pole  and  it  be  brought  over  the  negative  wire,  the 
mercury  is  depressed,  and  rotates  about  the  electrode 
in  the  direction  of  the  hands  of  a  watch.  If  a  vol- 
tameter (7  (Fig.  348,  A)  be  placed  on  the  pole  of  the  elec- 
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Fio.  848,  A. 


Fio  848.  B. 


tromagnet  E,  the  liquid  about  the  two  electrodes  6,  e'  vrill 
rotate  in  opposite  directions,  as  is  shown  by  the  motion 
of  the  two  cork  floats  gr,  g'  (Jamin).    By  using  concentric 
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annular  electrodes  A,A^  in  &  circular  trough  (/containing 
dilute  sulphuric  acid  and  having  the  magnet  pole  in  the 
center  (Fig.  348,  B)  the  acid  liquid  may  be  made  to 
rotate,  the  motion  being  made  apparent  by  the  cork  float  g 
on  the  surface  (Bertin).  If  in  a  vacuum  tube  the  dis- 
charge be  made  to  take  place  parallel  to  the  axis  of  a  mag* 
net  placed  in  its  center,  this  discharge  will  rotate  about 
the  magnet  as  an  axis  (De  la  Eive).  In  a  similar  way 
the  electric  arc  may  be  made  to  rotate  about  the  pole 
of  a  magnet  suitably  placed. 

694.  Ampere's  Theory  of  Magnetism. — The  prac- 
tical  identity  in  character  between  the  action  of  a  sole- 
noidal  current  and  a  solenoidal  magnet  leads  to  the  con- 
clusion that  magnetism  itself  is  simply  a  vortical  electric 
current,  as  Ampere  long  ago  suggested.  Numerous  ex- 
periments show  the  rotary  nature  of  the  magnetic 
action  with  reference  to  the  current.  A  current  and  a 
pole  neither  attract  nor  repel  each  other ;  they  tend  to 
rotate  about  each  other,  the  action  being  at  right  angles 
to  the  line  joining  them.  If  a  meter  or  two  of  a  flexible 
conductor,  such  as  gold  thread,  be  made  to  carry  as 
strong  a  current  as  it  will  bear,  and  a  vertical  bar  magnet 
be  brought  near  it,  the  thread  will  coil  itself  into  a  spiral, 
half  of  it  twisting  round  the  marked  end  and  the  other 
half  twisting  as  a  part  of  the  same  spiral  round  the  south 
end  (Lodge).  If  the  conductor  were  made  rigid  and  the 
magnet  flexible,  the  magnet  would  coil  itself  round  the 
current  in  like  manner.  If  both  are  rigid,  the  motion  is 
limited  by  this  fact ;  though  it  is  seen  clearly  to  be  due 
to  the  same  action,  although  modified  by  the  constrained 
condition.  So  if  a  vertical  wire,  hanging  freely  between 
the  poles  of  a  U -magnet  (Fig.  349),  receive  a  current 
passing  through  it  to  the  mercury  cup  in  which  its  lower 
end  dips,  it  will  be  thrown  out  of  the  mercury  by  the 
conjoint  action  of  the  two  poles,  to  the  right  or  left  ac- 
cording to  the  conditions  of  the  experiment  This  will 
break  the  current,  and  gravity  will  bring  the  wire  again 
into  the  mercury  ;  and  so  it  will  oscillate.  If  the  vertical 
conductor  form  one  radius  of  a  star,  a  second  radius  will 
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be  brought  in  contact  with  the  mercury  as  the  first  one 
leaves  it;  thus  producing  a  continuous  rotation,  as  in 
Barlow's  spur-wheel.  The  same  effect  is  obtained  with 
a  disk.  If  a  current  be  sent  through  a  stream  of  mercury 
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falling  from  one  pole  to  the  other  of  a  strong  U-magnet 
with  its  plane  vertical,  the  liquid  will  at  once  twist  itself 
into  a  flat  spiral  (Thompson).  It  would 
appear,  therefore,  that  precisely  as  a  cur- 
rent is  surrounded  by  a  whirl  [of  lines  of 
magnetic  force,  so  a  magnet  is  equally 
surrounded  by  an  electrical  current-whirl 
(Fig.  350) ;  the  same  figures  illustrating 
both  conditions.  In  the  former  case  the 
vertical  axis  represents  a  current  sur- 
rounded by  its  magnetic  whirl,  and  in  the 
latter  it  represents  a  line  of  force  sur- 
rounded by  its  current-whirl.  In  the 
second  figure  both  are  shown  (Fig.  351) ; 
the  axis  being  a  portion  of  the  electric 
circuit,  this  being  surrounded  by  a  single 
magnetic  line  of  force,  and  this  again  sur- 
rounded with  electric  whirls ;  each  mag- 
netic line  of  force  round  a  current  being  an  electric 
vortex  ring  (Lodge).  If  therefore  lines  of  force  are  to 
be  regarded  as  the  axes  of  current-whirls,  the  rotation 
will  have  the  effect  of  a  force  tending  to  increase  the 


Fio.  360. 


Digitized  by  VjOOQ IC 


804  PHYSICS, 

diameter  of  the  whirls  and  to  shorten  the  length  of  the 
axis;  just  as  a  flexible  tube  filled  with 
liquid  and  rotated  on  its  axis  would  in- 
crease in  diameter  and  shorten  in  length. 
The  effect  will  be  that  a  line  of  magnetic 
force  will  tend  to  shorten  itself  lengthwise 
and  tend  to  increase  its  cross-section  ;  thus 
Fig.  851.  accounting  for  the  observation  of  Faraday, 
that  magnetic  attraction  is  in  the  direction  of  the  lines 
of  force  and  is  due  to  this  tendency  to  contraction,  while 
magnetic  repulsion  is  perpendicular  to  these  lines  of 
force  and  is  due  to  the  tendency  of  the  lines  of  force 
to  repel  one  another. 

The  phenomena  of  magnetism,  however,  belong  to 
the  molecule,  and  not  to  the  mass.  So  that  these  elec- 
trical whirls  must  be  rotations  perpendicular  to  the  mag- 
netic axis  of  the  molecule.  Ampere's  theory,  therefore, 
supposes  simply  that  electric  currents  circulate  round  the 
molecules  of  a  magnetic  substance,  thereby  polarizing 
them.  The  permanence  of  these  molecular  currents,  like 
that  of  the  motion  of  the  heavenly  bodies,  depends  solely 
upon  the  existence  of  non-resistance ;  for  in  this  way  only 
can  their  energy  be  dissipated.  By  no  known  process 
can  these  Amperian  currents  be  produced  or  destroyed. 
The  act  of  magnetization  therefore  consists  simply  in 
rotating  the  molecules  so  that  their  magnetic  axes  all 
face  in  the  same  direction ;  and  then  the  substance  is 
magnetically  saturated.  If,  however,  molecules  exist 
round  which  no  currents  or  only  very  weak  currents  cir- 
culate, the  effect  of  placing  such  substances  in  a  magnetic 
field  will  be  to  develop  such  currents,  and  this  in  such 
a  direction  that  repulsion  will  exist  between  it  and  the 
field;  thus  producing  the  phenomena  characteristic  of 
diamagnetism  (Lodge).  The  direction  of  the  Amperian 
currents  is  determined  by  Ampere's  law. 
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D.— MAGNETO-ELECTRIC    INDUCTION. 

(a)  Classification  of  Indttctions. 

695.  Induction  Currents. — In  1831,  Faraday  suc- 
ceeded in  obtaining  electric  currents  by  means  of  mag- 
netic actions.  This  induction  of  currents  he  produced 
in  three  different  ways  :  (1)  by  the  relative  motion  of  a 
magnet  and  of  a  conducting  wire ;  (2)  by  the  relative 
motion  of  a  current  and  of  a  conducting  wire ;  and  (3) 
by  varying  the  strength  of  the  current  in  a  second  wire 
placed  near  the  conducting  wire ;  the  conducting  wire 
itself,  in  which  the  induced  current  was  developed,  form- 
ing in  all  cases  a  closed  circuit.  Evidently,  from  the 
laws  of  electromagnetism,  these  three  methods  resolve 
themselves  into  a  single  one,  viz.,  the  variation  of  the 
strength  of  a  magnetic  field  in  presence  of  a  conducting 
wire. 

Experiments. — 1.  Connect  a  coil  of  wire  with  a  galvanometer, 
and  introduce  a  bar  magnet  into  its  center.  The  galvanometer  needle 
will  be  deflected,  but  only  so  long  as  the  motion  continues ;  the 
needle  returning  to  zero  wtien  the  magnet  comes  to  rest.  Withdraw 
the  magnet  from  the  coil;  the  needle  will  be  again  deflected,  but 
now  in  the  opposite  direction. 

2.  In  place  of  the  magnet,  introduce  into  the  coil  which  is  con- 
nected with  the  galvanometer  a  second  coil  of  wire  carrying  a  cur- 
rent. The  galvanometer  needle  will  be  deflected  in  one  direction 
as  the  second  coil  enters  the  first,  and  in  the  opposite  direction  as  it 
is  withdrawn  from  it;  remaining  at  rest  when  the  coil  is  still. 

8.  While  the  second  coil  is  within  the  first,  connect  a  fine  wire 
across  its  terminals.  The  needle  will  be  deflected  in  the  same 
direction  as  when  the  coil  is  withdrawn  ;  and  on  removing  the  wire 
an  opposite  deflection  will  take  place.  Here  evidently  the  fine  wire 
acts  as  a  shunt  and  carries  a  portion  of  the  current;  and  so 
diminishes  that  flowing  in  the  inducing  coil.  The  effect  will  be  the 
greater  therefore  in  proportion  as  this  shunt  wire  is  larger  and 
shorter. 

4.  Repeat  Experiment  2,  and  when  the  galvanometer  needle  is 
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at  rest,  drop  several  iron  wires  successively  into  the  interior  of  the 
second  or  inducing  coil.  The  current-induction  in  the  outer  coil 
will  be  greatly  increased  by  the  magnetism  thus  induced. 

5.  Wind  an  iron  ring  with  two  wire  coils  placed  at  opposite  ex- 
tremities of  a  diameter.  On  passing  a  current  through  one  of  these 
coils  strong  currents  are  induced  in  the  other,  which  are  in  opposite 
directions  on  making  and  on  breaking  the  inducing  circuit.  This  is 
the  experiment  of  Faraday. 

The  general  law  of  cnrrent-indnctioD  may  therefore 
be  stated  as  follows:  Whenever  any  modification 
whatever  takes  place  in  the  flow  of  magnetic  force 
traversing  a  closed  circuit,  a  temporary  electrical 
current  is  produced  in  this  circuit,  the  duration 
of  which  corresponds  to  that  of  the  variation  of 
the  flow.  For  convenience,  induced  currents  produced 
by  the  mechanical  variation  of  permanent  or  elec- 
tromagnet fields  are  called  dynamo  or  magneto-electric 
currents,  while  those  produced  by  the  variation  of  cur- 
rent-fields are  called  self-induced  or  mutually-induced 
electric  currents ;  the  induction  being  called  self  or  mutual 
electric  induction,  respectively. 

696.  Direction  of  Induced  Currents.— Law  of  Lenz. 
— If  the  direction  of  the  currents  thus  induced  be 
examined,  it  will  be  observed  that  the  current  generated 
in  the  outer  coil  above  mentioned  on  introducing  the 
inner  coil  into  it,  is  in  the  opposite  direction  to  that 
flowing  in  the  inner  coil ;  and  on  removing  it  is  in  the 
same  direction.  The  former,  therefore,  is  called  an 
inverse,  the  latter  a  direct,  current.  In  general,  whenever 
a  magnetic  field  diminishes  in  strength  in  the  vicinity  of 
a  closed  circuit,  a  current  is  induced  in  this  circuit  flow- 
ing in  the  same  direction  as  that  which  would  be  re- 
quired to  produce  such  a  magnetic  field ;  Le.,  a  direct 
current  While  whenever  the  field  increases  in  strength 
the  current  induced  is  such  as  would  by  itself  produce  a 
field  opposite  in  direction  to  that  acting ;  i.e.,  an  inverse 
current.  Since  two  like  parallel  currents  attract  each 
other,  the  production  of  an  induced  direct  current  by 
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removing  the  inducing  current  will  develop  an  attrac- 
tion between  the  circuits ;  a  repulsion  being  produced 
whenever  an  inverse  current  is  induced  by  the  approach 
of  the  inducing  circuit.  Hence  the  law  of  Lenz: 
Whenever  by  the  relative  motion  of  two  circuits 
a  variation  in  the  flow  of  force  is  made  to  take 
place  in  one  of  them,  a  current  will  be  induced 
in  this  circuit  whose  direction  is  such  as  to 
oppose  the  mo  tion  by  its  electrodynamic  action. 

Since  the  motion  of  an  electric  circuit  in  a  magnetic 
field  tends  to  take  place  always  in  such  a  direction  as  to 
make  the  flow  of  force  through  its  contour  a  maximum, 
it  follows  that  if  by  mechanical  means  the  circuit  be  dis> 
placed  so  as  to  increase  this  flow  of  force  through  it  (1) 
a  current  will  be  induced  in  the  circuit  in  the  inverse 
direction  to  that  which  would  produce  the  flow,  and  (2) 
this  current  will  oppose  the  movement.  Conversely,  if 
the  motion  diminish  the  flow,  the  induced  current  will 
be  direct,  and  again  the  motion  will  be  opposed.  Hence 
for  a  given  variation  of  the  flow  of  force  the  direction  of 
the  induced  current  is  such  as  to  oppose  the  variation. 
If  the  flow  increases,  the  induced  current  opposes  this 
increase,  and  therefore  must  be  inverse  to  the  current 
producing  the  flow  ;  if  it  diminishes,  the  induced  current 
tends  to  increase  it,  and  therefore  must  be  direct ;  i.e., 
in  the  same  direction  as  that  producing  the  flow.  The 
current  chaiiges  sign,  therefore,  whenever  the  variation 
changes  its  direction.  And  this  takes  place  whenever  the 
flow  of  force  passes  through  a  maximum  or  minimum. 

697.  Magrnitucle  of  Induced  Currents. — Thestrength 
of  an  induced  current,  like  that  of  a  voltaic  current,  is 
expressed  by  Ohm's  law ;  i.e.,  is  the  ratio  of  the  sum  of 
the  electromotive  forces  in  the  circuit  to  the  sum  of  the 
resistances.  The  value  of  this  electromotive  force  may 
be  found  thus  (Kelvin,  von  Helmholtz) :  Suppose  a 
voltaic  cell  of  electromotive  force  E  to  be  placed  in  a 
circuit  of  total  resistance  R,  The  current  /will  be  E/B ; 
and  the  energy  expended  in  the  element  of  time  dt  wil? 
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be  £^Idt  =  Plidt,  Let  this  circuit  be  moved  in  a  mag- 
netic field  so  that  the  flow  of  force  4>  which  traverses  it 
in  the  positive  direction  is  made  to  vary  by  an  amount 
d^  in  the  time  dt ;  and  call  the  work  thus  done  d  W.  If 
the  work  is  done  by  the  cell  itself,  the  energy,  and  there- 
fore  the  current  in  the  circuit,  will  be  diminished  thereby, 
say  to  /' ;  and  we  shall  have  in  place  of  the  above  equa- 
tion, ETdt  =  r'Rdt  +  dW,  But  since  dW=  Fd^,  we 
liave  by  substituting  and  dividing  by  /',  the  equation 
Edt  =  TEdt  +  rf^ ;   whence  solving  for  /'  we  have  T 

= ^-^ — .     The  current-strength  now  traversing  the 

circuit  is  evidently  that  due  to  the  electromotive  force 
E  —  d^/dt ;  i.e.,  it  is  as  if  the  electromotive  force  of  the 
cell  were  diminished  by  an  antagonistic  or  counter-elec- 
tromotive force  d^/dt  or  e,  due  to  the  induction  caused 
by  the  variation  in  the  flow  of  force  traversing  the  cir- 
cuit. If,  however,  the  circuit  be  moved  by  an  external 
force  so  that  the  flow  of  force  varies  in  the  opposite 
direction,  the  counter-electromotive  force  d€>/dt  or  e  will 
be  negative,  will  add  itself  to  that  of  the  cell,  and  the 
current-strength  will  be  increased.  Obviously,  the  de- 
velopment  of  this  counter-electromotive  force  depends 
only  on  the  rate  of  variation  of  the  field,  and  not  at  all 
upon  the  previous  existence  of  a  current  in  the  wire. 
Consequently  the  law  of  the  development  of  electromo- 
tive force  by  induction  may  be  thus  stated:  The  total 
electromotive  force  induced  in  any  circuit  at 
a  given  instant  is  equal  to  the  time-ratio  of  the 
variation  of  the  flow  of  magnetic  force  across 
this  circuit.  It  follows  that  the  total  quantity  of 
electricity  put  in  motion  by  any  displacement  of  a  mag- 
netic system  is  equal  to  the  quotient  of  the  variation  of 
the  fiow  of  force  corresponding  to  this  displacement  by 
the  resistance  of  the  circuit.  Thus  if  the  fiow  vary  from 
4>,  to  ^,  in  a  circuit  whose  resistance  is  R^  the  quantity 
of  electricity  Q  put  in  motion  is  (^,  —  ^^/li-  It  is 
independent  of  the  time  and  of  the  mode  of  the  varia- 
tion.    The  current  Tj  however,  is  a  function  of  the  time, 
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since  Q  =  Idt ;  whence  if  the  variation  of  the  flow  i>,  —  ^, 

take  place  in  the  time  ^,  the  current  /  =  ^  =  ^ .     ' "~ — -* 

=  (^,  —  ^^/Rt.  Or,  in  other  words,  if  the  strength  of 
the  field  vary  from  ^,  dynes  to  ^,  dynes  in  the  time  t 
(i.e.,  if  the  number  of  lines  of  force  vary  from  ^,  to  ^,) 
the  current-strength  in  electromagnetic  units  will  be  ob- 
tained by  dividing  this  difference  by  the  resistance  of  the 
circuit  and  by  the  time.  Evidently  if  4^,  is  the  greater, 
the  current  will  be  a  direct  or  positive  one ;  while  if  4>, 
is  the  larger,  the  current  will  be  negative  or  inverse. 
Again,  if  a  rectilinear  conductor  of  length  I  move  with  a 
speed  8  through  a  field  of  force  of  strength  H  parallel  to 
itself  and  perpendicular  to  the  lines  of  force,  the  elec- 
tromotive force  developed  in  it  will  be  HU ;  the  current 
will  be  Hh/R ;  and  the  work  done  by  or  upon  it  in  the 
time  t  will  be  UH'sH/R.  Thus  in  Fig.  352  let  CCT  be  the 
rectilinear  conductor  of  length  /,  and 
let  it  move  parallel  to  itself  with  a 
speed  8  along  the  rails  AA\  BB\ 
whose  plane  is  perpendicular  to  the 
flow  of  force  ^.  Then  the  flow  of 
force  per  unit  length  per  unit  dis- 
placement will  be  H,  the  flow  per 
length  I  will  be  HI,  and  per  8  units  of 
displacement  per  second,  i.e.,  the 
electromotive  force,  will  be  His. 
Whence  by  Ohm's  law  /=  Hb/R; 
and  the  energy  expended  in  the  time 
^  will  be  W=PRt=zHV8H/R.  If, 
for  example,  a  meter  bar  move  hori- 
zontally in  the  earth's  field  with  a  uniform  speed  of  20 
meters  per  second,  the  difference  of  potential  developed 
at  its  ends,  assuming  the  vertical  component  of  the 
earth's  magnetism  to  be  0*58  dyne,  will  be  058  X  100 
X  2000  =  116000  C.  G.  S.  or  -00116  volt. 

698.  Recapitulation. — An  induced  current  in  a 
closed  conducting  wire,  then,  is  always  the  result  of 
a  variation  in  the  strength  of  a  magnetic  field  in  which 
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this  wire  is  immersed.  Hence  it  is  to  be  observed 
(1)  that  two  equal  and  opposite  variations  produce 
equal  and  opposite  currents;  (2)  that  the  duration  of 
the  induced  current  is  the  same  as  that  of  the  variation 
of  the  field ;  (3)  that  the  total  quantity  of  electrification 
transferred  is  independent  both  of  the  time  and  of  the 
mode  of  the  variation ;  and  (4)  that  in  a  uniform  field 
no  induced  current  is  produced  unless  the  conducting 
wire  is  so  displaced  or  deformed  as  to  vary  the  flow  of 
magnetic  force  through  its  circuit 

Experiments. — Produce  a  uniform  magnetic  field  by  placing  two 
iron  cubes  on  the  poles  of  an  electromagnet.  The  lines  of  force 
will  be  straight  lines  passing  from  one  cube  to  the  other  perpen- 
dicular to  its  surfaces;  as  may  be  shown  by  a  sheet  of  paper  and 
some  iron  filings. 

1.  Connect  the  two  ends  of  a  straight  wire  with  a  galvanometer, 
and  place  the  wire  horizontally  in  the  field,  its  length  being  perpen- 
dicular to  the  lines  of  force.  On  moving  it  in  the  direction  of  its 
length,  or  parallel  to  the  lines  of  force  from  one  side  of  the  field  to 
the  other,  no  effect  is  produced  on  the  galvanometer;  while  if  the 
wire  be  moved  vertically  so  as  to  move  across  the  lines  of  force,  the 
galvanometer  needle  is  strongly  deflected.  Since  the  wire  and  the 
galvanometer  form  a  closed  circuit,  it  is  evident  that  the  flow  of 
force  through  this  circuit  is  varied  only  by  this  latter  motion,  the 
number  of  lines  of  force  passing  through  the  circuit  being  increased 
or  diminished  according  to  the  direction  of  the  motion. 

2.  Make  a  ring  of  several  turns  of  covered  wire,  of  a  less  diam- 
eter than  the  distance  between  the  pole  pieces,  and  connect  it  to  the 
galvanometer.  Place  it  in  the  field  (a)  with  its  plane  vertical  and 
with  its  axis  parallel  to  the  lines  of  force.  Move  it  either  vertically 
or  horizontally  in  its  own  plane,  or  parallel  to  itself  in  the  direction 
of  its  axis ;  no  deflection  is  obtained,  since  evidently  in  the  latter 
case  the  number  of  lines  of  force  traversing  the  ring  (i.e.,  the  flow 
of  force  through  it)  is  unaltered ;  and  in  the  former  case  as  many 
leave  it  on  one  side  as  enter  it  on  the  other,  and  the  total  flow  is  con- 
stant. If,  however,  the  ring  be  moved,  still  parallel  to  itself,  into 
the  edge  of  the  field  where  it  is  no  longer  uniform,  then  the  flow  of 
force  through  the  ring  will  vary  with  its  position,  and  a  deflection 
will  be  obtained,  (b)  Place  the  ring  vertical  or  horizontal,  but  with 
its  axis  perpendicular  to  the  lines  of  force  ;  no  effect  results  when  it 
is  moved  either  in  its  own  plane  or  parallel  to  this  plane,  since  there 
is  no  flow  of  force  through  it  in  any  of  these  positions.  The  same  is 
true  if  it  be  moved  from  the  center  to  the  edge  of  the  field,  (c) 
Place  the  ring  with  its  axis  parallel  to  the  lines  of  force  and  rotate 
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it  in  its  own  plane  about  this  axis.  No  variation  of  the  flow  of  force 
occurs,  and  therefore  no  deflection,  (d)  Place  the  ring  with  its  plane 
parallel  to  the  direction  of  the  field  and  rotate  it  about  a  diameter 
parallel  to  the  lines  of  force.  No  induced  current  results,  (e) 
Rotate  the  ring  about  an  axis  perpendicular  to  the  direction  of  the 
lines  of  force  as  a  diameter.     A  strong  deflection  will  be  produced. 

690.  Magneto-  or  Dynamo-electric  Induction. — As 

already  defined,  magneto-  or  dynamo-electric  induction 
results  from  the  mechanical  displacement  of  a  field  with 
reference  to  a  circuit  or  of  a  circuit  with  reference  to  a 
field ;  this  field  being  produced  either  by  a  permanent 
magnet  or  by  an  electromagnet.  Evidently  in  this  case 
the  energy  of  the  current  is  derived  from  the  mechanical 
energy  expended  in  producing  the  motion.  Two  cases 
may  be  considered :  first,  where  the  field  is  constant  and 
the  position  of  the  circuit  is  so  changed  as  to  vary  the 
flow  of  force  through  it ;  and  second,  where  the  circuit 
remains  invariable  in  position  and  the  field  varies  in 
strength  from  one  value  to  another.  If  the  time  of  vari- 
ation  is  very  short,  the  quantity  of  electrification  gener- 
ated produces  a  momentary  current  which  is  measured 
on  a  ballistic  galvanometer  (678). 

700.  Earth  Induction. — Inasmuch  as  the  earth's 
magnetic  field  is  iiearly  constant  at  any  given  place,  the 
displacement  of  a  closed  circuit  in  it  in  such  a  way  as  to 
vary  the  flow  of  force  through  this  circuit  will  generate 
an  induced  current  in  it.  Since  when  a  linear  conduc- 
tor moves  so  as  to  cut  the  lines  of  force  perpendicularly, 
the  induced  potential-difference  is  proportional  to  the 
strength  of  the  field  H,  to  the  length  of  the  conductor  /j 
and  to  the  speed  of  the  motion  s,  we  have  E  =  His  \ 
provided  the  wire  be  maintained  vertical  and  be  made 
to  move  horizontally  across  the  lines  of  force  or  be  kept 
horizontal  and  be  made  to  move  vertically  across  them, 
remaining  always  parallel  to  itself,  H  being  now  the 
horizontal  component  of  the  earth's  force.  The  current 
induced  /=  E/R  =  Ills/R,  and  the  quantity  of  electri- 
fication Q=  lt=z  Hlst/B.  Since  at  =  a  is  the  distance  d 
moved  in  the  time  <,  and  since  Id  is  the  surface  described 
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by  the  conductor  in  its  motion,  Q  =  Hld/R  =  HS/R  = 
^/R.  Hence  the  quantity  of  electrification  transferred 
is  equal  to  the  ratio  of  the  flow  of  force  to  the  resistance 
of  the  circuit ;  the  flow  of  force  being  always  equal  to 
the  intensity  of  the  field  (i.e.,  to  the  flow  through  unit 
surface)  multiplied  by  the  number  of  units  of  surface. 
Hence  if  S  be  the  surface  of  a  plane  circuit  and  this 
circuit  be  moved  in  the  earth's  field  from  a  position  in 
which  no  lines  of  force  pass  through  it  to  a  position  in 
which  iy  lines  so  pass  (i.e.,  from  a  position  in  which  its 
plane  is  parallel  to  the  lines  of  force  to  one  in  which  it 
is  perpendicular  to  these  lines),  the  total  flow  of  force  is 
HS^  and  the  quantity  of  electrification  developed  is 
HS/R.  K,  for  example,  a  circular  coil  of  surface  S  (i.e., 
a  coil  of  n  turns,  each  of  surface  s)  be  rotated  about  a 
vertical  axis  through  180°,  from  a  position  where  the 
lines  of  force  are  parallel  to  the  axis  of  the  coil  in  the 
positive  direction,  to  one  where  they  are  parallel  in  the 
negative  direction,  the  total  flow  of  force  is  evidently 
2^  =  2i?S;  and  the  quantity  of  electrification  developed, 
Q,  =  2HS/R.  This  induction  has  been  utilized  by 
Weber  for  determining  the  direction  of  the  earth's  total 
force  ;  i.e.,  the  inclination  or  dip.  For  by  placing  such 
a  circular  coil  horizontally  and  rotating  it  about  a  hori- 
zontal axis,  the  total  flow  of  force  on  rotating  it  180*^ 
will  be  2  F/S,  in  which  Fis  the  vertical  component  of  the 
earth's  magnetism ;  whence  Q,  =  2  VS/R.  From  these 
two  equations  Q  :  Q^  :i  H  :  V  =  tan  6  :  1. 

701.  Magnetic  Field  Measurement. — The  equation 
Q  =  2FS/R  has  been  applied  by  Rowland  to  the  de- 
termination of  7^,  the  strength  of  a  magnetic  field  in 
absolute  measure.  For  if  the  discharge-deflection  & 
be  determined  with  a  ballistic  galvanometer,  2FS/B  = 
k  sin  ^0.  Magnetic  fields  may  be  compared  with  that 
of  the  earth,  therefore,  by  placing  a  smaller  inductor  in 
circuit  with  the  earth-inductor  and  noting  the  deflections 
0  and  0'  when  these  inductors  are  alternately  rotated 
180°  in  their  respective  fields;  and  then  F:  H=  Sd' :  S% 
d  and  cf'  being  the  scale  readings.     In  the  same  way  the 
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relative  strength  of  the  same  field  at  different  points 
may  be  measured ;  and  if  the  constant  of  the  coil  be 
determined  from  the  discharge  given  by  the  coil  when 
rotated  180**  in  a  field  of  known  strength,  the  absolute 
strength  of  any  other  field  may  be  ascertained.  So  if  a 
small  coil  be  placed  on  the  surface  of  a  magnet  and 
rotated  180°,  the  discharge-deflection  will  be  proportional 
to  twice  the  flow  of  force  through  the  coil,  and  the  quo- 
tient of  this  by  the  surface  will  represent  the  normal 
magnetic  component  for  that  part  of  the  magnet.  If 
the  magnet  be  cylindrical  and  the  coil  be  moved  from  a 
position  M  to  another  J/',  the  discharge-deflection  will 
measure  the  variation  of  the  flow  of  force  during  the 
displacement;  and  this  divided  by  the  surface  of  the 
coil  will  give  the  mean  value  of  the  normal  component 
of  the  magnetic  force  between  those  points. 

702.  Self-induction. — Mutual  Induction. — In  the, 
forms  of  induction  now  to  be  considered,  however,  the 
variation  of  the  flow  of  force  is  produced  by  variations 
in  the  strength  of  an  electrical  current  (695) ;  and  the 
energy  of  the  induced  or  secondary  current  is  derived 
from  that  of  the  inducing  or  primary  current.  Faraday 
in  1831  observed  that  on  completing  or  breaking  the 
current  flowing  in  a  helix  an  induced  current  is  gen- 
erated in  a  second  wire  wound  outside  the  first.  And  in 
1832,  Henry  proved  that  any  variation  in  the  strength  of 
a  current  in  a  helix  is  also  capable  of  inducing  currents 
in  the  contiguous  spires  of  the  helix  itself.  The  former 
is  called  mutual  induction,  since  it  takes  place  mutually 
between  two  adjacent  coils.  The  latter  is  called  gelf- 
indnction,  because  it  represents  the  action  of  a  coil  on 
itself.  It  is  also  called  inductance.  When  the  ends  of  a 
coil  of  wire  are  connected  with  an  electric  generator, 
only  a  slight  spark  will  be  observed  on  making  the  con- 
tact, while  a  brilliant  one  appears  on  breaking  it ;  the 
result  depending,  of  course,  upon  the  length  of  the  coil 
and  upon  the  current-strength.  Moreover,  the  effect  is 
increased  by  placing  iron  in  the  core  of  the  coil.  If  the 
hands  be  made  to  touch  the  terminals  of  the  coil  when 
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the  circuit  is  broken,  a  distinct  shock  is  perceived ;  and 
a  fine  platinum  wire  may  be  fused  bj  the  extra-current 
thus  developed.  Since  the  time  of  variation  of  the  flow 
is  shorter  on  opening  the  circuit,  the  induced  current  on 
opening  is  stronger  than  that  on  closing. 

Experiments.—!.  Place  a  large  electromagnet  in  circuit  with  a 
galvanometer  and  a  secondary  battery.  On  closing  the  circuit  the 
current  will  be  seen  to  rise  gradually  and  to  take  its  full  strength 
only  after  considerable  time ;  in  the  case  of  very  large  magnets, 
several  seconds. 

2.  Place  across  the  terminals  of  the  magnet  an  incandescent 
lamp,  of  such  resistance  that  the  battery  current  will  bring  it  only 
to  dull  redness.  Break  now  the  connection  with  the  battery  and 
observe  that  the  lamp  will  become  vividly  incandescent  for  an 
instant,  due  to  the  extra-current. 

703.  Coefficient  of  Self-induction. — A  currant 
started  in  a  coil  does  not  attain  at  once  its  permanent 
value.  Since  during  the  variable  state  the  rate  of  in- 
crease is  not  uniform,  we  may  represent  the  counter- 
electromotive  force  developed,  as  the  product  of  a  factor 
depending  upon  the  coil  itself  into  the  rate  of  current- 
increase  during  an  element  of  time.  Calling  this  factor 
L  and  i,  the  rate  of  current-increase  during  the  time  ^, 
€t  =  lA^,  The  current  developed  will  be  eJR  and  the 
quantity  of  electrification  eJt/B  or  ,IAJL/R,  Since  the 
rate  of  increase  of  the  current  multiplied  by  the  time  of 
increase  represents  the  entire  current  generated  in  this 
time,  tV  is  the  total  current  generated  in  the  interval  i. 
If  the  whole  time  Tbe  divided  into  n  intervals,  such  that 
nt=  T,  the  total  quantity  generated  in  the  time  T  will 
be  2{€tt/R)  for  the  n  intervals  ;  or  since  t  =  T/n,  will  be 

^V/^J'"''  -^'R^irii"  I^tl^is  expression,  ^>/n^ 
is  the  mean  potential-difference  during  the  time  T  and 
2{i/n)  the  mean  rate  of  increase  of  the  current.  Therefore 
2{i/n)  multiplied  by  Tor  2{iT/n)  =  2{it\  is  the  entire 
current  produced  in  the  time   T.     If  this  quantity  be 

assumed   to  be  unity,  the  expression ^becomes 

u     R 
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L/R ;  and  if  the  resistance  of  the  circuit  be  also  unity,  the 
whole  quantity  of  electrification  induced  in  the  time  Twill 
be  L,  This  factor  L  is  called  the  indactance  of  the  coil  or 
its  coefficient  of  self-indnotion ;  and  it  is  defined  as  the 
quantity  of  induced  electrification  which  is  de- 
veloped in  the  coil  assumed  to  be  of  unit  resist- 
ance, when  unit  current  through  it  is  made  or 
broken. 

Since,  other  things  being  equal,  the  quantity  of  elec- 
trification produced  is  directly  proportional  to  the  flow 
of  force,  the  inductance-coefficient  is  expressed  frequently 
in  terms  of  the  flow  of  force.  Since  the  strength  of  the 
current -field  is  dependent  not  alone  on  the  strength 
of  the  current  flowing  in  the  circuit,  but  also  on  the 
shape  and  size  of  the  circuit  itself,  the  flow  of  force 
developed  by  a  given  current  is  proportional  to  the  prod- 
uct of  the  current-strength  /  by  the  factor  L  depending 
on  the  circuit,  the  inductance-coefficient ;  i.e.,  ^  =  /Z. 
Whence  L  =  i>//;  and  this  coefficient  may  be  defined  as 
the  ratio  of  a  flow  of  force  to  a  current-strength.  So  that 
if  /be  unity  Z  =  4> ;  or  the  coefficient  of  inductance 
or  self-induction  of  a  circuit  is  unity  when  unit 
current  started  or  stopped  in  that  circuit  in- 
duces unit  flow  of  force  through  it.  For  a  long 
coil  having  a  single  layer  of  wire,  Z  =  4:nN^S/l ;  in 
which  N  is  the  number  of  turns,  8  its  section,  and  I  its 
length. 

Since  the  dimensions  of  flow  of  force  are  M^L^T'^ 
while  those  of  current  are  M^L^T^^y  the  dimensions  of 
inductance,  being  the  quotient  of  these  quantities,  is 
simply  a  length  Z.  Hence  in  the  C.  G.  S.  system  the 
unit  coefficient  of  inductance  is  a  centimeter.  For  prac- 
tical purposes  a  unit  one  thousand  million  times  as 
large  has  been  adopted  and  called  a  quadrant;  since  this 
is  the  number  of  centimeters  in  a  quadrant  of  the  earth. 
A  quadrant  therefore  is  10*  C.  G.  S.  units  of  self-induc- 
tion. Since  an  ohm  is  a  quadrant  per  second,  an  ohm- 
second  (or  a  gecohm  as  it  is  called  by  Ayrton  and  Perry) 
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is  the  equivalent  of  a  quadrant.  In  this  country  the 
unit  coefficient  of  self-induction  is  called  a  henry. 

In  the  same  way,  since  e^  =  Li^y  E  =  L^i^{  =  L  CjOfl) 

unit  coefficient  of  inductance  may  be  defined  as  the 
value  of  the  potential-difference  developed  in  a 
circuit  when  the  rate  of  variation  of  the  current- 
strength  is  unity.  And  again,  since  JF=  Ji/',  i.e., 
the  energy  stored  up  in  the  circuit  during  the  variable 
period,  and  which  appears  on  breaking  the  circuit  as  the 
extra-current  spark,  the  coefficient  of  inductance  may  be 
defined  as  twice  the  energy  stored  up  in  a  circuit 
during  the  variable  period,  the  final  strength  of 
the  current  reached  being  equal  to  unity.  All 
these  values  are  identical  when  the  permeability  of  the 
medium  is  constant 

704.  Coefficient  of  Mutual  Induction. — When  a  cur- 
rent of  strength  /  traverses  a  circuit  a,  it  produces  a  flow 
of  force  ^.  If  a  second  circuit  b  be  near  it,  more  or  less 
of  this  flow  of  force  traverses  it  also,  depending  upon 
the  distance  separating  these  circuits,  upon  their  form, 
the  number  of  turns  in  them,  their  sizes,  and  their  relative 
positions.  Hence  the  flow  of  force  produced  in  6  by  a 
current  /in  a  is  proportional  to  the  current  /multiplied 
by  a  factor  M  representing  these  conditions  and  called 
the  coefficient  of  mutual  induction  between  the  two  circuits. 
It  is  defined  as  the  ratio  of  the  flow  of  force  in  a 
secondary  circuit  to  the  strength  of  the  current 
flowing  in  the  primary  or  inducing  circuit;  so 
that  two  circuits  have  unit  coefficient  of  mutual 
induction  when  unit  current  flowing  in  one  de- 
velops unit  flow  of  force  through  the  other. 
This  unit,  in  the  C.  G.  S.  electromagnetic  system,  like 
the  unit  of  self-induction,  is  a  centimeter ;  and  the 
practical  unit  is  10*  absolute  units,  or  a  quadrant. 

Inasmuch,  however,  as  both  the  primary  and  second- 
ary circuits  possess  self-induction,  the  phenomena  of 
mutual  induction  cannot  be  obtained  free  from  those  of 
self-induction ;  and  hence  the  former  are  the  more  com- 
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plex.  Thus,  for  example,  on  closing  the  circuit  through 
the  primary  coil  a,  a  current  will  be  developed  in  the 
secondary  coil  h  tending  to  oppose  a's  flow  of  force 
through  J,  and  the  self-induction  of  h  acts  in  its  turn  to 
oppose  the  development  of  a  current  in  6.  So  the  cur- 
rent induced  in  h  will  react  on  a,  modifying  its  variable 
period  by  an  amount  depending  on  L^t  Z5,  and  M,  on 
the  resistances  Ra  ^^^  -Rtf  ^^^  ^^  t^®  potential-diflference 
in  the  primary.  For  two  concentric  coils  of  considerable 
length,  M  =  4^nNN'S/l ;  in  which  N  and  N'  are  the 
number  of  turns  in  the  outer  and  the  inner  coils  respec- 
tively, 8  the  surface  of  the  inner  coil,  and  I  its  length. 


(ft)  Applications  of  Induction. 

705.    Applications  of  the   foregroingr  Principles.— 

Suppose  a  coil  of  wire  (Fig.  353)  to  rotate  uniformly 
in  the  earth's  magnetic  field  about 
a  vertical  diameter  as  an  axis.  Evi- 
dently there  is  no  flow  of  force 
through  it  when  its  plane  is  in  the 
meridian,  and  the  flow  of  force  is  a 
maximum  when  its  plane  is  perpen- 
dicular to  the  meridian.  But  the  rate 
of  variation  of  the  flow  is  a  maximum 
in  the  former  position  and  a  minimum 
in  the  latter.  Moreover,  with  refer- 
ence to  the  coil,  the  direction  of  the 
flow  changes  sign  at  each  half-revo- 
lution, this  change  taking  place  at 
the  instant  when  the  plane  of  the 
coil  is  perpendicular  to  the  meridian. 
Inasmuch  as  the  potential-difference 
developed  by  the  induction  ia  pro- 
portional to  the  rate  of  variation  of 
the  flow  of  force,  it  will  reach  a  maximum  when  the 
plane  of  the  coil  is  in  the  meridian  and  become  zero 
when  this  plane  is  perpendicular  to  it ;  changing  sign  at 
this  point  and  reaching  a  negative  maximum  when  the 
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coil  has  revolved  180°  and  its  plane  is  again  parallel  to 
the  meridian.  In  other  words,  the  diflference  of  poten- 
tial at  the  terminals  of  the  coil  varies  with  the  angle 
made  by  the  axis  of  the  coil  with  the  meridian,  being 
proportional  to  the  sine  of  that  angle.  If  4^  be  the  area 
of  the  coil  and  H  the  horizontal  component  of  the  earth's 
force,  SH  will  be  the  total  flow  of  force  through  the  coil 
when  the  axis  of  the  coil  is  in  the  meridian.  If  the 
angular  velocity  of  rotation  be  co,  then  coSH  will  be  the 
maximum  rate  of  variation  of  the  flow  of  force  and  coSH 
sin  a  the  actual  rate  when  the  axis  of  the  coil  makes  the 
angle  a  with  the  meridian.  As  the  angular  velocity  co  is 
^n/T^  where  T  is  the  time  of  a  complete  rotation,  we 
may  write  for  the  maximum  potential-difference  developed 
•^inax  =  ^nSH/T  and  for  the  actual  potential-diff^erence 
when  the  coil  has  turned  through  an  angle  6,  Eq  =  {2nSn 
sin  6)/T\  or  in  time,  since  t  is  the  time  required  to  rotate 
the  coil  through  this  angle,  {t:  T ::  0:  2«'), 

^g  =  2;r^sin27r^  [83] 

Hence  E^  =  ^max  when  ^  =  |,  f,  i,  etc.,  of  T;  i.e.,  at 
every  half-revolution,  when  ff  =  90°,  270°,  450°,  etc. 
While  when  ^  =  0,  |,  |^,  J,  of  T,  the  value  of  E  becomes 
zero.  Since  Eq  =  E^mx  sin  ^,  the  current-strength  in  the 
circuit,  if  the  resistance  be  J?,  is  7^  =  (^max  sin  ff)/Ii ;  and 
the  activity  or  Er/o  will  be  {E\^^  sin'  ff)/Ji.  Here  the 
potential-difference  and  the  current  vary  periodically, 
and  are  alternate  in  direction  ;  constituting  an  alternating 
current.  The  law  of  variation  is  that  of  the  sinusoid  ; 
the  lower  curve  here  given  (Fig.  354)  showing  this  law 
for  the  potential-difference  ^and  the  current-strength  /; 
and  the  upper  curve  (which  since  squares  are  positive 
is  all  above  the  axis)  representing  the  variation  of  the 
energy  in  the  circuit  fHospitalier\ 

The  mean  value  of  the  potential  difference  and  of  the 
current  flowing  through  the  circuit  is  represented  of 
course  by  the    mean  value  of  the  ordinates   to  these  * 
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cnryes.  This  mean  value  is  obtained  by  dividing  the 
area  of  the  curve  by  its  length.  The  area  of  the  curve 
between  0^  and  n  is  twice  the  maximum  ordinate ; 
whence  calling  this  ordinate  unity  we  have  for  the  mean 
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ordinate  2/;r  or  0*6366.  Hence  the  mean  potential 
difference  of  such  an  alternating  current  is  0*6366  E^a^ 
and  the  mean  current  is  0*6366  /max* 

Thus  far  we  have  neglected  the  self-induction  of  this 
coil.  If  L  be  its  coefficient  of  self-induction,  calculation 
shows  that  the  resistance  of  the  circuit  will  become,  in- 
instead  of  R,  the  quantity  VB^  +  ^Tt'U/T  or 
^IP  +  ^'^*  •  Calling  this  R^ ,  the  current-strength  I^ 
=  E^,^  sin  (^-0)/i?, ;  that  is,  E^^  sin  {{^nt/T)^<l>)/B,. 
Hence  while  the  new  current  has  the  same  period  as  the 
old  one,  its  phase  is  changed.  It  is  retarded  by  tKe  self- 
induction  and  reaches  its  maximum  later  than  the 
potential-difference  by  the  angular  quantity  0,  defined 
by  the  expression  tan  0  =  gdL/R.  Since  the  maximum 
value  of  0  is  i^n^  the  difference  of  phase  is  \ ;  and  hence 
the  maximum  retardation  is  equal  to  one  quarter  of  the 
entire  period.  In  the  figure  (Fig.  355)  the  full  line  rep- 
resents  the  current-variation  and  the  dotted  line   the 
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variation  of  potential.  Moreover,  the  effect  of  the  self- 
induction  in  the  circuit  is  to  increase  its  apparent  resist- 
ance. Since  the  tangent  of  0  is  ooL/R  it  appears  that 
the  angle  of  retardation  or  lag  is  a  function  of  the  speed 
as  well  as  of  the  ratio  of  the  self-induction  to  the  resist- 
ance of  the  circuit  Moreover,  since  the  resistance  is  in- 
creased from  R  to  VR"  +  ^*-^'  >  ^^^  apparent  increase 
due  to  the  second  term  in  this  expression  is  a  function 
also  of  the  speed  and  of  the  self-induction  ;  but  is  now  a 
function  of  their  product 
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The  alternating  currents  are  led  off  from  the  rotating 
coil  by  means  of  two  springs  pressing  upon  two  metallic 
rings  on  the  axis  of  rotation,  to  which  the  ends  of  the 
coil  are  respectively  connected.  Since  the  current  is  re- 
versed  every  half-revolution  the  number  of  alternations 
is  twice  the  number  of  revolutions.  This  alternating 
current  may  be  converted  into  a  direct  current  by  con- 
necting the  two  ends  of  the  coil  to  two  semi-cylindrical 
metallic  segments  called  a  commutator  fastened  to  the 
axis  but  insulated  from  it,  upon  which  the  springs 
press.  The  current  in  the  external  circuit  is  thus  re- 
versed every  half-revolution  and  is  thereby  made  uniform 
in  direction. 

706.  Faraday's  Disk.— In  1831,  Faraday  devised  the 
first  arrangement  for  producing  continuous  currents  by 
means  of  electromagnetic  induction.  He  rotated  a 
copper  disk  in  a  magnetic  field,  the  axis  BO  oi  the  disk 


Digitized  by  VjOOQ IC 


BNERQ7  OF  ^THERFLOW.—BLBCTROKINBTICS,  821 

being  parallel  with  the  lines  of  force  H  of  the  field  (Fig. 
356).  Bj  means  of  two  con- 
tact springs  A  and  B  touching 
respectively  the  axis  and  the 
circumference  of  the  disk  the 
induced  currents  were  carried 
to  the  external  circuit.  If  we 
suppose  the  field  uniform  and 
of  strength  H^  the  angular 
velocity  of  the  disk  to  be  a?,  '^ 

the  area  of  the  sector  de- 
scribed in  unit  of  time  will  be  ^a'o?,  in  which  a  is  the 
radius  of  the  disk ;  and  the  flow  of  force  per  second 
id'ooH;  which  is  the  potential  difference  developed. 
Hence  the  current-strength  will  be  a*coH/2R,  where  H 
is  the  total  resistance  of  the  circuit  If  T  be  the  time 
of  rotation  and  S  the  entire  surface  of  the  disk,  S  =  na* 
and  Ta)  =  27r.  Whence  1=  Sff/TH.  Suppose  the 
area  of  the  disk  to  be  a  square  meter  and  that  it  rotates 
ten  times  a  second  about  a  horizontal  axis  parallel  to 
the  magnetic  meridian.  Assuming  the  value  of  H,  the 
earth's  horizontal  component,  to  be  0*2  we  have  for  the 
potential  difference  developed  10* .  10 . 0-2  or  2 .  10*  C.  G.  S. 
electromagnetic  uoits  or  2.10"*  volts  ;  so  that  if  the  re- 
sistance of  the  circuit  be  as  low  as  10'*  ohms,  a  current 
of  two  amperes  will  flow  through  it. 

Barlow  in  1823  had  supported  a  copper  disk  capable 
of  rotation  about  a  horizontal  axis,  so  that  its  lower 
edge  just  dipped  into  mercury  contained  in  a  hollow 
space  in  a  board,  between  the  poles  of  a  U-shaped  steel 
magnet,  lying  flat  on  the  board.  He  found  that  rotation 
of  the  disk  took  place  whenever  a  current  was  sent  radi- 
ally through  the  disk  from  the  axis  to  the  mercury.  If 
we  may  suppose  the  field  to  be  uniform,  and  to  have  a 
value  H  perpendicular  to  the  plane  of  the  disk,  of  sur- 
face S,  then  HS  will  be  the  flow  of  force  through  the  disk 
during  one  rotation  ;  and  this  therefore  represents  the 
fall  of  potential.  Since  the  work  done  is  ^/,  the  ex- 
pression  H/S  represents  the  entire  work  done  in  one 
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revolutioii  of  the  disk  under  the  action  of  the  current 
And  if  the  speed  is  n  rotations  per  second,  the  rate  of 
work  or  work  per  second  is  n  times  this  quantity  or 
nHIS.  Evidently  the  wheel  of  Barlow  and  the  disk  of 
Faraday  are  complements  of  each  other.  The  former 
receives  electrical  energy  and  converts  it  into  mechanical 
energy ;  thus  acting  as  a  motor.  The  latter  receives  me- 
chanical energy  and  transforms  it  into  electrical  energy; 
thus  acting  as  an  electrical  generator.  Connecting  a 
Faraday  disk  then  with  a  Barlow  wheel,  the  mechanical 
power  applied  to  the  generator  could  be  transmitted 
electrically  to  the  motor  and  there  recovered  more  or 
less  perfectly. 

707.  Induction  in  Irreg:ular  Masses.  —  Whenever 
variations  take  place  in  the  strength  of  any  magnetic 
field  electrical  currents  are  induced  in.  all  metallic 
masses  within  that  field.  These  currents  are  commonly 
called  Foucault  currents,  from  their  discoverer.  Foucault 
was  the  first  to  observe  that  great  mechanical  resistance 
is  experienced  when  an  attempt  is  made  to  rotate  a  disk 
of  copper  in  a  powerful  magnetic  field.  And  he  showed 
that,  if  the  rotation  is  maintained  the  disk  becomes 
heated.  This  is  evidently  only  a  simple  consequence  of 
Lenz's  law.  The  currents  induced  by  moving  the  con- 
ductor in  the  field  are  in  such  a  direction  as  to  oppose 
the  motion.  So  that  if  energy  be  expended  sufficient  to 
maintain  the  motion,  this  energy  appears  as  the  elec- 
trical energy  of  induction  currents  ;  which  currents  cir- 
culating in  the  metal  are  converted  into  heat  within  it 
in  consequence  of  its  resistance. 

Experiments. — 1.  By  means  of  multiplying  gear,  rotate  a  copper 
disk  so  that  one  edge  passes  between  the  poles  of  a  powerful  electro- 
magnet. Notice  that  while  the  rotation  is  easy  when  the  magnet  la 
not  charged,  it  becomes  difficult  when  the  current  passes  through  it. 
Notice  also  that  the  work  required  increases  with  the  speed  of  rota- 
tion.   (Foucault.) 

2.  Suspend  a  copper  cube  between  the  poles  of  the  magnet 
by  a  twisted  string,  and  allow  the  cube  to  rotate.  When  it  has 
attained    a    high  speed,   close  the  current   through  the  magnet. 
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Notice  that  it  will  be  brought  at  once  to  almost  entire  rest     (Fara- 
day.) 

8.  Repeat  Experiment  1  with  a  disk  similar  in  all  respects,  except 
that  radial  slits  have  been  cat  in  it  at  frequent  intervals.  Notice 
the  much  less  effect  when  the  magnet  is  charged,  the  circulation  of 
the  Foucault  currents  in  the  disk  being  partially  prevented  by  the 
interruption  of  continuity. 

7 OS.  Damping  Effect  of  Induction. — ^In  1824,  Gam- 
bey  noticed  that  an  oscillating  magnetic  needle  comes 
to  rest  much  sooner  when  a  plate  of  copper  is  placed 
beneath  it.  Arago,  in  1825,  rotated  a  copper  disk  be- 
neath a  suspended  magnetic  needle,  and  observed  that 
the  needle  is  deflected  always  in  the  direction  of  rota- 
tion. Moreover,  Babbage  and  Herschel  found  that  the 
effect  is  proportional  to  the  conductivity  of  the  disk ; 
being  a  maximum  for  silver  and  a  minimum  for  bis- 
muth. With  glass  no  effect  was  observed.  These 
phenomena  were  all  explained  by  Faraday  after  his 
discovery  of  induction.  The  relative  motion  of  magnet 
and  metal  induces  currents  in  the  metal  tending  to 
oppose  the  motion ;  and  thus  damps  the  oscillations  of 
the  needle  or  develops  a  mutual  action  between  the  two 
tending  to  move  the  needle  in  the  opposite  direction  to 
that  which  would  produce  the  currents.  Thus  in  the 
figure  (Fig.  357),  suppose  the  needle 
ah  to  oscillate  over  the  metal  disk. 
As  it  moves  in  the  direction  of  the 
arrows  a  current  is  induced  on  the  i 
M  side  tending  to  repel  the  needle,  \ 
and  on  the  N  side  tending  to  attract 
it ;  both  of  which  currents  oppose  its 
motion  and  so  damp  its  oscillations. 
Again,  suppose  the  magnet  fixed,  and  ^«-  "^• 

the  disk  to  rotate  from  N  toward  M.  Currents  will 
be  induced  in  that  part  of  the  disk  which  is  approach- 
ing a  in  such  direction  as  to  repel  the  magnet ;  and  in 
that  part  which  is  receding  from  a  in  such  direction  as 
to  attract  it;  thus  opposing  the  motion  in  both  cases. 
Lastly,  let  the  needle  be  at  rest  and  the  disk  be  moving 
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from  -^  to  -3f,  as  before.  The  currents  induced  in  the 
approaching  portion  of  the  disk  repel  the  needle,  those 
in  the  receding  portion  attract  it ;  hence  the  needle  will 
tend  to  rotate  with  the  disk.  The  damping  effect  of 
metallic  masses  by  the  induction  currents  developed  in 
them  is  made  frequent  use  of  in  practice  to  diminish 
the  time  required  by  an  oscillating  magnet  to  come  to 
rest.  The  damping  may  be  effected  by  the  inductive 
action  of  a  metal  plate  as  in  the  Melloni  galvanometer, 
or  of  a  metal  block  as  in  the  Wiedemann  instrument ; 
or  by  the  currents  induced  by  the  needle  in  the  coils  of 
the  galvanometer  itself.  Or  it  may  be  effected  mechani- 
cally by  means  of  a  vane,  whose  motion  is  opposed  by 
the  resistance  of  the  air.  A  galvanometer  whose  indi- 
cations are  given  without  oscillation  is  called  dead  beat 
or  aperiodic  (676). 

709.  Induction  Screens. — In  1840,  Henry  showed 
that  a  plate  of  metal,  when  placed  between  two  coils, 
acts  like  a  screen,  modifying  more  or  less  completely  the 
inductive  action  of  the  one  upon  the  other.  Its  effect  is 
that  of  an  equalizer,  favoring  the  production  of  the  cur- 
rent induced  on  closing  the  generator  circuit  and  oppos- 
ing that  induced  on  opening  it ;  so  that  the  extra-current 
produced  on  breaking  the  inducing  circuit  is  much  re- 
duced. Inasmuch  as  the  effect  is  greater  as  the  metal 
is  a  better  conductor,  it  is  evident  that  the  effect  is  due 
to  the  production  of  induced  currents  in  the  metal  plate 
itself.  This  device  in  the  form  of  a  tube  placed  between 
the  helices  is  used  in  some  forms  of  induction  apparatus 
to  vary  the  induction  by  sliding  it  in  and  out. 

710.  Induced  Currents  of  Different  Orders. — In 
1838,  Henry  discovered  the  successive  induction  of  cur- 
rents. By  placing  a  flat  coil  of  copper  ribbon,  serving 
as  a  secondary,  upon  a  similar  coil  transmitting  an  in- 
terrupted current  and  acting  as  a  primary,  he  obtained 
the  ordinary  secondary  induction  current  But  now  if 
this  current  be  sent  through  a  third  such  coil  upon 
which  a  fourth  coil  rests,  a  tertiary  current  is  induced 
in   this  latter   coil ;  and  so   on,  the  strength   of  these 
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induced  currents  gradually  decreasing.  These  currents 
lie  distinguished  as  induced  currents  of  the  first,  second, 
third,  etc.,  orders ;  and  he  succeeded  in  producing 
these  currents  up  to  the  ninth  order.  He  observed  that 
the  successive  currents  alternate  in  direction,  and  he 
pointed  out  and  utilized  the  distinction  between  long 
and  short  coil  effects ;  or  as  he  called  them,  between 
intensity  and  quantity  induced  currents.  If  the  coil 
placed  on  the  primary  be  made  of  fine  wire  and  of 
many  turns,  the  potential-difference  at  its  ends  is  high  ; 
the  current  is  an  intensity  current.  While  if  the  sec- 
ondary coil  be  of  coarse  wire  or  ribbon  of  only  a  few 
turns,  the  induced  current  has  a  feeble  potential-differ- 
ence. Moreover,  in  the  first  case,  the  resistance  of  the 
secondary  being  high,  the  induced  current  through  it 
will  be  feeble  ;  while  in  the  second  case,  the  resistance 
being  low,  a  stronger  induced  current  will  flow.  Henry 
pointed  out  clearly  the  fact  that  either  an  intensity  cur- 
rent or  a  quantity  one  can  be  induced  from  a  quantity 
current  at  will,  according  to  the  character  of  the  second- 
ary coil ;  and  an  intensity  primary  can  also  induce  a 
quantity  or  an  intensity  secondary. 

711.  Induction  Balance. — In  1879,  Hughes  described 
a  form  of  apparatus  which  he  called  an  induction  balance, 
designed  for  comparing  differentially  or  by  a  zero 
method  the  effects  of  induction.  The  principle  of  its 
action,  which  had  been  already  embodied  in  Dove's  in- 
strument, is  simple:  Suppose  two  equal  primary  coils  to 
be  connected  with  two  equal  secondaries,  the  two  sec- 
ondaries having  a  galvanometer  in  circuit,  and  so  con- 
nected with  it  that  their  currents  shall  flow  in  opposite 
directions  through  it  and  thus  antagonize  each  other. 
Evidently  if  an  interinipted  current  is  transmitted 
through  the  primaries  connected  in  series,  the  induced 
secondary  currents  will  have  no  effect  on  the  needle. 
But  if  a  bit  of  iron  be  placed  in  the  core  of  one  of  the 
primaries,  the  stronger  induction  on  this  side  will  deflect 
the  needle.  In  Hughes's  induction  balance,  an  auxiliary 
apparatus  is  introduced,  called  a  sonometer  or  audiome- 
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ter,  which  consists  simply  of  three  coils  all  alike,  one  of 
them  sliding  on  a  horizontal  graduated  bar,  and  acting 
as  a  secondary.  The  other  two  coils  act  as  primaries, 
being  placed  at  opposite  ends  of  the  bar  and  reversed  in 
position.  By  a  switch  these  primary  coils  are  placed  in 
circuit  with  the  interrupter  and  with  the  battery,  while 
the  secondary  is  put  in  circuit  with  a  telephone,  and  is 
moved  along  the  bar  until  no  sound  is  heard  ;  this  point 
being  in  theory  at  the  middle  of  the  bar  if  the  primary 
coils  are  equal.  In  fact,  however,  the  construction  is  such 
that  the  zero-point  is  near  one  end  of  the  bar.  After  the 
equilibrium  has  been  disturbed  in  the  induction  balance 
proper,  the  auxiliary  circuit  is  switched  in  and  the  sec- 
ondary coil  adjusted  until  the  sound  in  the  telephone  is 
the  same  whichever  of  the  circuits  is  in  communication 
with  the  telephone.  When  this  result  is  attained,  the 
position  of  the  secondary  coil  will  measure  roughly  the 
effect.  Since  the  ear  cannot  appreciate  very  sharply  the 
equality  in  these  sounds  thus  alternately  heard,  especi- 
ally when  they  are  very  feeble,  Hughes  subsequently 
replaced  the  sonometer  by  an  equilibrating  device,  con- 
sisting of  a  wedge-shaped  strip  of  zinc,  placed  between 
the  primary  and  secondary  coils  and  on  the  opposite 
side  to  those  containing  the  disturbing  metal.  By  grad- 
ually moving  the  strip,  the  balance  is  restored  and  the 
sound  ceases  in  the  telephone.  This  instrument  is  of 
extraordinary  sensitiveness.  A  fine  iron  wire  or  even  a 
milligram  of  copper  causes  a  loud  sound,  and  two  coins 
fresh  from  the  mint  show  a  distinct  difference.  Rubbing 
or  breathing  on  them,  after  they  have  been  balanced, 
disturbs  again  the  equilibrium.  Of  course  counterfeit 
coins  are  readily  detected  by  this  balance.  As  modified 
by  Graham  Bell,  the  induction  balance  has  been  applied 
to  the  location  of  bullets  in  the  human  body. 

712.  The  Telephone. — The  electric  telephone  is  an 
instrument  for  reproducing  sounds  at  a  distance  by  elec- 
trical means.  The  apparatus  required  is  (1)  a  device  for 
converting  the  sound-energy  into  its  equivalent  electrical 
current-energy,  and  (2)  another  device  for  reconverting 


Digitized  by  LjOOQ IC 


BNEROT  OF  ^THEH-FLOW,— ELECTROKINETICS,  827 

this  current- energy  into  sound-energy.  The  former  is 
called  the  tranBrnitter,  the  latter  the  receiver.  Page  in 
1837  had  observed  that  sounds  were  produced  on  mag- 
netizing and  demagnetizing  iron  by  a  current,  Henry 
having  already  shown  that  a  bar  was  elongated  when 
magnetized;  and  Wertheim  proved  that  the  alternate 
elongations  and  contractions  produced  on  magnetizing 
and  demagnetizing  an  iron  rod  threw  the  rod  into 
longitudinal  vibration,  producing  the  corresponding 
musical  note.  In  1861  Eeis  made  use  of  a  short  iron 
rod  surrounded  by  a  wire  coil  of  nearly  the  same  length, 
mounted  on  a  resonance-box  as  a  receiver.  As  a  trans- 
mitter he  used  a  diaphragm  of  animal  membrane 
stretched  over  the  top  of  a  cubical  wooden  chamber, 
having  at  its  center  a  platinum  disk  in  communication 
with  one  of  its  terminals.  Upon  this  a  platinum  point, 
attached  to  a  strip  of  metal  bent  at  right  angles,  rested 
at  the  angular  point ;  the  strip  being  loosely  connected 
through  a  mercury  contact  with  the  other  terminal.  If 
a  musical  note  be  sent  into  the  box  through  an  opening 
in  its  side,  the  vibration  of  the  diaphragm  will  interrupt 
the  contact,  and  will  break  the  current  into  intermittances 
corresponding  to  the  vibration-frequency  of  the  note. 
On  reaching  the  receiver,  this  note  will  be  reproduced, 
and  in  this  way  a  melody  may  be  transmitted  to  a 
distance. 

In  1873-74  Gray  improved  greatly  the  transmission 
of  musical  sounds,  in  connection  with  his  harmonic  tele- 
graph ;  using  a  series  of  electromagnetically-vibrated 
steel  reeds  as  transmitters,  and  as  a  receiver  an  electro- 
magnet with  an  armature  firmly  fixed  to  one  of  its  poles 
and  extending  over  the  other,  but  separated  from  it  by 
from  half  to  a  third  of  a  millimeter ;  the  whole  being 
mounted  on  a  resonance-box.  Electromagnetically- 
vibrated  reeds  were  thus  used  both  as  transmitters  and 
receivers.  With  this  apparatus  he  discovered  that  com- 
posite tones  could  be  transmitted  on  closed  circuits ;  in 
otherwords,  that  the  complex  wave-form  of  harmony  could 
be   electrically  reproduced.      From   this    exj^erimental 
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result  it  was  but  a  step  to  conceive  of  the  electrical 
reproduction  of  quality  in  sound  in  general;  and  this 
even  to  the  electrical  reproduction  of  speech.  Hence  in 
February,  1876,  he  filed  his  celebrated  caveat  for  an 
apparatus  capable  of  transmitting  and  receiving  speech. 
The  transmitter  of  this  apparatus  consists  of  a  membrane 
or  diaphragm,  to  the  center  of  which  a  platinum  wire  is 
attached  which  enters  a  vessel  of  water,  and  the  lower 
end  of  which  approaches  closely  a  second  similar  wire 
which  comes  up  through  the  bottom.  The  receiver  is 
made  of  an  electromagnet,  having  its  armature  attached 
to  a  membrane  forming  the  base  of  a  cone-shaped  cham- 
ber. The  current  sent  through  the  lower  wire  of  the 
transmitter  passes  through  the  small  interval  of  water 
to  the  upper  wire,  and  thence  to  the  line  and  so  to  the 
receiver;  going  to  ground  after  traversing  the  electro- 
magnet. This  current  puts  the  membrane  of  the  receiver 
under  stress ;  so  that  on  causing  the  membrane  of  the 
transmitter  to  vibrate,  the  water-space  varies  with  the 
vibration,  and  so  introduces  a  varying  resistance  into 
the  circuit,  causing  an  exactly  corresponding  variation  of 
the  current,  and  therefore  of  the  receiving  diaphragm. 
Words  spoken  into  the  transmitter  cause  diaphragm- 
vibrations  in  this  transmitter,  which  translates  these 
vibrations  faithfully  into  electrical  composite  waves ;  and 
these  in  their  turn  are  retranslated  into  sound-waves  by 
the  receiver ;  solving  the  electrical  transmission  of  speech 
in  virtue  of  the  production  of  the  proper  electrical  wave- 
form by  varying  the  resistance  of  the  circuit  During 
these  investigations  Gray  discovered  the  great  advantage 
of  using  an  induction  coil  in  connection  with  his  tele- 
phone ;  placing  the  transmitter  and  battery  in  the  primary 
circuit  and  connecting  the  secondary  circuit  to  the  line, 
at  the  end  of  which  was  the  receiver  provided  with  a 
high  resistance  electromagnet.  The  telephonic  circuit 
was  completed  through  the  earth  as  usual. 

At  about  the  same  time,  Graham  Bell  was  occupied 
with  the  question  of  harmonic  electrical  transmission. 
He  devoted  his  attention  especially  to  the  production  of 
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nndulatory  currents  by  variatioDS  of  the  electromotive 
force  in  the  circuit ;  and  this  most  readily  by  induction. 
He  observed  that  if  two  electromagnets  provided  with 
vibrating  iron  armatures  be  placed  in  the  same  circuit 
with  each  other  and  with  a  battery,  these  armatures  are 
magnetized  by  the  current ;  so  that  if  one  of  them  is 
mechanically  vibrated,  it  induces  an  undulatory  current 
in  the  circuit  which  causes  the  second  armature  to 
vibrate.  Hence  it  appeared  that  the  electromagnetic 
device  which  had  been  used  by  Gray  as  a  receiver  was 
capable  of  use  as  a  transmitter.  On  the  same  day  that 
Gray  filed  his  caveat,  Graham  Bell  made  application  for 
a  patent,  which  was  issued  in  March,  1876,  and  in  which 
is  the  remarkable  claim  so  long  hotly  contested  in 
the  courts,  and  finally  sustained  by  the  Supreme  Court 
of  the  United  States :  "  The  method  of,  and  apparatus 
for,  transmitting  vocal  or  other  sounds  telegraphically 
as  herein  described  by  causing  electrical  undulations 
similar  in  form  to  the  vibrations  of 
the  air  accompanying  the  said  vocal 
or  other  sounds."  In  its  earliest 
form  the  Bell  telephone  was  a  practi- 
cal facsimile  of  the  Gray  receiver ; 
and  in  this  form  Bell  exhibited  it 
at  the  Centennial  Exhibition.  As 
first  put  into  use  commercially  it  con- 
sisted of  a  steel  (J -magnet  attached 
to  the  poles  of  which  were  iron  cores 
carrying  spools  of  fine  wire.  Sub- 
sequently the  magnet  was  made  a 
straight  bar  and  the  Bell  telephone 
took  its  present  form,  shown  in  Figure 
358.  On  the  pole  of  a  compound  bar 
magnet  is  a  coil  of  wire.  In  front 
of  this  is  a  thin  iron  plate  or  disk 
acting  as  a  diaphragm.  When  this  is 
caused  to  vibrate  by  the  impact  of  sound-waves,  it 
induces  currents  in  the  coil.  These,  transmitted  to  the 
remote   end,  enter   the   receiver,   which   is  a  precisely 
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similar  instrument,  and  reproduce  vibrations  of  its 
diaphragm  alike  in  character,  though  of  course  dimin- 
ished in  amplitude,  to  those  of  the  transmitter;  thus 
reproducing  the  air- waves  and  so  the  sound.  These  in- 
duced currents  are  extremely  feeble,  not  exceeding 
those  produced  by  one  Daniell  cell  in  a  copper  wire 
4  mm.  in  diameter  and  long  enough  to  go  290  times 
round  the  earth.  To  produce  one  cubic  centimeter  of 
mixed  gases  this  current  would  have  to  pass  through  a 
voltameter  for  19  years.  Pellat  states  that  the  energy 
of  one  water-gram-degree  would  maintain  a  continuous 
sound  in  the  telephone  for  10,000  years. 

Evidently  since  the  energy  of  the  current  in  this 
circuit  is  due  to  the  energy  of  the  sound-waves,  it  must 
be  inferior  to  that  in  a  circuit  through  which  a  battery 
current  is  flowing  and  which  is  only  modified  by  the 
sound-waves.  Hence  a  speedy  return  to  the  principle 
first  recognized  by  Gray,  i.e.,  of  using  a  variable  resist- 
ance telephone  as  transmitter  and  the  Bell  telephone 
only  as  receiver.  In  1873,  Edison  had  observed  the 
peculiar  property  possessed  by  semi-conductors  of 
varying  their  resistance  with  pressure;  and  early  in 
1877  he  applied  this  property  to  the  construction  of  a 
variable  resistance  transmitter.  The  material  which  he 
found  best  for  this  purpose  was  a  lampblack  taken  from 
the  chimney  of  a  smoking  petroleum  lamp  and  com- 
pressed into  a  disk.  This  disk  placed  between  two 
platinum  surfaces,  upon  one  of  which  the  diaphragm 
rests  while  the  other  is  adjustable,  constitutes  the 
carbon  transmitter  of  Edison.  The  variations  of  press- 
ure caused  by  the  vibrating  diaphragm,  as  Mendenhall 
has  shown,  vary  the  resistance  of  the  carbon  disk  and 
so  vary  the  current  sent  through  it.  Placing  this  trans- 
mitter in  the  primary  circuit  of  a  small  induction  coil, 
the  secondary  being  in  the  line,  the  loudness  and  dis- 
tinctness of  the  articulation  leave  nothing  to  be  desired. 
This  variation  in  the  resistance  of  the  soft  carbon  disk 
by  pressure,  Edison  has  also  utilized  in  the  construction 
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of  his  tasimeter,  an  instrument  for  detecting  minnte 
heat-changes. 

In  1878,  Hughes  described  certain  phenomena  due  to 
loose  or  imperfect  contact  of  conductors.  If  a  piece  of 
carbon  be  laid  loosely  across  two  others  and  a  current 
be  sent  through  the  points  of  contact,  a  telephone  being 
in  the  circuit,  a  loud  noise  is  heard  in  the  telephone 
whenever  the  carbon  is  jarred,  even  by  sounds.  Evi- 
dently the  vibration  of  the  carbon  varies  the  extent  of 
the  surfaces  of  contact  and  so  varies  the  resistance  of 
the  circuii  The  microphone  of  Hughes  consists  of  a 
thin  board  placed  vertically,  to  which  are  fastened  two 
pieces  of  electric-light-carbon,  one  above  the  other, 
having  depressions  near  their  outer  ends,  into  which 
the  pointed  ends  of  a  third  carbon  rest  loosely. 
When  a  current  passes  through  these  loose  contacts  its 
strength  varies  as  the  surface  of  contact  varies.  So  that 
if  a  receiving  telephone  be  placed  in  the  circuit  and  a 
watch  be  placed  on  the  stand  supporting  the  micro- 
phone, the  ticking  of  the  watch  may  be  heard  at  many 
miles'  distance.  Since  a  part  at  least  of  the  effect 
observed  in  the  Edison  carbon  transmitter  is  due  to 
surface  contact,  it  is  clear  that  the  microphone  embodies 
the  principles  first  applied  by  Edison.  The  trans- 
mitting telephone  now  in  general  use  is  a  modified 
microphone  contrived  by  Blake.  A  platinum  point 
abuts  against  a  carbon  disk,  both  being  carried  by 
springs  through  which  the  current  flows  to  and  from 
the  contacts.  Against  the  diaphragm  this  combination 
rests;  and  it  is  therefore  jarred  when  the  diaphragm 
vibrates ;  thus  varying  the  resistance  and  the  current- 
strength  on  the  line  in  the  same  ratio.  The  long-distance 
transmitter  of  Edison  is  analogous  except  that  the  con- 
tact is  multiple,  being  effected  by  coarsely  pulverized 
and  highly  baked  anthracite  placed  between  the  dia- 
phragms. 

The  electrostatic  telephone  of  Dolbear  depends  upon 
the  alternate  attraction  and  repulsion  of  two  charged 
diaphragms  acting  as  the  armatures  of  an  air  condenser. 
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(c)  Mutual  Induction  Apparatus. 

713.  Induction  Coils. — An  induction  coii  in  the  broad 
sense  consists  of  a  primary  and  secondary  helix  in  con- 
nection, having  a  common  core  of  iron  (Fig.  359).     Ordi- 


Pio.  859. 

narily  the  primary  helix  is  placed  within  the  secondary 
and  consists  of  a  coarser  and  shorter  wire ;  so  that  the 
mutual  induction  between  the  coils  results  in  the  pro- 
duction of  a  higher  potential-difference  at  the  terminals 
of  the  secondary.  The  construction  of  such  coils  for 
the  purpose  of  obtaining  a  higher  electromotive  force, 
which  followed  very  closely  the  experiments  of  Faraday 
and  Henry,  seems  to  have  been  effected  in  1837-8  nearly 
simultaneously  by  Sturgeon,  by  Page,  and  by  Callan. 
In  Page's  coils  of  1842  sparks  of  ten  or  twelve  millime- 
ters were  obtained  from  the  secondary  helix.  And  in 
1851,  by  paying  especial  attention  to  insulation,  Kuhm- 
korff  constructed  induction  coils  giving  sparks  equally 
long.  In  1853,  Fizeau  proposed  the  use  of  a  condenser 
in  the  primary  circuit ;  and  this  addition  increased  the 
length  of  the  spark  to  fifteen  or  twenty  millimeters.  In 
1855,  Poggendorff  suggested  winding  the  secondary  coil 
in  transverse  sections ;  and  in  1857,  Eitchie,  by  increas- 
ing the  number  of  these  sections,  produced  coils  giving 
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sparks  thirty  centimeters  long.  The  final  result  in  this 
direction  has  been  attained  by  Apps,  who  in  1877  made 
for  Spottiswoode  an  induction  coil  giving  sparks  more 
than  a  meter  in  length.  The  primary  wire  of  this  coil  is 
2*4  mm.  in  diameter  and  603*5  meters  long.  It  is  wound 
in  six  layers,  and  has  a  resistance  of  2*3  ohms.  The  sec- 
ondary wire  has  a  minimum  diameter  of  0*24  mm.  and  a 
length  of  about  450  kilometers,  wound  in  four  sections, 
and  having  a  resistance  of  110  200  ohms.  The  sections 
are  separated  by  plates  of  ebonite,  and  the  wire  in  the 
external  sections  is  somewhat  thicker  than  in  the  central 
ones.  The  core  consists  of  a  bundle  of  iron  wires  110 
cm.  long  an^  8*9  cm.  in  diameter,  the  mass  being  30 
kilograms.  A  supplementary  primary  and  core  is  pro- 
vided,  having  its  wire  wound  in  a  double  strand  and  its 
core  of  nearly  one  half  greater  mass.  The  mass  of  the 
entire  coil  is  about  700  kilograms. 

Since  the  potential-difference  induced  at  the  termi- 
nals of  the  secondary  coil  is  a  direct  function  of  the 
coefficient  of  mutual  induction  between  this  coil  and 
the  primary  and  also  of  the  rate  of  variation  of  the  cur- 
rent in  the  primary,  and  since  this  coefficient  for  unit 
cun-ent  is  proportional  to  the  product  of  the  number  of 
turns  in  the  two  coils,  it  is  clear  that  this  potential- 
difference  will  be  increased  by  increasing  the  number  of 
turns  in  both  primary  and  secondary  circuits,  by  increas- 
ing the  current  in  the  primary  and  decreasing  the  time 
of  its  fall  to  zero.  But  an  increase  of  length  in  the  pri- 
mary is  inconsistent  with  an  increase  of  current  therein. 
And  hence  some  constructors  increase  the  length,  others 
increase  the  size,  of  the  primary  wire ;  the  former  in- 
creasing the  induction  by  the  number  of  turns,  the  latter 
by  the  increased  current.  Hence  the  two  primaries  pro- 
vided with  the  Apps  coil  above  mentioned ;  the  one  of 
lower  resistance,  having  a  much  increased  iron  core, 
giving  a  shorter  secondary  spark,  but  of  increased 
quantity. 

The  function  of  the  condenser  in  the  primary  circuit 
is  simply  to  provide  for  the  current  of  self-induction 
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developed  in  that  circuii  The  current  induced  in  the 
secondary  on  opening  the  primary  circuit  is  in  the  same 
direction  as  that  flowing  in  the  primary ;  as  is  also  the 
self-induced  current  in  the  primary  itself.  When  the 
primary  is  broken  the  self-induced  current  continues  to 
flow  across  the  interval  in  the  form  of  a  spark,  thus  pro- 
lougiug  the  time  of  fall  to  zero  of  the  primary  current, 
diminishing  the  rate  of  variation  of  this  current,  and  so 
the  potential-difference  in  the  secondary.  By  putting  a 
condenser  as  a  shunt  to  the  primary  wire,  this  current 
of  self-induction  passes  into  and  charges  the  condenser ; 
thus  destroying  the  spark  at  the  break-piece,  and  ren- 
dering the  fall  to  zero  of  the  current  in  the  primary  more 
abrupt;  the  condenser  discharging  itself  immediately 
thereafter  through  the  primary,  producing  an  inverse 
current  by  which  the  demagnetization  of  the  core  is 
made  more  rapid.  The  greater  effect  produced  by  using 
a  bundle  of  iron  wires  for  the  magnetic  core  instead  of 
an  iron  cylinder  is  due  to  the  fact  that  by  this  sub- 
division not  only  is  a  stronger  magnetization  produced, 
but  the  induction  of  Foucault  currents  which  would  re- 
tard the  current-variation  in  the  primary  is  prevented. 
Inasmuch  as  secondary  currents  are  induced  only 
during  the  variable  state  of  the  current  in  the  primary, 
some  device  is  attached  to  an  induction  coil  for  vary- 
ing the  current  between  zero  and  its  maximum ;  i.e., 
for  interrupting  the  current;  and  this  as  abruptly  as 
possible.  The  earlier  forms  of  interrupter  were 
mechanical  and  consisted  in  drawing  the  conducting 
wire  along  a  rasp  in  circuit,  or  in  rotating  a  toothed 
wheel  so  as  to  break  contact  as  it  turned.  Subse- 
quently, automatic  interrupters  were  devised.  That  of 
Page  consists  of  an  electromagnet  having  its  armature 
fixed  upon  the  end  of  a  spring  on  the  back  of  which  is 
a  contact  When  the  current  passes  through  this  con- 
tact and  through  the  electromagnet,  the  armature  is 
drawn  toward  the  magnet  and  so  interrupts  the  current 
by  opening  the  circuit  at  the  point  of  contact.  The 
elasticity  of  the  spring  restores  this  contact  and   the 
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armature  continues  to  vibrate.  In  some  of  Page's  coils 
tiie  core  of  the  coil  itself  acted  as  tke  electromagnet 
Foucault's  interrupter  (Fig.  359)  consists  of  an  arm  sup- 
ported on  a  vertical  spring,  carrying  an  armature  at  one 
end  and  a  vertical  platinum  contact-point  at  the  other. 
The  armature  is  supported  above  one  end  of  the  iron 
core  and  the  point  dips  in  mercury  in  a  glass  cup.  The 
current  flows  through  the  primary  coil,  the  arm,  and  the 
mercury;  the  armature  is  attracted  to  the  magnetized 
core  and  its  point  is  thereby  raised  out  of  the  mercury, 
interrupting  the  circuit  As  the  contact  is  re-estab- 
lished when  the  arm  vibrates  back  again,  the  attraction 
is  repeated;  thus  making  the  oscillation  continuous. 
In  some  cases  the  arm  carries  a  second  contact-point, 
dipping  into  mercu^r  contained  in  a  second  glass  cup ; 
and  through  the  circuit  thus  formed  and  the  primary 
wire  of  the  coil,  the  primary  current  flows;  being  in- 
terrupted continually  by  the  vibrations  of  the  arm.  By 
placing  alcohol  above  the  mercury  the  break  is  sharper 
and  the  secondary  spark  is  longer. 

In  1879,  Spottiswoode  substituted  the  alternating 
current  of  a  De  Meritens  dynamo  for  the  intermitted 
direct  current  previously  used ;  the  reversals  of  the  cur- 
rent being  at  the  rate  of  20000  per  minute.  Since  the 
rate  of  variation  of  the  alternating  current  is  less  than 
that  produced  with  sudden  inteiTuptions  of  a  direct  cur- 
rent, the  electromotive  force  developed  is  less  and  the 
spark  shorter ;  a  17-centimeter  spark  only  being  obtained 
from  a  50-centimeter  coil.  But  owing  to  the  strength 
of  the  primary  current,  the  volume  of  the  secondary  is 
much  increased ;  the  spark  being  of  the  thickness  of  a 
lead-pencil. 

714.  Phenomena  of  the  Induction  Spark. — The 
phenomena  of  disruptive  discharge  can  be  studied  much 
more  satisfactorily  with  the  spark  of  the  induction  coil 
than  with  that  of  the  electrostatic  machine.  When  the 
pointed  terminals  of  the  secondary  of  a  large  coil  are 
separated  by  two  or  three  centimeters,  the  spark  is 
observed  to  consist  of  two  distinct  portions  :  one  a  fine 
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line  of  light  more  or  less  purple  in  color,  constituting 
the  spark  proper;  and  the  other  a  sort  of  flame  or 
aureole  of  a  yellowish  color,  surrounding  the  first  By 
blowing  upon  the  spark  through  a  glass  tube  this  por- 
tion of  the  spark,  the  flame  portion,  is  readily  blown  to 
one  side ;  and  by  having  a  pair  of  points  on  this  side, 
the  blast  may  be  so  regulated  that  the  flame  is  directed 
to  one  of  them  and  the  spark  proper  to  the  otl^er. 
It  is  this  portion  of  the  spark  which  is  affected  in  the 
magnetic  field.  As  the  distance  between  the  points  is 
increased  the  aureole  disappears  and  the  spark  proper 
becomes  more  or  less  irregular  in  direction ;  due  of 
course  to  its  following  the  line  of  least  resistance.  By 
placing  a  glass  condenser,  or  better  a  number  of  such 
condensers  arranged  in  series,  as  a  shunt  in  the  circuit, 
the  spark  becomes  shorter  but  also  thicker  and  brighter  ; 
the  quantity  of  the  discharge  being  increased.  If  a  jar- 
condenser  be  placed  in  series  in  the  secondary  circuit, 
its  outer  coating  connected  with  one  terminal  of  the 
secondary  coil  and  its  inner  coating  with  one  of  the  dis- 
charging points,  the  other  discharging  point  being  con- 
nected as  usual  to  the  other  terminal  of  the  secondary 
and  the  points  not  too  widely  separated,  the  jar  may  be 
charged  by  the  coil  precisely  as  with  an  electrostatic 
machine.  This  result  proves  that  since  the  induction 
currents  on  opening  and  closing  are  opposite  in  direction, 
they  must  be  unequal.  This  is  always  the  case  when 
the  secondary  circuit  is  open,  the  direct  current  pro- 
duced on  opening  being  always  stronger  than  the  inverse 
current  developed  on  closing  the  primary  circuit. 
Indeed  with  a  sufficient  break  at  the  points,  the  latter  cur- 
rent has  not  sufficient  electromotive  force  to  pass  at  all. 
The  length  of  the  spark  depends  upon  the  electro- 
motive force  of  the  induced  secondary  current  Accord- 
ing to  Lord  Kelvin's  measurements,  the  potential-differ- 
ence required  to  produce  a  spark  in  air,  between 
parallel  plates,  and  of  a  given  length,  diminishes  rapidly 
as  the  distance  increases,  api)roaching  a  limiting  value 
of  30000  volts  per  centimeter ;  which  may  be  assumed 
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constant  for  distances  greater  than  one  centimeter. 
This  potential-difference  produces  a  spark  of  greater 
length  in  rarefied  air,  and  of  less  length  in  condensed 
air.  Gordon  has  confirmed  Harris's  law,  that  for  rare- 
factions up  to  28  centimeters  the  length  of  the  spark  is 
inversely  as  the  barometric  pressure.  At  less  pressures 
than  28  cm.  the  potential-difference  increases  more 
rapidly  than  the  law  requires. 

Experiments.—!.  To  show  the  brief  duration  of  the  spark,  place 
a  condenser  in  the  secondary  circuit,  and  illuminate  with  the  sparks 
a  rapidly  revolving  disk  divided  into  alternate  black  and  white 
sectors.  If  there  are  n  sectors  and  the  interval  between  the  sparks 
is  1/n  or  a  multiple  of  1/wth  of  that  of  the  time  of  rotation,  the 
disk  will  appear  to  be  at  rest,  its  sectors  being  sharply  defined. 

3.  Provide  a  disk  having  three  rows  of  dots  upon  its  face ;  the 
inner  row  having  8,  the  middle  9,  and  the  outer  10.  Adjust  the 
interrupter  so  as  to  produce  as  many  sparks  during  one  rotation  of 
the  disk  as  there  are  dots  in  one  of  the  rows.  This  row  will  then 
appear  at  rest,  while  the  others  will  appear  to  rotate.  Thus  if 
there  be  9  breaks  during  one  rotation,  the  middle  row  will  appear 
at  rest,  the  others  in  motion  :  the  inner  row  appearing  to  move  for- 
ward and  the  outer  row  backward. 

8.  Provide  a  thin  plate  of  vulcanite  about  a  meter  long  and 
thirty  centimeters  wide,  varnish  one  of  its  surfaces  and  scatter  over 
it  filings  of  iron,  copper,  and  zinc.  Place  two  narrow  thin  strips 
of  metal  across  the  ends  and  connect  these  to  the  terminals  of  the 
induction  coil.  The  sparks  of  a  20-cm.  coil  will  traverse  the  entire 
length  of  the  plate,  often  dividing  into  two  or  three  branches,  the 
color  depending  on  the  metals  between  which  it  passes. 

4.  Connect  one  terminal  of  the  coil  to  the  metallic  coating  on 
the  back  of  a  mirror  and  place  the  other  terminal  near  the  center  of 
the  opposite  face.  The  sparks  will  branch  from  this  point  in  all 
directions,  the  ramifications  being  duplicated  by  reflection. 

5.  Exhaust  a  glass  tube  a  meter  or  more  in  length  while  the 
metallic  terminals  with  which  it  is  provided  are  connected  with  the 
<joil  in  action.  Observe  that  at  a  certain  exhaustion,  the  spark 
traveraes  the  entire  length  of  the  tube,  in  nearly  a  straight  line  ;  the 
thickness  of  the  spark  increasing  as  the  exhaustion  proceeds  until  it 
fills  the  tube.     In  air,  its  color  is  reddish  purple. 

6.  Exhaust  an  ovoid  or  egg-shaped  glass  vessel  provided  with 
electrodes,  having  previously  placed  within  it  a  drop  or  two  of 
alcohol.  When  the  exhaustion  is  complete,  it  will  be  noticed  that 
on  passing  the  spark,  the  discharge  within  the  vessel  is  broken  up 
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into  bands  or  strata  transverse  lo  the  direction  of  its  length ;  i.e.^ 
the  discharge  shows  stratification. 

7.  Transmit  the  spark  through  rarefied  air  contained  in  tubes 
provided  with  annular  spaces  in  which  fluorescent  solutions  can  be 
placed.  The  discharge  being  rich  in  ultra-violet  waves,  causes  solu- 
tions of  quinine  or  of  aesculin  to  fluoresce  blue ;  of  uranine,  green ; 
and  of  naphthalene-red,  crimson.  These  tubes  already  exhausted, 
made  of  fluorescent  glass  and  containing  these  various  solutions, 
are  called  Geissler  tubes,  having  been  made  first  by  Geissler  of 
Bonn.    Some  of  them  are  very  elaborate  in  design. 

8.  Vacuum  tubes,  consisting  of  cylindrical  or  spherical  bulbs  at 
the  ends  connected  by  a  capillary  section,  and  containing  various 
gases  or  vapors,  are  called  Pltlcker  tubes  (416).  Place  one  of  these 
tubes  in  the  circuit  of  the  secondary  and  notice  the  greater  intensity 
of  the  light  in  the  capillary  portion.  Notice  also  the  variation  of 
the  color  according  to  the  substance  in  the  tube.  By  placing  the 
tube  before  the  slit  of  a  spectroscope,  the  spectrum  of  the  gas  or 
vapor  may  be  examined. 

9.  Examine  the  spectrum  of  the  spark  in  air  taken  between 
terminals  of  different  metals,  both  with  and  without  a  condenser  in 
the  secondary  circuit.  Notice  the  lines  of  the  oxygen  and  nitrogen 
of  the  air.  mixed  with  those  of  the  metal  used.  By  making  the 
terminals  of  different  metals  and  by  so  adjusting  the  spark  that  the 
metallic  lines  will  not  go  entirely  across  the  field,  these  metals  may 
in  this  way  be  identified. 

10.  Cement  a  piece  of  plate-glass  a  centimeter  or  more  thick 
upon  the  end  of  a  thick  glass  or  vulcanite  tube.  Pass  a  wire  con- 
nected with  one  terminal  down  the  tube  to  touch  the  plate  on  one 
side  while  a  wire  connected  with  the  other  terminal  touches  the 
other  side  opposite  it.  When  the  spark  is  sent  through  the  appa- 
ratus, the  glass  is  perforated,  if  the  coil  be  sufficiently  powerful. 
To  prevent  injury  to  the  coil,  its  points  should  be  set*  at  a  safe 
sparking  distance. 

716.  Crookes  Tubes, — The  phenomena  of  the  elec- 
tric discharge  in  high  vacua  have  been  studied  by 
Crookes  (199).  As  the  exhaustion  increases,  the  poten- 
tial-difference required  to  effect  the  discharge  decreases, 
but  only  up  to  a  certain  point,  and  then  increases  again. 
The  best  effects  in  ordinary  "  vacuum  tubes "  are  ob- 
tained when  the  residual  pressure  is  from  two  to  four 
millimeters  of  mercury.  When  the  exhaustion  reaches 
one  millionth  of  an  atmosphere,  no  electric  discharge  in 
the  proper  sense  takes  place  within  the  tube,  the  nega- 
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tive  terminal  alone  now  becoming  important.  If  this 
terminal  be  a  disk  of  aluminum  of  some  size,  placed  in 
the  middle  of  the  tube  and  perpendicular  to  its  axis,  the 
purple  glow  ordinarily  surrounding  this  terminal  will  be 
seen  to  recede  from  the  disk  as  the  exhaustion  proceeds^ 
until  it  reaches  the  walls  of  the  tube,  leaving  a  dark 
space  surrounding  the  electrode.  This  purple  glow  rep- 
resents  the  portion  of  space  where  the  molecules  driven 
from  the  negative  plate  collide  with  other  molecules. 
As  exhaustion  proceeds,  the  mean  length  of  the  free 
path  increases  and  the  line  of  collision  is  driven  farther 
and  farther  away  from  the  terminal ;  thus  increasing  the 
dark  space  until  finally  it  fills  the  entire  tube.  When 
the  exhaustion  reaches  a  millionth,  the  molecules 
impinge  upon  the  glass  of  the  tube  and  cause  it  to 
phosphoresce  with  a  yellow  or  greenish-yellow  color 
depending  upon  its  character.  Crookes  by  a  series  of 
most  ingenious  experiments  has  proved  that  these  mole- 
cules, thus  shot  out  from  the  negative  terminal,  move  in 
straight  lines  and  exert  mechanical  force  and  produce 
heat  when  they  strike,  and  that  their  trajectory  is 
altered  by  a  magnet.  But  the  most  interesting  result  is 
their  phosphorescent  efi'ect.  A  diamond  or  ruby  sub- 
jected to  this  discharge  glows  strongly,  the  former  giving 
a  bright  green,  the  latter  a  rich  red  light.  Phenakite 
under  the  same  circumstances  phosphoresces  blue, 
spodumene  golden  yellow,  calcite  orange,  smithsouite 
a  brilliant  green,  and  emerald,  red.  By  studying  the 
spectra  of  this  phosphorescent  glow,  Crookes  has  cre- 
ated a  new  branch  of  spectrum  anal}  sis  ;  and  he  has 
succeeded,  by  fractional  precipitation,  in  separating  the 
earth  yttria  into  five  or  more  constituents,  the  phospho- 
rescent spectra  of  which  taken  together  make  up  the 
spectrum  of  the  yttria  itself. 

Since  the  phenomena  exhibited  by  these  high  vacua 
are  as  different  from  those  of  low  vacua,  or  even  from 
those  of  the  gaseous  state  in  general,  as  are  these  latter 
from  those  of  the  liquid  state,  Crookes  has  called  this 
ultra-gaseous  condition  a  "  fourth  state  "  of  matter,  the 
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matter  itself  being  radiant.  He  has  succeeded  in  carry, 
iug  the  exhaustion  up  to  a  twenty-millionth  of  an  at« 
mosphere. 

716.  Transformers. — The  name  transformer  or  con- 
Yerter  is  given  to  a  mutual  induction  apparatus  using 
alternating  currents,  whose  function  it  is  to  transform 
currents  of  considerable  potential  and  low  quantity  into 
induced  currents  of  low  potential  and  larger  quantity. 
Hence,  like  the  induction  coil,  the  transformer  consists 
of  a  primary  coil,  a  secondary  coil,  and  an  iron  core. 
But  the  primary  coil  has  the  higher  resistance,  and  the 
iron  core  forms  a  complete  magnetic  circuit.  One  form 
consists  of  a  ring  of  iron  wire,  upon  which  the  primary 
and  secondary  coils  are  wound,  either  in  alternate  sec- 
tions or  the  one  superposed  on  the  other.  In  other 
cases  the  primary  and  secondary  coils  are  inside  of  the 
iron  wire,  which  is  wound  upon  the  ring  formed  by  these 
coils.  Faraday's  induction  ring  is  therefore  a  complete 
transformer,  one  of  the  coils  having  several  feet  more  of 
wire  than  the  other.  The  object  in  construction  is  to 
have  the  inducing  coils  so  arranged  with  reference  to 
each  other  that  the  coefficient  of  mutual  induction  be- 
tween them  may  be  a  maximum ;  the  iron  being  as 
closely  associated  with  the  coils  as  possible.  Evidently 
since  the  energy  in  the  primary  circuit  is  £^^/^  watts,  it 
follows  that  if  the  efficiency  of  the  transformer  is 
unity,  the  energy  in  the  secondary  circuit,  ^,/,  watts,  must 
be  equal  to  it ;  whence  FJ^  =  iT,/,,  or  E^  :  ^,  ::/,:/, ; 
i.e.,  the  electromotive  forces  in  the  two  circuits  are  in- 
versely proportional  to  the  current-strengths.  The  ratio 
of  the  electromotive  forces  in  the  two  coils  is  called  the 
coefficient  of  transformation ;  and  since  each  electromotive 
force  is  proportional  to  the  number  of  turns  in  its  coil,  the 
ratio  of  the  turns  represents  the  same  coefficient.  Thus, 
for  example,  suppose  it  is  desired  to  transform  a  current 
of  10  amperes  at  a  potential  of  1000  volts  into  a  current 
of  200  amperes  at  a  potential  of  50  volts ;  the  coefficient 
of  transformation  is  one-twentieth  ;  or  the  primary  cir- 
cuit  must   have   twenty  times  as  many  turns   as   the 
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secondary.  In  practice  the  mass  of  copper  in  the  two 
is  made  equal ;  so  that  the  primary  wire  is  finer  than 
the  secondary.  The  quantity  of  iron  is  determined  by 
the  condition  that  it  must  never  attain  more  than  half 
saturation  as  a  maximum. 

The  use  of  alternating-current  transformers  is  to 
secure  economy  in  electrical  distribution  upon  the  theory 
that  smaller  conductors  are  required  to  send  a  given 
quantity  of  energy  to  a  given  distance,  in  proportion  as  the 
potential-diflFerence  is  greater.  From  the  equations  W 
=  EI  and  I=E/R  we  have  W=EyR\  so  that  by 
doubling  the  potential-difference,  the  resistance  remain- 
ing the  same,  four  times  the  energy  can  be  transmitted 
to  the  same  distance  with  the  same  loss.  An  example 
will  make  this  clearer.  It  is  required  to  transmit 
50000  watts  to  a  distance  of  500  meters  with  a  loss  of 
ten  per  cent  on  the  mains.  By  direct  transmission  the 
potential-difference  being  100  volts  atfd  the  current 
500  amperes,  the  conductor,  1000  meters  long,  will  have 
a  resistance  of  0*2  ohm ;  its  cross-section  therefore  will 
be  81*7  square  millimeters  and  its  mass  731  kilograms. 
By  the  alternate-current  transformer  system,  with  a 
potential-difference  of  1000  volts  and  a  current  of  50 
amperes,  transformed  where  utilized  into  a  current  of 
600  amperes  and  a  potential-difference  of  100  volts,  the 
wire  resistance  for  the  1000  meters  will  be  20  ohms,  its 
cross-section  will  be  0*817  square  millimeter,  and  its  mass 
7-31  kilograms.  Thus  the  transmission  under  the  higher 
potential-difference  requires  a  conductor  of  only  one 
one-hundredth  of  the  mass. 

Self-induction  also  plays  an  important  part  in  the 
operation  of  transformers.  If  in  a  coil  through  which 
an  alternate  current  is  flowing  an  iron  core  be  inserted, 
the  counter-electromotive  force  of  self-induction  may  be 
increased  so  as  U)  reduce  almost  to  zero  the  generator 
current.  Hopkinson  suggested  such  a  device  under  the 
name  of  **  choke-magnet "  for  reducing  the  current  in  an 
alternating  circuit,  without  increasing  its  resistance. 
Evidently  when  the  secondary  circuit  of  a  transformer 
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is  open,  and  it  is  doing  no  work,  the  maximum  of 
<50unter-electromotive  force  is  developed  in  the  primary 
itself  owing  to  its  self-induction  ;  and  as  this  may  be 
made  nearly  to  equal  the  direct  electromotive  force  of 
the  generator,  the  current  in  the  primary  is  very  small. 
But  as  more  and  more  work  is  thrown  into  the  second- 
ary circuit,  the  demagnetizing  effect  of  its  current  upon 
the  iron  core  diminishes  the  self-induction  of  the 
primary  and  so  regulates  automatically  the  current  ad- 
mitted to  the  transformer.  Finally,  when  the  converter 
is  doing  full  work  the  self-induction  becomes  a  minimum 
and  the  mutual  induction  a  maximum. 

(d)  Magneto-electric  Induction  Apparatus. 

717.  Magrneto-electric  Generators. —  A  magneto- 
electric  generator  is  a  machine  for  converting  mechani- 
cal energy  into  the  energy  of  an  electric  current  by  the 
agency  of  magnets;  this  conversion  being  usually  ef- 
fected by  rotating  a  coil  of  wire  in  a  magnetic  field. 
If  the  field  is  produced  by  an  electromagnet,  the 
machine  is  ordinarily  called  a  dynamo-electric  machine ; 
or,  in  brief,  a  dynamo.  The  two  essential  parts  of 
s,  dynamo  are  the  revolving  part,  called  the  arma- 
ture, and  the  fixed  or  magnetic  part,  called  the  field. 
Two  fundamental  forms  of  armature  are  in  use,  known 
as  the  Gramme  armature  and  the  Siemens  armature, 
respectively.  The  former,  invented  by  Gramme  in  1871, 
consists  of  a  ring  of  iron  wire,  upon  which  a  number  of 
coils  of  copper  wire  are  wound  ;  the  whole  rotating  upon 
an  axis  perpendicular  to  the  ring.  The  latter,  proposed 
by  Siemens  in  1873,  consists  of  a  cylinder  made  up 
of  thin  iron  disks,  upon  which  the  copper  conducting 
wire  is  wound  lengthwise.  The  former  arrangement, 
in  which  the  conductor  is  wound  through  a  ring,  is 
called  a  ring  armature;  the  latter,  in  which  it  is  wound 
upon  the  outside  of  a  solid  cylinder,  is  called  a  drum 
armature.  Upon  the  axis  of  the  armature  and  insu- 
lated from  it,  strips  of  copper  equal  in  number  to  the 
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coils  and  parallel  to  tlie  axis  are  placed  edgewise,  care- 
fully insulated  from  each  other ;  one  of  these  strips 
being  connected  to  the  last  end  of  one  coil  and  to  the 
first  end  of  the  coil  immediately  following.  This  ar- 
rangement is  called  the  collector.  The  field  consists  of 
one  or  more  electromagnets,  which  in  series  dynamos 
are  magnetized  by  the  passage  of  the  entire  current,  and 
in  shunt  dynamos  by  the  passage  of  a  fraction  of  this 
current  through  it.  In  some  cases  the  field  is  charged 
by  the  current  of  a  separate  machine  called  an  exciter. 

718.  Mode  of  Operation  of  Dynamo-machines. — 
The  operation  of  a  dynamo  is  easily  understood.  In  the 
figure  (Fig.  360),  which  shows  a  ring  armature  revolving 
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between  the  magnetic  poles  N  and  8,  it  is  evident  that 
while  the  flow  of  magnetic  force  through  any  given  coil 
is  a  maximum  when  this  coil  is  at  the  top  or  the  bottom 
of  its  revolution,  the  rate  of  variation  of  this  force  is  a 
maximum  when  the  coil  is  passing  a  line  joining  the 
poles ;  i.e.,  a  horizontal  line.  For  a  coil  on  the  right 
side,  the  potential-difference  developed  is  equal  but 
opposite  in  direction  to  that  in  a  coil  on  the  left  side. 
Moreover,  no  potential- difference  is  developed  in  the 
coils  at  top  and  at  bottom  of  the  ring.  As  a  given  coil 
passes  from  the  top  toward  the  N  pole  a  difference  of 
potential  is  developed  in  it  in  a  certain  direction  which 
increases  steadily  in  amount  until  it  reaches  a  maximum 
in  the  horizontal  position  and  then  decreases  again  until 
it  is  180°  from  its  first  position.     This  potential-differ- 
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ence,  however,  while  varying  in  its  value  according  to 
the  position  of  the  coil,  remains  constant  in  its  direction ; 
a  decreasing  negative  flow  of  force  through  the  coil  tak- 
ing the  place  of  an  increasing  positive  one.  On  the  left 
side  of  the  ring  a  similar  potential-difference  will  be  de- 
veloped,  but  opposite  to  the  former  in  direction.  Since 
the  potentials  of  all  the  coils  on  the  same  side  will  be 
added  together,  the  coils  being  in  series,  it  follows  that 
the  maximum  of  negative  potential  will  be  found  at  the 
top  of  the  ring  and  of  positive  at  the  bottom ;  or  vice 
versa,  according  to  the  construc- 
tion. So  that  on  placing  wire 
brushes  at  these  upper  and  lower 
points,  as  is  shown  in  the  figure, 
the  maximum  potential-difference 
is  developed  between  them.  The 
relation  between  the  coils  on  the 
two  sides  of  the  ring  is  analogous 
to  that  between  a  pair  of  batteries 
connected  in  multiple  (Fig.  361); 
except  that  the  potential-difference 
of  the  middle  coils  is  greatest,  and  diminishes  toward 
the  ends. 

The  operation  of  the  drum  armature  is  quite  similar. 
In  the  figure  (Fig.  362)  suppose  the  armature  to  consist 
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of  a  single  rectangular  coil,  capable  of  rotating  on  a 
horizontal  axis  perpendicular  to  the  lines  of  force  of  the 
field  between  N  and  S.  When  the  coil  is  vertical  the 
flow  of  force  through  it  is  a  maximum,  but  the  variation 
of  the  flow  is  a  minimum ;  and  vice  versa.    Hence  the 
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electromotive  force  developed  in  the  coil  is  proportional 
to  the  sine  of  the  angle  which  the  plane  of  the  coil  makes 
with  the  vertical ;  or  in  general,  to  the  sine  of  the  angle 
which  a  normal  to  this  plane  makes  with  the  direction 
of  the  field.  In  the  position  of  the  coil  shown  in  the 
dotted  lines,  this  angle  is  90**  and  its  sine  unity,  and 
hence  the  potential-difference  is  a  maximum.  As  the 
coil  moves  in  the  direction  of  the  arrow,  from  the  verti- 
cal position  shown  to  a  second  position  180°  from  this, 
the  electromotive  force  developed  in  it  rises  to  a  maxi- 
mum at  90^  and  then  falls  to  zero  again ;  this  electro- 
motive force  being  highest  at  the  back  of  the  descending 
side,  and  vice  versa.  Then  as  the  coil  continues  to  rotate 
from  180**  to  360°  to  assume  its  initial  position,  the  flow 
of  force  through  it  is  in  the  opposite  direction ;  and 
hence  the  electromotive  force  developed,  while  the  same 
in  amount,  is  opposite  in  direction,  i.e.,  is  highest  at  the 
front  end  of  the  now  ascending  wire.  The  two  ends  of 
this  coil  are  connected  with  sliding  contacts  on  the  axis 
by  which  the  machine  is  connected  to  the  external  cir- 
cuit If  two  rings  of  metal  form  this  contact-piece,  then 
as  the  electromotive  force  developed  on  these  rings  is 
reversed  every  revolution,  the  current  will  be  an  alter- 
nating one,  as  already  stated.  But  if  the  contact-piece 
consists  of  two  cylindrical  segments  of  metal  (Fig.  363) 
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clasping,  but  insulated  from,  the  axis,  their  dividing  line 
being  vertical,  then  evidently  at  the  instant  at  which  the 
current  is  reversed  in  direction  by  the  motion  of  the 
coil,  it  is  re-reversed  by  the  change  in  the  segment  on 
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which  press  the  brushes  BB'  leading  to  the  external  cir- 
cuii  The  function  of  this  form  of  contact-piece  is  to 
reverse  or  commute  the  currents ;  and  hence  it  is  called 
s,  commutator.  The  form  of  the  current  produced  by 
these  two  forms  of  contacts  is  shown  in  the  diagrams ; 
in  the  former  (Fig.  364,  curve  A)  the  curve  goes  below 
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the  zero  line  and  the  current  is  alternately  positive  and 
negative.  In  the  latter  (Fig.  365,  curve  A)  it  remains 
positive  in  direction,  but  varies  in  intensity  according  to 
the  same  law. 


»" 
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Suppose  now  that  two  coils  be  used  in  place  of  one, 
either  on  the  ring  or  on  the  drum  armature,  these  coils 
being  connected  to  the  commutator  in  multiple.  If  they 
are  so  placed  as  to  conspire  in  their  effect,  the  potential- 
difference  will  be  the  same  as  with  a  single  coil,  while 
the  joint  resistance  of  the  two  will  be  half  that  of  either 
coil ;  and  hence  the  current  will  be  doubled.  If  two 
pairs  of  coils  be  used,  however,  and  be  so  arranged  that 
the  second  pair  is  at  right  angles  to  the  first  (Fig.  366), 
the  potential-difference  of  the  one  pair  will  be  a  maxi- 
mum when  that  of  the  other  has  a  zero  value ;  and  if 
there  be  no  commutator,  the  rise  and  fall  of  potential  in 
the  two  pairs  of  coils  will  be  that  shown  in  curves  A  and 
B  of  Figure  364,  one  sine  curve  being  90**  behind  the 
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other.  If  separately  commuted,  however,  the  rise  and 
fall  of  potential  will  be  that  shown  in  curves  A  and  B  of 
Figure  365.  If  there  are  four  seg- 
ments in  the  commutator,  each  seg- 
ment being  connected  with  one  coil  of 
each  pair,  then  there  will  be  two  re- 
versals and  two  commutations  each 
revolution  ;  but  the  brushes  will  be 
simultaneously  in  communication  with 
both  pairs  of  coils  at  a  time.  Conse- 
quently, since,  through  the  commuta- 
tor, all  the  coils  are  united  with  one  another  in  series,  the 
electromotive  forces  developed  in  them  will  unite  to  pro- 
duce an  algebraic  sum,  which  constitutes  the  total  poten- 
tial-difference of  the  machine  and  the  variation  of  which 
is  shown  in  Figure  367.     By  increasing  the  number  of 
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the  coils  thus  connected  the  continuity  of  the  direct 
current  may  be  continually  increased,  becoming  finally 
practically  constant.  The  contact-piece  in  machines 
with  many  coils  is  generally  called  the  collector. 

When  the  machine  is  in  operation,  the  magnetic  lines 
of  force  due  to  the  current  in  the  armature  compound 
with  those  due  to  the  current  in  the  magnets,  and  pro- 
duce a  resultant  oblique  to  the  direction  of  the  field 
known  as  the  line  of  commutation;  as  is  seen  at  DD'  in 
Figure  363.  Hence  the  brushes  must  be  advanced  some- 
what in  the  direction  of  rotation  or  given  "  a  lead  ;*'  the 
amount  of  which  varies  with  the  load  upon  the  machine. 

719.  Typical  Forms  of  Dynamo-machine. — In  prac- 
tice a  great  variety  of  forms  has  been  assumed  by 
dynamos,  both  with  reference  to  the  armature  and  to 
the  field-magnets.     The  typical   form  of  the  Gramme 
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macliine  used  for  lighting  is  shown  in  the  figure  (Fig^ 
368).  The  field  consists  of  two  ID-shaped  electro- 
magnets  placed  horizontally  with  their  planes  vertical 
and  their  similar  poles  united  by  a  "  pole-piece  "  having 
curved  sides.  Within  the  cylindrical  space  thus  formed 
the  ring  armature  is  made  to  rotate,  its  axis  being  paraU 
lei   to  the   field   coils.     The  potential-difference  being 
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proportional  to  the  rate  of  variation  of  the  flow  of  force^ 
is  evidently,  for  a  given  field,  dependent  upon  the 
number  of  turns  in  the  coils  and  the  speed  of  rotation. 
Because  of  the  difficulties  of  construction,  the  drum 
armature  has  been  more  generally  employed.  The 
figure  (Fig.  369)  gives  the  Edison  machine,  having  this 
form  of  armature,  and  one  of  the  most  efficient  machines 
in  use.  The  field-magnets  are  very  massive  and  the  field 
produced  proportionately  intense.  The  armature-core 
consists  of  thin  disks  of  sheet-iron,  insulated  from  each 
other,  to  prevent  Foucault  currents.     Upon  this  core  are 
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wound  the  coils,  which  are  connected  continuously  to 
each  other  and  are  also  connected  between  each  pair 
to  a  collector  having  as  many  segments  as  there  are 
coils. 

In  the  Brush  machine  and  the  Thomson-Houston 
machine,  the  coils  upon  the  armature  are  not  connected 
together  in  series.     Hence  during  some  part  of  the  rota- 
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tion,  certain  coils  are  connected  with  collector  segments 
not  in  contact  with  the  brushes,  and  so  are  cut  out  of 
the  circuit ;  thus  diminishing  the  resistance  of  the 
machine.  In  the  Brush  machine  the  armature  is  of  the 
ring  form,  having  four  or  sometimes  six  pairs  of  coils 
upon  it.  In  the  Thomson-Houston  machine,  the  arma- 
ture is  of  the  drum  type  though  spherical  in  shape.  But 
only  three  coils  of  wire  are  wound  upon  it,  the  inner 
ends  of  which  are  connected  together,  and  the  outer 
ends  connected  to  a  collector  of  three  segments. 

Of  alternating  machines,  that  devised  by  Stanley  and 
known  as  the  Westinghouse  machine  is  one  of  the  best 
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known.  This  macbine  has  a  cylindrical  armatnre  and 
a  multipolar  field.  The  field  consists  of  sixteen  radial 
electromagnets  pointing  inwards,  their  bases  attached 
to  an  outer  cylindrical  frame.  Their  poles  are  alter- 
nately positive  and  negative.  Within  the  cylindrical 
space  thus  formed  revolves  an  armature-core  made  of 
thin  iron  disks,  upon  the  circumference  of  which  are 
laid  flatwise  sixteen  rectangular  coils  of  wire,  their 
longer  sides  being  parallel  to  the  axis  of  rotation.  The 
several  coils  are  connected  in  series,  the  ends  being 
joined  to  two  collecting  rings  on  the  axis,  upon  which 
the  brushes  press.  Evidently,  since  in  alternate  coils  the 
electromotive  force  is  opposite  in  direction,  these  coils 
must  be  wound  alternately  right-handed  and  left-handed  ; 
or  must  be  connected  alternately  so  that  the  electromotive 
force  is  in  the  same  direction  in  all.  Since  there  are 
sixteen  alternations  in  each  revolution,  the  total  number 
of  alternations  per  minute  at  a  speed  of  1000  revolutions 
will  be  16000. 

720.  Series,  Shiinty  and  Compound-wound  Ma- 
chines.— In  1867,  Siemens,  Wheatstone,  and  Farmer 
showed,  almost  simultaneously,  that  on  rotating  an 
armature  connected  with  the  field-magnets,  the  slight 
residual  magnetism  of  the  iron  cores  develops  a  weak 
current,  which  on  being  sent  through  the  field  coils,  in- 
creases the  magnetism  of  the  field.  This  reacting  on  the 
armature  increases  the  current  in  it  and  this  current  reacts 
to  increase  the  field  ;  until  finally  the  full  power  of  the 
machine  is  reached.  In  the  earlier  forms  of  dynamo- 
machine,  the  armature  coils,  the  field  coils,  and  the 
external  circuit  were  all  in  series  with  one  another 
and  the  machino  was  called  a  "  series  "  machine.  Of 
course  as  the  external  circuit  increases  in  resistance  the 
current  round  the  field-magnets  decreases  and  so  the 
electromotive  force  diminishes.  Hence  such  machines 
are  best  adapted  to  work  on  a  circuit  of  constant  resist- 
ance ;  such,  for  example,  as  an  arc-light  circuit. 

In  the  plan  suggested  by  Wheatstone,  the  current 
from  the  armature  was  divided;  a  portion  being  sent 
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through  the  field-magnets  and  the  rest  being  sent 
through  the  external  circuit.  Since  the  field  coils  in 
this  generator  of  Wheatstone  are  placed  as  a  shunt  to 
the  main  circuit,  this  form  of  machine  is  called  a  "shunt " 
machine.  It  is  obvious  that  in  this  type  of  dynamo 
the  current  through  the  field-magnets  is  increased  as 
the  resistance  of  the  external  circuit  becomes  greater ; 
and  therefore  that  the  electromotive  force  of  the  ma- 
chine rises  as  the  resistance  to  be  overcome  increases. 
Hence  shunt  machines  are  best  adapted  for  circuits  in 
which  the  electromotive  force  is  to  be  maintained 
constant,  the  current  being  variable;  as  is  the  case,  for 
example,  in  incandescent  light  circuits. 

Sinc<^  in  "  series  "  machines  the  electromotive  force 
falls  with  increase  of  resistance,  while  in  "  shunt "  ma- 
chines it  rises  with  such  increase,  it  is  plain  that  by  the 
use  of  both  devices,  compensation  may  be  more  or  less 
completely  effected.  If  therefore  the  field-magnets  be 
wound  with  two  coils,  one  of  low  resistance  in  series  with 
the  external  circuit,  the  other  of  high  resistance  in  derived 
circuit  with  it,  then,  provided  the  speed  be  uniform,  it 
becomes  possible,  by  suitably  proportioning  these  coils, 
to  render  the  electromotive  force  of  the  machine  prac- 
tically independent  of  the  resistance  of  the  external  cir- 
cuit so  that  the  machine  regulates  itself  automatically. 
Such  a  machine  is  called  a  "  compound- wound "  ma- 
chine. 

721.  Calculation  of  the  Electromotive  Force  of  a 
Dynamo-machine.  —  The  calculation  of  the  electro- 
motive  force  of  a  dynamo  may  be  easily  efi'ected.  Sup- 
pose a  drum  armature  having  a  coils  of  wire,  each  com- 
posed of  h  turns ;  then  ah  will  be  the  number  of  turns 
of  wire  on  the  circumference ;  and  since  there  are  two 
circuits  in  multiple  between  the  brushes,  ^ah  will  be  the 
number  of  wires  in  series  on  each  half  of  the  armature. 
Suppose  the  flow  of  force  across  the  field  to  be  N  and 
the  number  of  rotations  per  second  n.  Then  since  each 
lint  v>f  force  is  cut  twice  in  each  revolution  by  each 
wire,  the  number  of  lines  so  cut  in  one  revolution  of  the 
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armature  will  be  2^,  the  number  cut  per  second  will  be 
2n^,  and  the  number  cut  by  the  wires  on  one  half  of 
the  armature  iab  or  ^C  will  be  ^C  X  2nN;  or  nCN. 
Hence  the  average  difference  of  potential  developed, 
being  the  rate  of  variation  of  the  flow  of  force,  will 
also  be  nCN  absolute  units;  or  nCN/10*  Yolia.  Thus 
the  flow  of  force  in  a  certain  dynamo-field  being 
4  000  000,  and  the  number  of  wires  on  its  armature 
being  160,  it  appears  that  the  electromotive  force 
developed  at  a  speed  of  17*5  rotations  per  second  will 
,     17-5x160x4  000  000        ,,^       ,.         ^,  . 

^^ 100  000  000 =  112  volts.      The    current. 

strength  is  of  course  obtained  by  dividing  this  electro- 
motive force  by  the  resistance  of  the  circuit.  (Thomp- 
son.) 

722.  Efficiency  of  Dynamos. — Dynamos  have  two 
efficiencies :  first,  the  ratio  of  the  total  energy  developed 
in  the  entire  circuit  to  the  mechanical  energy  expended 
upon  the  machine ;  and  second,  the  ratio  of  the  energy 
expended  in  the  external  circuit  to  the  mechanical  energy 
absorbed.  The  former  is  generally  called  the  total  effi- 
<)iency,  the  latter  the  nsefdl  efficiency  of  the  machine.  Since 
W=  Ely  it  is  evident  that  EI^  measured  with  a  watt- 
meter, for  example,  must  approach  W^  measured  me- 
chanically by  a  transmission  dynamometer,  the  more 
closely  in  proportion  as  the  total  efficiency  is  higher.  In 
every  case  there  are  two  circuits  through  which  the  cur- 
rent flows ;  i.e.,  the  internal  circuit  or  that  through  the 
dynamo  itself ;  and  the  external  or  working  circuit.  If 
the  resistances  of  these  circuits  be  respectively  r,  and  r^, 
then  1  =  E/{Ti  +  ^c)-  When  the  circuit  is  closed  the 
potential-difference  at  the  terminals  of  the  machine  is 
less  than  on  open  circuit ;  it  falls  from  E  to  e.  The 
current  in  the  external  circuit  then  is  i  =  e/r^,  while 
that  in  the  internal  circuit  is  t  =  (^  —  e)/r, ;  the  fall  of 
potential  in  the  two  circuits  being  directly  as  the  resist- 
ances of  these  circuits.  Moreover,  since  the  current  is 
the  same  in  all  parts  of  a  circuit,  the  energy  expended 
in  the  two  portions  of  the  above  circuit  is  also  directly 
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proportional  to  the  resistances  of  these  portions.  If, 
for  example,  the  potential-diflFerence  of  a  machine  on 
open  circuit  be  ^  volts  and  the  current  on  closed  circuit 
be  /amperes,  its  rate  of  work  or  "activity  **  will  be  £1 
watts.  If  e  be  the  potential-difference  on  closed  circuit, 
then  el  watts  will  be  the  rate  of  work  in  the  external 
<;ircuit.  Since  EI/  Wis  the  total  efficiency  and  el/ Wis 
the  useful  efficiency,  the  ratio  of  these  quantities  el/ EI 
or  e/E  represents  evidently  that  fraction  of  the  whole 
work  done  by  the  machine  which  is  utilized  in  the  ex- 
ternal  circuit ;  a  value  called  by  Thompson  the  "economic 
<>oefficient"  of  the  machine.  The  "economic  coefficient" 
of  a  machine  then  is  simply  the  ratio  of  its  electromotive 
force  on  closed  circuit  to  the  electromotive  force  on 
open  circuit;  or  since  e/ J?  =  r^ (r< -j- ^«)>  it  is  also  the 
ratio  of  the  external  to  the  total  resistance.  Evidently 
in  order  that  a  dynamo  may  have  a  large  economic  co- 
efficient, and  therefore  a  high  useful  efficiency,  approxi- 
mating closely  to  the  total  efficiency,  it  is  necessary 
that  Ti  should  be  as  small  as  possible  compared  with  r^. 
This  law  of  maximum  efficiency  was  first  practically 
realized  by  Edison  in  1879. 

723.  Electric  Motors. — A  dynamo  is  a  completely 
reversible  machine,  and  may  therefore  act  as  an  electric 
motor  and  convert  electric  energy  into  mechanical  energy 
with  the  same  efficiency.  The  Sprague  motor  (Fig.  370) 
is  one  of  the  most  efficient  types  of  electric  motor.  A 
coil  through  which  a  current  is  passing  and  which  is 
capable  of  rotation  about  a  diameter  as  an  axis,  experi- 
ences when  placed  in  a  magnetic  field  a  force  tending  to 
rotate  it  so  as  to  make  the  flow  of  magnetic  force  through 
it  a  maximum.  The  work  done  per  second  in  thus  rotat- 
ing it  is  the  product  of  the  moment  of  the  rotating  couple 
by  the  speed  :  i.e.,  to  ooT/ii  (w  be  the  angular  velocity 
and  T  the  twisting  moment  or  torque.  This  mechanical 
"  activity  "  is  derived  from  the  electrical  energy  supplied 
to  the  motor;  so  that  this  mechanical  activity  is  the 
more  nearly  equal  to  the  electrical  work  expended  in  the 
same  time,  as  the  motor  is  more  efficient.     Hence  077^  = 
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kEI\  in  which  k  is  the  eflSciency.  Two  laws  of  efficiencjr 
are  here  to  be  considered  (617).  The  first  is  the  law  of 
maximum  rate  of  work,  known  as  the  law  of  Jacobi.  If 
E  be  the  counter-electromotive  force  developed  by  the- 
motor  and  E  the  direct  electromotive  force  supplied  to 
it,  the  current  through  the  motor  being  /,  the  rate  W  at 
which  electric  energy  is  expended  upon  the  motor  is  E/ 
watts,  the  motor  being  at  rest.    Suppose  now  it  is  allowed 
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to  run  and  so  to  do  mechanical  work.  A  counter-elec- 
tromotive force  E  will  be  developed  in  it,  which  reduces 
the  current  to  i,  since  by  Ohm's  law  i  =  (E  —  E)/R ;  tha 
energy  now  expended  per  second  being  W  =  Et  = 
E(E  —  E)/R  watts.  Besides  doing  mechanical  work  w;, 
some  of  the  current-energy  is  lost  as  heat  IJ ;  and  the 
energy  equation  is  W  —w  =  JH  =  i^Ii,  if  H  be  the  resist- 
ance of  the  circuit   Hence  w;  =  TF  —  i^H ;  or  since  Tr=  Et, 


w 


=  Ei  -  i^R. 


[84] 


The  derivative  of  this  equation  with  respect  to  %  is 
E  —  2iR ;  and  equating  it  to  zero,  we  have  2iB  =  E  and 
t  =r  iE/jB  as  the  value  of  i  giving  the  maximum  rate  of 
work  of  the  motor.  But  when  the  motor  is  at  rest,  the 
current  has  the  value  E/J?.  For  the  maximum  rate 
of  work,  therefore,  the    motor   must   run  at   such   a 
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speed  as  to  reduce  the  current  to  one  half  that 
passing  when  the  motor  is  at  rest. 

If,  in  the  above  equation  for  xOy  the  value  (E  —  E)/R 
be  substituted  for  «,  we  get  as  the  value  oi  wz= 
m^  ~  E)/R.  Since  IT  =  E(E  -  E)/Ry  we  have  w  : 
W::£:E.  As  the  current  is  {E  —  E)/Ii  and  also 
iE/^,  evidently  E  — J?=iE,  and  therefore  £/E  =  i 
andw?/TF=i.  Or  the  efficiency  is  only  fifty  per 
cent  when  the  inotor  does  work  at  the  maximum 
rate.  Siemens,  however,  pointed  out  theoretically  that 
a  higher  efficiency  may  be  obtained  from  a  motor  if  it  be 
made  to  work  at  less  than  its  maximum  rate.  True  it 
does  less  work,  but  the  amount  of  work  done  upon  it  is  also 
lessened  and  to  a  greater  extent ;  so  that  the  efficiency  is 
higher.  The  expression  w/W=  E/E  means  evidently 
that  tiie  ratio  of  the  work  done  by  the  motor  to  the  work 
done  upon  it  is  simply  the  ratio  of  the  counter-electro- 
motive force  developed  by  the  motor  itself  to  that  sup- 
plied to  it  by  the  generator.  So  that  by  increasing  this 
counter- electromotive  force,  either  by  increasing  the 
strength  of  the  field  or  the  speed  of  rotation,  the  effi- 
ciency may  be  made  very  nearly  unity  ;  exactly  as  is  the 
case  with  the  generating  dynamo. 

724.  Graphic  Representation  of  Eiflciency. — These 
laws  have  been  graphically  represented  by  Thompson. 
If  AB  (Fig.  371)  represent  the  potential-difference  E  and 
I^B  the  counter-electromotive  force 
-ff,  E  —  jE*  will  be  represented  by 
AF;  and  since  the  diagram  is  a 
square,  the  total  energy  expended 
E(E  —  ^)  will  be  given  by  the  area 
AFDH,  and  GHCL  will  represent 
the  useful  energy  J5(E  —  E),  As 
li  is  constant,  the  ratios  of  EJL—E) 
to  E(E  —  E)  or  those  of  the  cor- 
responding areas  GLCIl  io  AFDH-wiW  represent  the 
efficiency  of  the  motor  ;  i.e.,  the  ratio  of  the  useful 
energy  done  by  the  machine  to  the  electrical  energy  ex- 
j)onded  upon  it.     The  area  GLCHi^  a  maximum  when  it 
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is  a  square  ;  i.e.,  when  its  sides  are  equal.  But  then  this 
area,  which  represents  the  useful  work,  will  be  one  half 
the  area  ADFH  which  represents  the  energy  expended. 
The  efficiency  will  then  be  50 per  cent  and  the  ratio  of  iF/E 
will  be  one  half.  Suppose  now  the  point  G  moves  toward 
D  (Fig.  372).  As  the  two  rectangles  AFGK  and  GHCL 
remain  constantly  equal,  the  square 
GIIDKy  which  represents  the  dif- 
ference between  the  energy  ex- 
pended AFHD  and  the  useful 
energy  GIICL^  represents  the  en- 
ergy wasted  as  heat.  Clearly  the 
less  this  heat-loss  the  greater  the 
useful  energy  and  the  higher  the 
efficiency.  In  the  first  diagram 
this  heat-loss  is  enormous,  being  equal  to  the  energy  util- 
ized. In  the  second  it  may  be  made  as  small  as  we 
please  by  making  FB  or  E  very  large  compared  with 
AB  or  E.  If  it  be  nine  tenths  of  it,  then  the  current 
will  be  reduced  to  one  tenth  of  that  flowing  when  the 
motor  is  at  rest ;  and  the  efficiency  of  the  motor  will  be 
90  per  cent.  The  first  diagram,  therefore,  illustrates  the 
law  of  Jacobi ;  the  latter  that  of  Siemens. 
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CHAPTER  V. 

ELECTKOMAGNETIC    CHAKACTEK  OP 
KADIATION. 

Section  I. — Kelations  between  Light  and  ELECTRicrry. 

725.  ElectroniagTietic  Rotation. — In  1845,  Faraday 
showed  that  the  plane  of  polarization  of  a  beam  of  light 
can  be  rotated  by  a  magnetic  field.  The  light  in  his 
experiment  issued  from  an  Argand  lamp  and  was  polar- 
ized in  a  horizontal  plane  by  reflection  from  a  glass  sur- 
face. It  then  traversed  first  a  piece  of  heavy  glass  (lead 
boro-silicate)  placed  on  the  poles  of  a  large  electromag- 
net, parallel  to  the  direction  of  the  lines  of  force ;  and 
second  a  Nicol  prism.  By  suitably  rotating  this  prism 
the  field  was  made  dark  and  the  image  of  the  lamp-flame 
was  extinguished.  On  closing  now  the  current  through 
the  electromagnet,  the  image  of  the  flame  became  again 
visible  ;  and  on  rotating  the  Nicol  prism,  the  image 
could  be  again  extinguished  ;  thus  showing  that  the 
plane  of  polarization  was  no  longer  horizontal  as  before, 
but  had  been  rotated  through  a  certain  angle  by  the 
magnetic  action.  If  the  marked  pole  of  the  magnet  is 
the  one  nearer  to  the  eye,  the  rotation  is  left-handed ; 
so  that  the  prism  has  to  be  turned  to  the  left  to  extin- 
guish the  image.  In  general,  as  Faraday  proved,  the 
plane  of  polarization  is  rotated  in  the  same  direction 
as  that  in  which  a  current  would  have  to  circu- 
late round  the  beam  to  produce  the  existing 
magnetism.  The  same  property  was  observed  in  other 
solids  and  also  in  liquids ;  but  no  eflect  was  detected  in 
gases.      This    magnetic  rotation  differs  from  that  pro- 
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duced  by  rotatory  substances  (460)  in  the  fact  that  while 
the  magnetic  effect  is  a  function  of  the  direction  of  trans- 
mission, the  latter  is  the  same  whatever  the  direction  of 
transmission.  It  follows  therefore  that  the  magnetic 
rotation  will  be  doubled  on  reflecting  the  beam  back 
again,  so  as  to  traverse  the  medium  twice  in  opposite 
directions. 

In  1852,  Verdet  investigated  this  subject,  using  several 
powerful  coils  with  hollow  cores,  their  axes  being  in  the 
same  line.  He  employed  the  Faraday  heavy  glass,  and 
also  ordinary  flint  glass  and  carbon  disulphide.  By 
means  of  an  induction  method,  i.e.,  rotating  a  coil  180** 
in  the  magnetic  field  and  noting  the  current,  the  inten- 
sity of  this  field  was  measured  and  his  experiments 
made  quantitative.  The  results  showed  that  this  mag- 
netic rotation  is  dependent :  1st,  upon  the  nature  of  the 
medium  employed  ;  2d,  upon  the  intensity  of  the  resolved 
part  of  the  magnetic  force  in  the  direction  of  the  light ; 
and  3d,  upon  the  distance  traversed.  So  that  for  a  given 
medium  and  a  given  wave-length  the  rotation  of  the 
plane  of  polarization  between  two  points  taken 
in  the  path  of  the  beam  is  proportional  to  the 
difference  of  magnetic  potential  at  those  points. 
This  is  knowii  as  Verdet's  law.  For  different  media  the 
angular  rotation  0  is  numerically  equal  to  the  increase 
of  magnetic  potential  in  the  medium  F^—  F^,  multiplied 
by  a  coefficient  co  which  is  generally  positive  in  diamag- 
netic  media  and  which  is  called  Verdet's  constant.  It  is 
defined  to  be  the  amount  of  rotation  of  the  polarized 
beam,  expressed  in  circular  measure,  which  takes  place 
between  two  points  of  its  path  one  centimeter  apart, 
within  the  medium,  when  the  magnetic  potential- 
difference  between  these  points  is  unity ;  i.e.,  it  is 
CO  =  i)/{  F^—  Fb).  The  value  of  this  constant  in  absolute 
measure  has  been  determined  by  Gbrdon  (1877)  and  by 
Bayleigh  (1885).  For  carbon  disulphide,  using  thallium 
light  of  wave-length  5-349  X  10"*  cm.,  the  former  finds 
00  =  1-52381  X  10'*  radian.  Kayleigh,  using  sodium 
light  with  CS.  at  18%  obtained  122231  X  10'*  radian. 
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Hence  a  canal  in  the  magnetic  meridian  1*61  kilometers 
long  and  filled  with  this  liquid,  would  rotate  the  plane 
of  polarization  of  light  of  this  wave-length,  traversing  it 
under  the  action  of  the  earth's  magnetism,  about  50°. 
If  the  canal  contained  distilled  water,  then,  since  accord- 
ing to  Gordon  go  =  2-248  X  lO"*  for  white  light,  the  ro- 
tation would  be  only  about  7'5°.  H.  Becquerel  (1877) 
<3ontinued  these  experiments  and  showed  not  only  a  re- 
lation between  the  magnetic  rotatory  power  and  the  re- 
fractive index,  the  value  -B//<'  (/<"  —  1)  being  constant, 
but  also  a  relation  between  the  rotation  and  the  wave- 
length, the  expression  just  given  when  multiplied  by 
the  square  of  the  wave-length  being  also  constant.  In 
1879,  he  succeeded  in  detecting  rotation  in  gases  and 
«ven  in  measuring  its  amount  He  proved  that  in  coal- 
gas  contained  in  a  tube  three  meters  long  the  beam  be- 
ing caused  to  traverse  it  nine  times,  the  double  rotation 
for  sodium  light  was  +  6*8';  that  in  liquid  carbon  disul- 
phide  under  the  same  conditions  being  513°  or  30780'. 
This  gives  the  approximate  value  3  X  10"'  as  Verdet's  con- 
Btant  in  coal-gas.  In  the  same  year,  Kundt  and  Kontgen 
measured  the  rotation  in  compressed  gases  at  a  pres- 
sure of  250  atm.  Their  results  show  (1)  that  air,  oxygen, 
nitrogen,  carbon  monoxide,  carbon  dioxide,  coal-gas, 
ethyl,  and  marsh  gas  all  rotate  the  plane  in  the  direction 
of  the  magnetizing  current ;  (2)  that  the  amount  of  ro- 
tation is  different  for  different  gases ;  and  (3)  that  for  a 
given  gas  it  is  proportional  to  the  density.  The  value 
of  Verdet's  constant  for  oxygen  is  3-322  X  lO"* ;  for 
nitrogen  3-870  X  lO"* ;  for  hydrogen  4-023  X  lO"* ;  and 
for  carbon  monoxide  7060  X  lO"*.  Hence  light  travel- 
ing  in  the  meridian  would  have  to  traverse  253  kilome- 
ters of  air,  in  order  to  be  rotated  1°  by  the  earth's 
magnetism.  Becquerel  has  succeeded  in  detecting  the 
rotation  in  the  earth's  atmosphere  which  is  due  to  its 
magnetism. 

In  1877,  Kerr  noticed  that  the  plane  of  polarization 
of  a  beam  of  light  is  rotated  when  the  polarized  beam  is 
reflected  from  the  polished  pole  of  an  electromagnet ; 
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and  further  that  the  rotation  is  contrary  in  direction  to 
that  of  the  magnetizing  current ;  bo  that  the  rotation  is 
right-handed  when  the  reflection  takes  place  from  the 
north-seeking  pole.    In  the  diagram  (Fig.  373)  the  beam 


of  light  polarized  by  the  Nicol  prism  A  is  reflected  from 
the  pole  of  the  magnet  My  and  traverses  the  analyzing 
prism  B.  A  soft  iron  wedge  or  sub-magnet  C  placed 
close  to  the  pole  is  used  to  concentrate  the  magnetic 
field.  To  eliminate  the  elliptic  polarization  due  to  the 
metallic  reflection  alone,  it  is  necessary  to  make  the  in- 
cidence normal  A  plane-polarized  beam  from  the  Nicol 
prism  A  (Fig.  374)  is  reflected  vertically  by  the  unsil- 
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vered  mirror  O  on  to  the  pole  of  the  magnet  3f,  through 
the  sub-magnet  C,  and  after  reflection  is  analyzed  by  the 
second  Nicol  prism  B.  The  Nicol  prisms  being  crossed, 
fche  field  is  dark  ;  and  then  on  energizing  the  magnet,  the 
licrht  reappears,  and  may  be  extinguished  again  by  rotat- 
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ing  the  analyzer.  Kerr  has  also  obtained  rotation  by 
reflection  from  the  side  of  a  magnet ;  and  he  finds  that 
when  the  plane  of  polarization  is  parallel  to  the  plane 
of  incidence,  the  rotation  is  always  in  the  same  direction 
as  the  magnetizing  current. 

726.  Electrostatic  Stress.— In  1875,  Kerr  observed 
that  a  dielectric  under  the  influence  of  electrostatic  stress 
becomes  doubly  refracting  and  hence  converts  plane  into 
elliptically  polarized  light.  The  experiment  is  conven- 
iently made  with  carbon  disulphide,  by  sending  a  beam 
of  plane-polarized  light  reflected  from  the  mirror  M 
(Fig.  375)  through  a  glass  tank  containing  the  liquid,  be- 
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tween  two  plates  of  metal,  the  plane  of  polarization  be- 
ing at  45°  to  the  vertical  The  Nicol  prisms  A  and  B 
being  crossed,  no  light  passes ;  but  on  connecting  the  two 
plates  with  the  two  sides  of  a  condenser,  the  light  reap- 
pears as  the  condenser  is  charged ;  the  phenomenon  be- 
ing at  first  white,  then  brilliantly  colored.  The  magni- 
tude of  the  optical  effecjt  is  measured  by  a  compensator 
G  placed  close  behind  the  cell ;  and  the  potential-dif- 
ference by  the  Thomson  electrometer.  The  law  of  the 
action  is  thus  stated  by  Kerr:  "The  intensity  of 
electro-optic  action  of  a  given  dielectric — that 
is,  the  quantity  of  optical  effect  (or  the  differ- 
ence of  retardations  of  the  ordinary  and  extra- 
ordinary rays)  per  unit  of  thickness  of  the  di- 
electric — varies  directly  as  the  square  of  the 
resultant  electric  force."  Or,  since  these  expres- 
sions are  equivalent,  the  action  may  be  said  to  vary  di- 
rectly either  (1)  as  the  energy  of  the  electric  field  per 
unit  of  volume,  (2)  as  the  mutual  attraction  of  the  two  con- 
ductors limiting  the  field,  or  (3)  as  the  electric  tension  of 
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the  dielectric.  The  optical  effect  in  liquids  varies  not 
only  in  degree  but  also  in  character ;  those  liquids  be- 
ing  called  positive  which,  like  carbon  disulphide,  act  like 
-glass  which  is  extended  in  the  direction  of  the  lines  of 
force ;  and  those  being  called  negative  which,  like  the 
fixed  oils  in  general  and  especially  colza  oil,  act  like  glass 
which  is  compressed  in  the  direction  of  the  lines  of  force. 

Potier  has  suggested  an  optical  galvanometer  based 
on  the  magnetic  rotatory  power  of  liquids,  since  0  = 
co{^n:NI),  The  liquid  proposed  is  mercuric-potassium 
iodide,  which  has  a  magnetic  rotation  2*8  times  that  of 
carbon  disulphide.  So  that  a  tube  one  meter  long,  filled 
with  it,  surrounded  with  a  coil  50  centimeters  in  length 
and  having  5300  turns,  would  give  with  one  ampere  of 
<5urrent  a  rotation  of  115°. 

The  electromagnetic  rotations  observed  by  Faraday 
and  by  Kerr  are  essentially  similar,  the  Faraday  effect 
being  so  large  in  iron  that  a  distinct  rotation  is  produced 
when  the  beam  traverses  the  extremely  thin  film  of  this 
metal  necessary  to  produce  reflection.  Suppose  PQ 
{Fig.  376)  to  be  the  plane  of  polarization  of  the  beam,  and 
p  let  it  be  resolved  into  the  two  circular 

y"^  ^"X  components  PNQ  and  PMQ.  Evidently, 

/  \        since  these  are  progressing  perpendicu- 

^l  j^      larly  to  the  plane  of  the  paper,  it  is 

\^^^  ^^  necessary  only  to  suppose  one  of  these 
Q  components  to  be  retarded   or  accel- 

Fia  876.  erated,  in  order  to  produce  when  re- 

compounded  a  plane-polarized  beam  as  before,  but 
rotated  through  a  certain  angle.  The  speed  of  propaga- 
tion of  radiation  is  proportional  directly  to  the  square 
root  of  the  elasticity  and  inversely  to  the  square  root 
of  the  density  of  the  Aether.  Electrically,  however,  the 
relative  elasticity  of  the  sether  in  dielectrics  is  the  recip- 
rocal of  the  dielectric  constant ;  and  the  density  is  the 
magnetic  permeability.  So  that  calling  h  the  reciprocal 
of  K^  the  dielectric  constant,  and  /i  the  permeability,  we 
have  8  =  Vk/^J.  Hence  the  speed  of  radiation  is  in- 
-creased  by  whatever  agency  decreases  either  the  mag- 


Digitized  by  VjOOQ IC 


ELECTROMAONETIO  CHARACTER  OF  RADIATION,    863 

netic  or  the  electric  permeability  of  the  medium.  lu 
many  media,  such  as  iron  for  example,  the  permeability 
is  not  constant ;  and  if  the  medium  be  already  strongly 
magnetized,  its  permeability  will  be  different  for  an  in- 
crease of  magnetizing  force  in  the  same  direction,  and 
for  an  equal  increase  in  the  opposite  direction  (Lodge). 
Hence  one  of  the  circular  components  being  in  the  same 
direction  as  the  existing  magnetizing  force  while  the 
other  component  is  in  the  opposite  direction,  the  change 
of  permeability  will  not  be  the  same  for  both  and  they 
will  traverse  the  medium  with  different  speeds  and  so 
when  compounded  will  produce  rotation  of  the  polarized 
beam.  The  direction  of  the  rotation  will  depend  upon 
whether  /i  increases  with  small  intensifications  of  the 
field  or  decreases  with  them  ;  a  substance  in  which  fA  is 
constant  showing  no  Faraday  effect.  In  iron  /i  is  great- 
est for  an  increasing  magnetizing  force,  and  hence  that 
component  which  agrees  in  direction  with  the  magnetiz- 
ing current  will  have  the  less  speed  ;  producing  rotation 
in  a  direction  opposite  to  that  of  the  magnetizing  cur- 
rent. 

With  reference  to  the  electrostatic  effect  observed  by 
Kerr,  we  may  suppose  that  a  beam  polarized  in  the  plane 
PQ  (Fig.  377)  is  resolved  into  two  perpendicular  compo- 
nents AB  and  CD ;  and  further,  that 
one  of  these  components  traverses  the 
medium  with  a  different  speed  from 
the  other.  Evidently,  when  again 
compounded,  the  resulting  vibration 
will  be  circular  if  the  retardation  be 
a  quarter  period,  or  elliptical  if  it  be 
less  than  this.  E\ddently  if  a  dielec- 
tric be  subjected  to  a  severe  electrical 
stress,  the  value  of  its  electric  permeability  K  will  be 
different  along  the  lines  of  force  and  perpendicular  to 
those  lines.  Consequently,  the  component  in  the  direc- 
tion of  the  lines  of  force  will  move  faster  than  that  at 
right  angles  to  them  and  the  medium  will  become  doubly 
refractive  and    exhibit    the   effect  described  by  Kerr. 
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Evidently  a  substance  whose  electric  permeability  is 
absolutely  constant,  such  as  free  space  for  example, 
cannot  show  this  effect. 

727.  The  Hall  £ft*eoC — In  1880,  Hall  observed  that 
when  a  current  is  made  to  traverse  a  thin  sheet  of  metal, 
such  for  instance  as  gold-leaf,  placed  in  a  magnetic  field 
with  its  plane  perpendicular  to  the  lines  of  force,  a 
potential-difference  is  developed  in  the  film,  perpendic- 
ular at  the  same  time  to  the  lines  of  force  and  to  the 
direction  of  the  current.  Thus  if  the  current  flows  be- 
tween A  and  B  (Fig.  378),  two  points  a  and  b  can  be 
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found  having  the  same  potential,  the  current-lines  and 
equipotential-lines  being  as  in  the  left-hand  figure.  If 
now  the  magnet  be  excited  and  F  be  the  direction  of  its 
lines  of  force,  a  transverse  electromotive  force  is  devel- 
oped and  both  the  current-lines  and  the  equipotential- 
lines  in  the  conductor  are  displaced  :  (1)  the  potential  of 
a  being  higher  than  6  and  the  current  through  the  gal- 
vanometer flowing  from  a  toward  i,  in  the  case  of  iron, 
cobalt,  and  zinc,  this  direction  being  the  same  as  that 
in  which  a  conducting  wire  would  be  urged ;  and  (2) 
from  h  toward  a  in  the  case  of  nickel,  gold,  silver,  and 
bismuth ;  no  effect  being  observable  with  platinum  and 
lead.  This  displacement  in  the  case  of  bismuth  is 
shown  in  the  right-hand  figure.  Experiment  shows  the 
electromotive  force  developed  E=  CIF/e\  in  which  I 
is  the  strength  of  the  primary  current,  F  the  strength  of 
the  field,  e  the  thickness  of  the  film,  and  C  a  constant, 
representing  the  electromotive  force,  when  /,  F,  and  e 
are  each  unity.  For  bismuth  this  constant  has  the 
value  -  85800 ;  for  nickel  ^  140;  and  for  gold  -  066. 
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Antimony  gives  +  14*0  as  the  value  of  C,  iron  +  7*85, 
cobalt  +  2-40,  and  zinc  +  0-83.  The  Hall  eflFect  is  com- 
plicated by  the  action  of  the  magnetic  field  upon  the 
conductivity  and  thermo-electric  properties  of  the 
metals  used ;  these  actions  being  especially  large  in 
bismuth. 

The  intimate  relation  between  this  transverse  electro- 
motive force  observed  by  Hall  and  the  Faraday  eflFect 
has  been  pointed  out  by  Eowland.  If  an  electric  dis- 
placement be  produced  in  an  insulator,  this  displace- 
ment ought  to  suflfer  a  slight  rotation  when  the  dielec- 
tric is  placed  in  a  strong  magnetic  field  so  that  the  lines 
of  electric  and  of  magnetic  force  are  perpendicular  to 
each  other,  provided  that  such  a  transverse  electro- 
motive force  exists  as  is  indicated  in  the  Hall  eflFect; 
this  rotation  taking  place  during  the  variable  state 
only. 

728.  Electrical  Radiation. — The  electrostatic  ex- 
periments of  Kerr  prove  clearly  the  displacements  which 
are  eflFected  in  dielectrics,  and  the  consequent  strains 
developed  whenever  these  dielectrics  are  electrically 
charged.  Whenever  the  distorting  force  is  removed, 
however,  the  stress  is  relieved  and  the  medium  is  re- 
stored to  its  primitive  state  ;  but  then,  being  elastic,  it 
passes  its  point  of  equilibrium  and  thus  is  thrown  into 
oscillations  which  gradually  die  oui  Precisely  as  a 
tuning-fork  in  vibration  expends  its  energy  in  produc- 
ing air-waves,  so  a  condenser  in  its  discharge  throws 
the  aether  into  vibration.  In  both  cases  the  number  of 
Tibrations  per  second  is  determined  by  the  vibrating 
body ;  but  the  speed  of  propagation  is  a  function  of  the 
transmitting  medium  only.  The  time  of  a  complete  vi- 
l)ration  of  an  elastic  body  is  given  by  the  simple  har- 
monic equation  T  -^^Tt  Vm/k\  i.e.,  is  proportional  to 
the  square  root  of  the  ratio  of  the  inertia  and  the 
elasticity-coeflficients.  In  the  case  of  a  condenser-cir- 
cuit, the  reciprocal  of  the  capacity  of  the  condenser  is 
the  elasticity-coeflScient,  while  the  self-induction  of  the 
'Circuit  represents  the  inertia-coeflficient.     So  that  if  Z  be 
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the  self-induction  and  C  the  capacity,  the  time  of  a  com- 
plete oscillation  will  be  T  =  2;r  VXC,  and  the  vibration- 
frequency  the  reciprocal  of  this.  Again,  the  speed  of 
propagation  is  5  =  ^k/pi,  in  which  k  is  the  reciprocal  of 
the  dielectric  constant,  and  m  is  the  permeability  of  the 
medium.  The  discharge  of  a  condenser-circuit  there- 
fore produces  a  succession  of  waves  in  the  aether  whose 
frequency  is  calculable  from  the  first  of  the  above  for- 
mulas and  whose  speed  of  propagation  is  calculable 
from  the  second. 

729.  Hertz's  Experiments. — Since  neither  of  the 
constants  k  nor  /a  is  known  in  absolute  value  for  the 
sether,  the  speed  of  wave -propagation  in  this  medium 
cannot  be  calculated.  But  evidently  it  may  be  deter- 
mined experimentally.  In  theory  a  condenser-circuit 
may  be  made  to  face,  at  a  given  distance,  a  nearly  closed 
circuit,  and  the  time  noted  after  the  primary  spark,  be- 
fore the  secondary  or  induced  spark  makes  its  appear- 
ance. Practically,  however,  the  time  is  too  brief.     Hertz 
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in  1888,  however,  by  means  of  an  interference  method, 
converted  the  moving  waves  into  stationary  ones  by  re- 
flection from  a  metallic  surface,  and  then  measured  the 
distance  between  two  Successive  nodes  ;  which  of  course 
is  equal  to  half  a  wave-length.  For  generating  these 
electric  waves  in  the  sether,  he  used  an  apparatus  like 
that  shown  in  the  figure  (Fig.  379).  Two  metal  rods  t 
and  t\  terminating  in  small  metal  balls  C,  D,  are  pro- 
vided with  two  metal  spheres  ^,  B  sliding  upon  theUL 
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and  by  means  of  which  their  electrostatic  capacities 
can  be  varied.  The  system  is  charged  by  an  induc- 
tion coil  /,  a  spark  passing  between  C  and  D  when  the^ 
potential  reaches  a  value  corresponding  to  the  distance 
separating  them.  From  the  diameter  of  the  spheres  A 
and  jS,  the  capacity  G  of  the  system  in  microfarads  can 
be  approximately  calculated,  and  from  the  dimensions, 
of  the  rods  t  and  t'  its  self-induction  L  in  quadrants  can 
be  determined.  These  values  known,  the  time  of  a  com- 
plete  oscillation,  being  T  =  2;r  VLG,  can  be  obtained. 
By  varying  the  position  of  the  spheres,  on  the  rods,  the 
value  of  Z  may  be  adjusted  within  certain  limits.  In 
order  to  produce  waves  of  convenient  length,,  such  as  a. 
meter  or  two,  the  conditions  must  be  such  as  to  secure 
proportionally  rapid  oscillations  ;  i.e.,  since  8  =  wA,  both 
Z  and  C  must  be  small. 

On  putting  the  apparatus  in  action,  two  sets  of  waves 
of  the  same  period  are  generated,  the  one  electrostatic, 
the  other  electromagnetic.  At  a  given  point,  therefore,, 
two  corresponding  effects  are  produced,  which  by  ap- 
propriate means  may  be  separately  studied.  The  elec- 
trostatic lines  of  force  lie  in  planes  passing  through  the 
centers  of  the  spheres  A  and  B,  and  go  from  one  of 
these  spheres  to  the  other.  The  electromagnetic  lines 
of  force  on  the  contrary  are  in  planes  perpendicular  to 
those  just  mentioned,  and  are  concentric  about  the  rods 
t,  t'.  In  order  to  explore  the  field.  Hertz  used  an  open 
wire  ring  having  its  ends  provided  with  small  balls  ad- 
justable micrometrically,  so  that  their  distance  apart 
can  be  accurately  measured.  When  this  circuit  is 
made  to  enclose  the  electromagnetic  lines  of  force,  in- 
duction sparks  are  produced  between  its  terminals, 
which  reach  a  maximum  value  when  the  plane  of  the 
coil  passes  through  the  axis  of  the  vibrating  generator. 
The  best  effects  are  obtained  when  the  receiving  coil  is 
so  adjusted  that  its  oscillations  are  synchronous  with 
those  of  the  generating  circuit ;  and  hence  this  coil  is 
called  a  resonator.  Moreover  throughout  the  field, 
sparks  may  be  obtained  between  any  two  metallic  ob- 
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jects  such  as  keys  or  coins ;  and  in  fact  two  rods  such  as 
t,  t'  (Fig.  380)  placed  in  the  same  line,  with  their  ends 
close  together,  and  supported  in  the  box  F  by  the  glass 
tubes  jr,  g\  were  actually  used  as  a  receiver.  By  attach- 
ing sheets  of  tinfoil  A,  B  to  these  rods,  the  capacity 
may  be  increased  so  that  sparks  can  be  obtained  at  a 
distance  of  20  or  30  meters  from  the  oscillator.  The 
wall  opposite  the  oscillator  was  covered  with  sheet  zinc, 
which  being  a  conductor  acted  as  a  reflector  for  the 
electrical  waves.    By  adjustment  of  the  distance,  and  by 
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moving  the  resonator  about,  points  of  maximum  and 
minimum  disturbance  were  observed  corresponding  to 
the  loops  and  nodes  of  a  vibrating  string.  The  product 
of  the  wave-length  thus  determined,  by  the  vibration- 
frequency  calculated  from  the  constants  of  the  oscilla- 
tor, gave  of  course  the  speed  of  propagation ;  and  this 
was  found  to  be  3*02  X  10'"  centimeters  per  second,  or 
practically  the  speed  of  light.  Moreover,  Hertz  found 
that  this  electric  radiation  can  be  reflected  by  plane 
conducting  surfaces,  while  non-conductors  transmit  it; 
so  that  by  metallic  parabolic  mirrors,  it  can  be  concen- 
trated to  a  focus.  Apertures  in  a  series  of  screens 
show  the  rectilinear  propagation  of  the  waves,  and  a 
gridiron  of  metallic  wires  reflects  them  when  its  length 
is  parallel  to  the  direction  of  oscillation,  and  is  trans- 
parent to  them  when  the  oscillations  take  place  in  a 
direction  perpendicular  to  the  wires.  By  means  of  a 
prism   of  pitch,  with  faces  about  a  meter  square  and 
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laving  a  refracting  angle  of  30^,  Hertz  showed  the  re- 
fraction of  these  radiations;  and  since  the  deviation 
produced  by  it  was  22*^,  it  follows  that  for  the  60  cm. 
waves  used  in  the  experiment,  the  refractive  index  of 
the  pitch  was  about  1'7. 

Section  n. — Electromagnetio  Theory  of  Light. 

730.  Maxwell's  Theory  of  Radiation. — In  1865, 
Maxwell  propounded  the  theory  that  light  is  an  electro- 
magnetic disturbance.  Optical  as  well  as  electrical 
phenomena  require  the  existence  of  a  medium  the  prop- 
erties of  which  seem  to  be  identical  for  both.  More- 
over, the  speed  of  propagation  of  a  disturbance  in  the 
medium  seems  to  be  the  same  whether  the  disturbance 
be  an  electric  one  or  an  optical  one.  If  the  disturbance 
be  electrical,  we  see  that  the  repulsion  between  two  sim- 
ilar charges  Q  is  proportional  to  ^ ' ;  and  since  the  lines 
of  force  coincide  with  the  lines  of  displacement,  the  re- 
pulsion is  also  proportional  to  the  elasticity  of  the 
medium.  So  that  to  keep  the  repulsion  the  same  when 
the  elasticity  of  the  medium  increases,  the  charges  must 
be  diminished;  the  square  of  either  charge  remaining 
inversely  proportional  to  this  elasticity,  or  the  charge 
itself  varying  inversely  as  the  square  root  of  the  elas- 
ticity. But  since  the  electrostatic  unit  of  quantity  is  de- 
fined as  the  quantity  which  repels  an  equal  quantity  at 
unit  distance  with  unit  force,  it  follows  that  this  unit 
will  vary  with  the  dielectric  in  which  the  displacement 
is  effected,  being  inversely  proportional  to  the  square 
root  of  its  elasticity.  Again,  suppose  two  parallel  cur- 
rents to  flow  in  the  same  direction.  They  will  attract 
each  other,  and  their  attraction  will  be  proportional  to 
the  product  of  the  current-strengths ;  i.e.,  to  the  square 
of  either  if  they  are  equal.  The  aether  vortices  devel- 
oped by  these  currents  will  move  with  a  speed  propor- 
tional to  the  current-strength  ;  and  the  pressure  exerted 
by  them  will  vary  as  the  density  of  the  medium  and  as 
the  square  of  their  velocities.     To  maintain  the  attrac- 
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tion  between  the  currents  constant  when  the  density  of 
the  medium  is  changed,  the  velocity  of  the  vortices  must 
vary  inversely  as  the  square  root  of  the  density ;  i.e., 
since  the  velocity  of  the  vortices  is  proportional  to  the 
current-strengths,  the  strength  of  each  current  must 
vary  inversely  as  the  square  root  of  the  density  of  the 
medium.  But  the  electromagnetic  unit  of  quantity  being 
defined  as  the  quantity  which  flows  per  second  in  a  wire 
and  attracts  an  equal  quantity  flowing  per  second  in  a 
parallel  wire  at  unit  distance  with  unit  force,  it  follows 
that  this  unit  will  vary  inversely  as  the  square  root  of 
the  density  of  the  medium.  Evidently,  therefore,  the 
ratio  of  the  electromagnetic  unit  of  quantity  to  the  elec- 
trostatic unit  will  be  proportional  to  the  ratio  of  the 
square  root  of  the  elasticity  to  the  square  root  of  the 
density  of  the  medium.  But  this  latter  ratio  represents 
the  speed  of  propagation  through  an  elastic  medium  ; 
and  hence  the  ratio  of  these  units  represents  the  speed 
with  which  an  electromagnetic  disturbance  traverses 
the  aether. 

731*  Comparison  of  Electrostatic  aud  Electromag- 
netic Units. — In  1868,  Maxwell  devised  an  experiment 
for  determining  this  speed  by  a  comparison  of  the  elec- 
trostatic and  tho  electromagnetic  units,  the  principle  of 
which  consists  in  balancing  the  attraction  between  two 
electrified  disks  having  known  charges,  against  the  re- 
pulsion of  two  coils  through  which  known  currents  are 
flowing  in  opposite  directions.  The  result  of  this  experi- 
ment gave  for  the  value  of  this  ratio  2*88  X  10*'  centi- 
meters per  second.  Already  in  1856,  by  measuring  the 
charge  of  a  condenser,  1st,  electrostatically  by  the 
product  of  its  capacity  and  potential-difference ;  and 
2d,  electromagnetically  by  discharging  the  condenser 
through  a  galvanometer, — Weber  and  Kohlrausch  had 
obtained  the  value  31074  X  10'"  cm.  Lord  Kelvin,  in 
1869,  by  comparing  the  value  of  a  given  electromotive 
force,  measured  electrostatically  with  an  electrometer 
and  measured  electromagnetically  with  an  electrody- 
namometer,  the  resistance  being  known,  obtained  the 
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mean  value  2*825  X  10*"  cm.  A  repetition  of  these  ex- 
periments by  McKichan  gave  2*93  X  10'*  cm.  as  a  mean. 
Ayrton  &  Perry,  in  1878,  determined  the  capacity  of  an 
air-condenser  both  electrostatically  and  electromagneti- 
cally  and  obtained  2*98  X  10'"  as  a  mean  of  98  experi- 
ments. Hockin,  in  1879,  by  the  same  method  obtained 
the  value  2*988  X  10"  cm.  Eowland,  in  1875,  had  shown 
that  a  charged  gilt  ebonite  disk  21  cm.  in  diameter, 
revolving  61  times  a  second,  deflected  a  magnetic  needle. 
Moreover,  he  measured  the  deflection  and  compared  the 
results  with  those  required  by  theory.  From  his  data, 
it  follows  that  a  value  of  3  0448  X  10'°  cm.  for  the  ratio 
of  the  units  would  have  given  the  deflection  he  observed. 
In  1883,  J.  J.  Thomson  obtained  the  value  2*963  X  10'". 
As  a  final  mean,  the  value  3  X  10'"  cm.  is  now  generally 
adopted  as  the  ratio  of  the  two  units. 

But  this  ratio  is  identical  with  the  speed  of  light  as 
determined  by  the  most  recent  experiments.  Cornu's 
result  (1874)  as  discussed  by  Listing  is  2-9999  X  10'", 
Michelson's  (1882)  is  2-99853  X  10'",  and  Newcomb's 
(1882)  is  2-9986  X  10'"  cm.  It  would  seem  therefore  that 
experimentally  the  value  3  X  10'"  centimeters  per  second 
represents  equally  the  speed  of  propagation  of  light  and 
the  speed  of  propagation  of  electric  disturbances,  both 
taking  place  in  the  aether.  And  hence  that  the  electro- 
magnetic theory  of  light  as  proposed  by  Maxwell  is 
based  upon  a  firm  foundation  of  experimental  fact. 

732.  Relation  between  the  Dielectric  Constant  and 
the  Refractive  Index. — Further  considerations  may  be 
adduced  in  support  of  this  theory.  Maxwell  himself 
pointed  out  that  since  the  attraction  or  repulsion  be- 
tween two  charges  is  proportional  directly  to  the  elas- 
ticity and  inversely  to  the  specific  inductive  capacity  of 
the  medium,  the  elasticity  of  any  medium  must  be  the 
reciprocal  of  its  specific  inductive  capacity.  In  other 
words,  if  Jc  be  the  rigidity  (or  elasticity  of  form)  of  the 
medium,  h  =  \/K,  where  K  is  its  specific  inductive  ca- 
pacity or  dielectric  constant.  Moreover,  the  density  of 
the   medium   corresponds  to  the   permeability  or   the 
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specific  magnetic  capacity,  /i.  Hence  the  speed  of  trans- 
mission in  such  a  medium,  which  varies  as  Vk/^iy  varies 
also  as  1/  VK^,  And  this  must  be  the  speed  of  light  if 
light  is  an  electromagnetic  disturbance.  Now  as  in  ordi- 
nary dielectrics,  such  as  glass,  quartz,  sulphur,  etc.,  the 
permeability  is  sensibly  the  same  as  in  a  vacuum,  it  fol- 
lows that  in  such  substances  the  speed  of  light  must  be 
inversely  proportional  to  the  square  root  of  the  specific 
inductive  capacity.  But  the  refractive  index  of  a  sub- 
stance is  the  ratio  of  the  speed  of  light  in  a  vacuum  to 
its  speed  in  the  substance ;  and  hence  the  specific  induc- 
tive capacity  must  be  directly  proportional  to  the  square 
of  the  refractive  index ;  i.e.,  since  8=1/  VKpiy  «*  =  l/KfA^ 
and  71^  which  =  1/*',  is  equal  to  Kpi ;  or  is  proportional 
to  ^.  In  general,  the  index  of  refraction  of  a  substance 
is  the  geometric  mean  of  its  electrostatic  and  magnetic 
specific  capacities.  Inasmuch,  however,  as  the  electro- 
motive forces  with  which  dielectric  constants  are  meas- 
ured continue  for  a  much  longer  time  than  the  duration 
of  a  light-vibration,  the  agreement  will  be  the  closer  as 
the  wave-length  is  longer ;  i.e.,  the  dielectric  constant  is 
equal  to  the  square  of  the  refractive  index  only  for  light 
of  infinite  wave-length.  The  following  are  values  ex- 
perimentally obtained : 

Substance.  ^5"  n  Authority. 

Heavy  flint  glass. 1*747  1-620  Gbrdon 

Crown  glass 1763  1-504 

Paraffin 1-412  1422 

«      1-523  1-526  Boltzmann 

Sulphur 1-975  2-015 

Kesin 1-575  1543 

Turpentine 1*490  1*459  Silow 

Carbon  disulphide 1*345  1-611  Gordon 

Air  1-000295  1000294    Boltzmann 

Hydrogen 1-000132  1000138 

Carbon  dioxide 1-000473  1-000449 

These  numbers  although  not  strictly  accordant  are 
sufficiently  so   to  warrant   the   conclusion  that  if  the 
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square  root  of  f  is  not  the  complete  expression  for 
the  index  of  refraction,  it  is  jet  the  most  important 
term  in  it ;  thus  connecting  very  closely  the  two  funda- 
mental constants  of  electricity  and  light 

733.  Relation  between  Opacity  and  Condactivity. 
— Again,  as  Maxwell  also  pointed  out,  an  electromag- 
netic disturbance  if  it  take  place  in  a  perfectly  in- 
sulating medium  must  be  transmitted  indefinitely,  since 
there  is  no  outlet  for  its  energy  and  consequently  no 
loss.  In  a  conductor,  however,  there  are  permanent 
displacement  and  conduction  currents  attended  with 
frictional  resistance  and  a  consequent  dissipation  of 
the  energy  of  the  original  disturbance,  resulting  in  the 
production  of  heat,  the  energy  being  absorbed  by  the 
medium.  As  the  disturbance  progresses  it  continually 
diminishes,  therefore,  and  soon  becomes  insensible. 
Electromagnetic  disturbances  consequently  cannot  be 
propagated  in  bodies  which  are  conductors  of  electrici- 
ty. Hence  if  light  is  an  electromagnetic  disturbance, 
it  follows  that  conducting  substances  must  be  opake. 
As  a  matter  of  fact,  most  transparent  solid  substances 
are  good  insulators  and  all  good  conductors  are  very 
opake.  Silver  and  mercury,  for  example,  are  good  re- 
Hectors  because  they  are  good  conductors  and  bad  di- 
electrics ;  and  hence  do  not  allow  the  electric  disturb- 
ance to  be  propagated  through  them  without  dissipation. 
Perfect  insulators  transmit  the  electric  waves  without 
loss ;  perfect  conductors  do  not  propagate  them  at  all 
and  therefore  totally  reflect  them  at  their  surfaces.  In 
proportion  as  the  conduction  is  less  perfect  there  is 
penetration  of  the  wave  and  dissipation  of  energy  within 
the  medium. 

734.  Conclusions. — These  facts,  taken  in  connection 
with  the  remarkable  experiments  of  Hertz,  appear  to 
prove  beyond  a  question  that  light  is  itself  an  electrical 
phenomenon,  and  that  optics  is  a  department  of  elec- 
trics. To  produce  radiation,  it  is  necessary  only  to  pro- 
duce electric  oscillations  of  suflSciently  short  period. 
Lodge  calculates  that  a  condenser  of  one  microfarad  ca- 
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pacity  discharging  through  a  coil  having  a  self-induction 
of  one  quadrant  will  vibrate  157  times  per  second,  and 
will  produce  waves  in  the  sether  1900  kilometers  long. 
A  pint  Ley  den  jar  discharging  through  a  pair  of  tongs 
may  produce  oscillations  at  the  rate  of  ten  million  per 
second  and  so  produce  sether-waves  not  longer  than  15 
or  20  meters.  A  tiny  jar  like  a  thimble  may  give 
300  000  000  oscillations  per  second  and  generate  aether 
waves  a  meter  long.  Continuing  this  process,  we  may  ask 
what  will  be  the  size  of  a  circuit  which  will  give  waves 
comparable  to  those  of  light ;  say  0*6  of  a  micron  or 
6000  tenth-meters  long.  Since  T=  27r  VLC^  its  recipro- 
cal or  the  wave-frequency  will  be  l/2zr  i^ZCl  The  wave- 
length is  8/n\  or  the  quotient  of  the  speed  by  the 
wave-frequency.      Since   8  =  1/VK//,   the     wave-length 

X=  27r  y  _.  „=  -00006.      From  which  it  appears  that 

the  required  circuit  must  have  a  self-induction  in  elec- 
tromagnetic units  and  a  capacity  in  electrostatic  units 
such  that  their  geometric  mean  is  one  tenth  of  a  micron 
or  10"*  cm.  This  suggests  at  once  a  circuit  of  atomic 
dimensions  and  indicates  that  those  sethereal  waves 
which  aflfect  the  retina  and  which  we  call  light  may  be 
in  fact  produced  by  the  electric  oscillations  of  atomic 
circuits.  An  atom  of  sodium  vibrates  5  X  10'*  times  in 
a  second,  or  five  hundred  million  times  in  one  millionth 
of  a  second  ;  and  the  range  of  vision  is  comprised  be- 
tween 4  X  10'*  and  7  X  10'*  vibrations  per  second.  Could 
we  produce  electric  atomic  oscillations  at  this  rate  and 
permanently  maintain  them  we  could  produce  light. 
But  this  at  present  cannot  be  done.  We  can  on  the  one 
hand  create  momentarily,  aether-waves  of  a  frequency  as 
high  as  a  few  millions  per  second  ;  and  on  the  other 
create  permanent  atomic  waves  of  the  desired  frequency 
by  the  agency  of  heai  A  cylinder  of  lime  or  a  carbon 
filament  intensely  heated  emits  waves  of  suitable  length  ; 
but  with  these  waves  comes  a  vast  array  of  other  and 
useless  ones.     Ordinarily,  however,  light  is  produced  by 
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oombustion  ;  and  Langley  has  shown  that  less  than  one 
per  cent  of  the  energy  emitted  is  visible.  The  problem 
of  the  age  is  how  to  convert  some  other  form  of  energy 
entirely  into  the  energy  of  light.  That  this  is  possible 
in  theory,  Bayleigh  long  ago  showed.  That  it  is  act- 
ually accomplished  in  Nature,  Langley's  remarkable 
measurements  upon  the  glowworm  abundantly  con- 
firm. Now  that  the  mechanism  of  the  process  is 
before  us,  it  would  not  seem  impossible  eventually 
to  create  and  to  maintain  electric  oscillations  of  the  fre- 
quency required  for  light  alone.  When  this  is  done 
the  problem  of  the  economical  production  of  artificial 
light  will  have  been  solved. 
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tive, 886;  spectra,  459. 

Absorptive  power,  general,  886. 

Academy,  French,  220. 

Acceleration,  angular,  89;  centrip- 
etal, 80;  definition  of.  28;  dimen- 
sions of,  24;  direction,  28;  of 
gravity,  measurement  of,  105, 
107;  of  gravity,  pendulum  de- 
termination of.  Ill:  proportional 
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Accelerations,  composition  of,  80, 
84;  parallelogram  of,  84;  paral- 
lelopipedon  of.  86;  polygon  of, 
34;  resolution  of,  30. 

Accumulators,  electric,  765. 

Achromatic  lens.  454;  prism,  458. 

Achromatism,  452. 

Acoustic  attraction  and  repulsion, 
264. 

Action,  local,  759;  magnetic,  laws 
t)f.  642. 

Actions,  secondary,  746. 

Activity,  91;  unit  of,  91. 

Adams,  115. 

Addison,  226. 

Adhesion,  200;  of  gases  and  solids, 
182. 

Adinbatic  line,  846. 

Adynamic  system,  790. 

Aeolotropic  medium,  514. 


JSther,  characteristics  ot,  865; 
density  of,  865;  rigidity  of,  866. 

iEther-tiow.  energy  of,  698:  -mo- 
tion, 870;  -stress,  ener^  of,  538; 
•vibration,  energy  of,  865;  -vor- 
tices, energy  of,  628. 

Agonic  lines,  685. 

Air,  aqueous  vapor  in,  881;  evapo- 
ration into,  312;  methods  of  re- 
moving, 195;  speed  of  sound  in, 
220. 

Air-pumps,  195. 

Air-thermometer,  electric,  6P5. 

Ajutage.  171. 

Alluard,  880. 

Alternating  current,  818;  machine, 
849. 

Alvkrgniat,  198. 

Ammeters.  781. 

Amount  of  flow,  171. 

AMPfeRE.  20,  769,  782,  800;  laws 
of,  786;  rule  of,  769. 782;  theory 
of  magnetism  of,  802. 

Ampere,  unit  of  current,  595; 
-turns.  786. 

Amperemeter,  Geyer's,  720. 

Amperian  currents,  804. 

Amplitude.  47,  58. 

Analysis  of  composite  tones.  249; 
spectrum,  455. 

Analyzer.  524. 

Analyzing  sounds,  method  of,  250. 
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Andrews.  314.  325,  852. 

Anelectrics.  533. 

Aneroid  barometer,  168. 
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83;  of  resistance,  84— limiting, 
85:  of  refmction,  critical,  427; 
of  refraction  of  prism,  480. 

Angstrom.  367. 

Angular  atceleration,  89,  76;  ac- 
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tion of  mirror,  410;  velocity,  38. 
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Anion,  741. 

Anode,  741. 

Anomalous  dispersion,  453;  ex- 
pansion water,  293. 

Antinodes,  63. 

Aplanatic  lenses,  445. 

Apparatus,  vapor  densitv,  Hof- 
mann,  816;  V.  Meyer,  816;  Du- 
mas, 317. 

Apparatus,  magneto-electric  induc- 
tion, 842;  mechanical  equivalent 
of  iieat,  Rowland's,  842;  mutual 
induction,  832. 

Applications  of  Boyle's  law.  198; 
of  laws  expansion,  297;  of  opti- 
cal principles,  466;  of  induction, 
817. 

Apps,  833. 

Appunn,  243. 

Aqueous  Immor,  472;  vapor,  press- 
ure of,  811;  vapor  in  air,  831. 

Akago.  581.  781,  823;  law  of,  520. 

Arc,  electric,  721. 

Archimedbs,  136;  principle  of, 
157.  163. 

Arc-lamps.  722. 

Arm  of  a  couple,  78. 
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Gramme  (ring),  842;  Siemens 
(drum),  842. 

Abhhenius,  749. 

Arrival  curve,  711. 

Artesian  wells,  156. 

Artificial  horizon,  408. 

Astatic  83jstem,  636. 

Astigmatism.  475. 

Atmosphere,  the,  168;  electric 
phenomena  of,  621. 

Atmospheric  electricity,  621. 

Atomic  heats,  285. 

Atoms,  181. 

Attraction.  100;  force  of,  100; 
mngnetic,  641 ;  in  hollow  sphere. 
116;  ill  special  cases.  115;  of  the 
earth,  103;  and  potential  energy, 
120;  and  repulsion,  121 — acous- 
tic, 264;  universal,  100;  toward 
center  sphere,  117. 

Atwood  mnchine,  106. 

August,  831. 

Automatic  magnetic  record,  694. 

Auxiliary  circle,  45. 

AvoGADRo.  133;  law  of,  133,  179, 
188,  316. 

Axes,  coordinate,  resolution  along, 
84;  principal,  of  a  strain.  43. 

Axis,  crystnllogmphic,  510;  of  a 
couple,  78:  of  a  lens,  436;  of  a 
lens,  principal,  486;   of  a  lens, 


secondary,  486;  of  a  mirror,  415; 
of  no  double  refraction,  512;  of 
rotation,  38;  principal,  of  mirror, 
415;  secondary,  of  mirror,  415; 
optic,  510. 
Ayrton  &  Perry,  483.  678»  755. 
761,  815,  871. 

Babbage  &  Herschbl,  828. 

Babo,  von,  812. 

Bach,  248. 

Bachb,  685. 

Balance,  electrodynamic,  797;  in- 
duction, 825;  torsion,  589. 

Ballistic  galvanometer,  780. 

Baptista  Porta,  405. 

Barlow,  664,  803,  821. 

Barometer,  the.  164;  aneroid,  168; 
forms  of,  167;  Forthi,  167; 
Gay  Lussac,  168;  measurement 
heights  with.  165;  use  of,  in  me- 
teorology, 168;  variation  of,  169. 

Bartholin.  510. 

Barton,  200. 

Base  of  prism.  480. 

Batteries,  polarization,  764. 

Battery,  electric,  565;  secondary, 
764;  storage,  765;  voltaic,  757. 

Beam  of  radiation,  406. 

Beats  in  music,  252;  inferior  set. 
253;  superior  set.  253. 

Beats,  phenomenon  of,  64. 

Beckmann,  308. 

Becquerel,  369,  728,  859. 

Beetz.  656. 

Bell,  Graham,  826,  829. 

Brll,  Louis,  450. 

Bell  &  Tainter,897. 

Belli's  Influence  Machine,  583. 

Bennet,  557,  581. 

Benoit.  716. 

Bekthelot.  185,  852,  866. 

Bertin,  802. 

Bi-axial  crystals,  518;  ring  system 
of.  529. 

Bidwell.  668.  665. 

BiOT.  223,  531,  695. 

BioT  «&  Matthieu,  118. 

BioT  &  Savart,  771. 

Biot's  polariscope,  625. 

Bi- prism.  Fresnel's,  488. 

Bjerknks,  265. 

Blagden,  808. 

Blaserna,  249. 

Blindness,  color,  481. 

Blind  spot  in  eye,  476. 

Bodies,  floating,  158;— equillbritmi 
of,  159. 

Body,  8 
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Boiling  point,  causes  affecting, 
321;  effect  chemical  composition 
on,  324;  effect  coliesion  on,  323; 
effect  dissolved  air  on,  324;  ef- 
fect pressure  on,  322;  normal, 
310;  use  of,  to  measure  heights, 
323. 

Boiling  points,  table  of,  321. 

BoiSBAUDRAN.  Lecoq  de,  458. 

Bolometer.  379.  380. 

BOLTZMANN,  573. 

Bond,  694. 

BORDA,  111. 
BOROUOHB,  684. 
BosB.  578. 

BOTTOMLEY,  303. 

Bouguer  photometer,  388. 
Bourdon  gauge,  195. 
BOUTIGNY,  328. 

Boyle,  190:  law  of,  165.  188,  190. 

Boyle's  law.  applications  of,  193; 
combination  with  Charles'  law, 
296;   variation  from,  192. 

Boys.  102.  880,  543. 

Bradley,  39S. 

Bradley's  method,  398. 

Branched  circuits,  704 

Brandt,  628. 

Brashear,  470. 

Bravais,  221. 

Brewster.  413.  486,  518. 

Brewster's  law,  518. 

Briot,  465. 

Brittle  bodies,  143. 

Brugmans.  628. 

Brush.  766;  arc  lamp.  728;  ma- 
chine. 849. 

3UN8EN,  182,  198,  280,  806,  457. 

Biinseu  cell,  759:  tilter-pump,  198; 
photometer.  383. 

Bureau  des  Longitudes,  220. 

Cabot,  S..  683. 

Oaqniard  de  la  Tour,  218. 

Caillktet.  189,  319,  616,  716. 

Oallan.  832. 

Onlorescence,  424. 

Calorific  iutensily,  353. 

Calorimeter.  Bunseu's.  280;  ice, 
279;  Lavoisier  &  Laplace's,  279; 
use  of ,  in  measunng  temperature, 
285. 

Calorimeters,  275.  352. 

Calorimetrical  methods,  277;  meas- 
urement of  currents,  719. 

Calorimetiy.  275. 

Calory,  small,  276 

Camera  obscura,  405. 

Candle,  standard,  381. 


Canton.  189,  534.  557,  579. 

Capacity,  absolute  unit  of,  594; 
effect  induction  on,  562;  elec- 
trostatic, 562:  for  heat.  276;  of 
condensers.  562;  specific  induc- 
Uve,  571. 

Capillarity,  200;  value  superficial 
tension  from,  210. 

Capillary  electrometer,  599;  phe- 
nomena, 207. 

Carcel.  standard,  381. 

Cardew  voltmeter,  720. 

Cardinal  points,  441. 

Carhart,  638,  676,  760. 

Carnot,  345,  727. 

Carnot's  cycle,  845;  engine,  849. 

Cassegrain,  470. 

Cassini,  685. 

Cauchy,  134,  447,  465. 

Causes  modifying  intensity  Sound, 
228. 

Caustics  by  reflection,  422;  by  re- 
fraction. 428,  444. 

Cavendish.  101,  543,  571 ;  experi- 
ment of,  101. 

Cazin  and  Lucas,  613. 

Cell.  Buuseu,  759;  Daniell,  758— 
energy  of,  761;  gravity,  758; 
Grove,  759— energy  of,  762;  La- 
laude-Chaperon,  759;  Leclanche, 
759;  voltaic,  energy  of,  761. 

Cells  in  dielectric.  569. 

Cells,  standard,  760— Carhart,  760 
—Clark.  760-Daniell,  760— 
Rayleigh,  760;  storage.  765— 
Faure,  766— Main,  767— Plants, 
765;  voltaic,  756— constant,  758. 

Cells,  voltaic,  thermal  considera- 
tions, 762. 

Center  of  buoyancy.  160;  of  cur- 
vature, 415:  of  depression,  169; 
of  figure,  415:  of  mass.  110;  of 
oscillation.  110;  of  percussion, 
110;  of  pressure,  155;  of  suspen- 
sion, 109;  optical,  436. 

Centigrade  scale.  273. 

Centimeter  defined.  10. 

Centimeler-ffmm-second  system.  10. 

Change  in  direction  sound  waves. 
225;  in  direction  with  change  of 
medium.  405;  of  energy  by  im- 
pact, 149;  of  phase  in  reflection. 
495;  of  state,  298;  of  volume  on 
fusion,  299 ;  of  vibration- fre- 
quency, 869. 

Character  of  sound-vibration,  218. 

Characteristics  of  the  ffither.  365: 
of  the  electric  spark,  617;  of 
sound-waves,  214. 
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Charge,  electrical,  542;  by  induc- 
tion.  655. 

Charles,  luw  of,  296;  combination 
with  Boyle's  law,  29tt. 

Chemjcal  action,  heat  of,  862; 
composition  and  boiling  point, 
824  ;  effects  of  radiation  on,  895; 
energy,  conversion  electric  into, 
740;  energy,  conversion  into 
electnc.  752;  energy,  production 
electric  from,  752. 

Chemical  equivalent,  742. 

Chemical  relations  of  the  current, 
740. 

Chemistry,  thermo-.  856. 

Chladni,  286,  287. 

Choke-magnet.  841. 

Chords,  musical,  245. 

Chromosphere.  462. 

Chromatic  aberration  of  lens,  454. 

Circle,  auxiliary,  45;  curvature  of, 
28;  of  lenst  confusion,  428.  445; 
of  reference.  45:  osculating,  28. 

Circuit,  distribution  of  heat  in, 
713:  fall  of  potential  in.  707; 
magnetic,  689;  voltaic,  energy 
of,  768. 

Circuits,  branched,  704. 

Circuits,  magnetic,  closed,  784. 

Circular  current,  773. 

Circular  motion,  projection  of,  45. 

Circular  polarization,  526. 

Circular  waves,  62. 

Clamond  thermo-electric  genera- 
tor, 728. 

Clapeyron,  91. 

Clark  broth  ere,  470. 

Classification  of  waves,  62;  of  in- 
ductions, 805. 

Clausius,  749. 

Clifford,  18,  21,  68. 

Coefficient,  economic,  710,  853;  of 
con d activity,  834;  of  friction, 
82;  of  magnetic  induction,659;  of 
magnetic  susceptibility,  659;  of 
restitution,  146;  of  simple  rigid- 
ity. 139;  of  solubility,  803;  of  self- 
induction,  814. 

Coefficients,  expansion,  288;— -ap- 
parent, 292;— increase  of,  with 
temperature,  294; — increase  of, 
table  of,  294:— of  liquids,  291;— 
measurement  of,  290; — table  of, 
291;— of  gases,  295;— real,  292;— 
variation  with  temperature,  291. 

Coefficients,  volume  and  pressure 
of  gases,  table  of,  296. 

Coerritive  force.  637. 

Cohesion,  137;  effect  of,  on  boil- 


ing point.  828;  in  general,  200; 
liquid*  200. 

Coils,  induction,  882. 

Coincidences,  method  of,  112. 

Cold,  produced  by  change  of  8tate» 
326 ;  produced  by  evaporation^ 
827. 

CoLLADON  and  Sturm,  222. 

Collector.  843. 

Collimator.  456. 

Colloids,  186. 

Color,  367;  blindness,  481;  con- 
trast  of,  482;  contrast  of,  simul- 
taneous, 482;  contrast  of,  succes- 
sive, 482;  of  the  soap-bubble, 
492;  relation  of  vibration-fre- 
quency to.  867;  sensation,  479; 
subjective,  481. 

Colore,  complementary.  869. 

Columbus,  688. 

Combined  lenses,  foci  of,  440. 

Combustion  equivalents,  858;  tem- 
perature, 354. 

Comma,  interval  of,  247. 

Commutation,  line  of.  847. 

Commutator,  820,  846. 

Compass,  magnetic,  680;  mariner's,. 
680;  surveyor's,  680. 

Complementary  colore,  869. 

Composite  tones,  analysis  of,  249; 
synthesis  of,  249. 

Composition  of  forces,  74;  of  har- 
monic curves,  59;  of  parallel 
forces,  77;  of  rotations.  40;  of 
simple  harmonic  motions,  49. 53; 
of  uniform  motion,  80;  of  uni- 
form and  vaiiable  motion.  86;  of 
velocities  and  accelerations,  84« 

Compound  magnets.  689;  matter. 
13»;  microscope,  468;  micro- 
scope, magnifying  power  of.  469; 
pendulum,  108;  and  simple 
waves,  216;  -wound  machines^ 
850. 

Compressibility,  189;  of  fluids. 
189;of^ases,  190:  of  liquids.  189. 

Compression,  189. 

Concave  gratings,  506:  lens,  485; 
mlrrore,  virtual  foci,  417;  sur- 
face, i-eflecting,  415. 

Concentration  of  solutions,  803. 

Concord,  245. 

Condensed  and  rarefied  waves,  214. 

Condenser,  energy  expended  in 
charging,  566. 

Condensere,  562:  capacity  of.  562. 

Condition*  of  emergence  in  prisms,. 
433. 

Conditions   of  equilibrium   of  a 
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particle,  79;  of  equilibrium  of  a 
rigid  body,  81;  required  to  pro- 
duce H  spurk,  614. 

<3onductiou.  discharge  by.  607;  of 
heat.  ^32. 

Conduciivc  discharge,  607. 

Conductivity,  and  opacity.  873; 
applications  of .  338;  calorimetri- 
cal.  333;  culorimetrical.  coeffi- 
cient of,  334;  method  of  measur- 
ing. 835;  of  bc}it,  defiuition  of, 
332;  of  liquids  audj^ases.  387;  of 
liquids,  table  of.  SJ7;  relative, 
336;  relative.  Uibleof.  386;  ther- 
mometrical.  333. 

Conductor,  energy'  expended  in 
charging,  553. 

Conductors,  distribution  on  two. 
548;  and  non-conductors.  533;  in- 
fluence form  of,  545;  pointed,  ef- 
fect of.  547;  rise  of  tempei-ature 
in.  716;  surface-distribution  ou. 
542. 

Conjugate  foci.  416;  foci,  convex 
lenses,  438. 

Consequent  poles.  639. 

Conservation  of  energy,  4,  99;  of 
matter,  4. 

Consonance,  229. 

Consimnnt  sounds,  258. 

Consonator,  229. 

Constant,  dielectric,  570;  dielec- 
tric, table  of.  573;  of  galva- 
nometer, 776;  solar,  358. 

Constants,  of  light  waves,  368; 
magnetic,  663;  of  terrestrial 
magnetism,  695. 

Constitution  of  matter  in  gaseous 
state,  133. 

Contact,  angle  of,  206:  law  of  suc- 
cessive, 755;  magnetization  by, 
6H7;  method  of,  674;  potential- 
difference  of.  730;  potential-dif- 
ference of,  table  of,  755;  series, 
Volta'8,754;Volta*sthcoryof.752. 

Continuity,  law  of,  175;  of  gaseous 
and  liquid  stales,  314. 

Continuous  electrophori,  581. 

Contracted  vein,  171. 

Convection,  338;  applications  of, 
339;  currents,  cooling  by,  341; 
electric,  549:  transference,  740. 

Converging  lenses,  principal  focus 
of,  437. 

Conversion,  chemical  into  electri- 
cal energy,  752;  current  into 
heat,  713;  electric  into  chemical 
enerjffy,  740:  lieat  into  work,  344; 
meciianical  energy  into  heat,  341. 


Converter,  840;  coefficient  of  Irnns- 
formatiou  of,  840. 

Convex  lens,  435;  mirrors,  virtual 
foci.  418;  surface,  reflecting.  416. 

Cooling  by  convection  currents, 
341;  law  of.  387. 

Co-ordinate  axes,  resolution  along, 

34. 
-Comets.  242. 

CoRNU.  102.  367. 

Cosmical  sources  of  heat.  357. 

Coulomb,  539,  542.  546,  548,  64d» 
673. 

Coulomb,  unit  of  quantity,  595. 

Couple,  arm  of  a.  78;  axis  of  a,  78. 

Couples,  78. 

Crbw.  464. 

Critical  ausle,  427;  pressures,  319; 
state.  314;  temperature.  814. 

Cronstedt.  628. 

Crookes.  135.  198,  199,  395,  458, 
888;  layer,  329.  897;  tubes,  199, 
888. 

Cross.  244. 

Crova,  830. 

Cryohydrate,  307. 

Crystalline  lens.  472. 

Crystallization.  304. 

Crystalloids,  186. 

Crystals,  biaxial.  513;  negative, 
513;  pobitivp.  513;  uniaxi^,  518. 

Culinary  panidox,  322. 

CUMMINO.  731. 

CUNEDS,  564. 

Current,  alternating,  818;  chemical 
relations  of,  740;  circular,  773 
direct,  806;  energy  of  the,  708 
field,  770;  field,  inleusity of,  771 
induction.  805:  induction, law  of. 
806;  inverse,  806;  magnetic  rela- 
tions of,  708;  maximum,  law  ot, 
707;  production  beat  from,  713; 
production  light  by.  720:  pro<luc- 
tion  of,  from  heal,  726;  strength, 
699;  thermal  relations  of,  713. 

Currents,  amperian,  804.  dynamo- 
electric,  806;  electric.  698;  equiv- 
alence of.  and  magnets,  783; 
Foucault,  822;  fusing,  table  of, 
718;  induced,  of  different  orders, 
824;  induced,  direction  of,  806; 
induced,  magnitude  of,  807; 
magnetization  by,  785;  magneto- 
electric.  806;  mutually  induced, 
806:  self-induced,  806. 

Curvattire,  center  of,  415;  of  cir- 
cle. 28. 

Curve,  harmonic.  49;— equation 
of.  51 ;  of  sines,  53;  sinusoidal,  ^. 
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Curved  surfaces,  reflection  from, 
415;  refraction  through,  435. 

Curves,  harmonic,  composition  of, 
59;  of  magnetization,  660. 

Curvilinear  motion,  21,  27. 

CUTHBERTSON,  580. 

Cycle,  Carnot's,  845. 
Cyclone,  169. 

D'Alibard,  621. 

Dalton.  180. 

Dul ton's  law.  812. 

Dumping  effect  of  induction,  828. 

Daniell,  758. 

Daiiiell  cell.  758,  760. 

Daniell *s  hygrometer,  330. 

DatJi,  molfculnr,  table  of,  180. 

Davy,  H..  269,  721.  801. 

Debuscope,  418 

Declination,  magnetic,  682;  meas- 
urement of,  683;  variation  of, 
684 

DeHeci  ion -methods,  647. 

Dedeciions,  method  of,  691. 

Degrees  of  freedom,  87;— of  rota- 
tion, 40. 

De  111  Itive's  rin^,  783. 

De  la  Hue,  615,  616. 

Delicticy  of  spectrum  reactions, 
457:  of  vision.  478. 

Density.  66;  definition  of,  162; 
eleciric,  linear.  542;  electric, 
surface.  642;  electric,  volume, 
542;  of  gases  and  vapors,  815; 
of  gases  and  vapors,  absolute, 
815;  of  gases,  table  of,  315; 
magnetic,  638:  methods  of  deter- 
mining, 162;  of  vapors,  table  of. 
817;  of  water,  maximum,293,340. 

Depression,  center  of,  169;  of  freez- 
ing point,  molecular,  808. 

Depth,  fluid  pressure  proportional 
to,  153. 

Derived  units,  dimensions  of,  11. 

Despretz.  243.  305. 

Deviation  by  refraction,  480;  min- 
imum, 431. 

Devillb,  184. 

Dewar,  601. 

Dew  point,  829. 

Diagram, method  of  computing  en- 
ergy by,  788;  thermo  electric,782. 

Dialysis,  187. 

Diamagnetic  substances,  629,  677. 

Diamagnetism,  677. 

Dielectric,  588;  constant,  570;  con- 
stant and  refractive  index,  871; 
ronstants,  table  of,  578;  eleclri- 
licuiiou  resident  in  the,  566;  en 


ergy,  cells  of,  569:  polarization^ 
566;  polarization  of  the,  578. 

Diesis,  247. 

Difference  tone,  254. 

Differences  in  absolute  systems,  9; 
in  sounds,  213. 

Differential  arc  lamps,  728;  refrac- 
tion, 451. 

Diffracted  light,  intensity  of,  502. 

Diffraction,  64,  487,  495;  gratinss,. 
504;  of  sound,  227;  spectra,  506; 
through  a  slit.  501. 

Diffusion  of  gases,  180;  of  liquids,. 
185;  membrane,  187;  of  radia- 
tion, 414. 

Diffusivity,  thermal,  888. 

Digester.  323. 

Dimensional  equations.  11. 

Dimensions  of  derived  units,  11;  of 
speed,  22. 

Dip,  magnetic,  686. 

Direct  measurement,  12;  visioD 
prism,  458. 

Direction  acceleration,  28. 

Direction  sound-waves,  change  in» 
225;  of  induced  currents,  806. 

Discharge  by  conduction,  607; 
conductive,  607;  disruptive,  607,. 
611;  electric,  brush,  617;  elec- 
tric, dark,  618;  electric,  glow, 
618;  spark,  611,617;— oscillatory 
character  of,  613. 

Discord.  245. 

Disk,  Faraday's.  820. 

Dispersion.  447;  anomalous,  462; 
experimental  measurement  of, 
455;  irrationality  of,  452;  partial,. 
452. 

Dispersive  power.  451. 

Displacement,  46;  acceleratioD 
proportional  to,  48;  electric,  674. 

Disruptive  discharge,  607.  611. 

Dissipation  of  energy,  359. 

Dissonance,  theory  of,  252. 

Distance,  perception  of,  484. 

Distillation,  318. 

Distribution  due  to  repulsion,  546; 
electrical,  642;  experimental  de- 
termination of  magnetic,  672;  of 
heat  in  circuit,  718;  on  two  con- 
ductors.  548;  surface,  on  con- 
ductors, 542. 

Disturbances  in  elastic  medla» 
propagation  of,  145. 

DOLBBAR,  881. 

DONKIN.  280. 

DoNNY.  824. 

Double-image  prisms.  628. 

Double  refraction,  510;  axis  of  no» 
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512;  cbaoge  of  intensity  in,  517; 
phenomena  of,  510;  polariza- 
tion by,  522. 

Don  bier.  Bennet's,  581;  Nichol- 
son's revolving,  682. 

Doublet,  WoUastou's,  467. 

DovK.  486. 

Draper,  H.,  470. 

Draper,  J.  W..  391,  504,  720. 

Drion,  295. 

Ductility.  137. 

Du  Fay.  534,  536. 

DuFOUR.  305,  324. 

DuLONG,  225. 

Ddlonq  &  Petit,  285,  841.  887. 

Duration  of  spark,  612. 

Dvorak,  264. 

Dyniimics,  65;  definition  of,  65; 
subdivisions  of.  65. 

Dynamo-electric  currents,  806;  in- 
duction, 811. 

Dynamo-electric  machines,  alter- 
nating, 849;  compound  wound, 
850;  De  Meritens,  835;  Edison, 
848;  E.  M.  F.  of,  calculation 
of,  851;  Gramme,  842,  848;  mode 
of  operation  of,  843;  series,  850; 
shunt,  850;  Siemens,  842;  Stan- 
ley-Wesliiighouse.  849;  typical 
forms  of,  847. 

Dynamos,  economic  coefficient  of, 
853;  efficiency  of,  852;  efficiency 
of,  external,  852;  efficiency  of,  to- 
tal, 852;  efficiency  of,  useful,  852. 

Dyne,  unit  of  force,  69;  -centim- 
eter. 89;   -second,  70. 

Ear,  structure  of,  259. 

Earth-induction,  811. 

Earth,  magnetism  of,  679. 

Earth's  att ruction  in  kinetic  units, 
103;  field  on  magnetic  field,  646; 
magnetic  field.  679;  magnetic 
field,  force  directive,  681;  mag- 
netic field  not  uniform,  682;  mag- 
netism, theories  of,  694;  magnet- 
ism, moment  of,  696;  surface, 
variation  gravity  on.  104. 

Ebullition,  laws  of,  320;  point  of, 
810. 

Echos.  226. 

Economic  coefficient,  710,  853. 

Edbr,  895. 

Edge,  refracting,  of  prism,  480. 

Edison.  263,  724,  729,  759,  830. 
853;  machine.  848. 

Edison  system  of  lighting,  725; 
three- wire  system,  725. 

Effect,    Hall,    864;    Peltier.    785; 


of  pointed  conductors,  647;  of 
temperature  on  radiation,  372; 
Thomson,  736. 

Effects  of  heat,  287. 

Efficiency  of  dynamos,  852;  graph- 
ic representation  of,  855;  maxi- 
mum, law  of,  709, 855;  of  heat-en- 
gines. 348;  radiant,  886;  total 
and  useful,  852. 

Efflux,  speed  of,  170. 

Effusion,  181. 

Egokoff.  392. 

Elastic  bodies.  21.  41;  limit,  148; 
media,  propagation  of  disturb- 
ances in.  145. 

Elasticity,  138;  coefficienU  of,  142; 
electric.  575;  fatigue  of,  143; 
of  form,  138;  of  volume,  188; 
oscillaiions  produced  by,  144. 

Electric  action,  law  of,  539;  arc, 
721;  battery,  565;  currents,  698; 
discharge,  speed  of,  609;  dis- 
charge, oscillatory  character  of, 
613;  displacement,  574;  distribu- 
tion, 54"i;  elasticity.  575;  energy, 
conversion  into  chemical,  740; 
energy,  production  of.  from 
chemical,  752;  fiow.  698;  light- 
ing, 721;  motors,  853;  phenomena 
of  atmosphere,  621;  potential  at 
point.  551;  series,  535;  spark, 
characteristics  of,  617;  tension, 
570;  theory  of  Franklin.  537; 
theory  of  Symmer,  537. 

Electrical  air-thermometer,  605; 
charge,  542;  convection,  549; 
field,  551;  machine,  578;  poten- 
tial, 539;  quantity,  601;  quanti- 
ty, thermometric,  measurement 
of,  604  ;  radiation,  865;  theory 
of  magnetization,  657;  work 
and  energy,  550. 

Electricity,  588;  atmospheric.  621; 
nature  of.  576;  relation  of.  to 
light.  857;   specific  heat  of,  739. 

Electrics  and  non -electrics,  533. 

Electrification,  533;  a  form  of 
energy,  550;  and  magnetiza- 
tion. 676;  induced,  amount  of, 
558;  mwlern  theory  of.  538;  na 
ture  of,  537;  negative,  534;  posi 
tive,  534;  resinous.  534;  resident 
in  dielectric,  566:  thermo,  726; 
transference  of,  698;  two  kinds 
of.  534;  unit  quantity  of,  641 
vitreous,  534. 

Electro-chemical  equivalents,  742; 
table  of,  746. 

Electrodes,  741. 
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Elect rodynamic  balances,  796;  ro- 
tations. 798. 

Electrodynamics,  786;  principles 
of,  786. 

Electrodynamometers,  794;  Sie- 
mens &  Halske,  795;  Weber, 
794. 

Elecirokinetic  energy,  conversion 
into  chemical  energy,  740;  trans- 
formation of,  713. 

Electrokinetic  units,  700. 

Electrokinetics,  698. 

Electrolysis,  741;  laws  of,  741; 
theory  of,  748:  work  done  in,  750. 

Electrolytes,  741. 

Electromagnetic  character  of  radia- 
tion, 857;  rotation  of  light,857;  ro- 
tations, 799;  system  of  units,  778; 
theory  of  light,  869;  units,  com- 
parison of,  with  electrostatic, 
870. 

Electromaguetism,  768, 

Electromagnets,  781. 

Electrometer,  cupillury,  599;  dis- 
charging, Lane's,  601 :  quadrant, 
595,  597;  Thomson,  595. 

Electrometers,  595;  absolute,  595; 
attracted  disk,  595;  heterostatic, 
595;  idiostatic,  595;  long-range, 
595;  portable,  595;  repulsion, 
595;  symmetrical,  595. 

Electromotive  force,  561;  calcula- 
tion of,  of  dynamo,  851. 

Electro-optic  action,  861;  law  of, 
861. 

Electrophoi-i,  continuous,  581. 

Electrophorus,  580. 

Electroscope,  gold-leaf,  557. 

Electroscopic  gauge,  602. 

Electrostatic  and  electromagnetic 
units,  870. 

Electrostaiic  capacity,  562;  gene- 
rators, Thomson,  592;  induction, 
555. 

Electrostatic  instruments.  578; 
phenomena,  607;  potential,  unit 
of.  554;  stress,  861;  unit  of 
quantity,  541;  units  of  measure- 
ment, 593;  voltmeter,  599. 

Electrostatics.  533;  laws  of,  660. 

Elementary  matter,  132, 

ElemeuU,  132;  magnetic,  682; 
new,  by  spectrum  analysis,  468; 
of  a  force,  74. 

Ellipsoid,  strain,  44. 

Elliptical  polarization,  526. 

Ellis,  244,  248. 

Elongation,  maximum  negative, 48; 
maximum  positive,  48. 


Emergence,  condition  of,  in  piisms, 
438. 

Emission  of  radiation.  866;  select- 
ive. 385;  -spectra,  condition  re- 
quired to  produce,  458. 

Encounter,  molecular,  177. 

Endothermic  reactions,  856. 

Energy,  8,  88,  92;  change  of,  by 
impact,  149;  -changes.  5;  con- 
servation of,  4,  99;  conversion 
chemical  into  electrical,  752;  con- 
version electrical  into  chemical, 
740;  conversion  mechanical  into 
heat,  341;  definition  of,  4,  92:  dis- 
sipation of,  359;  electrification  a 
formof  ,550;  electrokinetic,  trans- 
formation of,  713;  expended  in 
charging  conductor,  563;  in 
charging  condenser,  566;  kinetic, 
98;  kinetic,  measurement  of,  94; 
kinetic  and  potential,  relation  be- 
tween, 94;  loss  of.  by  radiation, 
887;  magnetic,648;  molecular  ki- 
netic, 269;  of  sether-flow,  698;  of 
SBther- stress.  533;  of  sether  vi- 
bration, 865;  of  aether  vortices, 
628;  of  magnetization,  654;  of 
mass- vibration,  212;  of  the  cur- 
rent, 708;  of  the  pendulum,  110; 
of  radiation,  371 ;  of  rotation,  97; 
of  sound- vibration.  265;  of  vol- 
taic cell,  761;  of  voltaic  circuit, 
763;  i)otential,  93;  potential,  and 
attraction,  120;  radiant,  865; 
ref motive,  435;  refractive,  abso- 
lute, 435;  refractive,  absolute, 
molecular,  435. 

Energy,  solar,  origin  of,  360; 
terrestrial,  solar  origin  of,  359; 
of  thermo-current.  737 — method 
of  computing,  738;  transference 
of,  96;  transformations  of,  96; 
varieties  of,  98. 

Engine,  Ericsson's  solar,  358;  re- 
versible, 846. 

Epoch,  48. 

Equal  and  unlike  parallel  forces, 78. 

Equations,  dimensional,  11;  of 
harmonic  curves,  51 ;  of  uniform- 
ly accelerated  motion,  26. 

Equator,  magnetic,  689. 

Equilibrium,  79;  conditions  of,  in 
magnetic  field.  678;  conditions  of, 
for  a  particle,  79;  conditions  of, 
for  rigid  body.  81;  indifferent, 
161;  in  gases,  163;  kinetic,  79; 
liquid,  155;  liquid,  angle  contact, 
206;  of  floating  bodies,  169;  sta- 
ble  and  unstable,  160;  static,  79. 
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Equipotenlial  surfnces,  125;  elec- 
ti-ic,  558;  maguctic,  649;  mag- 
uetic,  due  lo  iwo  poles,  652. 

Equivalence  of  currents  and  mag- 
nets. 783. 

Equivalent,  chemical,  742;  electro- 
chemical. 742~table  of.  746; 
gnim-.  743;  mechanical,  of  heat, 
341 ;  water,  of  calorimeter,  281. 

Equivalents,  combustion,  353. 

Erg,  unit  of  work,  88. 

Erg-ten,  89. 

Ericsson*s  solar  engine,  358. 

Euclid,  232. 

EuLER.  245,  409. 

Evaporation.  309;  into  air,  312. 

EwiNG,  663,  664. 

Exchanges,  theory  of,  372. 

Exothermic  reactions,  352,  356. 

Expansion.  287;  apparent,  292; 
applications  of  laws  of,  297. 

Expansion -coeftirien Is,  288;  in- 
crease of.  with  temperature.  294; 
increase  of.  with  temperature, 
table  of,  294;  linear,  'J89;  meas- 
urement of.  290;  of  liquids,  291; 
table  of.  291;  variation  of,  with 
temperaiure,  291;  vohime,  289. 

Expansion- factor.  289:  -meters. 720. 

Expansion,  non-isoiropio,  291;  of 
gases,  295— measurement  coeffi- 
cient of,  295;  of  solids.  288;  of 
water,  anomalous,  293;  real,  292. 

Experiment,  Cavendish,  101. 

Experimental  determination  foci 
mirrors,  419;  measurement  dis- 
persion, 455;  speed  of  sound,  220. 

Experiments  of  Hertz,  866. 

Extra-current,  814. 

Eye.  the.  and  vision,  472;  blind 
spot  in,  476;  chromatic  aberra- 
tion of,  475;  retina  of,  476;  rods 
and  cones  of.  476;  spherical 
aberration  of,  474;  yellow  spot 
in,  476. 

Eye-piece,  Huyghens,  468;  nega- 
tive, 468;  positive,  468;  Rams- 
den,  468. 

Eall  of  potential  in  a  circuit,  707. 

Farad.  595. 

Faraday,  239,  301,  319,  328,  329, 
534.  538,  543,  556,  559,  571,  573, 
611,  616,  617.  618,  741,  800,  805, 
813.  820.  823,  857. 

Farmer,  728,  850. 

Faiii^ue  of  elasticity,  148. 

Fai^re.  Ws. 

K.wre,  183. 


Favre  and  Silbermann,  852. 

Feddersen,  612,  613. 

Format,  law  of,  408. 

Field,  current.  770;  earth's  and 
magnetic,  646;  electrical,  551, 
567. 

Field,  magnetic.  630;  force  in,  631 ; 
magnetization  by,  638;  measure- 
ment of,  812;  of  earth,  679— 
not  uniform,  682;  uniform,  635; 
variable,  685;  variation  of  poten- 
tial in,  649. 

Field  of  force,  127;  of  mirror,  415; 
produced  by  magnetic  pole,  644 
— by  two  magnetic  poles,  645; 
terrestrial,  elements  of,  682. 

Fifth,  interval  of,  246. 

Figure,  center  of,  of  mirror,  415. 

Filament,  incandescence,  724;  sole- 
noidal,  667. 

Film,  liquid,  pressure  produced  by, 
205. 

Filter-pump,  Buusen's,  198. 

FiZEAU.  399,  832. 

Fizcau's  method,  399. 

Flatting  a  note,  248. 

Fleming,  760. 

Floating  bodies,  158;  equilibrium 
of,  159. 

Flotation  in  liquids,  law  of,  158. 

Flow,  amount  of,  171;  electric, 
698;  of  liquids  in  tubes,  172; 
stream.  175. 

Fluid,  definition  of  a,  149;  pres- 
sure proportional  to  depth,  153. 

Fluids,  compressibility  of,  189; 
general  and  special  properties 
of,  151;  kinetics  of,  170;  mo- 
bility of,  151;  properties  of,  149; 
statics  of,  151;  under  action  of 
gravity,  158;  upward  pressure 
in,  156. 

Fluorescence,  869. 

Focal  length,  experimental  de- 
tei-mination  of,  446;  planes,  442; 
points  of  lens,  441. 

Foci,  of  combined  lenses,  440;  ex- 
perimental determination  of, 
419. 

Foci,  virtual,  of  concave  mirrors, 
417;  of  lenses,  441. 

Focus,  226;  conjugate.  416;  prin- 
cipal, of  mirror,  415;  real,  417; 
virtual,  418. 

Forbes,  835. 

Force,  action  of,  in  producing  ro- 
tation, 76;  coercitive,  637;  defi- 
nition of,  68;  dimensions  of  unit 
of,  69;  electromotive,  561;   ele- 
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ments  of  a.  74;  field  of,  127;  im- 
pulse of  a.  69,  76;  in  magnetic 
tleld,  631;  Hues  uud  tubes  of, 
126;  magnetic,  liues  of,  633 — 
flow  of,  633;  momeut  of  a,  76; 
electric,  field  of,  551;  portative, 
640;  positive  uud  negative,  121; 
tubes  of  magnetic,  651. 

Forces,  composition  and  resolution 
of,  74. 

Forces,  parallel,  composition  of, 
77;  resolution  of,  77;  equal  and 
unlike,  78. 

Fork,  tuning,  236. 

Form  of  ather  motion,  870;  of 
conductor,  influence  of,  545. 

Formation  of  images  by  lenses. 
443;  of  shadows,  404. 

Forms  of  barometer,  167. 

Fortiu  barometer,  167. 

Foster,  482,  484. 

FoucAULT,  388,  399.  427,  461,  470, 
822.  ^35;  currents,  822. 

Foucuult  photometer,  383. 

Foucault's  method,  399, 

Fourier,  11.  63,  334. 

Fourier  8  theorem,  280.  249. 

Fourth,  interval  of,  246;  slate  of 
matter,  198.  839. 

Fovea  centralis,  476. 

Franklin,  B..  534,  637,  542,  544, 
550,  557.  566,  578,  621. 

Franklin,  Sir  J..  688. 

Franklin,  electric  theorv  of,  587. 

Franklin's  pulse-glass,  323. 

Fradnhoper,  388.  890,  450,  460, 
504. 

Fraunhofer  lines,  450,  507;  re- 
fractive indices  of.  451;  wave- 
frequencies  of,  450;  wave- 
lengths of,  450. 

Free  path,  177. 

Freedom,  degrees  of,  87;— of  rota- 
tion. 40. 

Freezing  machines,  826;  point, 
molecular  depression  of,  808. 

Fresnel,  414.  447.  488,  491,  498, 
525. 

Fresnel's  interference  methods, 
488;  law  intensity  of  reflection, 
414. 

Friction,  81;  coefl3cient  of,  82; 
kinetieal,  86:  laws  of,  86;  ma- 
chines, 578:  rolling,  86;  sliding, 
86;  statical,  82;  work  in  over- 
coming, 92. 

Fringes,  external, 497;  internal.497. 

Frost,  329. 

Fuels,  heat  value  of,  855 


Function,  periodic,  46. 
Fundamental  units,  values  of,  lOl 
Fusing  currents,  table  of,  718. 
Fusing  point,   effect  of  pressure 

on,  801;  of  mixtures,  807;  prea- 

sure.  309. 
Fusing  points,  table  of,  299. 
Fusion.  298;  laws  of,  299;  change 

volume  on,  299;  heat  changes 

on,  305;  of  wires,  608;  tempera- 

tare  of,  717. 

Galileo,  114. 

Galileo  telescope.  471. 

Gallery,  whispering,  226. 

Galvanometer,  absolute,  776;  bal- 
listic, 780;  -constant,  776:  Do- 
prez-d'Arsonval,  778;  -field,  uni- 
form, 777;  -measurements,  775; 
optical.  862;  reduction  factor  of, 
776;  retiectiuc.  777;  sine,  776; 
tangent,  775;  Thomson,  777,778. 

Galvanonietric  mode  of  measuring 
potential,  780. 

Gambey,  8i3. 

Gas.  definition  of  a.  818. 

Gaseous  state,  simplicity  of  matter 
in,  133;  and  liquid  states,  con- 
tinuity of,  314. 

Gases,  absolute  density  of,  815; 
adhesion  of,  to  solids.  182;  com- 
pressibility of.  190;  critical  tem- 
peratures of,  819;  critical  press- 
ures of,  819;  definition  of.  150; 
diffusion  of,  180;  equilibrium 
in,  163;  expansion  of.  295;  kinet- 
ics of,  176;  liquefaction  of,  819; 
measurement  coefticient  expan- 
sion of,  295;  siK'cific  heat  of, 
286  ;  specific  heats  of,  table  of, 
287;  and  solids,  radiation  from, 
891;  and  vapors,  densities  of. 
815;  table  of  densities  of,  815. 

Gauqain,  602,  611,  616,  733;  elec- 
trostatic gauge,  602. 

Gauge,  electrostatic,  602,  McLeod, 
199. 

Ganges.  Bourdon.  195;  pressure,. 
193;  vacuum,  194. 

Gauss.  9,  441,  6H9,  690.  695. 

Gauss,  magnetic  unit,  681. 

Gauss's  lens  method,  441;  theo- 
rem. 127. 

Gautheuot,  764. 

Gay  Lussac,  201.  296;  barometer 
of.  168;  law  of.  179.188.296. 

Geissler,  196;  pump,  196;  tubea, 
838. 

GrLLI  BRAND.  C84. 
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Geniml  properties  of  fluids,  151. 

Genemtors,  electrostatic.  502;  field 
of,  842;  higli  potential,  578;  hy- 
droelectric, 756;  magneto-elec- 
tric, 842;  pyro-raagnetic,  729; 
thermo-electric,  727. 

Geometrical  optics,  406. 

Gf.rnez,  305. 

Geykii,  720. 

Gilbert,  533,  628,  684,  641,  694. 

Glottis.  256. 

Gold  lejif  electroscope,  557. 

Gordon,  573,  887,  858. 

Gradient,  temperature,  835. 

Graham.  T.,  181,  182,  188,  185, 
186,  684.  690. 

Gram,  detiued,  10;  -equivalent, 
743. 

Gramme,  842;  armature,  842;  ma 
chine,  848. 

Graphic  method,  25;  representation 
of  work,  89:  representation  of 
efficiency,  855. 

Graphophone,  264 

Grassi.  189. 

Grating,  concave.  606;  diffraction, 
504;  Rowland's,  506. 

Gnive  harmonic  of  Tartini,  254. 

Gravitation,  law  of,  100;  -potential, 
123. 

Gravity,  101 ;  acceleration  of, 
method  of  measuring.  105,  107; 
cell,  voltaic,  758;  acceleration  of, 
determined  by  pendulum.  111; 
fluids  under  action  of,  153;  varia- 
tion of,  on  earth's  surface,  104. 

Gray,  A.,  541. 

Ghay,  E.,  827. 

Gray.  S.,  533. 

Grimaldi,  487. 

Grotthus,  748. 

Ghove,  324,  759. 

Grove  cell,  759. 

Grover,  695. 

GuERiCKE,  von.  534,  5vo. 

Gulf  stream.  340. 

GUNTER.  684. 

Guthrie,  307. 
Gyration,  radius  of,  68. 

Hacker,  640. 

Haoenbach,  304. 

Hall,  864:  effect,  864. 

Halley,  685,  694. 

Hansteen,  695. 

Hardness,  scale  of,  137. 

Harmonic  curve.  49;  curve,  equa- 
tion of,  51;  curves,  composition 
of,  59;  grave,  of  Tartini,   254; 


motions,  composition  of,  49,  58, 
56;  motion,  simple,  47. 

Harmonics.  234. 

Harris.  Snow,  601. 

Hartmann.  686. 

Hastings,  470. 

Haughton,  230. 

Hawksbee.  578. 

Head,  pressure,  172;  total,  172; 
velocity,  172. 

Hearing  and  speaking,  256;  the 
organ  of,  259. 

Heat,  action  of,  on  matter.  287;  by 
compressing  gas,  848;  capacity 
for,  276;  concerned  in  producing 
tem|)erature-changes.  272;  con- 
vection of,  338;  conversion  of, 
into  work,  344;  conversion  me- 
chanical energy  into  341 :  defini- 
tion of,  269;  distribution  of,  in 
circuit,  713;  effects  of,  287;  the 
energy  of  molecular  motion, 
270;  mass-transference  of,  338; 
measurement  of,  272,  275;-  me- 
chanical equivalent  of,  341;  na- 
ture of,  269;  of  chemical  action. 
352;  of  liquefaction,  306;  of 
liquefaction,  table  of,  307;  of 
vaporization,  table  of,  325;  pro- 
duction current  from,  726;  pro- 
duction of,  from  current,  713; 
sources  of,  352  ;  sources  of.  cos- 
mical,  357;  sources  of,  terrestrial, 
352;  specilic,  276;  specific,  of 
electricity,  739;  8i)ecitic,  of  gases, 
286;  specific,  of  gases,  pressure 
constant,  286;  specific,  of  gases, 
volume  constant,  286;  transfer- 
ence of,  332;  transformations  of, 
841 ;  unit  of,  275;  value  of  fuels, 
855. 

Heat  changes  on  fusion  and  solidi- 
fication, 305. 

Heat-conduction,  definition  of. 382. 

Heat-energy,  from  current  energy, 
713. 

Heat-engine,  efficiency  of,  348. 

Heat- unit,  mechanical  value  of, 
344. 

Heats,  atomic,  285;  molecular. 
285:  specific,  table  of,  283. 

Height,  barometric  measurement 
or,  165;  measurement  by  boiling 
point,  323. 

Helmholtz.vou,  130.  243,244, 250. 
251,  254.  257,  264,  301,  ^59,  361, 
381,  476,  479,  749.  753,  762,  807. 

Henry,  Joseph,  618, 676,  818,  824, 
827;  law  of,  303. 
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Henry,  uiiil  of  self-induction,  816. 
Ukkscukl.  226,  446.  470,  475,  628. 
Hektz.  866;  experiments  of,  866. 
Heleiogeneous  matter,  182. 
Hks8,  856. 
lligb  vacua,  198. 
Hi  UN.  344. 
HiTTORF,  748. 
HocKiN,  871. 
Hoilograph,  28. 

HOFMANN.    188. 
HOLDEN,  628. 

HoLTZ,  584 

lIoUz  influence  machine,  584. 

Homogeneous  mailer,  182;  radi- 
ation, refraction  of,  424;  strain, 
42. 

Homologous  series,  824 

Hooke.  law  of.  144. 218.  265. 

Hope.  294. 

Hopkins.  888. 

HoPKiNsoN.  573,  641,  664,  841. 

Horizon,  artificial,  408. 

Horizontal  intensity,  682. 

HOSPITALIER,   818. 

lluGGiNS,  462,  464. 

Hughes,  826,  831. 

Human  voice,  the,  256. 

Humboldt,  von,  680,  690, 

Humidity,  relative,  329. 

Huyqhens,  112,  115,  403.  513,  517; 
construction  for  double  refrac- 
tion. 513;  eye-piece,  468. 

Hydroelectric  generators,  756. 

Hydrogen,  occlusion  of,  by  pal- 
ladium, 185;  liquefaction  of, 
319;  standard  of  density.  815. 

Hygrometer,  Daniell's,  830. 

Hygrometry.  329. 

Hyperbola,  etjuilateral,  represents 
Boyle's  law.  845. 

Hypernietropia,  478. 

Hypsometer,  323. 

Hypsometry,  165,  828. 

Hysteresis,  660. 

Ice  machines.  826;  ammonia,  826; 

of  E.  Carre,  827;  of  F.  Carre, 

826. 
Iceland  spar,  510. 
Ideoelectrics,  583. 
Illustration,  graphic   method  of, 

25. 
Image.   410;    extraordinary,   512; 

ordinary,  512;  real,  420;  virtual, 

410,  421. 
Images,  formation  of.  by  lenses, 

443:  formation  of,  in   mirrors, 

420. 


Impact,  146 ;  change  of  energy  by, 
149. 

Impenetrability,  186. 

Impulse,  of  a  force,  69,  76. 

Incandescence  light,  721. 

Inclination,  magnetic,  682,  686; 
magnetic,  measurement  of,  686; 
variations  of,  687. 

Inclinometer.  687. 

Incompressibilily,  138. 

Index,  extraordinary,  512;  ordi- 
nary. 512. 

Index  of  refraction.  425;  absolute, 
425;  measurement  of,  431;  the 
ratio  of  speed  of  propagation, 
426;   relative,  425. 

Indifferent  equilibrium,  161. 

Indirect  measurement,  12. 

Induced  currents,  direction  of, 
806;  magnitude  of,  807;  of  dif- 
ferent ordei-s,  824. 

Induced  electrification,  amount 
of,  558;  magnelizaiiou,  657. 

Inductance.  813.  815. 

Inductiou-apparaius,  mutual,  832; 
magneto  electric,  842. 

Induction,  applications  of,  817; 
balance,  825;  charge  by.  555; 
coils,  832;  currents,  805^1aw  of, 
806;  damping  effect  of.  828; 
earth-,  811:  effect  of,  on  ca- 
pacity. 562;  electric,  self,  806; 
electdc,  mutual,  806;  electro- 
static, 555;  in  irregular  masses, 
822;  lines  and  tubes  of.  568; 
machines.  680;  magnetic  and 
electrostatic,  666:  magnetic,  638, 
657;  magnetic,  lines  of,  660; 
magneto-electric,  805, 811;  meth- 
od of,  674;  mutual.  813;  mutual, 
coefficient  of,  816;  mutual,  unit 
coefficient  of,  816;  phenomena 
of,  555;  screens,  824. 

Induction,  self,  813;  coefficient  of, 
814;  unit  coefficient  of.  815. 

Induction  spark,  phenomena  of, 
835. 

Inductions,  classification  of,  805. 

Inductive  capacity,  specific,  571. 

Inertia,  moment  of,  68. 

Influence  machine  of  Belli,  582; 
of  Holtz.  584;  of  Varley,  588. 

Instruments,  electrostatic.  578; 
electric  measuring.  598;  optical, 
466;  thermic  measuring.  719. 

Insulators.  584. 

Intensity,  calorific,  853;  change  of. 
in  double  refraction,  517;  cur- 
rent-field, 771;  diffracted  li-ht. 
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602;  horizontal,  682;  magnetic, 
69<);  innguetic,  meus.  of.  690; 
maguetic,  viiriatioD  uf,  692:  of 
magiietizatioo.  682;  of  nidiation, 
374,  37o — laws  of,  376;  of  souud, 
inodificaliou  of,  228;  variation 
of,  in  polarized  radiation,  522; 
vertical.  682. 

Interference,  487;  bands,  490; 
nieiliods,  Fresnel,  488;  of  radia- 
tion, 487;  of  sound,  228;  of 
waves,  63;  of  polarized  radia- 
tion, 528;  produced  by  thin 
phites.  492. 

Intervals,  musical,  246. 

Inversion,  phenomenon  of,  730. 

Ions,  741;  migration  of,  748. 

Iron-carbonyl,  185. 

Irrutionality  of  dispersion,  453. 

Irregular  masses,  induction  in,822. 

Iseuliopirs,  346. 

Isobaric  lines.  169. 

Isobaronielric  lines,  169. 

Isobars,  169. 

Isoclin)nism,  49. 

Isochronous  vibrations,  49. 

Isoclinic  lines.  689. 

Lsodynamic  lines,  693. 

Isogonic  lines,  685. 

Isotliermais,  336,  346. 

Isotropic  substance,  291,  886. 

Jacobi,  law  of,  854. 

Jacques.  221. 

Jamin,  640.  674,  675,  801. 

Jumin  magnet,  640. 

Jar,  Ley  den,  564. 

J  EN  KIN,  734. 

Jennings,  622. 

JouBEUT,  655.  786. 

Joule,   179,  270,   840,  841,  848, 

344. 
Joule,  tmit  of  work,  595. 
Joule,  law  of.  709.  713;  -second, 

92;  value  of,  89.  344. 
Jurin's  law.  208. 

Kaleidopbone,  235. 

Kaleidoscope,  418. 

Kapp,  664. 

Kater,  112. 

Katljetometer,  167. 

Kathion.  741. 

Kathode,  741. 

Keelku,  392. 

Kelvin.  Lord,  592.  595,  599,  612, 
615,  623,  659,  667,  677,  680,  736, 
760.  796.  807.  836.  870.  See 
rilso  Thom«on,  Sir  Wm. 

Kerr,  859,  861. 


Kilerg,  89. 

Kilowatt.  92. 

Kinematics,  19;  definition  of,  20; 
province  of,  21. 

Kinetic  energy,  93;  measurement 
of.  94;  mofecular,  269. 

Kinetic  unit,  relation  of  static 
unit  to,  103. 

Kinetic  units,  Earth's  attraction 
in,  103. 

Kinetical  friction.  86. 

Kinetics.  65,  66;  mass,  170;  molec- 
ular, 176;  of  fluids,  170;  of  gases, 
176:  of  liquids,  170. 

Kinnersley,  605. 

Kinnersley's  electric  air- thermom- 
eter, 605. 

KiRCiiER,  226. 

KiRCHHoFF,  890.  460,  462. 

Kirchhoff's  laws,  705. 

Kleibt,  564. 

KoENiG.  253.  254,  255,  256,  263. 

KOHLRAITSCH,   748,  870. 

Kopp,  325. 

KuHNE.  477. 

KuNDT.  223.  433,  623. 

KuNDT  &  ROntgen,  859. 

Lagrange,  409. 

Lalande-Chaperon  cell,  759. 

Lamellar  arrangement  of  magnetic 
elements,  667. 

Lamont,  637,  685. 

Lamps,  arc,  722;  Brush.  723;  dif- 
ferential. 723;  Lontin,  724;  8er- 
rin,  723;  incandescence,  724. 

Lane.  J.  H.,  361. 

Lane's  discharging  electrometer, 
601. 

Langley,  8.  P.,  358,  367,  880.  385, 
393,  450.  465,  477,  875. 

Laplace,  167,  220,  772;  law  of» 
772. 

Larynx,  256. 

Lateral  spherical  aberration,  423. 

Lavoisier  &  Laplace,  279. 

Law,  of  action  of  two  poles.  646; 
of  Arago.  520:  of  Boyle,  165, 190, 
191;  of  Boyle,  applications  of, 
193;  of  Boyle,  variations  from, 
192;  of  Brewster.  518;  of  con- 
tinuity. 175;  of  cooling,  887; 
of  cosine  illumination,  376;  of 
Coulomb,  540;  of  i;)allon,  812; 
of  distance  illustrated,  376:  of 
Du  Fav,  536;  of  eleciric  action, 
539;  of  electro-optic  action,  861; 
of  exchanges,  372;  of  Fermat. 
408;     of    gravitation,     100;    of 
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Henry,  308;  of  Hooke.  144:  of 
Jacobi,  854;  of  Joule,  709;  of 
Jurin,  208;  of  Laplace.  772;  of 
Lenz,  806;  of  liquid  flotation, 
158;  of  Malus.  522;  of  maxi- 
mum current,  707;  of  maximum 
cfliciency,  709.  855:  of  maximum 
work,  854;  of  Ohm.  699;  of 
Pascal,  151;  of  Siemens,  855;  of 
Stefan,  721;  of  Stokes,  388;  of 
successive  contacts.  755;  of  Tor- 
ricelli,  170;  of  Volla,  752;  of 
Watt,  318. 

Laws  of  ebullition,  320;  of  elec- 
trolysis, 741;  of  electrostatics, 
560;  of  expansion,  applications 
of,  297;  of  fusion.  299;  of 
KirchbofiF,  705:  of  magnetic 
action.  642;  of  motion,  70,  71; 
of  reflection,  406;  of  thermo- 
chemistry, 356. 

Least  count  of  vernier,  15. 

La  Bel,  532. 

Leclauche  cell,  759. 

Ledbboer,  641. 

Leidbnfrost,  328. 

Length,  measurement  of,  14; 
primary  standard  of,  297; 
primary  standard,  coefficient  ex- 
pansion of.  298:  of  seconds  pen- 
dulum, 113;  unit  of,  10. 

Lenoir,  297. 

Lens,  crystulline.  472;  -method, 
Gauss's,  441 ;  optical  center  of, 
436. 

Lenses,  435;  achromatic,  454; 
achromatism  in,  452;  aplanatic, 
445;  airdinal  points  of,  441; 
chromatic  aberration  of,  454; 
concave,  435;  converging,  435; 
convex,  435;— conjugate  foci  of, 
438;  diverging,  435;  experi- 
mental determination  focal 
length.  446;  foci  of  combined, 
440;  formation  images  by,  443; 
meniscus,  436;  spherical  aberra- 
tion of,  444;  virtual  foci  of,  441. 

Leuz.  law  of,  806. 

Le  Roux,  737. 

Leslie,  135,  327,  879,  884. 

Ley  den  jar,  564. 

Lifting-power  magnets,  640. 

Lieht,  arc,  721;  compound,  868; 
diffracted,  intensity  of,  502;  -en- 
ergy, complex,  371;  electro- 
magnetic theory  of,  869;  incan- 
descence, 721;  monochromatic, 
368;  production  of,  by  current. 
720;  relation  of,  to  electricity. 


857;  speed  of,  in  vacuo,  401; 
standards  of,  381;  waves,  con- 
stants of,  368. 

Lighting,  electric,  721. 

Lightning,  duration  of,  623;  photo- 
graph of,  622;  protection  from, 
626. 

Limit,  elastic,  148;  of  musical 
sounds,  243. 

Limma,  247. 

Linear  density,  electric,  542. 

Lines,  aclinic.  689:  agonic,  685; 
dark,  in  solar  spectrum.  449; 
Fraunhofer,  450,  507:  isobaric, 
169:  isobarometric.  169;  iso- 
clinic,  689;  isodyuamic,  693: 
isogonic,  685;  of  force,  126;  of 
force,  unit  pole,  645;  of  force, 
magnetic,  633;  of  induction. 
568;  of  induction,  magnetic,  660. 

LiPPMANN,  599. 

Liquefaction,  298;  heat  of.  80ft— 
table  of,  307;  of  gases,  319;  of 
O,  N,  and  H,  319. 

Liquid  cohesion,  200. 

Liquid  equilibrium,  155;  flotation, 
law  of,  158;  state,  continuity 
with  gaseous,  814. 

Liquids,  compressibility  of,  189; 
definition  of,  150;  difl^usiou  of, 
185;  flow  of.  in  lubes.  172:  in 
equilibrium,  angle  of  contact 
between,  206;  kinetics  of,  170; 
specific  heats  of,  283;  speed  of 
sound  in,  222;  surface  tension 
of,  201;  vaporization  of,  309; 
volatile,  809;  volatile,  vapor 
pressure  of,  812;  viscosity  of, 
174. 

LissAJous.  244,  262. 

Local  action,  759. 

LOCKYER,  463. 

Lodestone,  628. 

Lodge,  72.  75,  866.  538,  577,  626, 
740,  753.  760,  804,  868,  873. 

LoGEMAN  &  WETTi>REN,641. 

Longdistance  telephone,  881. 

Long-range  electrometer,  595. 

Longitudmal  rigidity,  141;  spheri- 
cal aberration.  428;  vibration  of 
rods,  236:  waves,  62. 

Lontiii  arc  lamp,  724. 

LooMis.  688. 

LOSCHMIDT,  181. 

Loss  energy  by  radiation,  887. 

Lucretius,  180. 

Luminosity,  temperature  of,  891. 

Luminous  radiations,  measurement 
of,  881. 
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Mach,  546. 

Machine,  Attwood,  106;  Brush, 
849;  compound-wound,  850;  De 
Meritens,  835:  dynamo,  calcula- 
tion E  M.  F.  of,  851;  electro- 
static. 578;  Gi-amme,  842;  in- 
duction, 580;  influence,  588;  in- 
fluence, Belli's,  582;  influence, 
Holtz's,  584;  influence,  TOpler's, 
587;  influence,  Varley's,  583; 
influence,  Voss's,  588;  influence, 
Wimshurst's,  589;  series,  850, 
shunt,  a50;  Siemens.  842; 
Thomson-Houston,  849. 

Machines,  friction,  578;  ice,  826; 
self-exciting,  587. 

Magnet,  characteristics  of,  629; 
distribution  magnetization  in, 
671;  distribution,  experimental 
determination  of,  672;  simple  so- 
lenoidal,  667;  theoretical,  641. 

Magnetic  action,  laws  of,  643; 
attraction  and  repulsion.  641; 
axis,  628,  630;  circuit,  639;  cir- 
cuits,  closed,  784;  compass,  680, 
constants,  663;  couple,  632;  de- 
clination, 682;  density,  633;  and 
electrostatic  induction.  666;  ele- 
ments. 682;  equator.  628,  689; 
field,  630;  field,  conditions  equi- 
librium in,  678;  field  and  earth's 
field,  646;  field,  force  in,  631; 
field,  magnetization  by,  638; 
field,  measurement  of,  812;  field 
of  earth,  679;  field,  uniform. 
635;  field,  variable,  635;  field, 
variation  of  potential  in,  649; 
flow  of  force,  633;  force  of  earth 
directive,  681;  inclination,  682, 
686;  induction,  638,  657;  induc- 
tion, lines  of,  660;  inte  sity,  682, 
690;  intensity,  measuiement  of, 
690;  intensity,  variation  of,  692; 
lines  of  force,  633;  mass  of  pole, 
681;  moments,  631;  moment  of 
earth,  696;  permeability.  659; 
perturbations,  685:  phantoms, 
634;  polarization,  656;  pole,  field 
of,  644;  pole,  lines  of  force  of, 
645;  pole  of  earth,  690;  pole, 
unit,  644;  poles,  630;  poles, 
naming  of,  680;  potential,  641; 
potential  at  a  point.  648;  prop- 
erties, 629;  relations  of  current. 
768;  saturation,  637;  saturation, 
point  of,  660;  shell,  complex, 
669;  shell,  moment  of,  669;  shell, 
simple.  669;  shell,  strength  of, 
«69;  shells,  667,  668;  solenoids. 


667;  strength  of  field,  631;  sub- 
stances, 629;  surfaces,  equipo- 
tential,  649;  susceptibility,  658; 
theoiy  of  Poisson,  656;  theory 
of  Weber,  656;  work  and  en- 
ergy, 648. 

Magnetism,  628;  Ampere's  theory 
of.  802;  dual  nature  of,  680; 
of  the  earth,  679;  of  the  earth, 
theories  of.  694;  terrestrial,  con- 
stants of,  695. 

Magnetization,  628;  a  molecular 
phenomenon,  655;  by  contact, 
637;  by  currents,  785;  curves  of, 
660;  depth  of,  675;  distribution 
of,  671;  effect  of  temperature  on, 
641;  and  electrification,  676; 
electrical  theory  of,  657;  energy 
of,  654;  induced,  657;  intensity 
of,  632;  methods  of,  637;  results 
of,  638;  theory  of,  655. 

Magneto-electric  currents.  806; 
generators,  842;  induction,  811; 
mduction  apparatus,  842. 

Magnetometer,  647. 

Magnets,  628.  629;  compound, 
639;  electro-,  781;  equivalence  of 
and  currents,  783;  Jamin,  640; 
lifting  power  of,  640. 

Magnifying  power,  466. 

Magnitude  of  induced  currents, 
807. 

Magnitudes,  physical,  7. 

Mairan.  112. 

Major  scale.  247;  semitone,  247; 
third.  247;  tone,  246. 

Malleability,  137. 

Mallet,  690. 

Malus,  518;  law  of,  522. 

Manometers,  198. 

Marcus,  728. 

Marey's  tambour,  606. 

Marum,  von,  547,  580. 

Mascart,  606. 

Mass.  3,  66,  131;  center  of,  110; 
-kinetics,  170;  measurement  of, 
78;  physics,  17;  transference  of 
heat,  338;  unit  of,  10;  -vibration, 
energy  of.  212;  -vibration,  or 
sound,  212. 

Masson,  620. 

Mutter,  3;  action  of  heat  on,  287; 
-changes,  5;  compound,  132; 
conservation  of,  4;  definition  of, 
129;  divisibility  of,  135;  ele- 
mentary, 132;  fourth  state  of. 
198,  839;  heterogeneous,  132; 
homogeneous,  132;  impenetra- 
bility of,  136;  in  gaseous  state. 
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simple  constitution  of,  188;  prop- 
erties of.  129;  simple,  182;  struc- 
ture of.  129;  subdivisions  of, 
130;  vibration.  372. 

Mattbucci,  574. 

Matthiessen,  290,  294. 

Maupeutuis,  409. 

Maximum  current,  law  of,  707; 
efficiency,  law  of,  709;  negative 
elongation,  48;  positive  elonga- 
tiou.  48. 

Maxwell.  11,  12,  71,  101,  114, 
130,  135,  186,  174,  176.  180,  271, 
305,  543.  657,  560,  563.  567,  574, 
577,  6;i3.  660,  781,  869,  871. 

Mayer.  250,  255,  265,  438,  685. 

McKichan,  871. 

McLeod  gauge.  199. 

Mean  square  of  velocity,  177. 

Measure,  absolute,  9;  of  stability, 
161. 

Measurement  noceleration  of  grav- 
ity, 105;  direct  and  indirect.  12; 
electrostatic,  units  of,  593;  in 
general,  12;  of  declination,  683; 
of  expansion  coefficients,  290; 
of  expansion  coefficients  of  gases. 
295;  of  beat,  272;  of  height, 
barometric,  165. 

Me:isurement  of  magnetic  inclina- 
tion, 686;  of  kinetic  energy,  94; 
of  length,  14;  of  1  uminous* radi- 
ations, 381 ;  of  magnetic  field,  812; 
of  mass,  73;  of  radiation,  379;  of 
refractive  index,  431;  of  surface 
tension.  204:  of  temperature, 
272;  of  vibration-frequency,  217; 
of  wave-lengths,  491,  508;  of 
wave-lengths,  direct,  218;  of 
work,  88. 

Measurements,  physical,  12;  gal- 
vanometer, 775. 

Measuring  instruments,  electric, 
593;  thermic,  719 

Mechanical  energy  converted  into 
heat.  341. 

Mechanical  equivalent  of  heat, 
34\. 

Mechanism  of  radiation,  366. 

Medium,  aeoloiropic,  514;  dielec- 
tric, 567;  insulating.  567. 

Mcgerg,  89. 

Melloni,  879.  880,  387,  892,  414, 
727 

Membrane-diflfusion,  187. 

Membranes,  vibration  of.  289;  vo- 
cal. 256. 

Mendel^efp,  185, 804. 

Mendenhall,  830. 


Meniscus  lens,  486. 

Mercury,  apparent  expansion  of, 
292;  pumps,  196;  real  ezpaDsion 
of,  292. 

Metacenter.  161. 

Metallic  thermometers,  298. 

Meteorology,  use  barometer  in, 
168. 

Meters,  expansion,  720. 

Method,  graphic.  25;  of  coinci- 
dences, 112;  of  contact,  674;  of 
cooling,  277;  of  deflections,  691; 
of  induction,  674;  of  measuring 
currents,  calorimetrical,  719;  of 
melting  ice.  279;  of  mixtures, 
280;  of  oscillations,  678,  691;  of 
toi-sion.  673. 

Methods,  calorimetrical,  277;  of 
analyzing  sounds,  250;  of  deter- 
mining density,  162;  of  remov- 
ing air,  195;  of  synthesizing 
sounds,  251. 

M^tre  des  Archives,  297. 

Meyer,  175. 

Mtchelson,  400.  427. 

Micrometer  screw,  14. 

Micron,  15,  297. 

Microphone.  831. 

Microscope.  466;  compound,  468; 
simple,  466. 

Migration  of  ions,  748. 

Minimum  deviation,  481. 

Minor  scale,  247;  semitone,  247; 
third,  247;  tone,  246. 

Mirrors,  angular  motion  of,  410; 
concave,  virtual  foci,  417;  con- 
vex, 418:  formation  images  in, 
420;  interference,  488;  multiple. 
411;  plane,  409;  spherical  aber- 
ration of,  422. 

MiTSCHERLICH,  183. 

Mixtures,  fusing  point  of,  807. 
Mobility  of  fluids,  151. 
Modulus,  Young's,  141. 
Molecular    data,     table    of,    180; 

depression  freezing  point,  80S; 

heats,  285;  kinetic  energy,  269; 

kinetics,  176 
Molecule,  131. 

Molecules,  absolute  size  of,  184. 
Moll  &  Van  Beek.  220. 
Moment,  magnetic,  631;  magnetic, 

of  e»irth,  696;  of  a  force,  76;  of 

inertia.  68;  of  momentum,   67; 

static,  109 
Moments  of  motions,  velocities  and 

accelerations.  41. 
Momentum,  66;  dimensions  of .  66; 

moment  of.  67. 
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MoND  &  Langer,  186. 

Monochord.  282. 

Monocliromalic  ligbt,  868. 

MoRiN,  84. 

MORREN,  616. 

Morton,  369. 

Motion,  accelerated,  space  de- 
scribed in,  24;  circular,  projec- 
tioD  of,  45;  composition  of  uni- 
form with  variable,  86;  curvi- 
linear,  21,  27;  definition  of,  19; 
in  general.  19;  in  radiating 
body,  463;  laws  of,  70,  71; 
molecular  energy  of,  270;  mo- 
ments of,  41;  of  oscillation,  21, 
45;  of  rotation.  20, 38;  of  transla- 
tion, 20,21;  periodic,  45;  quan- 
tity of,  66;  rectilinear,  21;  re- 
sultant, 80;  simple  harmonic,  47; 
simple  harmonic,  composition 
of,  49,  53,  56;  uniformly  accel- 
erated, equations  of,  26;  wave, 
phenomena  of,  60. 

Motions,  classification  of,  20;  com- 
ponent, 80;  composition  of,  30; 
parallelogram  of,  81;  parallelo- 
pipedon  of,  36;  polygon  of,  33; 
resolution  of,  30;  triangle  of, 
33;  uniform,  composition  of,  30; 
uniform,  resolution  of,  34. 

Motor,  Spmgue,  H53. 

Motors,  electric.  853. 

Mouse-mill.  592. 

MoussoN,  301. 

Mouth-piece,  organ  pipe,  240. 

MULLER,  502. 

Multiple  arrangements,  701,  703; 
mirrors,  411  :  series  arrange- 
ments, 702,  704. 

MUSCHENBUOEK,  564. 

Music,  relation  of  sound  to,  248. 

Musical  chords  and  scales,  245; 
intervals,  246;  pitch,  243;  sounds 
and  noises.  230;  sounds,  limit  of, 
243,  sounds,  production  of,  231. 

Mutual  electric  induction,  806, 
813;  electric  induction,  coeffici- 
ent of,  816;  electric  induction, 
unit  of,  816;  induction  appa- 
ratus, 832. 

Mutually  induced  currents.  806. 

Myopia,  473. 

Natterer,  319,  828. 

Nature,  external,  3;  of  electricity, 
576;  of  electrification,  587;  of 
heat.  269;  of  sound,  212  ;  of  the 
spark.  620. 

Negative  eyepiece,  468;  force,  121. 


Nernst,  808. 

Neumann,  286,  884. 

Neuti-al  point,  731. 

Newcomb,  401. 

Newton,  70.   72.   100.   114,  146, 

219.  387,  403.  449,  470,  487. 
Newton's  rings,  498. 
Nichols,  385.  716. 
Nicholson,  582. 
Nicol  pri.sras.  523. 
Nitrogen,  liquefaction  of,  819. 
NOBERT,  504. 
NoBiLi.  379.  727. 
Nodal  points  of  lens,  441. 
Nodes,  63. 
Noe,    thermo-electric    generator, 

728. 
Noises.  230. 
NOLLET,  187. 
NOHDENSKJOLD,  360. 

Normal   boiling  points,  table  of, 

321;  spectrum,  465. 
Norman.  686. 
Numeric,  8. 

Occlusion  of  gases,  182;  of  hydro- 
gen hy  palladium,  185. 

Octave,  interval  of,  246. 

(Epinus,  536. 

Oersted,  189,  695.  768. 

Oersted's  experiment,  768. 

Ohm,  unit  of  resistance,  595,  700. 

Ohm.  law  of,  699. 

Ohm's  law,  applications  of,  701. 

Olzewski,  820,  328. 

Opacity  and  conductivity,  878. 

Opake  cbjtct.  404. 

Opera  glass.  471. 

Optic  axis,  510. 

Optical  center  of  lens,  486;  gal- 
vanometer, 862  ;  instruments. 
466;  principles,  applications  of, 
466;  representation  of  sounds, 
261. 

Optics,  geometrical,  406. 

Organ  or  hearing,  the.  259. 

Organ-pipes,  240;  nodes  and  loops 
in,  241;  open  and  stopped,  241. 

Origin  of  solar  energy,  jfeO:  of  ter- 
restrial energy,  solar,  859. 

Orthochromatic  plates.  895. 

Oscillation,  center  of,  110;  double, 
107;  motion  of,  21.  45;  single, 
107  ;  time  of.  independent  of 
mass  of  pendulum,  113. 

Oscillations  method  of,  673; 
produced  by  elasticity.  144. 

Oscillatory  character  electric  dis- 
charge, 618,  motions,  45. 
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Osmose,  187. 

Osmotic  pressure,  188. 

OsTWALD.  188,  303,  312,  856. 

Overtoues,  234. 

Oxygen,  liquefaction  of,  319. 

Ozono-tube,  Siemeus's,  619. 

Page.  C.  G,  827,  832. 

Palladium,  occlusion  of  hydrogen 
bj,  185. 

Parabola,  37. 

Pambolic  path,  37. 

Parallel  forces,  composition  of, 
77;  equal  and  unlike,  78;  reso- 
lution of,  77. 

Parallelogram  of  motions.  81. 

Parallelopipedon  of  motions, 
velocities  and  accelerations,  86. 

Paramagnetic  substances,  629. 

Pahry,  221. 

Partial  dispersion.  452. 

Particle,  material,  20 ;  material, 
conditions  of  equilibrium  of,  79. 

Pascal,  164. 

Peculiarities  of  the  prismatic 
spectrum,  464. 

Pellat,  830. 

Peltier.  735. 

Peltier  effect.  735. 

Pencil  of  radiation.  406. 

Pendulum  as  a  meiisurer  of  time, 
114;  compensation.  298;  com- 
pound. 108;  energy  of,  110; 
gridiron,  298;  law  of  simple, 
108;  mercurial,  298;  method  for 
measuring  acceleration  of  grav- 
ity by.  111;  seconds,  length  of, 
113;  time  oscillation  of,  inde- 
pendent of  the  mass,  113. 

Penumbra,  405 

Perception  of  distance,  484;  of 
relief,  484;  visual,  483. 

Percussion,  center  of,  110. 

Perier.  165. 

Period.  47;  variable,  710. 

Periodic  function,  46;  motion,  45. 

Pei-meability,  magnetic,  659. 

Persistence  of  vision,  478. 

Pfepper,  188. 

Phantoms,  magnetic,  634. 

Phjise,  48;  change  of,  on  reflec- 
tion. 63,  495;  reversal  of,  in  re- 
flection, 233. 

Phenomena,  capillary,  207;  of  in- 
duction, 555;  of  inversion,  730; 
of  wave-motion,  60. 

Phonautograph.  263. 

Phonograph,  263. 

Pbosphorescence.  370. 


Photography,  395, 

Photometer,  Bouguer,  383;  Bun- 
sen.  383. 

Photometer,  Foucault,  383;  prin- 
ciple of,  881;  Rumford,  382; 
spectro-,  884. 

Photometry,  381. 

Photosphere,  462. 

Physical  magnitudes,  7;  measure- 
ments, 12;  quantities.  7;  science, 
province  oC  5;  unit,  definition 
of,  7. 

Physics,  definition  of,  6;  province 
of.  3. 

Pickering,  468,  464. 

PiCTET.  320. 

Pierre,  294. 

Piezometer,  189. 

Pile,  Hitter's,  764;  Volta's.  757. 

Pipes,  organ,  240, 

Pitch,  243;  musical,  248. 

Plane  polarization,  870;  polarized 
wave,  870. 

Plane  surfaces,  reflection  f  rom,409. 

Planes,  focal,  442;  principal,  442. 

Plante.  764,  766. 

Plasticity,  138.  143. 

Plateau.  203. 

Plates,  thin,  interference  by,  492; 
vibration  of,  237. 

Platinum,  standard  light, 881;  vari- 
ation specific  heat  of.  with  tem- 
perature, 284. 

PlCcker.  459. 838;  tubes.  459,  888. 

POGOENDORPF.  759,  832. 

Point,  neutral,  thermo-electric, 
731 ;  potential  energy  at,  122. 

Pointed  conductors,  effect  of,  547. 

PoiSSEUILLE,  173. 

PoissoN.  548,  656;  magnetic  theory 
of.  656.     • 

Poisson's  ratio.  142. 

Polarinieter,  532. 

Polariscope,  Biot's,  525. 

Polariscopes,  524. 

Polaristrobometer,  532. 

Polarization.  370,  517.  518:  bat- 
teries,  764;  by  reflection.  518;  by 
refraction,  520;  by  double  re- 
fraction. 522;  circular,  526:  di- 
electric, 566;  elliptical,  526;  left- 
handed.  370;  magnetic^  656:  of 
the  dielectric.  .573;  plane  of.  519; 
right-handed,  370;  roUtory,  531; 
voltaic,  757. 

Polarize<l  radiation,  interference 
of.  528:  nature  of.  525;  reflec- 
tion  of.  520;  transmission  of,  520. 

Polarizer,  524. 
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Pole,  unit  magDetic,  644;  marked, 
of  magnet,  630. 

Poles,  consequent,  639. 

Poles,  magnetic,  630;  naming;  of, 
680;  of  earth.  690. 

Poles,  two,  action  on  one,  646. 

Polygon  of  motions,  33;  skew,  86. 

Portable  electrometer,  595. 

Poitalive  force,  640. 

Position,  19. 

Positive  eye-piece,  468;  force,  121. 

Potential,  122;  and  attraction,  120; 
at  a  point.  122;  difference  of, 
124;  -difference,  absolute  unit  of, 
594;  -difference,  ihermo  electric, 
table  of,  727;  electrical.  539— at 
point,  551;  electrostatic,  unit  of, 
553,  554;  energy,  93— relation  of, 
to  kinetic,  94;  fall  of,  in  circuit, 
707 ;  ^Ivanometric  mode  of 
measuring,  780;  gravitation,  123; 
high,  generators  of,  578;  mag- 
netic, 641;  magnetic,  at  a  point. 
648;  muguetic.  vari.ilion  of,  in 
Held,  649;  the  analogue  of  level, 
124. 

Poiicr.opiical  galvanometer  of, 862. 

POUILLET,  357. 

Power,  dispersive,  451;  of  a  lens, 
467;  radiating  and  absorbing, 
373;  retleciing,  413;  thermo-elec- 
tric. 726. 

Presbyopia.  474. 

Press,  hydrostatic,  152. 

Pressure,  cenierof,  155;  effect  of , 
on  fusiu*;  point.  301— on  boiling 
point,  322;  fluid,  proportional  to 
depth,  153;  fusing-point,  309; 
gauges,  193;  head,  172*.  of  aque- 
ous vapor,  311;  of  volatile  liq- 
uids, 311— table  of,  312;  osmotic, 
188;  produced  by  liqui<l  film, 
205:  stress.  72;  upward,  in  fluids, 
156;  vapor,  of  solutions,  312. 

Pressures,  critical,  table  of,  319. 

Prevost's  law  of  exchanges,  372. 

Pkkyer,  243. 

Principal  axis,  415;  focus.  415; 
planes,  442;  section,  510. 

Principles,  optical,  applications  of, 
466. 

Prism,  430;  base  of.  430;  inter- 
ference. 488;  refrncting  edge  of, 
430;  refnictin^   anffle  of,  430. 

Prismatic  spectrum,  448;  peculiar- 
ities of.  464. 

Prisms,  achromatic,  453;  achro- 
matism in.  452;  conditions  of 
emergence  in,  433;  direct  vision. 


453;  double-image,  528;  Nicol, 
523;  principal  section  of,  430. 

Production  of  sound,  230;  of  mu- 
sical sounds,  231. 

Projectile,  parabolic  path  of,  87. 

Projection  circular  motion,  45. 

Proof-plane,  544. 

Propagation  disturbances  in  elastic 
media,  145;  electric  discharge, 
speed  of,  609;  of  radiation,  397; 
rectilinear,  397,  402;  speed  of, 
397;  wave  motion,  speed  of,  61. 

Properties  of  fluids,  151;  of  matter, 
129;  of  solids,  137. 

Protection  from  lightning,  626. 

Province  of  Physics,  3;  of  physical 
science,  5. 

Pulse-glass,  328. 

Pumps,  air,  195;  Bunsen  filter, 
198;  (Teissier,  196;  mercury,  196; 
Sprengel,  197. 

Pseudoscope,  486. 

Psychrometer,  331. 

Ptolemy.  408. 

Pyromagnetic  generator,  729. 

Pyrometer,  273. 

Pythagoras,  232,  244. 

Quadrant,  815,  816 ;  electrometer, 
595,  597. 

Quality  of  radiation,  874  ;  of 
sound,  213.  249. 

Quantities,  physical,  7. 

Quantitative  electro-dynamic  re- 
lations, 789. 

Quantity,  absolute  electrostatic 
unit  of,  594;  of  electrification, 
unit  of,  541;  electrical,  601;  of 
radiation.  374. 

Quarter-undulation  plate,  526. 

Quincke,  211. 

Radian,  89. 

Radiant  eflBciency,  386;  energy, 
365. 

Radiating  and  absorbing  power. 
373;  body,  motion  in,  463. 

Radiation,  absorption  of.  366;  and 
absorption,  selective,  384:  chem- 
ical effects  of,  395:  definition 
of.  365:  iliffusion  of,  414;  effect 
temperature  on,  372  ;  electrical, 
865;  electric  arc,  efficiency  of, 
385;  electromagnetic  character 
of,  857;  emission  of,  866;  energy 
of.  371  ;  fire-fly,  885  ;  from 
solids  and  gases,  391;  gas.  effi« 
ciency  of,  385  ;  homocreneous, 
refraction  of,  424;  intensity  of, 
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374 ;  interference  of  487  ;  loss 
of  energy  by,  387  ;  Maxwell's 
electric  theory  of,  869;  measure- 
ment of,  379  ;  mechanism  of, 
866;  nature  of,  865;  polarized, 
870;  polarized  circularly,  370; 
polarized  elliptically,  370;  po- 
larized, interference  of,  528; 
polarized,  nature  of,  525;  plane 
polarized,  370;  polarized,  reflec- 
tion of,  520;  polarized,  transmis- 
sion of,  520;  propagation  of,  397; 
quantity  and  quality  of,  374;  re- 
fleciionof ,  405;  refraction  of  non- 
homogeneous,  447;  solar,  effi- 
ciency of,  385;  sources  of,  372. 

Radiations,  luminous,  measure- 
ment of.  381. 

Radiometer,  395. 

Radio-micrometer,  380. 

Radiophone,  397. 

Radius  of  gym  lion,  68. 

Ramsden.  579. 

Ramsden  eye-piece.  468. 

Rankine,  91,  93. 

Raoult,  308.  312 

Raretied  and  condensed  wave8,214. 

Rale  of  work,  91. 

Ratio  of  shear,  44;  Poisson's,  142. 

Rjiy,  extraordinary,  512;  ordinary, 
512;  of  nidiant  energy,  406. 

Rayleigh,  Lord,  259.  402,  405, 
496,  727.  745,  760,  858. 

Reaction  of  surfaces  in  contact,  81. 

Rectilinear  motion,  21;  propaga- 
tion of  light,construclion  for,500; 
propagation  of  nidial ion, 397,402. 

Reduction-fHClor,  of  galvanometer, 
77(j — experimental  determination 
of,  776. 

Reed.  240:  brnting,  240;  free,  240; 
organ -pipe.  240. 

Reference,  circle  of,  45. 

Reflecting  galvanometers,  777; 
power,  413:  stereoscope,  485; 
telescope,  470. 

Reflection,  amount  of,  413;  caus- 
tics bv,  422;  change  of  phase  in, 
2:13.  495;  from  curved  surfaces 
415:  from  plane  surfaces.  409; 
laws  of,  406;  laws,  experimental 
proof  of.  407:  of  radiation,  405, 
406;  of  nolarized  nidiation,  520; 
of  sound,  226;  polarization  by, 
518:  toud,  427. 

Reflectors,  parabolic,  424. 

Refracting  stereoscope,  485;  tele- 
.scope.  470. 

Re  faction,  424;  caustics  by,  428; 


double,  510;  double,  Huygheus 
construction   for,   513;    double, 

{)henomeua  of,  510;  double,  po- 
arization  by,  522;  homogeneous 
radiation,  424;  index  of,  425; 
laws  of,  424;  non-homogeneous 
radiation,  447;  through  parallel 
surfaces,  429;  through  plane  in- 
clined surfaces,  430;  polarization 
by,  520;  of  sound,  227;  through 
curved  surfaces,  435 

Refractive  index,  measurement  of, 
431 ;  and  dielectric  constant,  871. 

Refractive  indices,  table  of,  438; 
power,  435;  power,  absolute* 
485. 

Refi-angibility  and  wave-length. 
465. 

Regelation,  801. 

Regenerative  furnace,  855. 

Registering  thermometers,  275. 

Regnault,  189,  220, 286,  296,  811. 
812,  815,  825,  880,  344. 

Regtdator,  arc.  722. 

Reich  &  Richteb,  458. 

Reis,  8-27. 

Relation  between  light  and  elec- 
tricity. 857;  between  kinetic  and 
potential  energy,  94;  between 
speed  of  propagation  and  wave- 
length, 215;  of  sound  to  music, 
243;  of  the  static  to  the  kinetic 
unitof  force.  103. 

Relative  conductivity,  836;  hu- 
midity, 329. 

Relief,  perception  of,  484. 

Replenisher,  592. 

Repose,  angle  of,  83. 

Representation  of  work,  graphic, 
89. 

Reptilsion  and  attraction,  12t; 
acoustic,  264. 

Repulsion,  distribution  due  to.  546; 
electric,  539;  magnetic,  641. 

Resistance,  699,  700';  angle  of,  84. 
limiting  angle  of,  85;  effect  of 
temperature  on,  714:  electro- 
kinetic  unit  of,  700;  specific,  700. 

Resolute,  34. 

Resolution  along  coordinate  axes, 
34;  of  forces,  74;  of  rotations, 
40;  of  uniform  motions,  84. 

Resonance.  229. 

Resonator,  229. 

Resiitution,  coefficient  of,  146. 

Resultant  tones,  252. 

Retentivity,  637. 

Reversal  of  phase  in  reflection,  288. 

Reynolds,  Osborne.  227. 
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Rhodopsio.  477. 

Rhomb,  Fresnel's,  527. 

KiESS.  605,  607,  608. 

Riess's  electric  thermometer,  605. 

Kighl  bodies,  21;  bo(ly,equilibrium 

of,  81. 
Rigidity,   138;    longiludiDal,   141; 

simple,  coefficient  of,  139. 
Ring.  De  la  Rive's,  783. 
Ring-systems,  biaxial,  529;  uniax- 

inl.  529. 
Rings,  Newton's,  493. 
Ritchie,  E.  S.,  580,  832. 
Ritchie's  electric  machine,  580. 
RiTTER,  764. 
Ritter's  pile,  764. 
Rods  of  Corti,  260. 
Rods,  vibration  of,  235;  vibration 

of,  longitudinal,  236;  vibration 

of,  transversal,  235. 
ROEMER,  397. 
Roemer's  method,  897. 
RooBRS,  F.  J.,  386. 
Rogers,  W.  A.,  297. 
Rood,  198,  200,  368,  869,  618,  622. 

ROSETTI,  721. 

Ross.  690. 

RossE,  Lord,  470. 

Rotation,  axis  of.  88;  action  of 
force  in  producing,  76;  electro- 
magnetic, 857;  energy  of,  97; 
motion  of,  20,  38;  motion  of, 
positive  and  negative,  89. 

Rotations,  comiwsition  of,  40;  elec- 
trodynamic.  798;  electromag- 
netic, 799;  resolution  of,  40. 

Rotatory  polarization,  531;  power, 
molecular,  532;  power,  specific, 
532. 

Rowland,  285,  342,  344.  504,  641, 
663.  674.  812.  865.  871. 

Rowland's  gratings,  504. 

Rudberg,  296. 

RUHMKORPP.  832. 

Rule  of  Ampere,  769 

Ritmpord,  Count,  269,  382. 

Rum  ford  photometer,  382. 

Russell  &  Lapraik,  460. 

rutherpurd,  504. 

Sabine,  685,  688. 
Saccharimeters,  532. 
Safety  lamp,  338. 
Saturated  vapor,  310,  318. 
Salurntiou,  magnetic,  687;  -point, 

of  magnetization,  660. 
Sacssure,  183,  557. 
3avart's  toothed  wheel,  217. 
Saxton,  504. 


8fa  breeze.  840. 

ISecchi,  468. 

Secohm,  815. 

Second,  definition  of.  10;  interval 
of,  246. 

Secondary  actions.  746;  axes,  415. 

Seconds-pendulum,  length  of,  118. 

Section,  principal,  510;  principal, 
of  mirror,  415. 

Secular  variation  declination,  684. 

Seebeck,  218,  695,  726,  780. 

Selective  radiation  and  absorp- 
tion, 384;  emission,  385. 

Self-induced  currents,  806. 

Self-induction,  electric,  806.  813; 
electric,  coefficient  of,  814;  unit 
coefficient  of.  815. 

Sensation  of  color,  479. 

Septum,  semi-permeable,  188. 

Series  arrangements,  701,  702; 
electric,  535;  homologous,  824; 
machines,  850:  system  lighting, 
723:  Volta's  contact.  754. 

Serrin  arc  lamp,  723. 

Set,  143. 

Shadow,  definition  of,  404. 

Shadows,  formation  of.  404; 
sound,  227. 

Sharping  a  note,  248. 

Shear,  43;  amount  of,  44;  ratio  of 
the,  44. 

Shell,  magnetic,  complex,  669; 
magnetic  moment  of,  669;  mag- 
netic, simple,  669. 

Shells,  magnetic,  667.  668;  mag- 
netic, strength  of,  669. 

Shunt  machines.  850. 

Shunts,  704. 

Siemens,  W.,  842.  850,  855. 

Siemens  armature,  842;  law  max- 
imum efficiency.855;  ozone  tube, 
619;  regenerative  furnace,  355. 

SiLOW,  573. 

Silver,  electrochemical  equivalent 
of,  745. 

Simple  and  compound  waves,  216; 
harmonic  vibration,  47,  213; 
harmonic  motion,  47;  harmonic 
motion,  composition  of,  53.  56; 
matter,  132;  rigidity,  coefficient 
of.  139. 

Sine  galvanometer,  776. 

Single  and  double  touch.  637. 

Sinusoidal  curve,  53. 

Siren.  Cagniani  de  la  Tour's,  218; 
Seebeck '8,  218. 

Sixth,  interval  of  the,  246. 

Size  of  molecules,  absolute,  184. 

Smith,  A..  664. 
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Sodium  bydride,  185. 

Solar  oonstaDt,  858;  energy,  origin 
of.  360;  engine,  Ericsson's,  858; 
oridu  of  terrestrial  energy,  359; 
radiation,  358;  spectnim,  460. 

Solenoid,  782;  complex,  668; 
magnetic,  structure  of,  667. 

Solenoidal  arrangement,  667;  fila- 
ment, 667;  magnet,  667. 

Solenoids,  magnetic.  667. 

Solid,  detinltion  of  a.  137. 

Solidification,  304;  beat-changes 
on.  305. 

Solids,  adhesion  gases  to,  182;  ex- 
pansion of,  288;  and  gases,  radi- 
ation from,  391;  properties  of, 
187;  specific  heats  of.  288;  speed 
sound  in.  222;  vaporization  of, 
309 

Solubility,  803;  coefilcieut  of,  808. 

Solution,  303. 

Solutions,  vapor  pressure  of,  812. 

Soiiomeier.  232. 

SOKQE,  254. 

Sound.  212:  a  mass  vibration,  212; 
definition  of.  212:  interference  of. 
228;  nature  of,  212;  production 
of,  230;  -ratios,  visible,  261;  re- 
flection of.  226;  refraction  of. 
227;  relation  of,  to  music,  243; 
shadows.  227;  sources  of,  230; 
speed,  indirect  .  methoil.  228; 
speed,  Kundt's  method,  223;  vi- 
bration, character  of.  213;  vi- 
bration, energy  of,  265;  waves, 
change  in  direction,  225;  waves 
of,  characteristics  of.  214. 

Sounds,  consonant.  258;  differ- 
ences in.  213;  loudness  of,  218; 
methods  of  analyzing,  250; 
methods  of  synthesizing,  251: 
musical.  230;  musical,  and 
noises.  230;  musical,  limit  of, 
243;  musical,  production  of, 
231:  optical  representation  of, 
261;  propagation  of.  219;  qual- 
ity of,  213:  8i»eed  of.  in  liquids, 
222;  speed  of,  in  solids,  222;  theo- 
retical speed  of,  219:  vibration - 
frequency  of,  213;  vowel,  258. 

Sources  of  heat,  352;  cosmical, 
357;  terrestrial,  352. 

Sources  of  sound.  230. 

Space  described  in  accelerated  mo- 
tion. 24. 

Spark,  conditions  required  to  pro- 
duce, 614;  difference  of  po- 
tential required  to  produce.  836; 
discharge,  611;  duration  of,  612; 


electric,  characteristics  of.  617; 
induction,  phenomena  of,  835; 
nature  of,  620. 

Speaking  and  heaiing,  256. 

Special  cases  of  attraction.  115.. 
properties  of  fluids,  151. 

Specific  cravity,  definition  of,  162; 
method  of  determining,  162. 

Specific  lieat.  276;  heat  of  elec- 
tricity, 739;  heat  of  gases,  286; 
heats  of  liquids,  288;  heats  of 
solids.  283;  heat  per  unit  mass, 
278:  heat  per  unit  volume,  278; 
heat,  vanation  of,  with  temper- 
ature, 284;  heats,  table  of,  288. 

Specific  inductive  capacity,  571; 
inductive  capacity.measurement 
of,  571,  572;  resistance,  700. 

Spectra,  absorption,  459;  diffrac- 
tion, 506;  diffraction,  Rowland's^ 
508. 

Spectrometer,  508. 

Spectro-photometer,  884. 

Spectroscope.  456. 

Spectrum.  868;  analysis,  455;  in- 
terference, 489;  normal,  465,. 
507;  prismatic,  464:  reactions, 
delicacy  of,  458;  solar,  460; 
solar,  dark  lines  in,  449. 

Speed,  definition  of.  22;  dimensions 
of,  22;  mean  or  average,  24;  of 
ettiux,  170;  of  electric  transfer- 
ence, 698. 

Speed  of  light.  397;  Bradley,  898; 
Fizeau,  399:  Foucault,  399; 
Michelson,  400;  Newcomb.  401; 
Roemer,  397. 

Speed  of  propagation  of  electric  dis- 
charge, 609;  propagation  of  radi- 
ation, 897;  propagation  of  wave- 
motion,  61;  propagation  and 
wave  length,  215;  mte  of  change 
of.  28;  of  sound  in  air,  experi- 
mental. 220;  of  sound  in  liquids, 
222;  of  sound  in  solids.  222;  of 
sound,  table  of,  225;  of  sound, 
theoretical,  219;  of  visible  radi- 
ation in  vacuo,  401;  wave  :md 
group,  402. 

Spherometer,  419. 

Spherical  aberration  of  lenses,  444; 
lateral,  445;  longitudinal,  445. 

Spherical  aberration  of  min*ors,432; 
lateral,  423;  longitudinal,  423. 

Spheroidal  state.  3^. 

Spottiswoodb,  833,  886. 

Sprague  motor.  858. 

Sprbnobl,  197. 

Sprengel  pump.  197. 
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Stability,  floating  body,  160;  float- 
ing body,  measure  of,  161. 

Stable  and  unstable  equilibrium, 
160. 

Stampfer,  221. 

Standard  candle,  881;  carcel,  381; 
cells.  760;  cells.  Clark,  760;  cells, 
Daniel  1,  760;  of  length,  primary, 
297;  of  llgbl.  881;— platinum, 
381;  secondary  (Electric  Con- 
gress), 381. 

Standard  unit,  7. 

Stanley-Westiugbouse  machine, 
849. 

State,  chaiii^e  of.  298;  chance  of, 
prod uces  cold ,  326 ;  critical,  314 ; 
fourth,  of  matter,  19S,  839. 

Stalictil  friction,  82. 

Static  unit  of  force,  relation  of,  to 
kinetic,  103. 

Statics.  65.  79;  of  fluids,  151. 

Stationary  waves,  63. 

Stefan,  338,  721. 

Stereoscope,  rellectiug,  485;  re- 
fracting, 485. 

Stewart.  B.,  874,  890,  391,  892. 

Stokes.  142.  175,  227,  369,  889, 
390;  law  of,  :i88,  390,  460. 

Stolktow,  664. 

Stone.  220,  225. 

Storage  batteries.  765;  cells,  765. 

Storage  cell.  Faure,  766;  Main, 
766;  Planle.  765. 

Strain,  compression,  4*2;  definition 
of,  41;  ellipsoid,  44;  elongation 
42;  homoireneous,  42,  4ii,  44 
principal  a.xes  of,  43;  pure,  43 
ratio  of  the,  42;  shearing,  139 
surface.  43. 

Strains.  21.  41. 

Stream-flow,  175;  lines,176. 

Strength  of  current,  699. 

Stres.s.  71.  101,  139;  electrostatic, 
861;  shcarine:.  139. 

Strings,  vil)ration  of,  231. 

Stroboscopic  method,  478. 

Structure  of  matter,  129. 

Stuhcjkon.  832. 

Subdivisions  of  matter,  130. 

8u!)jective  color.  481. 

SublinuUion.  309. 

Substance,  3. 

Summational  tone.  254. 

Superficial  tension,  210— liquids, 
table  of,  211;  viscosity,  211. 

Supersjituration,  305. 

Surface-density,  electric,  542. 

Surface  tension  of  liquids,  201; 
measurement  of,  204. 


Surfaces,  equi potential.  125:  equi- 
potential,  electric,  558;  equfpo- 
teutial,  magnetic,  649;  equipo- 
tential,  of  two  poles,  652. 

Surfaces  in  contact,  reaction  of,  81 ; 
rough,  82;  smooth,  82. 

Surfusion,  305. 

Susceptibility,  magnetic,  658;  co- 
efflcient  of.  659. 

Suspension,  center  of,  109. 

Syramer,  electric  theory  of,  537. 

Synthesis  of  composite  tones,  249; 
of  sounds,  method  of.  251;  of 
vowel  sounds.  258. 

System,  adynamic,  790;  astatic, 
636;  arc  lighting.  723;  Centi- 
meter-gram-becoud.  10;  Foot- 
pound-second, 10;  incandescence 
lighting,  725— Edison.  725;  three- 
wire.  725;  units,  electromag- 
netic, 773. 

Systems  of  units,  absolute,  9. 

Table  combustion  equivalents.  853; 
concrete  electrostatic  units,  .595; 
contact  potential-ditterences,  755; 
dielectric  constants,  573;  elec!tix)- 
chemical  equivalents. 746;  expan- 
sion-coefticieuts  gases,  296;  fric- 
lion-corfficients,  84:  fusing  cur- 
rents, 718— points.  299;  increase 
expansion  with  temperature,  294; 
molecular  data,  180;  refractive 
indices,  433— Fraunhofer  lines, 
451;  specific  heats.  283;  thermo- 
electric potential  difl!erence,  727; 
thermo-electric  power,  734; 
wave-lengths,  450. 

Taiktkk  ct  Bell.  264. 

Tait.  n8,  100.  101.  129,  130,  188, 
144.  200,  202.  860,  890,  479,  654, 
732.  734,  738. 

Tangent  galvanometer,  775. 

Tartini,  254. 

Tasimeter,  831. 

Telephone,  the,  826;  Bell,  828; 
Ciirbon.  Edison,  831;  Gray.  827; 
long-distance,  831;  transmitter, 
Blake.  831. 

Telescope.  469;  magnifying  power 
of,  471;  reflecting,  470;  refract- 
ing, 470. 

Temperament,  248. 

Temperature,  271;  absolute  zero 
of,  272.  297,  351:  changes,  heat 
concerned  in,  272;  criticjil,  314 
—table  of  319;  effect  of,  on 
mai^'iietizjition,  641— on  radia- 
tion.   372— on    resistance,    714; 
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gradient,  835;  iucrease  of  co- 
efficient with,  294;  measure- 
meut  of.  272;  of  fusion,  717;  of 
luminosity,  391;  rise  of,  in  con- 
ductors, 716;  variation  of  expan 
sion  coefficient  with,  291. 

Tenacity,  table  of,  138. 

Tension,  electric,  570;  -stress,  71; 
superticial,  of  liquids,  table  of, 
211 — value  of.  from  aipillarity, 
210;  surface,  of  liquids,  201— 
measurement  of,  204. 

Terrestrial  energy,  solar  origin  of, 
869;  field,  elements  of.  682; 
magnetism,  constants  of,  695; 
sources  of  heat,  352 

THALfeN,  664. 

Thales,  533. 

Theorem  of  Gauss,  127;  of  ToitI- 
celli,  170, 181. 

Theoretical  magnet,  641. 

Theories  Karih's  magnetism,  694. 

Theory,  modern,  of  electrification, 
538;  of  contact,  Volta's,  752;  of 
dissonance,  252;  of  electrolysis, 
748;  of  exchanges,  872;  of  Gil- 
bert, 694;  of  light,  electromag- 
netic, 869. 

Theory  of  magnetism,  Ampdre's, 
802;  electrical,  657;  Poissou's, 
656;  Weber's,  657. 

Therm,  unit  of  heat,  276,  344. 

Thermal  capacity,  276;  changes 
accompanying  vaporization ,  325; 
considerations  in  cells,  762;  diffu- 
sivity,  333;  relations  of  current, 
713. 

Thermic    measuring  instruments, 

719. 
rhermochemi8try,356;  laws  of  ,356. 

Thermodynamics,  350;  1st  law  of, 
350;  2d  law  of,  350. 

Thermoelectric  current,  energy  of, 
787:  diagram,  732;  energy, 
method  of  computing.  738;  po- 
tential difference,  727;  power, 
726-table  of,  734;  table,  734. 

Thermoelectric  generators,  727, 
728;  Glamond.  728;  NoB,  728. 

Thermoeleclrification,  726. 

Thermogalvanometer,  379. 

Thermometer,  273;  air,  278;  alco- 
hol. 278;  construction  of,  273; 
maximum,  275;  mercury,  273; 
metallic,  298  ;  minimum,  275  ; 
registering,  275  ;  requisites  of  a, 
274  ;  scale,  273  ;  weight.  292. 

Thermometric  measurement  elec- 
tric quantity,  604. 


Thermometry,  272. 

Thermopile.  380. 

Thiloribb,  295,  319. 

Third,  interval  of  the,  246 

Thomsen,  852,  856. 

Thomson,  Sir  Wm.,  70,  93  115, 
130.  184,  144,  147,  301,  888,  850, 
351,  360,  368.  (See  Lord  Kelvin.) 

Thomson  &  Tait.  28.  42.  44.  71, 
72,  75,  142. 

Thomson.  J.  J.,  871. 

Thomson  electrostatic  generators, 
592. 

Thomson-Houston  dynamo  ma- 
chine, 849. 

Thompson,  S.  P..  588,  665,  803. 
852,  855. 

Time  required  for  vision.'  477; 
standards  of.  115 ;  unit  of,  10; 
use  pendulum  to  measure,  114. 

Tomunson,  203. 

Tone,  difference.  254  ;  grave  har- 
monic. 254 ;  summational,  254. 

Tones,  resultant,  252  ;  upper  par- 
tial, 284. 

Tonometer.  Scheibler's,  254. 

Toothed  wheel,  Savart's,  217 

TOpler's  influence  machine,  587. 

ToumcELLi,  164 ;  law  of.  170.181. 

Torsion,  140;  balance,  689:  mod- 
ulus of.  140 ;  method  of ;  673. 

Total  reflection,  427. 

Touch,  single  aad  double.  637. 

Trade  winds,  839. 

Transference  of  electrification. 
698;  speed  of,  698 ;  of  energy, 
95  ;  of  heat,  332. 

Transformation  of  electrokinetic 
energy,  713. 

Transformations  of  energy,  96 ; 
of  heat,  341. 

Ti-ansformere.  840 ;  coefficient  of 
ti-ansformation,  of,  840. 

Tran.slation,  motion  of.  20. 

Transmission  polarized  radiation. 
520. 

Transpiration,  181.  182. 

Transposition  of  scales.  247. 

Transversal  vibration  of  rods,  885; 
waves.  62 

TnESCA,  174. 

Triangle  of  motions.  88. 

Trowbridge.  John.  461. 

Tube  of  magnetic  force,  651. 

Tubes,  Crooke8,888;  flow  of  liquids 
in.  172  ;  Geissler,  888 ;  of  force. 
126 ;  of  induction,  568 ;  PlQcker, 
838. 

Tuning-fork,  236. 
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Ttkdall,  John,  225. 248.  333. 392, 
393,  395.  423. 

Umbra,  405. 

Uninxial  crystals,  518  ; — negative. 
513  ;— positive,  518  ;  ring  sys- 
tems. 529. 

Uniform  galvanometer  field,  777; 
magnetic  field,  685. 

Uniform  motions,  composition  of, 
30 ;  compounded  with  variable, 
36 ;  resolution  of,  84. 

Uniform  velocity,  22. 

Unit,  absolute,  of  capacity,  594  ; 
of  electromotive  intensity,  594; 
of  potential  difference,  594  ;  of 
quantity,  594. 

Unitjar.  Harris,  602. 

Unit  magnetic  pole,  644. 

Unit  of  activity.  91;  of  force.  68— 
dimensions  of.  69 ;  of  beat.  275  ; 
of  measurement,  electrostatic, 
593;  of  potential,  electrostatic, 
554;  of  quantity,  electrostatic, 
641 ;  of  work,  88. 

Unit  pole,  Hues  of  force  of.  645. 

Unit  quantity  of  electrification. 541. 

Units,  absolute  systems  of.  9 ;  arbi- 
trary,  8 ;  C.  €f.  S.  system  of,  10; 
concrete  electric,  594— Cable  of, 
695 ;  derived,  8— dimensions  of, 
11 ;  electrokiuetic,  700 ;  elec- 
tromagnetic system  of.  773;  fun- 
damental, 8— values  of,  10;  of 
mass,  length,  and  time,  10; 
physical.  7 ;  standard.  7. 

Universal  attraction,  100. 

Unsaturated  vapor.  313. 

Unstable  and  stable  equilibrium, 
160. 

Upper  pai*tial  tones,  284. 

Upward  pressure  in  fluids,  156. 

Vacua,  high.  198. 

Vacuum-gauges.  194. 

Value,  heat,  of  fuels,  855  ;  superfi- 
cial tension  from  capillarity,  210. 

Values  of  fundamental  units,  10. 

Van  Rees,  674. 

Van't  Hofp.  532. 

Vapor,  aqueous,  pressure  of,  811 : 
definition  of,  813 ;  pressure  of 
solutions.812;  pressure  of  volatile 
liquids.  311— table  of,  312  ;  sat- 
urated. 810.  313. 

Vapor-densities,  table  of,  317. 

Vapor-density  apparatus.  Hof- 
mann's,  316;  V.  Meyer's,  316; 
Dumas's,  317. 

Vaporization,  298 ;  of  liquids.  809 ;  | 


of  solids.  809  :  table  of  heats  of, 
825 :  thermal  changes  accom- 
panying, 325. 

Vapors, saturated  and  unsaturated, 
813. 

Variable  magnetic  field.  635 ;  mo- 
tion compounded  with  uniform, 
36  ;  period,  710 ;  velocity,  22. 

Variation  from  Boyle's  law,  192; 
of  expansion-coefficient  with 
tempernture.  291. 

Variation  of  gravity  with  latitude, 
105;  in  intensity  polarized  radia- 
tion. 522;  of  declination,  684 ;  of 
declination,  annual,  684 ;  of 
declination,  diurnal,  684;  of 
declination,  secular.  684;  of  in- 
clination, 687 ;  of  magnetic  in- 
tensity. 692. 

Varley,  588,  758. 

Varley*s  influence  machine,  688. 

Vector,  22. 

Vein,  contracted,  171. 

Velocity,  angular.  38 :  angular* 
moment  of,  67 ;  definition  of, 
22;  of  mean  square,  177;  uni- 
form and  variable,  22. 

Velocity-head,  172. 

Velocities,  composition  of,  30,  84; 
parallelogram  of,  34  ;  parallelo- 
pipedon  of,  86 ;  polygon  of,  34 ; 
resolution  of,  80. 

Vena  contracta,  171. 

Verdet,  858;  law  of,  858;  con- 
stant  of,  868. 

Vernier,  14. 

Vertical  intensity,  682. 

Vibration-frequency,  absolute,  248; 
change  of,  869 ;  of  sound.  213. 

Vibnition-frequency,measurement 
of.  217. 

Vibration,  mass,  energy  of,  212. 

Vibration  of  air  columns,  240;  of 
membranes,  239;  of  plates,  237; 
of  rods,  longitudinal,  236  — 
tmnsverse,  235;  of  strings,  231. 

Vibrations,  simple  harmonic,  47, 
213. 

Vibratory  motions,  45. 

ViOLLE.  299.  344,  358,  381,  720. 

Viscosity,  coeflicient  of,  174;  li- 
quid, superficial,  211;  of  liquids, 
174. 

Viscous  bodies,  143. 

Visible  sound-ratios,  261. 

Vision,  delicacy  of,  478;  energy 
required  for,  477;  persistence  of, 
478;  time  required  for,  477;  the 
eye  and,  472. 
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Visual  perception,  488;  purple,  477. 
Vitreous  bumor,  472. 
ViVIANI,  164. 

Vocal  membranes,  256. 
Voice,  tbe  buman,  256. 
Volatile  liquids,  vapor-pressure  of, 

312. 
Volatilization  of  wii-es,  608. 
Volt,  unit  potential-difference,  695. 
VoLTA,  657.  580,  762,  757.  764 
Volta,  law  of,  752. 
Voltaic  battery.  757;  cell,  energy 

of,  761 :  circuit,  euergy  of,  768. 
Voltaic  cells,  756; — constant,  758. 
Voltameter,  744;  copper,  745. 
Voltameter,  bydrogen,  744;  silver, 

745. 
Voltametric  melbod,  744. 
Volta's  coutact  series,  754;  tbeory 

of  contact,  752;  pile,  757. 
Voltmeter.  Ayrton  &  Perry's,  720; 

Cardew's.  720;  electrostatic,  599. 
Voltmeters.  781. 
Volume,   8,  66;    change    of,    on 

fusion,  299;  elasticity.  189;  den- 
sity, electric,  542. 
Voss  influence  machine,  688. 
Vowel- sounds,  257;  synthesis  of, 

258. 

Waltenhofen,  vod,  664. 

Water,  anomalous  expansion  of, 
298;  expansion-coefficient  of, 
294;  maximum  density  of,  293, 
840;  variation  specific  heat  with 
temperature,  284. 

Water-dropping  machine,  592. 

Water-equivalent,  281.  282. 

Water-gram-degree,  276. 

Waterston,  860. 

Wait,  James,  91. 

Watt,  law  of,  818. 

Watt,  unit  activity,  595;  value  of 
the,  92. 

Wave,  plane-polarized,  370. 

Wave- crest,  62. 

Wave  frequency  of  radiation,  867; 
—of  Fniunhofer  lines,  450. 

Wave-front,  62. 

Wave-interference,  68. 

Wave-length.  52,  61;  definition 
of,  215;  direct  measurement  of, 
218;  Fraunhofer  lines,  450. 

Wave-length,  measui-ement  of, 491. 
508:  of  radiation,  867;  relation 
between,  and  speed  of  propaga- 
tion, 215;  and  refmngibility,  465. 

Wave-motion,  piienomena  of,  60. 

Wave-speed  and  group  speed,  402. 


Wave- trough,  62. 

Waves,  circular,  62;  classification 
of,  62;  longitudinal,  62;  rarefied 
and  condensed,  62;  simple  and 
compound.  216;  sound,  charac- 
ter of,  214;— change  direction  of, 
225;  stationai7,63;  transversal,  62. 

Wead,  266. 

Weber,  H.  F..  891.  720. 

Weber,  W.,  478,  656.  664.  794. 
812,870;  magnetic  theory  of,  656. 

Weber,  magnetic  unit,  631. 

Weight,  104. 

Weight-thermometer.  292. 

Wells,  artesian,  156. 

Wertheim,  223,  225,  827. 

W  E8TON    *7 1 4 

Wheatstone.  288.  485,  609.  850. 

Wheatstone's  kaleidopbone,  285. 

Whispering-galleries,  227. 

White  stars,  463. 

Whit  WORTH,  200. 

Wiedemann,  616. 

Wiedemann  &  Franz,  386. 

WiLKE,  279.  584. 

Williams,  804. 

Wilson,  579. 

Wimshurst  machine,  589. 

Winkler,  458,  578. 

Winter's  electric  machine,  579. 

Wire-drawing,  187. 

Wires,  fusion  and  volatilization  of, 
608. 

WOESTYN,  286. 

Wollaston,  187.  450.  460. 

WoUaston's  doublet,  467. 

Work  and  energy,  electric,  560; 
magnetic,  648. 

Work,  conversion  heat  into,  844; 
definition  of,  88  ;  diagrams  of, 
89,  846;  dimensions  of,  88;  done 
in  electrolysis,  750;  graphic  rep- 
resentation of,  89;  in  overcom- 
ing friction,  92;  law  of  maxi- 
mum, Jacobi's,854;  measurement 
of.  88;  rate  of,  91;  unit  of.  88. 

Wright.  619,  620. 

Wroblewski,  295,  716. 

WtJLLNER,  578. 

Yellow  spot  in  eye,  476. 
Young,  C.  A.,  858,  861.  468.  468. 
Young.  Thos.,  141,  254,  480,  487, 

495.  525. 
Young's  modulus,  141. 

Zero    of    temperature,    absolute, 

272,  297,  851. 
Zero-point,  thermometric,  274. 
ZOllner,  468. 
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